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A Re-examination of Traditional Hypotheses about
the Term Structure of Interest Rates

JOHN C. COX, JONATHAN E. INGERSOLL, JR., and STEPHEN A. ROSS*

ABSTRACT

The term structure of interest rates is an important subject to economists, and has a
long history of traditions. This paper re-examines many of these traditional hypotheses
while employing recent advances in the theory of valuation and contingent claims. We
show how the Expectations Hypothesis and the Preferred Habitat Theory must be
reformulated if they are to obtain in a continuous-time, rational-expectations equilib-
rium. We also modify the linear adaptive interest rate forecasting models, which are
common to the macro-economic literature, so that they will be consistent in the same
framework.

THIS PAPER EXAMINES SOME traditional theories and hypotheses about the term
structure of interest rates and discusses the implications of modern portfolio
theory and the valuation of contingent claims under diffusion processes in this
area of research.

A general equilibrium model of bond pricing which is the basis of further
discussion is outlined in Section I. Section II examines the Expectations Hypoth-
esis and concludes that tradition assigns it to three (or four) mutually contradic-
tory “equilibrium” mechanisms. In Section III we prove that only one of these is
consistent with a general equilibrium in continuous time. Sections IV and VI
discuss the role of risk-neutrality in the Expectations Hypothesis. We show there
that the Expectations Hypothesis will not in general describe equilibrium among
uniformly risk-neutral investors. Section V looks at Hicksian Liquidity Preference
and the Preferred Habitat Theory of Modigliani and Sutch. We find, unlike
Hicks, that term premiums may be either positive or negative. Furthermore, we
give an interpretation of this result different from that of Modigliani and Sutch.
We show that it is not preference for consumption at different times which creates
“habitats,” but rather the degree of risk aversion. Sections VII and VIII examine
the popular discrete-time linear interest rate forecasting models and show how
these may be solved in continuous time.

* Stanford University, University of Chicago, and Yale University respectively. We are grateful for
the helpful comments and suggestions of Merton Miller and many of our other colleagues, too
numerous to mention. This research was supported in part by the Dean Witter Foundation, the
Center for Research in Security Prices and the National Science Foundation.
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1. Bond Pricing with Diffusion State Processes

In this section we develop a relation linking the expected rates of return on
default-free pure discount bonds (single payment debt) of all maturities. Since
any default-free coupon-bearing bond may be considered to be a portfolio of pure
discount bonds, the derived relation holds for the former as well. We perform this
analysis in a continuous-time framework since this would appear to be the only
unambiguous choice for the “shortest time interval.” Indeed, we shall see that
certain characterizations regarding the term structure of interest rates can obtain
only on an instantaneous basis.
The following assumptions are taken to characterize the economy:

Al. There is a set of N state variables {Y.} whose current values completely
specify all relevant information for investors.

In general the state variables may include both exogenous information like the
distribution of returns currently available on physical investment and endogenous
information like investors’ wealths. The assumption that only current state
variable values are relevant does not imply that investors ignore useful historical
information. For example, the current value of one or more state variables may
be averages of past interest rates if such information is useful in forecasting the
future. Since bonds are usually denominated in nominal terms, it may be assumed
that the analysis here is carried out using nominal prices and returns. In this case
the state variables would include the price(s) of the consumption good(s) or, if
relevant, a price index. However, this assumption is only one of convenience,
since the results obtained must describe real prices and returns as well for,
possibly, a different set of state variables.

A2. The state variables are jointly Markov' with movements determined by the
system of stochastic differential equations.

dY,.(t) = pn(Y, t) dt + gh(Y, t) dz(t) (1)

4. is the expected change per unit time for the n‘* state variable. z(¢) is a K-
dimensional standardized Wiener process.” g, is a K-dimensional vector measuring the
response of the n* state variable to each of the K < N sources of uncertainty in the
economy. ghgn is the covariance of changes in the n and m™ state variables. We
assume that the variance-covariance matrix {g.g} is positive semidefinite and of
rank K (positive definite if K = N).?

For full generality we admit the possibility that some (N — K) state variables, or
linear combinations thereof, may be nonstochastic. This would arise, for example,

! The joint Markov assumption is not merely one of convenience, but is rather a logical necessity.
If the state variables specify all relevant information, then a fortiori they must jointly describe their
own future probability distributions.

2 A K-dimensional standardized Wiener process is a set of K independent normal random variables,
each with mean increment zero and unitary variance per unit time increment. See Arnold [1] for a full
treatment.

2 The matrix { g,g~} may have rank of less than K at isolated locations in (Y, ¢). This would occur,
for example, at a natural reflecting or absorbing barrier for one of the state variables.
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if one variable were a moving average of another. We examine systems of this
type in later sections.

A3. Investors are nonsatiated, strictly preferring more wealth to less. Investors
are sufficiently risk tolerant that they are willing to hold the risky assets at
finite expected rates of return.

This is the only assumption required about investors’ preferences. We do not
require that they be risk-averse or even that they choose among alternatives on
the basis of expected utility maximization. The first part of A3 is sufficient to
assure that all assets are priced so that none are dominated (i.e., sell at the same
or greater price and offer the same or lesser return under all circumstances as
some portfolio made up of other assets). The second part of this assumption is a
technical one only and assures that the market for risky assets can reach some
equilibrium.

We also assume that the markets for assets are perfect and frictionless.

Ad4. All investors believe the economy to be as described in (Al) and (A2), and
have homogeneous assessments of the parameters.

A5, All markets are competitive, and each investor acts like a price taker.

A6. There is a market for riskless instantaneous borrowing and lending at the
endogenously determined equilibrium interest rate r and markets for longer
term borrowing and lending at endogenously set prices.

A7 There are no taxes, transactions costs, or other institutional sources of
market friction. Markets are open continuously, and trading takes place
only at equilibrium prices.

Let P(Y, t, T) denote the current (time ¢) price of a pure discount bond
promising to pay one dollar at time 7. The instantaneously realized percentage
price change of this bond may be decomposed into the anticipated equilibrium
rate of return and the unexpected variation in return due to the random changes
in the underlying state variables.

dP(Y, t, T)/P(Y,t,T) =a(Y, t, T) dt + §'(Y, t, T) dz(t) 2)
a and 8’8 are the expected rate of return and variance of return, respectively.
Using Ito’s lemma,* the following relations can be established

1
a(Yy t’ T)P(Y’ t; T) = EII:]=1 PY,‘Hn. + 5 ZnN=1 Zz\n,=1 PYnYmg,ngm + P[

= L[P(Y, ¢, T)]1 + P (3a)
§(Y,t, T)P(Y, t, T) = Xn= Pr,gn (3b)

where subscripts on P denote partial differentiation. L[ -] is the Dynkin operator
or differential generator over the state variables. The bond price’s response to
the 2™ source of uncertainty is, from (3b), 8, = ¥, Py,&ne/P.

If the expected rate of return on bonds were a known function of the state

4 See Arnold [1] for a statement and formal proof of Ito’s lemma. See Merton [32] for a heuristic
development.
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variables, time, and maturity, then (3a) together with the no-default terminal
condition P(Y, T, T) = 1 (and other boundary or regularity conditions as
required) would form a well-posed problem whose solution completely described
the market for default-free bonds, both discount and coupon. For example, if it
were known that the expected rates of return on all bonds were equal to the
current instantaneous rate of interest, i.e., one characterization of the Expecta-
tions Hypothesis held, then expected rates of return would be empirically observ-
able as a(Y, ¢, T) = r(Y, t). However, if other propositions about expectations,
liquidity preferences, or “habitat” behavior were valid, then the expected rate of
return might vary with maturity and would require further specification.

As we show below, even when the expected rate of return does vary with
maturity, strong restrictions can be placed on the functional form of this depen-
dence. In this regard, consider the potential portfolio strategy® consisting of V
dollars invested in K + 1 discount bonds with distinct (positive) maturities with
proportional investment x; in bond P(Y, ¢, T:). The realized rate of return on this
portfolio is

dP(Y, 6 T) g | . |
i P(Y, t, T,) = =1 x;a(Y, z, Tl) dt + i=1 x,8 (Y, Z, Tl) dz(t) (4)

If the portfolio weights are selected so that each source of uncertainty vanishes,
ie.,

iISil xisk(Y’ t’ Tz) = 0, al]- k (5)

then the portfolio will be (locally) riskless. In equilibrium, its expected rate of
return must then be the currently prevailing spot rate. Thus, Y, xa(Y, ¢, T)) =
r(Y, t), or

Bl xifa(Y,t, T:) = r(Y,t)]=0 (6)
since Y, x; = 1.
Combining (5) and (6), we derive the equilibrium condition

X1
a(Y, t,To) =1, -+, (Y, t, Tgn) = 1 i
( {(8(Y, ¢, T0)}, -+, {8(Y, ¢, Thn)} ) =0 (7

XK+1
Since a nonzero linear combination of the columns of this K + 1 square matrix
equals zero, the matrix must be singular. It follows then that the rows are linearly
dependent. Furthermore, since the choice of maturities of the bonds was arbitrary,
the linear relation among the rows cannot depend upon maturity. Thus, for some
vector function \'(Y, ¢) independent of maturity T,

a(Y, t, T) =r(Y, ) + N'(Y, £)8(Y, t, T) = r + 3K, \idr
= r(Yy t) + ZII:I=1 An-PY,,(Y) L, T)/P(Y) t, T) (8)

where A, = Y£, Arg. is also independent of maturity.

