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This paper develops exact distribution-free tests of unconditional mean-variance efficiency.
These new tests allow for unknown forms of non-normalities, conditional heteroskedasticity,
and other non-linear temporal dependencies among the absolute values of the error terms in
the asset pricing model. Exactness here rests on the assumption that the joint temporal error
density is symmetric around zero. This still leaves open the possibility of return distribution
asymmetry via coskewness with the benchmark portfolio. A simulation study shows that the
new tests have very good power relative to that of many commonly used tests. The inference
procedures developed are further illustrated by tests of the mean-variance efficiency of a
market index using a 42-year sample of monthly returns on ten U.S. equity portfolios.
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1. Introduction

The celebrated capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965) extends the notion of a mean-variance
efficient portfolio to the portfolio of all invested wealth—the market portfolio. A given portfolio is mean-variance efficient if it has
the smallest possible variance of return given its expected return, or, more appropriately, if it has the largest expected return given
its variance. This theory implies that expected excess returns on assets are linearly related to the slope, or beta, of their regression
on the expected excess return of the benchmark portfolio. Here excess returns are those in excess of the riskless rate of return.
Under mean-variance efficiency, the risk premium of an asset is a linear function of the asset's beta.

Empirical tests of the mean-variance efficiency hypothesis are usually conducted within the context of a multivariate linear
regression. The application of tests based on asymptotic theory can lead to misleading conclusions as the approximation to the
finite-sample distribution of test statistics can be quite poor, especially as the number of equations included in the system
increases; see Shanken (1996), Campbell et al. (1997), Dufour and Khalaf (2002), and the numerical evidence presented here. The
findings show that many standard parametric tests are unreliable, rejecting the null hypothesis of mean-variance efficiency far too
often.

Gibbons et al. (1989) (GRS) propose a truly finite-sample test. The exact distribution theory for their multivariate F-test rests on
the assumption that the regression error terms are independent over time and jointly normally distributed each period,
conditional on the returns of the benchmark portfolio under test. These assumptions are at odds with some well-known facts
about financial asset returns. Indeed, it has long been recognized that financial returns depart from Gaussian conditions; see Fama
(1965), Blattberg and Gonedes (1974), and Hsu (1982). In particular, the distribution of asset returns appears to have fatter tails
than those of a normal distribution.
: +1 404 727 4639.
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Beaulieu et al. (2007) (BDK) propose an exact randomized likelihood-based test procedure that relaxes normality. Their
framework assumes that the error distribution is known, or at least specifiedup to someunknownnuisanceparameters. If normality
is assumed, the BDK test becomes the simulation-based equivalent of the GRS test. More generally, the BDK test procedure can be
thought of as an exact parametric bootstrap. When nuisance parameters are present, the computational cost of the BDK test
procedure growswith the number of nuisance parameters since it then involves findingmaximal p-values over a confidence region
for the intervening nuisance parameters. The first-step confidence region is established by inverting a simulation-based goodness-
of-fit test (of the assumed distribution), which involves a grid search over the nuisance parameter space.

Without such parametric assumptions it would seem difficult to derive an exact finite-sample distribution theory. Despite this
apparent difficulty, we propose in this paper new non-randomized tests that are exact in finite samples without any parametric
assumptions about the distribution of the error terms in the simple multivariate linear regression model. The methods exploit
results derived by Luger (2003) in the context of testing for a random walk. Here we propose three testing approaches for joint
inference on several parameters that differ mainly by what is assumed about the covariance of the errors across equations.

The first approach is an induced test procedure that allows for arbitrary covariances in the cross-section of error terms. The
price to pay for this extra flexibility is that those tests can be conservative and lead to power losses if the number of test assets is
large. The second approach assumes that the errors are independent across equations, conditional on the returns of the benchmark
portfolio. This delivers tests with the correct size and more power than the induced tests. The third approach is based on a simple
linear combination of the test assets (or portfolios of test assets) and, like the second approach, provides a test procedure with the
correct size no matter the number of included assets. These single-portfolio tests allow some forms of covariation in the cross-
section of error terms. The number of assets in the cross-section may even exceed the number of time-series observations, making
these tests particularly attractive when testing mean-variance efficiency with many test assets or when the portfolios have
relatively short histories. This stands in contrast to extant approaches based on estimates of the covariancematrix of the regression
errors. In order to avoid singularities, those approaches require the size of the cross-section be less than that of the time series. The
distribution-free approaches to inference developed here do not require the error covariance matrix.

