
American Finance Association

Time Dominance Efficiency Analysis
Author(s): Steinar Ekern
Source: The Journal of Finance, Vol. 36, No. 5 (Dec., 1981), pp. 1023-1034
Published by: Blackwell Publishing for the American Finance Association
Stable URL: http://www.jstor.org/stable/2327297
Accessed: 27/11/2009 08:38

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=black.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Blackwell Publishing and American Finance Association are collaborating with JSTOR to digitize, preserve
and extend access to The Journal of Finance.

http://www.jstor.org

http://www.jstor.org/stable/2327297?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=black


THE JOURNAL OF FINANCE * VOL. XXXVI, NO. 5 * DECEMBER 1981 

Time Dominance Efficiency Analysis 

STEINAR EKERN* 

ABSTRACT 

Building on the stochastic dominance framework, time dominance efficiency analysis 
provides similar rules for a partial ordering of temporal prospects. Time dominance does 
not require any quantitative information about temporal preferences for screening 
decision alternatives according to their net present values. A binary time dominance 
proposition extends recent sufficient conditions and adds necessity. The paper's main 
contribution is the development of set time dominance. By eliminating binary undomi- 
nated projects which no one would choose, set time dominance minimizes time efficient 
sets without imposing further preference assumptions. 

STOCHASTIC DOMINANCE IS BY now a well established approach to choice prob- 
lems under uncertainty [14]. This paper transfers the methodology to a temporal 
context, where the consequences of a decision alternative are distributed over 
time, with capital budgeting being a prime example. Whereas stochastic domi- 
nance puts successively stronger restrictions on the utility functions representing 
risk preferences, in time dominance the discounting functions representing tem- 
poral preferences are qualitatively restricted in a similar way. The time dominance 
approach provides rules for a partial ordering of temporal prospects, yielding an 
efficient set from which the ultimate choice will be made. Its distinct feature is 
that no numerical values of the discounting function are needed to identify and 
eliminate decision alternatives which are inferior according to the net present 
value (NPV) rule. 

That property is especially attractive if future temporal preferences cannot be 
unambiguously quantified on the basis of capital market information. It may be 
instructive to consider some circumstances where the time dominance procedures 
may prove useful: a single decisionmaker, being uncertain about future temporal 
tradeoffs, may be reluctant to quantify the discounting function. A group of 
decisionmakers with possibly conflicting temporal preferences may have to work 
out a joint decision. A syndicate organizer may attempt bringing together partic- 
ipants with heterogeneous evaluations of consequences across time. In agency 
situations the agent may have incomplete knowledge about the principal's tem- 
poral preference. The remote client problem may be even more severe in the case 
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of public cost-benefit analysis. General principles may be shown to remain valid 
even when restrictive term structure of interest assumptions are somewhat 
relaxed. 

Potential applications of the time dominance methodology include important 
decisionmaking situations, like comparing competitive technologies, ranking al- 
ternative financial management policies, selecting geographic locations, designing 
marketing strategies, and evaluating public projects. 

In Section I the problem is formulated in more detail. A time dominance 
approach links properties of higher order cumulated (or integrated) consequence 
values over time to superior NPVs for all decisionmakers whose temporal pref- 
erences satisfy certain conditions. Generalizing and extending related results of 
B0hren and Hansen [1] and of Pratt and Hammond [11], the binary time 
dominance proposition in Section II depends on pairwise comparisons between 
individual projects. Motivated by the work of Fishburn [3] and Meyer [9] on 
stochastic efficiency analysis, Section III uses a convex combination as a basis for 
comparisons. The resulting set time dominance proposition removes from the 
efficient set binary undominated projects which no one would choose, without 
imposing further preference assumptions. Some final remarks in Section IV 
conclude the main body of the paper. Proofs of the propositions are outlined in 
appendices. 

I. Formulation 

Let t denote a point in time, running from one initial point 0 onward into the 
future until the horizon H. Suppose there is a set S of mutually exclusive decision 
alternatives available to the decisionmaker(s). Each such alternative is completely 
characterized by its consequences x = x(t) over time. Temporal preferences are 
represented by a discounting function v = v(t). 