® We confine our attention to portfolios which satisfy certain technical restrictions on rebalancing
strategies. See Harrison and Kreps [21] or Dothan and Williams [14] for a detailed discussion of these
restrictions and their interpretation.
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Since nowhere in the derivation of (8) was it required that the assets forming
the portfolio be discount bonds, this equilibrium condition applies to default-free
coupon-bearing bonds as well. Indeed, Equation (8) describes the expected rates
of return on all assets whose values depend only on these N state variables and,
in this sense, is equivalent to the valuation equation exposited by Garman [20].
The derivation here, it is hoped, gives a stronger understanding of the economics
underlying the equilibrium in outlining the course of action an investor could
take by forming a portfolio to realize excess returns if the equilibrium did not
hold.

While the derivation above is complete and requires no additional assumptions
beyond those stated, the valuation equation is as it stands virtually an empty
mathematical shell. A determination of what the relevant state variables are and
the form of the factor risk premiums requires an embedding equilibrium. In work
on contingent claims analysis, such as option pricing, it is common, and to a first
approximation reasonable, to insist only on a partial equilibrium between the
prices of the primary and derivative assets. For something as fundamental as the
rate of interest, however, a general equilibrium model is to be preferred. Cox,
Ingersoll, and Ross [9] provide one such model and in a subsequent paper [10]
discuss some problems which can arise when equilibrium modeling is ignored.

The equilibrium condition in (8) may be given the following characterization.
The term premium, i.e., excess expected rate of return,’ on any bond is given by
a linear model with K factors, one for each relevant source of uncertainty. Each
component in the premium is the product of a measure of the quantity of type-&
risk the bond exhibits, 8, and the equilibrium compensation for bearing one unit
of this risk, Ax. By choosing K bonds, forming a basis which spans the set of
investment opportunities, A can be elimintated from the returns relation and (8)
can be written as a multifactor CAPM-type model. Define the vector of expected
returns on the basis bonds to be ak = (a(Y, t, T1), ---, a(Y, t, Tk)) and the
matrix of risk factors A’ = (8(Y, ¢, Th), -+ -, 8(Y, t, Tx)). Then, solving forA =
A ' (ap — r1), we can write (8) for the nonbasis bonds as

a(Y, t, T) =r(Y,t) + 8, t, VA (ag — r1) 9)

Returning to the bond valuation problem, we obtain the general bond pricing
equation by substituting (8) into (3a)

Yo Yae1 Ym=1 8 n8&mPy, v, + Yr-1 Py, (in —Ap) =rP + P, =0 (10)

A comparison of (3a) and (10) shows that the latter would be the valuation
equation for an economy in which the expected rate of return on each bond was
equal to the prevailing spot rate and investor’s expectations of the changes in the
state variables were altered to w, — A..” One important implication of this

% Throughout this paper, the phrase “term premium” will mean the excess of the expected rate of
return over the spot rate of interest, and not the meaning sometimes given to it of the excess of the
yield to maturity ofer the spot rate.

" This adjustment in both the state variables’ drifts and the asset’s discount rate is similar to the
technique in option pricing of employing an equivalent “risk-neutral” economy. The interpretation
here must be different. The equivalent economy is not risk neutral as we show in Section IV. In fact,
even though (10) is mathematically identical to (3a), we have not shown that there is any equivalent
economy for which the beliefs y» — A. exhibit rational expectations. In particular, interpretation



774 The Journal of Finance

equivalency for empirical work is that any test for term premiums conducted by
comparing average rates of return is equivalent to some test comparing properly
adjusted forward rates with actual future rates.®

II. The Expectations Hypothesis: Alternate Forms®

Many theories have been proposed to explain the relation among the returns on
bonds of various maturities. One of the earliest was the Expectations Hypothesis.
This theory of the term structure cannot be attributed to any one individual.
Rather, it has developed over much of this century. Certainly the proposition
that investors’ expectations about future spot rates affect the level of current long
rates dates back (at least) to Irving Fisher [18]. However, most of the theory
underlying the Expectations Hypothesis was not developed until the late 1930s
by, notably, Hicks [22] and Lutz [27].

The traditional expectations theory has led these and other authors to set out
a number of economic propositions about the relation between short and long
rates. For example, Lutz [27, pp. 37, 49] states: “An owner of funds will go into
the long market if he thinks the return he can make there over the time for which
he has funds available will be above the return he can make in the short market
over the same time, and vice versa,” and “... a lender who wants to invest for
only one year is in principle prepared to buy ... a bond of any other maturity and
sell it again after the first year.”

The broadest interpretation of these propositions would lead to the conclusion
that equilibrium is characterized by an equality among expected holding period
returns on all possible default-free bond investment strategies over all holding
periods. That is, for any holding period ¢ to ¢, the return on any feasible series
of investments must have the same expectation:

Pt T)) Pt»To)  P(tn T
P(to, 1) P(t, ) """ Pltns, To)

where we have suppressed the bonds’ dependence on the state variables for
convenience of notation. In (11), the expected return ¢ must be independent of
the arbitrary reinvestment times ¢; (fp < t < - -+ < t,) and the bonds selected, as
denoted by their maturity dates T} (T; = t;).

It is an easy matter to prove that Equation (11) cannot be generally valid since
it demands too much. For example, (11) requires that the expected return on a
bond maturing at ¢, over the period (¢, ¢;) must equal the certain return on a

] = ¢(Zn, to) (11)

problems may arise if one or more of the state variables has a specified boundary behavior (e.g., the
nonnegativity of the nominal interest rate) which is satisfied with the beliefs u, but not with y, — A,.
There might also be a problem when a state variable dynamics were subject to some control (e.g.,
wealth) and the beliefs u, — A, could only be interpreted as suboptimal behavior.

8 Even with no term premiums an adjustment is required to correct for the difference due to
Jensen’s inequality. This issue is discussed in the next section.

¥ Some of the results of the next two sections could differ for a discrete-time model. The appendix
restates these results. Readers who are not familiar with continuous-time models may prefer to read
the appendix before continuing.
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bond maturing at #
1 _ E[P(t, t2)]
P(to, t1) P(to, t2)
Furthermore, the return expected over (o, £2) on a bond maturing at ¢, rolled over

at maturity into a bond maturing at £, must equal the guaranteed return on the
bond maturing at z,,

(12)

1 1 1
Plto, tz) Plto, 1) E [P(tl, tg)] (13)
Together, (12) and (13) imply that
1 _ P(ty, t) _ 1
E [P(tl, t»] ~ Pt ) EP@, )] (14)

But by Jensen’s inequality, (14) cannot be true except in the case of certainty.
Thus, all expected returns for all holding periods can never be equal in equilib-
rium.

This contradiction can be avoided if it is postulated that expected holding
period returns are equal only for one specific holding period. The natural choice
of holding period is the next basic (i.e., “shortest”) interval. This interpretation
of the Expectations Hypothesis has only recently come into favor, particularly in
the field of finance. Under this assumption, equilibrium is characterized by

E[dP(Y,t, T)] _
T A r(¢) dt (15)

Since there are no term premiums in this formulation, many authors have been
lured into referring to it as the “Risk-Neutral Expectations Hypothesis.” In fact,
(15) is not a consequence of universal risk-neutrality, as is demonstrated in
Section IV. To avoid possible confusion, we shall refer to this equilibrium as the
Local Expectations Hypothesis (L-EH) because (15) asserts equality of local
expected rates of return.

Relying on the isomorphic relation between differential and integral equations,
(15) can be rewritten as

T
P(Y,t, TY=E ':exp <—f r(s) ds)

where the bond’s current price is the expected discounted value of the promised
unit payment.'® Equation (16) states the common sense result that if there is no
term premium, then the rate of discount to be used at each instant is the
prevailing spot rate.

Traditionally, the equilibrium relation of the Expectations Hypothesis has been
stated in a different fashion. It is often assumed, as implied by Lutz’s first quote
above, that the guaranteed return from holding any discount bond to maturity is

Y(t)] (16)

1 For a proof of the equivalency of (15) and (16) see Cox, Ingersoll, and Ross [9] Lemma 3 or 4.
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equal to the return expected from rolling over a series of single-period bonds;

ie,M
1 T
P F [e"" ( f rie) "’S)

Some authors make a similar assumption about equality of expected yields. For
example, Malkiel [28, p. 20] states that ... all differentials in anticipated holding
period yields [are] completely eliminated ...”; i.e.,

Y(t)] (17)

-1

T-1t T-1t

T
In[P(Y,t, T)}]=E [—1—J r(s) ds| Y(t)] (18)
t
To distinguish these two equilibrium conditions from (15), we shall refer to (17)
and (18) as the Return-to-Maturity Expectations Hypothesis (RTM-EH) and the
Yield-to-Maturity Expectations Hypothesis (YTM-EH), respectively.
In other cases it is assumed that forward rates are unbiased estimates of future
interest rates. In the words of Malkiel [p. 23]: “Forward rates and expected spot
rates are driven to equality.” i.e.,

—aP(Y, ¢, T)/aT
P(Y,t, T)
For this final conjecture we employ the traditional name, the Unbiased Expec-

tations Hypothesis (U-EH). Integrating (19) and applying the condition P(Y, T,
T) =1 gives

= E[r(T)|Y(2)] (19)

T
—In[P(Y, t, T)] = f E[r(s)| Y(t)] ds (20)

Therefore, in a continuous-time framework these last two conditions, (18 and 19)
are tautological,'?> and we need not consider the Unbiased Expectations Hypoth-
esis separately.