The proposed distribution-free (or non-parametric) tests have several appealing features, since they are built on the mere
assumption that the joint temporal error density is symmetric around zero. This means that no restrictions are placed on the
degree of non-normality or the degree of heterogeneity across marginal distributions. In fact, the existence of moments need not
be assumed for the validity of the new tests. It is important to note that this framework still leaves open the possibility of
asymmetries in the distribution of test asset returns via coskewness with the benchmark portfolio.

Asset returns typically display clear patterns of volatility clustering for which generalized autoregressive conditional
heteroskedasticity (GARCH) models are often used; see Bollerslev (1986). The tests proposed here allow not only for non-
normalities, but also for unknown forms of conditional heteroskedasticity and other intertemporal dependencies among the
absolute values of the error terms in the asset pricing model. Such forms of intertemporal dependencies invalidate the exact
statistical theory underlying the parametric GRS and BDK test procedures. Since it is well known that asset returns depart from
homogeneous conditions, the new tests of the mean-variance efficiency hypothesis developed here offer a valid and useful
distribution-free testing alternative to potentially misleading parametric procedures.

Section 2 of the paper presents the framework, the hypothesis of interest, and the extant GRS and BDK test procedures that are
exact under parametric distributional assumptions. Section 3 describes the building blocks of our three approaches to distribution-
free inference. Section 4 is divided into three subsections, each one describing a proposed test procedure. Section 5 begins by
presenting some additional (asymptotic) extant tests of mean-variance efficiency and then presents the results of some simulation
examples to illustrate the behavior of the proposed tests relative to the commonly used procedures. Section 6 provides an
empirical illustration of the new tests in the context of the Sharpe–Lintner version of the CAPM. Section 7 concludes.

2. Exact parametric tests

A benchmark portfolio with excess returns rp is said to be mean-variance efficient with respect to a given set of N test assets
with excess returns ri, i=1,..., N, if it is not possible to form another portfolio of those N assets and the benchmark portfolio with
the same expected return as rp but a lower variance, or equivalently, with the same variance but a higher expected return. More
formally, portfolio p is mean-variance efficient if the following first-order condition is satisfied for the N test assets:
where
unrela
E½rit � = βiE½rpt �; i = 1; :::;N; ð1Þ

rit and rpt are the time-t returns on asset i and portfolio p, respectively, in excess of the riskless rate of return. The term βi
where
captures the degree of association between the expected excess return on the individual asset i and the expected excess return for
portfolio p. Accordingly, assets with higher betas should offer in equilibrium higher expected returns. Consider the excess-return
system of equations
rit = ai + βirpt + εit ; t = 1; :::; T; i = 1; :::;N; ð2Þ

εit is a random error term for asset i in period t with the property that E[εit]=0. The specification in Eq. (2) is a seemingly
ted equations model. The mean-variance efficiency condition in Eq. (1) can then be assessed by testing

H0 : ai = 0; i = 1; :::;N; ð3Þ
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context of Eq. (2). This null hypothesis follows from a comparison of the unconditional expectation of Eq. (2) to the mean-
ce efficiency condition in Eq. (1). IfH0 does not hold, it would be possible to obtain a higher expected returnwith no higher risk,
dicting the hypothesis that portfolio p is mean-variance efficient.
contra

The exact Wald test of H0 in Eq. (3) proposed by GRS assumes that the error terms (ε1t,..., εNt) are jointly normally distributed
around zero each period, conditional on the excess returns (rp1,...,rpT); i.e., the regressor variable is assumed to be strictly
exogenous. Further, the error terms are assumed independent over time. Under normality, the methods of maximum likelihood
and ordinary least squares yield the same estimates of the ai's and the βi's in Eq. (2). Collect those estimates in â=(â1,..., âN)′ and
β̂̂=(β̂̂1,..., β̂̂N)′, and let Σ̂̂ denote the unconstrained maximum-likelihood estimate of Σ—the N×N error covariance matrix. The GRS
test statistic is
J1 =
ðT−N−1Þ