For simplicity, the following exposition will be phrased in a capital budgeting 
framework. Then the set S is a collection of investment projects. The consequence 
x(t) may be interpreted as the cash flow at time t. With Rt being the single-period 
interest rate from (t - 1) to t, and r(t) being the instantaneous spot rate at time 
t, the discounting function v(t) = [(1 + R1)(1 + R2) .* (1 + Rt)]1- in discrete 
time, whereas v(t) = exp[-ft r(s) ds] in continuous time. 

The major premise of this paper is that the decisionmaker evaluates temporal 
prospects by the NPV criterion. For a given discounting function v, the NPV of 
x, written NPV(x: v), is defined as ZH v(t)x(t) in the discrete time case, and as 

J0H v(t)x(t)dt in continuous time. When two projects with cash flows of xj and xi 
are being compared, the former project will be strictly preferred if and only if 
NPV(xj: v) > NPV(xi: v). 

There may be considerable flexibility as to what features are to be incorporated 
into the x or v functions. If x is a deterministic cash flow, then the discounting 
function v may represent general equilibrium marginal rates of substitution in 
perfect and complete markets [2, Chap. 2] or subjective marginal rates of 
substitution in a nonmarket context [7, Chap. 9]. When such MRSs can be written 
as a product of a marginal utility and a pure time preference function [10], x may 
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be the cash flow weighted by the marginal utility and v the pure time preference, 
or x may be just the cash flow itself with v reflecting both the marginal utility 
and the pure time preference aspects of discounting. Under uncertainty, x may 
be expected values of cash flows and v implies risk-adjusted discounting, or x 
may represent certainty equivalents and v risk-free discounting. Under inflation- 
ary conditions, x may be expressed in nominal terms whereas v takes care of both 
deflating and discounting, or x may be in real terms leaving only time preference 
adjustments for v. In the presence of taxation, x may be before-tax cash flow with 
both taxation effects and discounting embodied in v, or x is an after-tax cash flow 
stream and v reflects only temporal tradeoffs. 

The time dominance partial ordering of alternatives depends on mathematical 
properties of the cash flow distribution x. It uses repeated summations in discrete 
time and repeated integrations in continuous time. Rewrite X0(t) x(t). Then, 
for n = 1, 2, * , the notation Xn(t) is defined asEt 0Xn-'(s) in discrete time and 

as fo X"'(s) ds in continuous time. Thus, X0(t) is the cash flow, Xl(t) is the cash 
balance at zero interest rate, X2(t) is the cumulative cash balance, etc. 

Such repeated cumulations of consequences correspond to repeated cumula- 
tions of probabilities in the stochastic dominance approach, although there are 
some important differences. Unlike probabilities, cash flows may be negative, and 
different projects' cash balances at the horizon do not necessarily coincide. Hence, 
Xk(t) may decrease in t, and XJ (H) # X1(H). 

Similar to stochastic dominance using assumptions about utility functions, time 
dominance calls for curvature restrictions to classify discounting functions. Let 
v?t)-v (t). Then, for any k = 1, 2, * ,n, let 

fdvk-l(t)/dt in continuous time 
tvk-l(t + 1) -vk-l(t) in discrete time (1) 

Thus, vk(t) is obtained by differentiating or differencing v(t) k times. 
The widest class of discounting functions, denoted Vo, requires simply that at 

any point in time more is preferred to less. Formally, V0 {v: v(t) > 0). By 
adding successive restrictions on vk(t) as the nonnegative integer k increases, 
subsets of discounting functions are defined: 

Vk = {V: V E Vk-l, and (_l)kvk(t) > 0) (2) 

Hence, v belongs to the class V, if and only if vk(t) alternates in sign (and starting 
with plus), as k goes from 0 to n. The domain of vk(t) contains the interval [0, H] 
in continuous time and [0, H - k] in discrete time. 