Many researchers are not precise in distinguishing among (16), (17), and (18),
perhaps not realizing that these propositions are (pairwise) incompatible. If we
define the random variable X = exp(— J7 r(s)ds), then (16) through (18) can be
rewritten as

P=E[X] (16')
P'=E[X™Y (17)
In(P) = E[In X] (18))

! For some stochastic processes, the expectation in (17) may not be bounded. This is true even if
rhas a well-defined (finite variance) steady-state distribution. For example, if the spot rate is governed
by the Markov stochastic process utilized by Cox, Ingersoll, and Ross [10], dr = K(u —r) dt + ¢ Vrdz,
then, for 262 > K2, E[exp(f§ r(£) dt)] = ([K sin(nT) + 2n cos(nT)1/2n) ~****exp(K*uT/0® + [n cot(qT)
+ K/2]"'r) where = V202 — KZ. This expectation exists only for T < (2/n)cot™ (—K/n) (where the
inverse function is interpreted to give a positive angle in the interval (z/2, 7)). At this point the two
terms in brackets become zero and the expectation is infinite. In cases such as these, (17) obviously
cannot serve as a useful equilibrium condition.

2 Tn a discrete-time model the equivalent relations are not tautological and, in general, are even,
inconsistent. See the appendix for details.
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By invoking Jensen’s inequality, it is clear that if Equation (18) describes
equilibrium, then the yield on T — ¢ period bond will be greater than the value
given in (16) and less than the value given in (17). On the other hand, if
equilibrium condition (16) (condition (17)) is valid, then Equations (17) and (18)
(Equations (16) and (18)) give long yields which are too large (small).

In summary, the Expectations Hypothesis has (at least) three distinct forms.
Only the local version (16) is characterized by the absence of term premiums in
the expected instantaneous rates of return on long bonds.” In the other three
versions, term premiums are positive.

III. The Expectations Hypotheses and Equilibrium

In the previous section we saw that the Expectations Hypothesis is in fact a set
of three distinct propositions. In this section, we examine each version using the
equilibrium relation (8) to determine if it demonstrates rational expectations. We
prove that only the Local Expectations Hypothesis, expected instantaneous rates
of return on all bonds are equal, can be sustained in equilibrium (except under
certain interest rates when all three propositions are identical). The other versions
are incompatible not only with whatever economy supports the L-EH, but with
any continuous-time rational expectations equilibrium whatsoever. In the next
section, we show sufficient conditions to support the Local Expectations Hypoth-
esis.

The equilibrium condition (8) is stated in terms of risk (term) premiums. So, to
establish the possibility of sustaining equilibria for these expectations theories,
the premiums must be extracted from the appropriate partial differential pricing
equations. From (15) it is clear that the Local Expectations Hypothesis obtains
in an economy if there are no premiums, A’ = O’. As we saw in the previous
section, term premiums under the other traditional forms of the Expectations
Hypothesis will be positive. In our continuous-time model we can derive the exact
form of these premiums.

Applying Ito’s lemma and using the price dynamics in (2), the reciprocal of the
bond price evolves according to

d(1/P) = (—a + §'8)(1/P) dt — (1/P)& dz (21)

But under the RTM Expectations Hypothesis the expected change in the recip-
rocal of the bond price is, from (17), E[d(1/P)] = —r(1/P) dt; hence

alY,t, T)=r(Y,t) + &(Y, t, Tho(Y, t, T) (22)

and the premium of each bond is equal to its variance of returns.
Applying Ito’s lemma again, the log of the bond price evolves according to

d(In P) = (a — %8’6) dt + &' dz (23)
Under the Unbiased Expectations Hypothesis or the YTM-EH, the expected

'3 The unbiased expectations hypothesis is characterized by an absence of “premiums” in the
forward rates and yields-to-maturity. The traditional version has no premiums in holding period
returns.
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change in the log of the bond price is, from (18) or (20), E[d(In P)] = rdt; thus
alY,t, T) =r(Y, t) + %8(Y,t, T)6(Y, t, T) (24)

To show that neither of these two hypotheses can be sustained in equilibrium,
we compare the expected rates of return under these two hypotheses, as given in
(22) and (24), with the general expression for the equilibrium expected rate of
return in (8). For expression (22) or (24) to yield equilibrium results, it is necessary
that

XN(Y, t)8(Y, t, T) = ad’(Y, t, T)8(Y, t, T) (25)

where a = 1 for the RTM Expectations Hypothesis and a = % for the YTM- (or
U-) Expectations Hypothesis.

Now it is certainly possible to construct an example for which (25) holds for a
particular state at a given point of time, but we require that this relation be true
in all states at all times. The state variables Y are driven by a set of K
independent sources of uncertainty (the Wiener processes). However, to impose
(25) at both times ¢ and ¢ + dt requires that there be a functional relation among
the K realizations of the Wiener processes. Since by definition they are indepen-
dent, this is impossible.

To clarify this reasoning, consider the case when there is exactly one relevant
source of uncertainty (with one or more state variables); then 8(T') is a scalar
function and from (25), 6(T) = A /a. Since A and a do not depend upon the
maturity of the bond in question, § must be independent of maturity as well. But
maturing bonds are riskless over the last instant of their life, §(Y, ¢, £) = 0, so if
§ is to be constant, it must be identically zero. In this case, bond prices are
nonstochastic, violating the assumption that there was one relevant source of
uncertainty. Consequently, if one of the traditional forms of the Expectations
Hypothesis held (and bonds were not riskless), excess (nonequilibrium) profits
would be possible. To demonstrate, consider two discount bonds, with 6(71)8(T%)
> 0,* combined in a portfolio with weights x; = 82/(82 — 81) and x2 = 1 — x1. By
construction, this portfolio will be riskless and have an expected and therefore
guaranteed rate of return of

ap=r+ a(x:8? + x:0%) =r+ abi2>r (26)

which exceeds the fair (riskless) return.

We have proved that the RTM, YTM, and Unbiased Expectations Hypotheses
are not sustainable in a continuous-time rational expectations equilibrium. In the
next section we consider the Local Expectations Hypothesis. We show that while
it can obtain as an equilibrium condition, it does not do so in the generally cited
case of universal risk-neutrality unless interest rates are nonstochastic or other
special circumstances obtain.

IV. Risk-Neutrality and the Local Expectations Hypothesis

The development of the expectations theory has relied heavily on earlier models
of interest rate behavior under certainty. It is well known that all forms of the

 This condition can be imposed with no loss of generality. For any three risky bonds with different
values of 8(T') at least two of them must have §(T') of the same sign.
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Expectations Hypothesis are equivalent under certainty, and the relations given
in the previous sections all must hold identically to ensure that arbitrage possi-
bilities do not exist.

As all students of economics learn, certainty models can, in many cases, be
adapted to uncertainty by the judicious use of expectations of the uncertain
quantities if investors are risk-neutral. Unfortunately, uncertainty concerning
interest rates is not one of these cases. In this section we examine the connection
between the Local Expectations Hypothesis and risk neutrality. (Given the
analysis of the previous section, only this form of the Expectations Hypothesis
need be considered.) We find, despite the assumptions and claims of many,'® that
the Expectations Hypothesis is not a natural consequence of universal risk
neutrality, except in the uninteresting case when interest rates are nonstochastic.

To illustrate this point, we consider two distinct market economies. The first
is a pure exchange economy of the type studied by Lucas [26] and the second is
a production-exchange economy of the Cox, Ingersoll, Ross [9] type. As we shall
see, there are some substantive differences between the two types. In the three
subsections below we show that: (a) in a risk-neutral pure exchange economy
interest rates must be nonstochastic. All forms of the Expectations Hypothesis
are therefore sustained but only in the singular sense of a certainty model; (b) in
a risk-neutral production-exchange economy interest rates may be either certain
or stochastic. In the first case, the Expectation Hypotheses hold (again in the
singular sense); in the latter case the Local Expectations Hypothesis does not
generally obtain; and (c) there are for each type of economy nontrivial conditions
under which the Local Expectations Hypothesis does obtain for risk-averse
agents.

A. Risk Neutrality in Pure Exchange Economies

Following Lucas, we assume that the quantity of the consumption good
available each period is determined exogenously and if not consumed perishes.
Suppose initially that the risk-neutral investors have homogeneous expectations,
equal endowments, and the same time preference. For an economy of identical
investors, prices will be set as if markets were complete, regardless of their actual
scope. Thus the equilibrium allocation is characterized by

UI(C(), tO) = 77(8, t; So, t())Ul[C(s9 t)’ t]/])(s’ t’ So, tO) (27)

where 7 (s, t; s, to) is the probability as assessed at ¢, in state s, that state s will
occur at time ¢, p(s, t; so, to) is the price prevailing in state so at time % for one unit
of the consumption good numeraire at time ¢ in state s and U,(C, t) denotes the
partial derivative aU/aC.