N
1 +

μ̂ 2p
σ̂ 2p

" #−1

a ̂VΣ̂
−1

â ; ð4Þ

μp̂ is the sample mean of rpt and σp̂
2 is the maximum-likelihood estimate of the variance of rpt. Under the null hypothesis H0,
where

the statistic J1 follows an exact central F distribution with N degrees of freedom in the numerator and (T−N−1) degrees of
freedom in the denominator.

BDK also derive exact tests of mean-variance efficiency. In the context of Eq. (2), they assume that the errors have the following
distribution structure:
ðε1t ; :::; εNtÞ′ = ΛUt ; t = 1; :::; T ; ð5Þ

Λ is an unknown, non-singular matrix and the distribution of the Ut's is either completely known or specified up to a finite
where
number of nuisance parameters, ν. BDK propose Monte Carlo (MC) tests based on the likelihood ratio (LR) statistic
J2 = Tðlog j Σ̂0 j−log jΣ̂ j Þ; ð6Þ

Σ̂0 is the constrained estimator of Σ. The key property for the MC tests is that Eq. (6) is invariant with respect to Λ. When Ut
where
is Gaussian, the BDK test is the simulation-based equivalent of the GRS test since J1 and J2 are related via the monotonic
transformation J1 = T−N−1

N
ðexp½ J2 = T�−1Þ; see Equation (5.3.40) in Campbell et al. (1997). More generally, size-correct MC tests

of H0 can be performed for any assumed distribution of the Ut's that does not involve nuisance parameters. BDK also propose a
maximized MC (MMC) procedure for situations with an incompletely specified error distribution, such as the multivariate
Student-t distribution with unknown degrees of freedom. The MMC procedure consists of two steps. First, an exact confidence set
for the nuisance parameters is constructed by inverting an MC goodness-of-fit test of the hypothesis in Eq. (5) with ν specified.
Inverting that test involves assembling by grid search the values of ν that are not rejected at a specific level of significance, say α1.
In the second step, the p-value of the MC LR test is maximized over the first-step confidence set. If the resulting MMC p-value is
compared to a cutoff level α2, then the overall level of this (computationally intensive) procedure is α=α1+α2; see BDK for
details and Dufour and Khalaf (2001) for a more general discussion about the technique of MC testing. Like any MC test procedure,
the BDK approach is exact only if the maintained distribution structure actually holds.

3. Building blocks

Within the context of model (2), we develop distribution-free tests of the mean-variance efficiency null hypothesis in Eq. (3).
Elliptically symmetric distributions of returns are very attractive in this context because they guarantee that mean-variance
analysis is fully compatible with expected utility maximization; see Chamberlain (1983), Owen and Rabinovitch (1983), and Berk
(1997). If a random vector of returns follows an elliptically symmetric distribution, then the marginal distribution of any
component of that vector is also elliptically symmetric; see Ingersoll (1987, p.104). Consistent with that fact, the proposed tests are
based on an assumption of symmetry for the marginal error distributions and proceed by taking long differences between return
observations separated by m=T/2 periods. Here we assume that T is even so that the midpoint m is an integer. The approach is
based on Luger (2003) and makes the following assumptions about the error terms for test asset i and the excess returns of
portfolio p:

Assumption 1. The density of (εi1,..., εiT) is symmetric around zero, conditional on Rp=(rp1,..., rpT)′. Further, Pr[rpt=0]=0 for
t=1,..., T.

Assumption 2. The random variables εit, t=1,..., T, are continuous, conditional on Rp.