A condition such as (2) may need some interpretation. The positively valued 
discounting functions of Vo require nonsatiation, such that (0, 1, 0) is always 
preferred to (0, 0, 0). Downward sloping discounting functions representing 
impatience belong to V1, implying (0, 1, -1, 0) necessarily being preferred to (0, 
0, 0, 0). If impatience decreases over time, such that (1, -2, 1) is considered better 
than (0, 0, 0), then V2 contains the appropriate convex discounting function. 
Whenever the decrease in impatience increases over time, (1, -3, 3, -1) is 
considered superior to (0, 0, 0, 0), the marginal discounting function is concave, 
and the discounting function itself belongs to V3. For higher orders of k, suppose 
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v belongs to the class Vk_l. It can then be shown [12] that if vk(t) does not change 
sign for any t, then v belongs to Vk as well. Alternatively, if (_l)k-2vk-2(t) is 
strictly convex, then Vk contains v. 

Some readers may prefer putting restrictions on the interest rates rather than 
directly on the discounting functions. Positive interest rates are equivalent to the 
class V1. Corresponding to (1), let rk(t) be the instantaneous interest rate function 
r(t) differentiated k times. Then the conditions r(t) > 0 and rl(t)/r(t) < r(t) are 
equivalent to vl(t) < 0 and v2(t) > 0, i.e., the class V2. Thus, a positive and 
nonincreasing interest rate is a sufficient but not necessary condition of v 
belonging to V2. Some increasing interest rate functions, such as r(t) = a exp[At] 
+ c, with a > 0 and c > A/2 > 0, are also in V2. A positive interest rate and a 
nonpositive and nondecreasing marginal interest rate constitute sufficient con- 
ditions for V3. Generally, r(t) > 0 and (_1)krk(t) - 0 and for k = 1, 2, * , n - 1 
are sufficient conditions for the discounting function class Vn, for n > 2. Note 
that rk(t) nonstrictly alternating in sign is not a necessary condition for Vn, 
whereas (2) yields an exact and complete characterization of each discounting 
function class Vn. In discrete time, the first through (n - 1)th order differences 
of the single-period interest rates nonstrictly alternating in sign imply Vn. 

The time dominance approach is most powerful whenever the discounting 
functions belong to the class Vn for arbitrary positive integers n. From the 
previous paragraph, a sufficient condition for this case to occur is that starting 
with a positive interest rate r(t), successive higher order derivatives rk(t) alter- 
nate between nonpositivity for odd k and nonnegativity for even k. If the 
nonincreasing interest rate function r(t) itself is either exponential r(t) = a 
exp[-At] + c, logarithmic r(t) = -a ln(A + t) + c, power r(t) = -a(A + t)1-B 

+ c with 0 c B c 1, or power r(t) = a(A + t)1-B + c with B > 1, then the sign of 
rk(t) alternates between minus and plus as k goes through the positive integers 
from one upward. The parameters a, A, and c are assumed to be nonnegative, but 
no numerical parameter values are required for v to be in Vn for any n, as long as 
r(t) remains positive for all t until the horizon. For the important special case of 
a = 0, by varying c the set of positive constant interest rates r(t) = c is obtained, 
which will always correspond to proper subsets of Vn for any n. 

Whereas a risk-preference utility function is unique up to a positive linear 
transformation, the temporal preference discounting function v is unique only up 
to a positive constant. By convention, v(t) will be normalized such that v(0) = 

1.0. 
Using a time dominance methodology, information about particular Xk(t) 

values for 1 c k c n may suffice to conclude whether some decision alternatives 
are definitely inferior for all discounting functions in the class Vn. Projects 
surviving the purging process will form efficient sets, which should be as small as 
possible to facilitate the final choice. 

II. Binary Time Dominance 

Starting out with pairwise comparisons of two projects at a time, binary time 
dominance may be developed. 
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In continuous time, a project xj dominates xi by nth order binary time 
dominance if and only if 

Xjk(H) -Xk(H) forallk = 1, 2, * **, n- 1 (3a) 

X7 (t)-Xi(t) for all tin [0, H] (3b) 

with (3b) holding as a strong inequality over some subinterval. This definition 
resembles the corresponding nth order stochastic dominance [6] [13]. It was 
introduced in a time framework by B0hren and Hansen [1]. 