Using (27) and risk-neutrality, U(C, t) = f(t)C, we can write the price of a unit

1> See, for example, Meiselman [29] and Richard [36]. We consider only single-good, time-additive
functions, for which risk neutrality is defined as utility of the form Y f(¢)C;. It could be argued,
perhaps, that this description is incomplete and that other utility functions, such as [] (¢)C:, are also
“risk-neutral.” Certainly the time-additive form given would fit in virtually any definition of risk
neutrality, and, as we are looking for its “natural consequences,” it suffices to consider only this
generally accepted case. Richard [36, footnote 13] explicitly considers this form, claiming it leads to
the Local Expectations Hypothesis.
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discount bond maturing at ¢ as

I Y N SN ')
P(so, to, t) = J;p(s, t; so, to) ds o) ) (s, t; so, to) ds @)

So bond prices are state independent and hence nonstochastic. If investors display
a constant rate of time preference f(¢) = e *, then the yield curve is flat as well
with a constant interest rate of p. In this world the Expectations Hypothesis
characterizes the bond market, but it does so simply by arbitrage because there
is no interest rate uncertainty.'® *’ ‘

If investors’ initial endowments differ, these results are unchanged because the
competitive equilibrium in an economy of risk-neutral investors is independent of
the original allocation of wealth if they are otherwise identical. On the other
hand, if the investors differ in beliefs or time preference, then no unconstrained
equilibrium is possible. An investor would willingly supply (purchase) an infinite
quantity of any Arrow-Debreu security whose price exceeded (was less than) his
utility-discounted personally assessed probability for that state [i.e., p(s, & so, o)
> (<) mi(s, & So, to) fi(t)/ fi(to)]. In such a situation it is meaningless to examine
the proposed equilibrium relation.

(28)

B. Risk Neutrality in Production-Exchange Economies

We now extend the model to include production by assuming that any of the
good unconsumed can be invested to provide for future consumption. If the
investment opportunities are stationary or change deterministically over time,
then results similar to those in the pure exchange model will obtain. Consequently,
we shall assume that the investment opportunities evolve stochastically over time
as governed by the state variables Y. As shown by Cox, Ingersoll, and Ross [9],
the (representative) investor’s consumption-investment decision is characterized
by the derived utility of wealth function J(W, Y, t) which is the solution to the
partial differential equation

UC, t) + dJi + [aw(Y, W, ) W — Cldw + % ow (Y, W, t) W2Jww
+ Yol onw (Y, W, ) WoJwy, + L[J] =0 (29)

'6 Leroy [25] has independently derived the same result. However, he considers only exchange
economies. As we demonstrate below, in a risk-neutral production economy interest rates may be
stochastic. But in this case the expectations hypothesis generally does not obtain. Neither is it true
that the expectations hypothesis is approximately correct for, in Leroy’s terminology, “near risk-
neutrality.”

" This result is not unique to risk-neutrality. Under certain assumptions, other preferences can
also result in nonstochastic interest rates (and, a fortiori, the expectations hypothesis), even in a risky
economy. For example, for identical investors with state-dependent power utility, equilibrium bond
prices will be

f(2)

P(so, to, ) = 2 | n(s, & m)(C(s))y_‘ ds
00 =y Jo T O\ Clso)

If percentage changes in aggregate consumption are assumed to be independently distributed, then
the distribution of C(s)/C(so) is independent of the current state, and bond prices and interest rates
are again nonstochastic.
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where aw and o are the state dependent expected return and variance of return
on optimally invested wealth (the market portfolio), o,w is the covariance of
change in the n state variable with the return on wealth, and L[-] is the
differential generator defined in (3)."®* The equilibrium interest rate in this
economy is
HW, Y, t) = aw— 2% o _gn ZJw,
Jw Jw
To solve (29), the first order condition for a maximum, Uc = Jw, is generally
imposed; however, for risk-neutral investors, U(C, t) = f(¢)C, utility is not
concave and an interior solution is not guaranteed. Under risk neutrality, investors
must solve a singular control problem. There are three possibilities to consider:
(1) investors are not currently consuming and Uc = f(¢) < Jw; (2) investors are
consuming at an infinite rate, completely exhausting their wealth and f(¢) > Jw;
and (3) investors are consuming at some finite rate with Jw = f(¢). Let us assume
for the moment that conditions are such that this third case is always valid. Then
integrating once gives

Onw (30)

JW, Y, ) = fOW+ g(Y, 9 (31)
Substituting (31) into (29)
fOC+HF OOW+ g+ (awW-C)f(t) + L[J] =0 (32)
The third and fifth terms do not depend upon wealth; therefore, we require
aw(Y, W, t) = —f'(0)/ f(®) (33)

The time preference factor f(¢) is exogenous and state-independent, so Equation
(33) can only be satisfied if « is deterministic. This will be true only if it does not
depend upon the state variables or if one or more of the state variables is subject
to sufficient control by investors such that the equality in (33) can be maintained.
For example, if there are decreasing returns to scale in physical investment,
wealth will then be one state variable and da/dW < 0. Then if aw is less than
—f'(t)/ f(t) at the current level of wealth, investors could consume more until
(33) was satisfied.

If, as we have been assuming, the economy is such that this equilibrium is
always achieved, then the expected rate of return on wealth is nonstochastic.
Furthermore, Jww = Jwy = 0, so from (30) r = aw and the interest rate is
nonstochastic as well. As in the Lucas-type model above, the Expectations
Hypothesis will obtain, but only because there is no interest rate uncertainty.

If aw does not depend upon wealth but only exogenous state variables or the
economy is otherwise such that the equilibrium characterized in Case (3) cannot
be achieved, then the interest rate will be stochastic. Analyzing the consumption-
investment problem in this case requires a determination of the conditions under
which investors will switch from investing their entire wealth to consuming it.

18 If wealth is one of the relevant state variables included in Y, then it should not be included in
L{-] here or subsequently in this section, since the dynamics for wealth are explicitly given.
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Solving this “optimal stopping time” problem would lead us far astray from our
original purposes and little of a general nature would be learned since investor
behavior would depend upon the assumed dynamics of the state variables.
However, a related problem suffices to show that the Local Expectations Hy-
pothesis will not be generally valid.

Suppose that the risk-neutral investors consume only at a single point of time
in the future, 7, i.e.,

UCt)y=0 t#r
Uecry==C (34)

The problem to be solved is formally identical to that in (29) with C and U(C, ¢)
set to zero. At time 7 all wealth will be consumed so the appropriate boundary
condition is J (W, Y, 1) = W. Solving (30) for aw and substituting into (29) yields

g+ rWdw — % oW (Y, ) WiJww + L[J]1 =0
JW, Y, 7)=W (35)
As a trial solution to (35), take J (W, Y, t) = WQ(Y, t), then
Q+r@+L[QAI=0
QY, 7 =1 (36)
A formal solution to (36) is'®

QY,t) = E;[exp f r(Y, s) ds} (37)

So at any point of time the marginal utility of wealth is equal to the expected
terminal value of one dollar earning the prevailing spot rate of interest.

As we have shown elsewhere [9, Equation (20)], the expected rate of return on
a default-free bond in this continuous-time production economy of investors with
isoelastic utility is given by

a(Y,t, T)
Welww

=r+ Y (PY,,/P)["‘ own + Ym=1 “———J;VY"' Cov(Ym, Y,,)] (38)
w
For risk-neutral investors Jww = 0; therefore, the covariance of the bond’s return
with that of the “market” portfolio, Y, (Py,/P)ows, does not contribute to its risk
premium. In some models, such as the CAPM in finance, a positive market
covariance is the only cause for premium returns; however, such is not the case
here. In (38) there also is a premium due to the final sum which measures the
extra compensation, positive or negative, for each bond’s potential to hedge
against shifts in the investment opportunity set. Substituting for /(-) Equation

19 See Friedman [19, Theorem 5.2]. For some stochastic processes, the integral in (36) may be
undefined. See footnote 11.
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(38) simplifies to
(Y, t,T) =r—3 1 Yot (Qy,/Q)(Py,/P)Cov(Ym, Y,)

=r —Cov <dQ dP) (39)

QP

From the last line in (39) and the definition of @ in (37), the premium on a
bond can be expressed as a single term which is the negative of the covariance of
the bond’s return with the percentage change in the expected value of a dollar
compounded up to the consumption date 7 by the time path of future instanta-
neous riskless interest rates. Only if this covariance is uniformly zero does the
Local Expectations Hypothesis hold. While it might be possible to construct
examples for which these terms are uncorrelated, there is no obvious reason for
this to be the case unless interest rates are deterministic.

In the particular case when the spot rate of interest is the only relevant state
variable, the covariance is negative since @, > 0 and P, < 0.” In this economy
term premiums will be positive and an increasing function of maturity.

C. The Local Expectations Hypothesis without Risk Neutrality

Since the Expectations Hypothesis is not a consequence of risk-neutrality, it is
natural to ask if there are any conditions for which it does obtain. The answer is
yes. There are two distinct cases, outlined below, corresponding to each of the
models examined here, and a third case for uncertain inflation discussed in
Section VI.