The approach proposed here is based on distribution-free tests about the medians of εi, i=1,..., N. Under Assumption 1, these
become equivalent to the usual tests (e.g. the GRS test) that maintain E[εit|Rp]=0. Note that the distribution of rpt may be skewed
thereby inducing asymmetry in the unconditional distribution of rit. In that case, a given portfolio can still be mean-variance
efficient provided that investors' expected utility depends only on the mean and variance of a portfolio's return.
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What distinguishes the present framework from Luger (2003) is that here the multivariate symmetry assumption is made
conditional on Rp=(rp1,..., rpT)′. It should be noted that this conditioning on Rp is entirely consistent with arbitrage pricing theory.
It is also a common approach used by GRS and BDK, for instance, to obtain a finite-sample distribution theory. The distributional
assumptions made by those authors, however, are far more restrictive than Assumptions 1 and 2. GRS require independent and
jointly normal errors, while BDK relax the normality assumption but nevertheless require that the error distribution structure be
specified up to a finite number of nuisance parameters. Here the conditional distribution of (εi1,..., εiT) given Rp is completely
unspecified. This means that no restrictions are placed on the degree of non-normality or the degree of heterogeneity across
marginal distributions. It should be noted that several popularmodels of time-varying conditional variance, such as GARCH-type or
stochastic volatility models with continuous and symmetric innovations, satisfy Assumptions 1 and 2. In fact, those assumptions
allow for the presence of unknown forms of conditional heteroskedasticity (or any other form of non-linear dependence among the
|εit|'s). Furthermore, the conditional variances need not be finite nor even follow a stationary process, andmoments need not exist.

Define the scaled returns rit/rpt, for i=1,..., N and t=1,..., T. Under the statistical specification in Eq. (2), these scaled returns can
be expressed as
for t=
rit
rpt

=
ai
rpt

+ βi +
εit
rpt

;

y relegating the nuisance parameter βi to the role of intercept. Following Theil (1971, p. 616), that parameter can be
thereb
eliminated from the inference problem via the long differences
zit = dmt × xpt ; ð7Þ

1,..., m, where

dmt =
ri;t + m

rp;t + m
− rit

rpt

 !
and xpt =

ðrpt−rp;t + mÞ
rptrp;t + m

:

The quantity in Eq. (7) is the building block of the distribution-free methods proposed here. An important aspect of the
sequence of long differences dt

m, t=1,..., m, is that it contains no overlaps. The methodology of Luger (2003) yields exact tests
when built on dt

m. The multiplication of dtm by xpt seen in Eq. (7) is done in order to improve power. To see why this is, note
that
dmt = aixpt +
εi;t + m

rp;t + m
− εit

rpt

 !
: ð8Þ
The proof of Proposition 1 below shows that (εi,t+m/rp,t+m−εit/rpt) has a symmetric distribution. Suppose that xpt=(1/rp,t+m−
1/rpt) is also symmetrically distributed, independently of the εit's. Then the quantity in Eq. (8)would havemedian zero nomatter the
value of ai, so that any sign statistic based on that quantity would have nothing but trivial power. Multiplying dt

m with xpt to get zit
shifts its median to the right or left, depending on the sign and magnitude of ai, and hence delivers sign tests with power to detect
ai≠0.While such a modification results in only approximately exact tests in Luger's (2003) randomwalk context, here the tests are
based on truly exact finite-sample pivots owing to the fact that we can condition on Rp.

Define a sign function as s[z]=1 if zN0, and s[z]=0 if z≤0. The following two propositions are adapted from Luger (2003) and
proofs are provided in Appendix A for the sake of self-containment. Note that when ai=0, the statistic zit in Eq. (7) is a function
only of (εi,t+m/rp,t+m−εit/rpt)xpt.
Proposition 1. Let εi1,..., εiT be a sequence of random variables that satisfies Assumptions 1 and 2. Then, the random variable s[(εi,t+m/
rp,t+m−εit/rpt)xpt] is distributed like a Bernoulli variable Bt, such that Pr[Bt=1]=Pr[Bt=0]=1/2 for t=1,2,..., m.