In discrete time a somewhat different definition is more convenient, building 
on the work of Pratt and Hammond [11]. Consider the matrix {Xk(t)}, where k 
= 1, 2, . . ., n and t = 0, 1, . . ., H. An admissible nth order connected path starts 
at the lower left corner of Xn(0), passes through adjoining elements to the right 
and/or above, and ends in the upper right corner of X'(H). The project xj 
dominates xi by nth order binary time dominance if and only if 

Xk (t) -:_Xs(t)(4 

for all (k, t) pairs along some admissible nth order path, with at least one strict 
inequality. 

The proposition below links nth order binary time dominance to NPV supe- 
riority for discounting functions in Vn. 

PROPOSITION 1: NPV(xj: v) > NPV(xi: v) for all v in Vn, if and only if xj 
dominates xi by nth order binary time dominance. 

Appendix A provides an outline of a proof. 
Proposition 1 extends results of B0hren and Hansen [1] and of Pratt and 

Hammond [11]. B0hren and Hansen stated and proved three propositions, which 
for continuous time models yield the sufficiency parts for n = 1, n = 2, and the 
constant interest rate subclass of Vn for any n. However, if the interest rates for 
two periods were known to be different, and second-order binary time dominance 
does not hold, the B0hren and Hansen procedure cannot assist in ranking projects 
whereas Proposition 1 may still be useful. The Pratt and Hammond work on 
bounding the number of internal rates of return (IRR) essentially required v to 
be in Vn for all n. The necessity part of Proposition 1 is new, but it is consistent 
with the necessary conditions of stochastic dominance theorems [4]. 

Table I illustrates how Proposition 1 may be applied to the selection of a 
depreciation method for tax purposes. As depreciation yields a tax shield, rapid 
depreciation is generally desirable. Two popular methods of accelerated depre- 
ciation are SYD = "sum of the years' digits" and DDB = "double declining 
balance" [8, Chap. 6]. The example assumes an initial outlay of 3,000 to be 
completely written off in five years with a tax rate of 50 percent. AS DDB has the 
highest initial saving but SYD has the highest cash balances after three and four 
years, there exist different discounting functions representing impatience such 
that either SYD or DDB is the preferred method. However, DDB dominates SYD 
by a second-order binary time dominance in this case. Therefore, any decision- 
maker with decreasing impatience will select DDB under the postulated depre- 
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Table I 

Second-Order Binary Time Dominance 
Time 

Cumula- Depreciation 
tions Method 0 1 2 3 4 5 6 

DDB 0 600 360 216 129.6 194.4 0 
SYD 0 500 400 300 200 100 0 

DDB 0 600 960 1176 1305.6 1500 1500 
SYD 0 500 900 1200 1400 1500 1500 

2 DDB 0 600 1560 2736 4041.6 
SYD 0 500 1400 2600 4000 

Table II 

Postponing the Horizon from the 
Project Terminus 

Time 
Cumula- 

tions 0 1 2 3 4 5 6 

0 1 -3 2.5 0 0 0 0 

1 1 -2 0.5 0.5 0.5 0.5 
2 1 -1 -0.5 0.0 0.5 0.5 
3 1 0 -0.5 -0.5 0.0 
4 1 1 0.5 0.0 

ciation period. Note how this conclusion was obtained by a simple "back of the 
envelope" calculation, without using any tables of compound interest. 

The cash flow xi = (1, -3, 2.5) is a prototype often used for demonstrating the 
nonexistence of an internal rate of return (IRR) [5, p. 79]. Table II shows that xi 
dominates xo = (0, 0, 0) by fourth-order binary time dominance. The sufficiency 
part of Proposition 1 confirms that xi has in fact no IRR. Hirshleifer [5] stated 
that there exist "perfectly respectable" interest patterns for which -xi = (-1, 3, 
-2.5) would be desirable to the null alternative. The proposition restricts these 
"respectable" interest rates to discounting functions which do not belong to Vn 
for n - 4. Incidentally, Hirshleifer's successive one-period interest rates of 100 
percent and 200 percent imply v(1) = 1/2 and v(2) = 1/6, such that his v does not 
belong to Vn for n-3, as v(0) -3v(1) + 3v(2) -v(3) = 1-3/2+ 3/6-v(3) =-v(3) 
<O. 