In a single-good pure exchange economy when the dynamics of aggregate
consumption are locally certain, a default-free bond will not command a premium
if utility of consumption is state-independent. This result follows immediately
from the observation by Breeden [4] that at each instant any asset’s risk premium
is proportional to its instantaneous covariance with aggregate consumption.
Clearly all these covariances and, thus, the risk premiums on all assets must be
zero if consumption is locally certain. A fortiori there are no term premiums.
Nevertheless, in a model of this type, the spot interest rate and hence bond prices
can be locally stochastic if investors are risk-averse and changes in the rate of
growth of consumption are locally stochastic.

In a production-exchange economy, universal state-independent Bernoulli-log-
arithmic utility of consumption is the primary requirement for the Local Expec-
tations Hypothesis. For log utility, it is known that the derived utility of wealth
function is separable J (W, Y, t) = f(¢)InW + ¢(Y, t). Hence, log utility investors’
portfolio decisions are completely myopic being made with no regard for hedging
against changes in the state variables since Jwy = 0. From (38), then, an additional
condition sufficient for the Local Expectations Hypothesis is that returns on
physical capital be uncorrelated with changes in the state variables.

? For a Markov interest rate process with a continuous sample path an increase in the current spot
rate holding the realizations dz(s) fixed will increase the value of the random variable [ T F(s)ds. Thus,
Q- > 0, from (37).
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V. Liquidity Preference and Preferred Habitats

As mentioned previously, the Expectations Hypothesis would appear to be a
straightforward application of certainty results to a world of uncertainty. This
“naive” approach has incurred it a substantial amount of criticism. The earliest
attack was made by Hicks [22] and has developed into what is usually known as
the Hicksian Liquidity-Preference Model. Building on the Keynesian notion of
“normal backwardation,” it was generally argued that the forward spot rate will
normally exceed the expected spot rate. Equivalently, the expected rate of return
on a long bond must exceed that on a short bond by a premium which compensates
the lender for assuming the increased risks of price fluctuation.

Hicks [22, pp. 138-46] made his argument in three parts. First, “to hedge their
future supplies of loan capital --- [borrowers] will have a strong propensity to
borrow long.” Second, because of “the desire to keep one’s hands free to meet

- uncertainty --. most people (and institutions) would prefer to lend short.”
Finally, “speculators” will offset this “constitutional weakness” in the supply of
long funds by borrowing short and lending long; however, they must receive a
premium return as “compensation for the risk they are incurring.”

Culbertson [11] in his market segmentation hypothesis argued that individuals
have strong maturity preferences and that bonds of different maturities trade in
distinct markets. In their Preferred Habitat Theory, Modigliani and Sutch [34,
pp. 183-84] began with the same approach. They defined an investor to have an
n-period habitat if “he has funds which he will not need for n periods and which,
therefore, he intends to keep in bonds for n periods.” However, recognizing the
implied inefficiency, they did not go so far as to assume that this investor
considers only n-period bonds. Investors can be “tempted out of their natural
habitats by the lure of higher expected returns.”

In terms of its implications, the Liquidity-Preference Model can be considered
a special case of the Preferred Habitat Theory, namely that case in which all
investors have a habitat equal to the shortest holding period. This permits us to
restrict our attention to the latter theory. Under what conditions, then, will
investors’ habitats affect the size or, more to the point, the sign of bond premiums?

To simplify the analysis, we shall assume that each investor has a strict 7-
period habitat. That is, utility is derived from consumption only at a single point
in time currently 7 periods in the future and that all bonds are in zero net supply.
In this economy, 7-period bonds are the “safest” and the Preferred Habitat
Theory predicts that at the same expected return all investors would purchase
them exclusively. Alternatively, as there is no net supply of these (or any other)
bonds, their equilibrium expected return should be forced below that on all other
bonds.

To illustrate this point, consider a simple CIR production economy with a
single commodity, identical investors, and one production opportunity. Invest-
ment in this opportunity is riskless and yields its output instantaneously. Al-
though production is (locally) riskless, its rate of return changes stochastically
over time in a Markov fashion. We choose to examine the case of riskless
production to emphasize that the resulting premiums are due only to investors’
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desires to hedge interest rate changes and are not systematic risk or beta
premiums.?

In the simple economy just described, the state of nature is completely
described by the per capita supply of the single commodity (per capita wealth) W
and the currently available rate of return on production. Because production is
riskless and must be engaged in, its rate of return will set the interest rate. The
dynamics for this economy are

dW=rWdt (40a)
dr =u(r) dt + g(r) dz (40b)

where p and g? are the drift and variance of the state variable as in (1).
Substituting these dynamics into the equation for the derived utility of wealth
function (35) gives

Ji + rWdw + % g2 (r)d + u(r)d, =0 (41)
Bond risk premiums are from (38)
_ Pr JWr 2
a(r,t, T) —r= PT.E (r) (42)

In the special case when utility is isoelastic U(W (7)) = W?"/y, the derived
utility of wealth function is separable J (W, r, t) = Q(r, ) W"/y so the ratio of
partial derivatives required in (42) is Jw./Jw = @,/Q. The function € is deter-
mined as the solution to

0=@Q:+yrQ + pur)Q- + % g*(r)Q- (43)
subject to @(r, 7) = 1. A formal solution to (43) is

Qr,t 1= Et[exp(y j r(s) ds)] (44)

provided the expectation exists.

For a continuous-time economy in which r(¢) follows a continuous Markov
process, an increase in its current value will increase all future interest rates for
a fixed time path of random realizations on dz. Thus, an increase in r(¢)
unequivocally increases the random variable [; r(s) ds. From (44), . then has
the same sign as y. Also in this continuous-time economy P, is negative. @ is
clearly positive from (44) and P is also positive. Therefore, term premiums as
given in (42) have the same sign as y which may be positive or negative

sgn[a(T) — r] = sgn[—(Q-/Q)g*(r)(P-/P)] = sgn(y) Z 0 (45)

Logarithmic utility (y = 0) is the dividing point. Investors whose relative risk
aversion is less than unity (y > 0) demand positive term premiums. Investors

2l A positive covariance between returns on physical investment and returns on bonds would
contribute positively to term premiums. This feature, although a paradigm in risky asset pricing, has
often been ignored in the analysis of “riskless” default-free bonds.
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who are more risk-averse require only negative premiums. Furthermore, the more
risk-averse the investors, the smaller (in algebraic value) need the premium be.

In an economy of investors who all desired to consume at only one fixed point
in the future, it would be expected that the more risk-averse would lend to the
less risk-averse in return for a guaranteed payment, since the former perceive a
higher cost of bearing risk. The result here certainly suggests this behavior, but
it contains an additional surprise. Investors who are sufficiently risk-tolerant
(although still globally risk-averse) will at the same expected rate of return
actually prefer the risk involved in a series of short-term bonds to the safety of a
single bond maturing on the date they desire to consume.

This result may at first seem counterintuitive; however, there is a simple
explanation. In portfolio choice, we define a risk premium as the required expected
(arithmetic mean) return above the interest rate. This is natural, since, in a
portfolio, risk (covariances) add together. However, in a multiperiod investment
when the uncertainty is realized period by period, the risk does not add but
compounds. Thus, a term premium is the required expected (geometric mean)
return above the spot rate. Furthermore, just as linear utility is risk-neutral
toward (arithmetic) mean zero gambles, logarithmic utility is risk-neutral toward
(geometric) mean unity gambles.?? Utility functions which are “less concave”
than is the logarithmic (e.g., isoelastic with y > 0) are, therefore, risk preferring
in this context. Consequently, an investor with a 7-period horizon and relative
risk aversion less than unity will actually seek the risk involved in rolling over a
series of short bonds, unless he is bribed to hold the safe 7-period bond through
receiving a higher expected return.

As the example above indicates, a 7-period habitat for consumption, even on
the part of all investors, is insufficient to cause a smaller required return on 7-
period bonds. Nevertheless, the result presented above is consistent with the
Preferred Habitat Theory, provided we reinterpret a “habitat” as a stronger or
weaker tendency to hedge against changes in the interest rate as suggested by
Merton [31]. To see this interpretation, note that the derived utility and marginal
utility of wealth are given by

J(W,r, t) =Q(r, ) W"/y
Jw(W,r, t) = Q(r, ) W (46)

where @(-) is defined in (44). An increase in the interest rate will always increase
utility, since sgn[d@/dr] = sgn(y). The obvious interpretation is that an increase
in the physical rate of return will, ceteris paribus, increase future wealth and
hence current utility. However, an increase in the interest rate will increase

2 A unit geometric mean gamble, is one in which the logarithm of the proportion of final wealth to
initial wealth has an arithmetic expectation of zero. i.e., W = Woe® and E[£] = 0. Since E[In(W)] =
In W, a log utility investor would be indifferent about undertaking this gamble. However, individuals
with isoelastic utility with y > 0 are “risk-prefering” with respect to the same gamble

E[W'/y] = (W¥§/Y)E[e"] > Wi/y(e™) = Wi/y

The second step above follows from Jensen’s inequality. For y < 0 the inequality would be reversed
as utility is negative.