This result shows that the random variables s[zit], t=1,...,m, are identically distributed under the null hypothesis. The next
proposition shows that those random variables are also mutually independent, thereby paving the way for test procedures based
on a class of linear signed rank statistics defined by
SRi = ∑
m

t=1
s½zit �φ½Rankð jzit j Þ�; ð9Þ

Rank(|zit|) is the rank of |zit| when |zi1|,..., |zim| are placed in ascending order of magnitude, and 0≤φ[1]≤ ...≤φ[m] is a set of
d

where
scores with φ[m]N0. In the following, the symbol = stands for the equality in distribution.
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Proposition 2. Let εi1,..., εiT be a sequence of random variables that satisfies Assumptions 1 and 2. Then, the null distribution of any
linear signed rank statistic defined by Eq. (9) has the property that
where

and th

where

where
SRi =
d ∑

m

j=1
Bjφ½j�;

B1,..., Bm are mutually independent uniform Bernoulli variables on {0,1}.
The choice of score function yields different linear signed rank statistics. The two statistics of greatest interest are the sign
statistic, obtained from the score function φ[j]=1:
Si = ∑
m

t=1
s½zit �;

e Wilcoxon signed rank statistic

Wi = ∑
m

t=1
s½zit �Rankð jzit j Þ;

ed with φ[ j]= j. The sign statistic follows a binomial distributionwith number of trialsm and probability of success 1/2. The
obtain
distribution of the Wilcoxon statistic has been tabulated for various values of m; see Table A.4 in Hollander and Wolfe (1973) for
m≤15. For larger values, the standard normal distribution provides a very good approximation to the standardized variate. The
same is true of the standardized sign statistic. The basic result (found in Randles and Wolfe 1979, Section 10.2) is that the
standardized sign and Wilcoxon signed rank statistics
Si4=
Si−m= 2ffiffiffiffiffiffiffiffiffiffiffi

m= 4
p and Wi

4=
Wi−mðm + 1Þ= 4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mðm + 1Þð2m + 1Þ= 24p ; ð10Þ

null means and variances are used, have limiting (as m→∞) standard normal distributions. It should be noted that the
where
asymptotic approximation works extremely well even for small values of m since the Binomial and Wilcoxon distributions are
close to normal.

In principle, the approach adopted here could be extended to allow for additional covariates. For example, suppose returnswere
represented by
rit = ai + βirpt + γirft + εit ; t = 1; :::; T; i = 1; :::;N;

rft is a second common factor. In that case, the basic building of the distribution-free tests would become

zit =
dmt + m = 2

xf ;t + m=2
−dmt

xft

 !
xp;t + m=2

xf ;t + m=2
−

xpt
xft

 !
;

xft=(rptrf,t+m−rftrpt+m)/ rptrp,t+m for t=1,..., m/2.
4. Exact distribution-free tests

4.1. Sup-type tests

A test of H0 with a single test asset can be performed simply by comparing either of the test statistics in Eq. (10) with the
appropriate critical values from the standard normal distribution. In order to test the null hypothesis with several test assets
indexed by i=1,..., N, consider the test statistics
SB = max
1≤i≤N

jS4i j andWB = max
1≤i≤N

jWi
4j : ð11Þ
Note that the maximal statistic corresponds to the one with the smallest p-value, since the individual test statistics are
identically distributed. These test statistics are suggested by the fact that H0 in Eq. (3) is the intersection of the N subhypotheses
H0i :ai=0, i=1,..., N. The decision rule is then built from the logical equivalence that H0 is false if any of its component
subhypotheses is false; i.e., reject H0 if any one of the separate tests, say S1*,..., SN*, rejects it. Such tests are called induced tests of H0;
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see Savin (1984). The results of Sidak (1967) show that no matter the covariance structure among the individual test statistics, the
asymptotic marginal null distributions of SB and WB defined in Eq. (11) satisfy the inequalities
Pr½SB≤ωα4=2�≥ð1−αÞ and Pr½WB≤ωα4=2�≥ð1−αÞ; ð12Þ

ωα*/2 is the upper α*/2 critical point of the standard normal distribution and α*=1−(1−α)1/N. This inequality gives a
where
slight improvement over the Bonferroni inequality. The inequalities in Eq. (12) imply that the asymptotic level of the induced test
of H0 that compares either SB or WB to ωα*/2 is equal to α. So if the ordinary two-sided p-value of SB or WB is, say pν, then the
multiplicity-adjusted two-sided p-value is calculated from the equation pν *=1−(1−pν)N. See Chow and Denning (1993) for an
application of Sidak's results in a different context.