Table II also illustrates the somewhat surprising result that it may be necessary 
to extend the horizon H beyond the occurrence of the last nonzero element of 
any x. If the project terminus was used as the horizon, such that H = 2, no binary 
time dominance results could be obtained, as X12(2) = X3(2) < 0. In contrast, by 
sufficiently postponing the horizon into the future to H - 4, binary time domi- 
nance can be established. Of course, adding on a zero cash flow from time 3 
onward does not influence the real attractiveness of the project, but for purely 
mathematical reasons it may increase the discriminatory power of the dominance 
approach. Pratt and Hammond [11] made a related observation with respect to 
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strengthening the bound on the number of internal rates of return, where a bound 
of zero IRRs for a differential project indicates binary time dominance. 

III. Set Time Dominance 

Repeated applications of Proposition 1 to weed out inferior projects from the set 
S yield the nth order binary time dominance efficient set Sn*. It consists of 
projects which are not dominated by any other project according to nth order 
binary time domnance. Thus, S * is derived by successive pairwise comparisons. 
The necessity part of Proposition 1 implies that for any pair of alternatives xj and 
xi in S *, there exist both some v in Vn such that NPV(xj: v) > NPV(xi: v) and 
also different v in Vn which reverse the order of preference. It is important to 
note that even if xj belongs to some nth order binary efficient set S * containing 
more than two elements, there is no presumption that there actually exists any 
v in Vn such that xj is the most preferred alternative! If it can be shown that there 
exists no v in Vn such that xj has the highest NPV, then the project may be 
removed from the binary efficient set without restricting the choice opportunities 
of interest. 

This section will show how the discriminatory power of time dominance 
relations may be sharpened without requiring additional assumptions. Such a 
further size reduction of efficient sets may be achieved by replacing a pairwise 
comparison between individual projects by a comparison between any project 
and a convex combination of other projects. This approach has been stimulated 
by Fishburn's [3] work on convex stochastic dominance and Meyer's [9] set 
stochastic dominance exposition. 

As an illustration, let S = {Xl, X2, X3 ). Suppose no alternative can be eliminated 
based on pairwise comparisons, that is Sn* = S. Define x4 = Xx1 + (1 -)X2, 

where 0 < X < 1. The fact that X4 does not belong to S is unimportant, as it is just 
an auxiliary construct. Assume X4 dominates X3 by nth order binary time domi- 
nance. Hence, NPV(x4: v) > NPV(x3: v) for all v belonging to Vn. By the linearity 
of the NPV criterion, 

XNPV (xi:v) + (1 - X)NPV(x2:v) > NPV(X3:v) (5) 

for all v in Vn. But, if (5) holds, and as X > 0 and (1 - X) > 0, then either NPV(x1: 
v) > NPV(x3:v) or NPV(x2:v) > NPV(x3:v) or both. In neither case will X3 be 
selected by anyone whose discounting function v belongs to the class Vn, despite 
the fact that the nth order binary efficient set S*n contains the project X3. 
Therefore, X3 may be removed, to form an optimal nth order efficient set Sn** 
containing as few elements as possible. 

To formalize these ideas, let SJ C S be a subset of feasible alternatives, and let 
J be the index set of alternatives in SJ. Let X (J) be a vector of nonnegative 
weights summing to unity. Set time dominance may then be defined as follows: 
the set SJ dominates xi by nth order set time dominance, if and only if there 
exists a vector AX(J) of nonnegative weights summing to unity, such that the 
convex combination (Xji1XjXj) dominates xi by nth order binary time dominance. 

PROPOSITION 2: There exists no v in Vn such that NPV(xi: v) > NPV(xj: v) for 
all xj in SJ, if and only if SJ dominates xi by nth order set time dominance. 
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The proof is deferred to Appendix B. 
Elimination of as many alternatives as possible by Proposition 2 leaves the nth 

order set time dominance efficient set Sn* *. Every element in Sn* * has the property 
that there exists some v in Vn such that this project will indeed be the preferred 
one. As binary time dominance is a special case of set time dominance, Sn* * C Sn* 
Thus, set time dominance yields a minimum size efficient set. The achieved size 
reduction relative to binary time dominance has been obtained without imposing 
further restrictions. 