Term Structure of Interest 787

(decrease) marginal utility of wealth if y is positive (negative). Therefore, an
investor with positive (negative) y will desire to sell short (purchase) long-term
bonds whose price would fall, causing an offsetting change in marginal utility.?®

VI. Risk Premiums for Nominal Bonds

In deriving the results in the two previous sections it was explicitly assumed that
bond payments were riskless in terms of the consumption good. Unfortunately,
most bonds are denominated in nominal terms. Indeed, inflation uncertainty
comprises the predominant portion of interest rate risk at least for short term
bonds.”* Consequently, in this section we examine term premiums in an economy
with uncertain inflation. Through the use of a simple model it is established that
uncertain inflation is a third general case which can result in the Expectations
Hypothesis with random interest rates. Furthermore, in this one case risk-neu-
trality does have a somewhat special role.

We add “money” to the previously developed single-good model by assuming
that it is used only to denominate the payments on bonds and other nominal
contracts. It is not required for transactions purposes or when undertaking real
investment; neither does it enter the direct utility function of consumption. To
permit concentration on the effects of inflation, we further assume that the real
yield curve is flat and nonstochastic. Conditions sufficient for this assumption to
obtain are that the real investment opportunity set be constant over time and
that the common utility function be time additive with a constant rate of time-
preference, and isoelastic. Given these assumptions, it is straightforward to show
that any investor’s derived utility function is also isoelastic and depends only on
his real wealth and time.

Although the real yield curve is flat, the state variables other than wealth do
affect the prices of nominal contracts through the distribution of future inflation.
The expected real rates of return on nominal contracts will depend upon the
remaining N state variables. From (39)

oY, t,T)=r+3" (Py,/P)1 - y)own 47)

where r is the (constant) real interest rate, ows, is the covariance of real returns
on optimally invested wealth and changes in the nth state variable, and P is the
nominal bond’s real price. The valuation equation (10) can then be written as

%Y Py,y,&n8m + 2 [pn — (1= Yown]Py, + P,—rP =0 (48)

subject to the condition that at maturity P(Y, T, T) = 1/7(Y, T) where = is the
price level.
Although not necessary, it will be convenient for the analysis to assume that

* From footnote 21 we see that an increase in wealth to x W (x > 1) provides a greater (lesser) gain
in utility than a decrease to W/x if y is positive (negative). Thus, a given infinitesimal increase in the
interest rate increases utility by more (less) than the same decrease in r would decrease it. Conse-
quently, investors with y > 0 are willing to gamble for interest rate increases, while investors with Y
< 0 will buy long bonds to hedge against interest rate decreases.

* See Fama [17].
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the price level is the first state variable and that its evolution is locally multipli-
cative. i.e.,

dr = w(Y, t) dt + gi(Y, t) dz
=i dt + 78’ dz (49)

where the expected rate and variance of inflation, ji and £’¢ may depend upon
time and all the state variables except the price level itself.

In this case the nominal valuation equation can be determined from (48) by
substitution of the bond’s nominal price P* = Pr. This gives

Y% Y TN PY,y,8n8n + T [1n — (1 — Yown — & '8P,
+P!—(r+ji— (1= yéw.—£'8)P*=0 (50)

where 6w, = ow./m is the covariance of real returns on wealth with the percentage
change in the price level. (This valuation equation is to be solved subject to the
condition at maturity P*(Y, T, T) = 1.) The last term in (50) is the price
multiplied by the nominal rate of interest®; therefore, the nominal factor risk
premium for the nth state variable is

A= (1—yow + &g (51)

The first term in (51) is relative risk-aversion multiplied by the covariance of real
returns on wealth with changes in the state variable. The second term is the
covariance of inflation with changes in the state variable.

In the economy described above, the term structure of real interest rates will
be nonstochastic. To prevent arbitrage the real returns on index bonds, those
with payoffs denominated in the real numeraire, must all be equal and all forms
of the Expectations Hypothesis will hold. However, nominal interest rates will be
stochastic, and nominal bonds of different maturities may have different expected
nominal rates of return.

The Local Expectations Hypothesis, but not the other forms unless inflation is
nonstochastic, will obtain for nominal rates only if each factor risk premium is
zero. A sufficient, but not necessary, condition for this is that each nominal state
variable (i.e., excluding real wealth) be uncorrelated with the real return on
aggregate wealth and realized inflation. If investors are risk-neutral, the latter
alone is sufficient (since y = 1). This, or similar cases, appears to be the only

#1t is by now well known that the nominal rate of interest is not simply the real rate plus the
expected rate of inflation. In a continuous-time-state model these two factors overstate the nominal
rate by the variance of inflation and a wealth related risk premium for inflation. To prove that the
four term expression in (50) is the nominal rate we write the nominal price as P* = exp[-R(Y, t, T)(T
—t)]. Then

Py = (¢t — T)RyP*
P}y=(t — T)RyyP* + (t — T)RyRyP*
P! =[R+ (t — T)R]P*

Substituting these expressions into (50) and taking the limit as T approaches ¢ gives the nominal spot
rate R(Y, ¢, t) =r+ i — (1 — y)ow. — &'8.
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situation in which risk-neutrality is compatible with both the Expectations
Hypothesis and stochastic interest rates, and it obtains only because inflation has
no real consequences within the economy.

VIIL. A Continuous-Time Formulation of a Class of Popular Discrete-
Time Interest Rate Models

While any observable characteristic of importance in the economy could be
selected as a state variable, a large body of literature has relied on models,
recently surveyed by Dobson, Sutch, and Vanderford [13], which use only the
current and lagged values of interest rates. Typically in these models the assumed
equilibrium yield-to-maturity on a pure discount bond of maturity T is

R(t, T) = —T%t le_ot Et[rt+i] + h(t, T) (52)

where h captures the effects of any premium. The forecasts required in (52) are
generated by

Ef{re] = wop + 2:;1 Wwires1-i* (63)

Using the properties of conditional expectations to evaluate (53) recursively
permits a reexpression of the long rates in (52) as a linear function of observable
past rates

R(t, T) = 2o(T = t) + 57 T = t)reess (54)

Different choices for the forecast weights in (53) can lead to a wide variety of
shapes for the yield curve for the same history of interest rates. Nevertheless, all
of the resulting models can be easily studied due to the simple linear structure of
(54). For these two reasons, numerous studies have employed models of this type
in both theoretical and empirical research. Unfortunately, in light of the discus-
sion in the previous sections of this paper, these models must be re-evaluated.
The continuous-time equivalent of (52) is very similar to (20), the Unbiased
Expectations Hypothesis, which we have demonstrated to be invalid as an
equilibrium specification. Consequently, the form of the term premium in (52)
must be carefully chosen to ensure a tenable model. Nevertheless, since the
simple linear structure of these models makes them so useful, the formulation of
a consistent model with this same property is desirable.

The continuous-time equivalent of the forecasting equation (53) is

00

EJfr(t+ dt)] = [wou + wir(t) + J’ w(s)r(t — s) ds:l dt (55)

0

In general (55) cannot be transformed into a simple diffusion model since the

% Typically, strong regularity conditions are imposed on the set of weights w,, and they are usually
assumed to be constant over time. In addition, the constant term wou is often set to zero. For
stationarity of the model it is required that wo # 0, Yw; = 1, and Y w? < . In this case u represents
the steady state mean of the spot rate of interest.
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implied interest rate model is not Markov but depends upon an uncountable
infinity of “state variables,” all past levels of the interest rate. Nevertheless, if the
weighting function w(s) is sufficiently well behaved, a diffusion representation is
possible.

One particularly simple formulation is the elastic random walk or autoregressive
model with w(s) = 0. This model places no predictive weight on any values of the
interest rate other than its current level. That is, the spot rate follows a Markov
process. Equation (55) expressed in difference form becomes

dr=k(p—r)dt+a(.) dz (56)

where £ = wo = 1 — w, and odz is the forecast error. This model of interest rate
dynamics dates back, at least in spirit, to the Keynesian [1930] concept of a
“return to a normal level” of interest rates, and is characterized by the following
behavior. Over the next period, the interest rate when above (below) its usual
level is expected to fall (rise) by an amount proportional to the current deviation
from normal.

Cox, Ingersoll, and Ross [10] have examined this model and demonstrated that
it gives long rates which are a linear function of the spot rate if and only if the
uncertainty term is linear in the spot rate, ¢*(r) = a + br.> This finding indicates
that models which ignore the inherent uncertainty in predictions are misspecified
and can reach erroneous conclusions about the shape of the yield curve. Never-
theless, the model does demonstrate that the desired linear property can be
incorporated into a continuous-time equilibrium model. Unfortunately, it does
not have the same flexibility to incorporate the variety of yield curves that the
general formulation in (54) does. We can, however, increase the scope of the
model by an expansion of states.

In this regard, we introduce a state variable x(#; 8) which is an exponentially
smoothed average of past spot rates

x(t; B) = Bf e Pr(t —s) ds (57a)
0

= Be”! J’ efir(r) dr (57b)

From (57b) the dynamics of x can be derived as
dx=B(r—x)dt (58)

so local changes in x are nonstochastic and no additional uncertainty is added to
the model.®

27 The risk compensation factor, A, must also be linear in the interest rate. Furthermore if b 7 0
equilibrium requires that A(r) be proportional to the variance A(r) = A(a + br). Richard [35] and
Vasicek [37] examined special cases of this model with @ = 0 and b = 0, respectively. Merton [30] and
Dothan [14] looked at the pure random walk, & = 0, for 6%(r) = 0” and 6*(r) = o’r% In the latter case
long rates are not linear in the short rate.

28 All forecasting models of this type share this important feature. Regardless of the number of
state variables (smoothed averages of the interest rate) there is but a single source of uncertainty in
each period. An intuitive explanation of this feature is that once “next period’s” spot rate is observed,
no further information is required to update all the state variables.
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A simple model incorporating this state variable is the choice wo = 0, w;, = 1
— b, w(s) = bBe?* which can be written as the two-state variable Markov process

dr=b(x —r) dt+ o(-) dz
dx=B(r—x)dt (59)

Here we have replaced the constant p of model (56) with the moving average x.

From (57a) we can see that the state variable x is equivalent to a geometric
average of discrete observations. Malkiel [28] proposed the discrete time equiv-
alent of the model in (59) by using a moving average® as a “normal range” for the
interest rate, a substitute for the Keynesian concept of a normal level

Efruil = (1= b)re+ bB 7, (1— B)rerss (60)

Bierwag and Grove [2] and Mincer [33] have suggested generalizations of this
model in which the “normal range” is a convex combination of geometric averages.
The extension of these models to a continuous-time framework is immediate. The
drift of r includes additional terms with additional state variables, and each new
state variable evolves in a locally nonstochastic fashion similar to (58).

Duesenberry [16] and others have challenged the hypothesis of an autoregres-
sive evolution of the spot rate. Instead they suggest that the interest rate might
be expected to continue to evolve along recent trends. The forecasting structure
in (59) can also accommodate this hypothesis if & < 0. Now, if the interest rate
has moved above (below) its recent average level, it will tend to go even higher
(lower). The extrapolative nature of this model becomes clearer if we adopt an
alternate state variable description. This description will also prove useful in
empirical applications of the model.

We define the new state variable u = r — x. Then, using Ito’s lemma, (59) can
be written as

dr=-budt+ o(-) dz (61a)
du=—-éudt+ o(-) dz (61b)

where § = b + B. From (61b) we see that u is an exponentially smoothed average
of past forecast errors®

u(t) = 8f e %¢(.) dz(t — s) (62)
0
The empirical advantage of this specification is that with a little formal manip-

% In many studies the moving average 8’ 2:;0 (1 — B’)°r:— is used in place of the one defined in
(60). Even though this state variable is stochastic, the statement in footnote 28 remains valid. No
additional uncertainty is added to the model since the error term in  and X’ are exactly proportional
AXj = B'(ress — X)) = B'(re — xt) + B'Are..

% An intuitive explanation of (61a) is that if the interest rate has risen unexpectedly in the recent
past so that u > 0, there will be a tendency for it to fall for the autoregressive model (b > 0) or to rise
further for the extrapolative model (b < 0).
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ulation (61a,b) can be written as®
dr(t+dt)=(1—-46dt)dr(t) —[1 - (8§ —b) dt]o dz(t) + o dz(t + dt) (63)

which will be recognized as the continuous-time equivalent of a Box Jenkins
model, specifically an ARMA (1,1) process in the first difference, dr. In this form
the empirical techniques developed for Box Jenkins models can now be employed.

Just as the models of Mincer [33] and Bierwag and Grove [2] could be extended
to continuous-time by using more than one weighted average, multiple-variable
extrapolative models and combined extrapolative-regressive models can also be
formulated. In principle, even the completely generalized model in Equation (55)
can be written using only the current spot rate and state variables which are
exponentially smoothed averages of past spot rates.

Consider the weighted “sum” of state variables [ w(8)x(¢ B) dB. Since x(¢; 8)
has weight Be ™ at lag s, we can match the general model (55) by choosing w to
satisfy:

w(s) = J’ Be*w(B) dB (64)
0

The right-hand side of (64) is the Laplace transform of Sw(8), so matching can be
achieved for all weighting functions w(s) which decay sufficiently for large lags.
(For models which have been proposed, this requirement will always be met.)
Furthermore, any weighting can be matched to any desired degree of accuracy by
the choice of a finite number of state variables which are exponentially smoothed
past spot rates by choosing an approximation

w(s) =T Bue ™ Bm) (65)

VIIIL. Bond Pricing Models with Linearly Related Interest Rates

If the relevant state variables for the term structure consist of only the spot rate
and smoothed averages of the spot rate, then for the dynamics introduced in the
previous section the bond valuation Equation (10) becomes

Y% o2(r, X)P,r + [Z(I)V bi(x; — r) — Ar, X)]P:

—rP+ 2’1\’ Bi(r — x)P.,— P, =0 (66)
where X is a vector of the smoothed averages, r = T — ¢ is the time to maturity,
and xo is a degenerate moving average (8, = 0) with a constant value. For the

desired result that long-term discount rates be linear in the state variables the
present value function must be expressible as

P(r, X, ) = exp[B(t)r + Z(I)V Ci(t)xi] (67)
with B(0) = C;(0) = 0.

% Using (61b) write u(t) = (1 — 8 dt)u(t — dt) + o dz(t — dt). Solve (61a) for u(t — dt) = —[dr(t)
— 0 dz(t)]/b dt and substitute these two expressions into (61a).
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Substituting (67) into (66) gives
% 0*()B* + [T bilx: —r) = A(-)]B —r
+ YV Bir — x)Ci— B’ = 3N xCi =0  (68)

Equation (68) can be uniformly satisfied if and only if 0%(-) and A(-) are linear
functions of the state variables®

o2(:) =0d + o’r + Zf’ oix;
AG) =X+ Ar + Zf’ Aix; (69)

In this case by equating the constant terms and those multiplying r and x; each
to zero, (68) can be rewritten as a set of simultaneous, first-order ordinary
differential equations with constant coefficients

%0Co =% 03B* + (boxo — Ao) B (70a)
B'=%o®B:~ (Y b+ B —1+73 BC: (70b)
Ci=% O’,zB2 + (b; — \)B — ,B,'C,'. (70c)

One primary advantage of postulating linearity is now apparent. The ordinary
differential equations in (70) are more tractable than the general partial differ-
ential equation of valuation in its original form. If, for example, the interest rate
variance is constant, ¢ = g; = 0, then an analytical solution may be easily obtained
as outlined below. On the other hand, if numerical techniques are required for
solution, it will be much less costly to apply them to (70) than to (66).%

As a practical matter, we desire a parsimonious fit which requires relatively
few additional state variables. Most past research has assumed that the weighting
function w(s) introduced in the previous section was either strictly decreasing
(regressive models) or unimodal (extrapolative-regressive models). These char-

32 The proof of the “if” clause is verified by the constructive solution technique in (70). To prove
“only if” consider a regular point r, of both ¢2(-) and A(-) where the Taylor series expansions

1
502(-) =ao+air—ro)+ax(r—ro)’+ ...

A(:) =bo + bi(r — ro) + ba(r — 7‘0)2 + ..

exist. Then by equating terms of 72 in (68) we conclude that azB* — b.B = 0. This implies that (1) a»
= by = 0; (2) B(7) = 0; or (3) B(r) = bs/a.. Since a; and b; do not depend upon the maturity of the
bond, condition (3) implies that B is constant and hence zero since B(0) = 0. But if B = 0 in (3) or (2)
then r is not a relevant state variable contrary to assumption. Thus, (1) must hold. But a: and b, are
proportional to the second derivatives of o® and A at r, and only for a linear function is the second
derivative zero at each regular point. A similar analysis shows that 6% and A must be linear in each x..

3 Brennan and Schwartz [6, 7] discuss numerical solutions to partial differential equations such as
(66). Both the implicit and explicit methods increase in time required exponentially with the number
of state variables. Equations (70) should require computation time which is linear in the number of
state variables.
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acteristics can be captured with only two smoothed averages. We also permit
regression towards a constant mean. The forecasting model is*

dr=[bo(p — r) + bi(x1 — r) + be(x2 — r)] dt + o(-) dz
de,=Bi(r—x)dt,i=1,2 (71)
If b; > 0 > b., then the first factor would promote regression to a moving mean
and the second extrapolation. Although not required, typically 8, > B, as extrap-
olation is generally considered the shorter-term effect. Under these conditions,

the weighting function is uniformly positive and strictly decreasing if 8ib; +
B3b; = 0.0therwise there is a single peak at lag

-1
B: — B

The model in (71) can also be written using two smoothed averages of past
forecast errors as®

In [—5:83/b:81] (72)

s

dr=[ao(p — r) + awus + asusz] dt + o(-) dz
du;, = —ou;dt+o(-)dz,i=1,2 (73)

The model in (73) can be solved in closed form for a constant variance under
the Local Expectations Hypothesis. The discount bond price is then

P(r, u, uz, 7) = exp{—put + (r — p + sit1 + Sa2U2)d(7; o)

— s1u1(7; a1) — Salbap(T; @2) + % 0 Zﬁ Zz sisj(ay) T[T — o(T; i)

— ¢(1; @) + o(1; i + o)1} (74)
where
#(r,0)=—(1-e™)/a
sisa;f/(ai—a) 1=1,2
So=1l—s51—3

3 Forecasting models of the type presented here are generally used in an empirical context and
little concern is placed on finding a consistent embedding equilibrium. The issue of why past interest
rates are plausible state variables in a rational expectations equilibrium is ignored. One possible
justification arises when investment is not readily reversible so that past “interest rates” are still
reflected in the current production function. Changes in the interest rate will then be affected by past
rates as these investments disappear or are abandoned. Such a situation might be modeled as in (71).
A somewhat less satisfying model also providing this justification can be built upon the economy
outlined in Equation (40). If one method of production is locally riskless, as in (40a), but its physical
rate of return is changing over time, as modeled in (71) rather than (40b), then the interest rate will
also behave as in (40b), provided that this riskless production opportunity is always employed.