Table III provides a numerical example with three projects. The cash flows 
have been selected in such a way that there cannot be any binary time dominance 
of any order. An inspection of the cash balances X1(t) verifies that the nth order 
binary efficient set S*n = {Xl, X2, X3) for any n - 1. Now consider the convex 
combination Xx, + (1 - )x2. For 3/8 C X C 1/2, the conditions -2 + 8X> 1, 6 - 8X 
> 2, and 4 - 2X > 3 are all satisfied, with at least one strong inequality. Hence, 
{xl, x2} dominates X3 by first-order set time dominance. Any impatient decision 
maker will select either xi or X2, but not the inferior X3. Although X3 is the only 
project which is guaranteed to have a positive NPV, it is also the only one which 
does not belong to any nth order set efficient set Sn* *! 

B0hren and Hansen [1] introduced a concept called normalized time domi- 
nance. It involved dividing through the cash flows by the assumed positive 
respective cash balances at the horizon, yielding, e.g., xj(t) xj(t)/XJl(H). Letting 
xo = (0, 0, * 0, 0) be the null alternative, their approach is equivalent to an 
examination of whether the convex combination [Xxj + (1 - X)xo] dominates xi 
by nth order binary time dominance, subject to 

X3(H) - X1(H) > 0 (6a) 

A = X!(H)/X4(H) (6b) 

xo belongs to S (6c) 

Table III 

First-Order Set Time Dominance, No Binary, and no 
Normalized Time Dominance of any Order 

Time 
Cumulations Project 

k i t=O t=1 t=2 

xi 6 -8 4 
O x2 -2 8 -2 

X3 1 1 1 
Ax+(l-A)x2 -2+8A 8-16A -2+6A 

xi 6 -2 2 

1 X2 -2 6 4 
X3 1 2 3 

Ax+(l-A)x2 -2+8A 6-8A 4-2A 

xi 3 -1 1 
1 X2 -1/2 3/2 1 

X3 1/3 2/3 1 
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Table IV 

No Elimination of Project Being Inferior at any Constant Interest 
Rate 

Time 
Cumula- 

tions Project t=0 t=1 t=2 IRR NPV (x:v) 

XI 0.0 0.0 0.1 oo 0.075 

0 X2 -3.0 0.0 4.0 15.5% 0.000 
X3 -2.0 0.0 2.8 18.3% 0.100 
X4 -1.0 -4 5.5 8.2% 0.105 

X2-XI -3.0 0.0 3.9 14.0% 

0 x2-x3 -1.0 0.0 1.2 9.5% 
x2-x4 -2.0 4.0 -1.5 50.0% 
x3-xI -2.0 0.0 2.7 16.2% 

XI 0.0 0.0 0.1 

1 X2 -3.0 -3.0 1.0 
X3 -2.0 -2.0 0.8 
X4 -1.0 -5.0 0.5 

The restrictions (6a) and (6b) are redundant, and in a general setting (6c) does 
not necessarily hold. 

From Table III it was seen how binary time dominance failed to eliminate an 
obviously inferior alternative, whereas first-order set time dominance succeeded. 
Inspection of the bottom part of Table III will show also that normalized time 
dominance of any order will fail to obtain. 

If attention is limited to a proper subclass of Vn, then nth order set time 
dominance is no longer a necessary condition for inferiority. Table IV presents an 
example. Assume a constant but unspecified interest rate R, such that v(t) = (1 
+ R )-t, which is contained in Vn for any n. By plotting the NPV profiles, or from 
inspection of the IRRs of the four projects themselves, as well as of the differential 
projects, it may be concluded that X2 is selected if 0% c R c 9.5%, X3 is best for 
9.5% < R c 16.2%, whereas xi is superior for R > 16.2%. Hence, X4 is never a 
preferred project under the stated constant interest rate assumption. Still, X4 

cannot be eliminated on the basis of nth order set time dominance for any n. To 
see why, let Al, X2, and 3X be nonnegative weights associated with xi, x2, and X3. 

The initial cash flow condition is 

?.?i- 3.0X2- 2.0X3 2 -1 (7a) 

The final cash balance condition requires 

0.1X1 + 1.0\2 + 0.8X3 > 0.5 (7b) 

Finally, the weights should sum to unity: 

Al + /X2 +X3 = 1.0 (7c) 

As (7a), (7b), and (7c) cannot all be simultaneously satisfied, set time dominance 
of any order is precluded. 

On the other hand, assume v(0) = 1.000, vY(1) = 0.755, and v(t) = 0.755(0.750/ 
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0.755)t1 for t > 1. This discounting function belongs to Vn for any n, as it 
corresponds to a shift from a high single-period interest rate to a lower one after 
one period. Out of the four projects whose cash flows are given in Table IV, 
project X4 does, in fact, have the highest NPV for this latter discounting function 
V. 

IV. Conclusions 

Building on the stochastic dominance framework, the time dominance efficiency 
analysis provides similar rules for a partial ordering of decision alternatives whose 
consequences are distributed over time. Without requiring any quantitative 
information about temporal preferences, qualitative restrictions on discounting 
functions may suffice for screening projects according to their NPVs. Two 
propositions permit elimination of projects which will be considered inferior by 
any decisionmaker whose temporal preferences exhibit particular characteristics. 
Properties of repeatedly cumulated (or integrated) consequences over time are 
crucial for such purging to be feasible. 

Based on pairwise comparisons between individual temporal prospects, the 
binary time dominance proposition extends and supplements recent related 
results [1] [11]. The paper's main contribution is the development of set time 
dominance, drawing on recent advances in set (or convex) stochastic dominance 
[3] [9]. Set time dominance compares individual projects to sets of alternative 
ones to exclude binary undominated projects which will not be the most preferred 
by any decisionmaker. It builds on the simple observation that if the NPV of a 
convex combination of projects exceeds the NPV of a single alternative, then at 
least one individual project in the combination has a higher NPV than the 
alternative one. The set time dominance proposition may reduce the size of the 
efficient set of prospects without imposing further preference restrictions. Time 
dominance, in general, and set time dominance, in particular, provide convenient 
tools for reducing the number of candidate decision alternatives requiring a 
detailed temporal preference evaluation. 
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APPENDIX A 

Outline of Proof of Proposition 1 

Using cash balances X'(t) rather than cash flows x(t), the NPVcan be written as 
NPV(x: v) = H v (t)dX'(t) in continuous time. From integration by parts n times, 
assuming Xk(0) = 0, the NPV difference is given by 

NPV(xj:v) - NPV(xi:v) 

= n [( _)lvkl(I)][X (H) - Xi(H)] 

rH 

+ J [(-_)nvn(t)][Xj(t) - Xi(t)] dt (8) 
0 

Combining (2), (3a), and (3b) shows that the difference is positive. Hence, if xj 
dominates xi by nth order binary time dominance, then NPV(xj: v) > NPV(xi: v) 
for all v in Vn. 

To show necessity, one proceeds by example, building on ideas from the 
stochastic dominance theorems [4, pp. 72-77]. 

Consider the discounting function 

v(t) = Hlk (H - t)k[(k - 1)!]' + pe-P (9) 

which belongs to Vk for any 1 c k c n. Hence, NPV(x: v) = Hi-k fi (H - (k 
- 1)!]-'dX'(t) + P f0 e-PtdX'(t). As X*(H) = 0 Xk-1(t) dt, performing (k - 1) 
integrations by parts of the left integration term shows that NPV(x:v) = 

Hl-kXk(H) + pNPV(x: e-Pt). Consequently, 

NPV(xj:v) - NPV(xi:v) = Hl-k[Xjk(H) - XV(H)] + o(p) (10) 

Therefore, asp -O 0, Xjk(H) - XV(H) < 0 =* NPV(xj: v) < NPV(xi: v). Hence (3a) 
is a necessary condition for NPV(xj: v) > NPV(xi: v) for all v in Vn. 

Proving the necessity of (3b) is done similarly. Assume Xj7(T) < Xi'(T) for some 
T satisfying 0 < T < H. Let the discounting function be v(t) = w(t) + pe-Pt, where 

f(t) T(-n(T-t)n-l[(n- 1)!]-' if O c t 'T( 
wt={0 ifT< t H (1 

Thus, NPV(x:v) = T 1-nfT (T 
- t)n-l[(n - 1)!]-'dX'(t) +pfiH e-PtdX(t). After (n 

- 1) partial integrations of the w(t)dX'(t) term, NPV(x: v) = Tl-Xn(T) +pNPV(x: 
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e-Pt). As before, pNPV(x: e-Pt) approaches zero when p goes to zero, and 

NPV(xj: v) - NPV(xi: v) = -Tl-X[Xjn((T)- X'(T)] + 0(p) (12) 

For sufficiently small p, Xj7(T) < Xi(T) NPV(Xj: V) <NPV(xi: v), showing the 
necessity of (3b). 