35 The models in (71) and (73) are related as follows

m=wtatata  n=@l- - aa - wa)”?
Bi=n+ v Be=vi— 2

bo = avaraz/B1 B2

b = —(az — @)’a1ax(a0 — B1)[2v2Br(az — B2) (a1 — B2)]7!

bz = (a2 — an)* @ az(ao — B2)[2v2B2(0z — B1)(er — B1)] ™
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If the Local Expectations Hypothesis does not hold, but factor risk premiums are
linear in the state variables, then a similar solution with modified parameters is
obtained.*

IX. Conclusion

The Term Structure of Interest Rates has a long and checkered history in the
field of financial economics. In this paper, many of the traditional propositions
and hypotheses in this area are reexamined by employing recent advances in the
theory of dynamic equilibrium valuation and contingent-claims pricing.

In discussing the Expectations Hypothesis we show that it must be considered
to be a theory of several mutually incompatible propositions. We prove further
that only one of these propositions can obtain in a continuous-time, rational-
expectations equilibrium. This version, which we term the Local Expectations
Hypothesis, holds that the instantaneous expected rates of return on all bonds
are equal to the prevailing spot rate of interest. Since, by assumption, bonds earn
no risk premiums in this equilibrium, tradition has long assigned a special role to
risk neutrality as a potential justification. We demonstrate that this connection
does not exist. In general universal risk neutrality results in nonzero bond
premiums. In fact, the one type of utility which seems to be most strongly related
to the Expectations Hypothesis and zero risk premiums is logarithmic utility.

This finding also serves as a basis for analysis of the Preferred Habitat Theory
of Modigliani and Sutch. In Section V we provide a partial corroboration for this
theory; however, we give a decidedly different interpretation to habitats. It is an
investor’s risk aversion and not his rate of time preference or desire to consume
at a particular point of time which is the determinant.

In the final two sections we consider the linear adaptive interest rate forecasting
models found throughout the macroeconomic literature. We show that these
models are incomplete because the functional form of the forecast error, which is
traditionally unspecified, influences the form of the resulting equilibrium. We
complete and adapt these models to a continuous-time framework in such a way
that they are readily tractable and retain the desired linearity properties.

Appendix
The Expectations Hypotheses in Discrete Time

In a discrete-time model, the four forms of the expectations hypothesis are in
general distinct. The Local Expectations Hypothesis, which holds that expected
single period returns are equal for all bonds, can be written as

E[P(t+1,T)] _
_P(t, T =1+ R, (A.1)

Here we have used R to denote the effective single period rate to distinguish it

3 For example, if term premiums are linear in the interest rate, a(r, X, 7) = r + (Ao + Ar)d(r, X, 7)
then in the modified dynamics for (71) b5 = bo + Ao and p’ = (bop — Ao0)/bo. In (73), the same
modified p’ is used and ab = 6B B2/ a1 a2 replaces ao.
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from the continuously-compounded rate r used throughout the text. Evaluating
(A.1) recursively leads to the statement of equilibrium

Pt,T)=E[[A+R)1+R.y) --- 1+ Rr)]™Y (A.2)

Under the Return-to-Maturity Expectations Hypothesis, the guaranteed return
from holding any discount bond to maturity is equal to the return expected from
a series of single-period bonds

1/P(t, T) = E[1+ R)(1+ Rsu1) --- A + Rr_))] (A.3)

If this equality is to be valid instead for the expected yields from these two
strategies (the Yield-to-Maturity Expectations Hypothesis), then

[P, )TV = E{[A+R)(1+ Ruw) --- A+ Rr)]V" "] (A4)

As in the continuous-time models each of these propositions is incompatible
with the other two. Defining X = [(1 + R)(1 + R/+1)---(1 + Rr—1)]™" Equations
(A.2) through (A.4) can be rewritten as

P = E[X]
P'=E[XY
PUT-t _ E[X—l/(T—t)] (A.5)

Jensen’s inequality assures us that at most one of these relations can be valid.
For the Unbiased Expectations Hypothesis, forward rates are equal to expected
future spot rates.

P, T)/P(t, T+ 1) = Ef1 + Rr] (A.6)
A recursive evaluation of (A.6) gives the equilibrium condition
1/P(t, T) =1+ R)E{1 + Ris1) --- E{1 + Rr—1) (A.7)

In the continuous-time model the Unbiased Expectations Hypothesis is equiva-
lent to the YTM-Expectations Hypothesis (A.4). Here, as we show below, it is
not.” It is equivalent to the RTM-EH (A.3) if the levels of future interest rates
are uncorrelated. However, this is at odds with the empirical evidence, which
indicates that changes in the spot rate are close to uncorrelated. If interest rate
levels are positively autocorrelated and (A.3) describes equilibrium, then forward
rates are biased high.

To see that the Unbiased Expectations Hypothesis (A.7) is incompatible with
the other two forms (A.2) and (A.4), note that for a two-period bond the former
implies both

Pt,t+2)=[(1+ R)E(1 + R+)]"'<E{(1 + R)™'(1 + Rus1) "] (A.8a)
[P(t, t +2)12=[(1 + R)E«1 + Ris1)]?
> E{(1 + R)V?(1 + ru1)¥?] (A.8b)

%7 If yields and forward rates are re-expressed as continuously compounded interest rates over a
single period, then the Unbiased and the Yield-to-Maturity Expectations Hypotheses are equivalent
as in continuous-time models.
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In each case the inequality follows by Jensen’s inequality. (A.8a) conflicts with
(A.2) while (A.8b) contradicts (A.4).

In the body of this paper we proved that only the Local Expectations Hypoth-
esis could obtain in a continuous-time, continuous-state equilibrium. The same
types of models, e.g., logarithmic utility, will also support this form of the
expectations hypothesis in discrete time. However, it is also possible for the
Return-to-Maturity and Unbiased Expectations Hypotheses to obtain in discrete
time as we now outline.

Consider a complete-markets pure-exchange economy with identical investors.
The quantity of the consumption good available each period is a random variable
independent of all past realizations. As investors are identical, individual con-
sumption will also be independent period to period. From the investor’s first-
order conditions for an optimal portfolio we can derive the state prices

p(st, st) = w(sr, s) Ui[C(s7), T1/Ui[C(s:), t] (A.9)

where 7 is the probability of state sy and U, (-) is marginal utility of consumption.
We denote U,[C($y), t] by &:. From the assumed intertemporal independence of
consumption, & are also independent of past state realizations, so

Elir|sd=ar all t<T (A.10)
Discount bond prices are given by
P(s;, t, T) = f p(sr, 8) dsr = ir/u, (A.11)
Future interest rates are 3
14+ R(se, t, t+ 1) = e/t (A.12)

which are also intertemporally independent.

Using (A.10) through (A.12), it is a simple matter to verify that the Unbiased
Expectations Hypothesis (A.7) obtains. Substituting (A.12) into (A.7), the defi-
nition of the Unbiased Expectations Hypothesis, and using (A.10) gives

1/P(t, TY= 14+ R)E{1 + Rst1) -+ E{1 + Rr_)
= (Us/ We+1) Etpr1/m42) + - - Edil7)

= (Ue/ Wes1) (Up+1/ Wpr2) +++ (Ur—1/Ur)
= u/ir (A.13)

which is (A.11), the previously determined equilibrium. Since interest rates are
intertemporally uncorrelated, the Returns-to-Maturity Expectations Hypothesis
is valid as well.

The differences between discrete-time and continuous-time models are gener-
ally a matter of form rather than substance. Indeed, most results in either type
of model can be mimicked in the other. Therefore, the demonstration above of a
RTM-EH equilibrium might be disturbing, for we proved in Section 111 that no
such equilibrium could obtain in a continuous-time, continuous-state economy.
Fortunately, when we examine the continuous-time limit of the model presented
here, this discrepancy is reconciled.
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Using (A.11) and (A.12) and defining the length of a single period to be At
discount bond prices can be rewritten as

P(s;, t, T) = [1 + R(ss, t, t + At)] "iZr/ terac (A.14)

But R(.) is the effective single-period interest rate expressed on a per-period
basis. In the limit, then, as At — 0, R(-) — 0 as well, and the first factor in (A.14)
does not affect bond prices. This is the case in all continuous-time models.
However, here the prevailing interest rate does not affect the quotient &r/iZs+a:
either. Therefore, each realization of the interest rate can have only a vanishingly
small effect on bond prices, and they are, in the limit, certain. Thus, in the
continuous-time limit of the model presented above, the RTM-EH holds, but
only in the singular sense of a certainty model.
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