In a discrete time framework, integrations by parts are replaced by summations 
by parts, also known as Abel's summation identity [4, p. 85]. In the necessary 
part, the function w(t) of (11) is then redefined as 

(T + n - 1) (T + n )1 if t c T 

w(t)= - (13) 
0 O ifX< t c H 

with similar changes in (9). 

APPENDIX B 

Outline of Proof of Proposition 2 
If Sj dominates xi by nth order set time dominance, then by definition there is 
some convex combination (jEjjXjxj) which dominantes xi by nth order binary 
time dominance. Proposition 1 yields NPV(EjEJXjxj: v) > NPV(xi: v) for all v in 
V,1. As the NPV of a convex combination equals the convex combination of the 
NPVs, 

>jIEJXjNPV(xj: v) > NPV(xi: v) for all v in V, (14) 

Because the weights Xj are nonnegative and summing to unity, for any particular 
v in Vn there must be at least one xj in SJ for which NPV(xj: v) > NPV(xi: v), 
which proves sufficiency. Necessity is immediate from Proposition 1. 


	Article Contents
	p. 1023
	p. 1024
	p. 1025
	p. 1026
	p. 1027
	p. 1028
	p. 1029
	p. 1030
	p. 1031
	p. 1032
	p. 1033
	p. 1034

	Issue Table of Contents
	The Journal of Finance, Vol. 36, No. 5 (Dec., 1981), pp. 997-1230
	Volume Information [pp.  1227 - 1230]
	Front Matter
	Estimating the Divisional Cost of Capital: An Analysis of the Pure-Play Technique [pp.  997 - 1009]
	The Meaning of Internal Rates of Return [pp.  1011 - 1021]
	Time Dominance Efficiency Analysis [pp.  1023 - 1034]
	Forward and Futures Prices: Evidence from the Foreign Exchange Markets [pp.  1035 - 1045]
	Estimating the Information Value of Immediate Disclosure of the FOMC Policy Directive [pp.  1047 - 1061]
	Market Response to the Weekly Money Supply Announcements in the 1970s [pp.  1063 - 1072]
	Bank Reserves and Financial Stability [pp.  1073 - 1084]
	Market Interest Rates and Commercial Bank Profitability: An Empirical Investigation [pp.  1085 - 1101]
	The Determinants of the Treasury Security Yield Curve [pp.  1103 - 1126]
	The Effect of Taxation on Immunization Rules and Duration Estimation [pp.  1127 - 1142]
	On Diversification Given Asymmetry in Returns [pp.  1143 - 1155]
	The Economic Impact of the Federal Credit Union Usury Ceiling [pp.  1157 - 1168]
	Notes
	A Note on Taxes and the Pricing of Treasury Bill Futures Contracts [pp.  1169 - 1176]
	One Way Arbitrage, Foreign Exchange and Securities Markets: A Note [pp.  1177 - 1186]
	The Pricing of Corporate Debt: A Note [pp.  1187 - 1189]
	Potential Corporate Takeovers and Market Efficiency: A Note [pp.  1191 - 1197]
	Flotation Cost Allowance in Rate of Return Regulation: A Note [pp.  1199 - 1202]
	An Examination of the Relationship between Pure Residual and Market Risk: A Note [pp.  1203 - 1209]

	Book Reviews
	untitled [pp.  1211 - 1213]
	untitled [pp.  1213 - 1215]
	untitled [pp.  1215 - 1216]
	untitled [pp.  1217 - 1219]
	untitled [pp.  1219 - 1220]
	untitled [pp.  1220 - 1221]
	untitled [pp.  1221 - 1223]
	untitled [pp.  1223 - 1224]

	Miscellanea [p.  1225]
	Back Matter