4.2. Sum-type tests

The sup-type tests based on the bounds in Eq. (12) allow for an arbitrary covariance structure in the cross-section of error
terms. The cost of this extra flexibility is that those tests tend to be conservative and this behavior under the null effectively
translates into relative power losses under the alternative hypothesis; see Section 4 for some simulation evidence.

Tests with the correct size that deliver more power can be obtained under the assumption that the error terms (ε1t,..., εNt) are
independent, conditional on Rp=(rp1,..., rpT)′. Note that the error terms need not be unconditionally independent. With that
further assumption, the exact distributions of the sum-type statistics
SS = ∑
N

i=1
S42i and WS = ∑

N

i=1
W42

i ð13Þ

obtained (e.g. by numerical or simulation methods). A far more practical way to conduct inference is to note that since the
can be
Si*'s and Wi*'s tend to be normal as m increases, the null distributions of SS and WS in Eq. (13) will tend to be chi-squared with N
degrees of freedom. The results in Section 4 show that this approximation works extremely well.

4.3. Single-portfolio tests

As GRS remark, the hypothesis that ai=0, for all i, implies that all linear combinations of the ai's equal zero. This means that if
some linear combination of the N test assets (or portfolios of test assets) has a non-zero intercept, then the null hypothesis is false;
i.e., portfolio p is not mean-variance efficient. Following that idea, consider aggregating the N equations that comprise the system
in Eq. (2) to find the single-portfolio representation
rt = A + Brpt + et ; t = 1; :::; T; ð14Þ

rt = ∑N
i = 1rit ; A = ∑N

i = 1ai; B = ∑N
i = 1βi; andet = ∑N

i = 1εit . It is also possible to consider weighted sums. The
where
weights, however, would need to be chosen on the basis of prior (non-sample) information to avoid introducing data-snooping
size distortions; see Lo and MacKinlay (1990).

The construction of a test of H0 in Eq. (3) based on A is reminiscent of the test in Bossaerts and Hillion (1995) based on
Â = ∑N

i = 1a ̂i. The same distribution-free approach as above can be used to detect whether the intercept A in Eq. (14) is different
from zero under the following high-level assumptions:

Assumption 3. The density of (e1,..., eT) is symmetric around zero, conditional on Rp=(rp1,..., rpT)′. Further, Pr[rpt=0]=0 for
t=1,..., T.

Assumption 4. The random variables et, t=1,..., T, are continuous, conditional on Rp.

These assumptions are the natural extensions of Assumptions 1 and 2 to the model in Eq. (14). As before, no restrictions are
placed on the shape or the location of the distribution of rpt. It is easy to see that if Assumption 1 holds and the errors are either
cross-sectionally independent or at least exchangeable as Bossaerts and Hillion (1995) assume, then Assumption 3 is satisfied. A
sufficient condition for Assumption 3 is that the joint cross-sectional density of error terms is reflective symmetric so that (ε1t,...,
εNt) has the same distribution as (−ε1t,...,−εNt). In that case, we have that ∑N

i = 1εit has the same distribution as−∑N
i = 1 εit; i.e.,

et is symmetrically distributed around zero. So although not completely unrestricted, reflective symmetry allows some forms of
covariation in the cross-section of error terms.

Our distribution-free approach yields the following versions of the sign and Wilcoxon test statistics:
S = ∑
m

t=1
s½Zt � and W = ∑

m

t=1
s½Zt �Rankð jZt j Þ; ð15Þ
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Rank(|Zt|) is the rank of |Zt| when |Z1|,..., |Zm| are placed in ascending order of magnitude. Here Zt is defined as

Zt =
rt + m

rp;t + m
− rt

rpt

 !
rpt−rp;t + m

rptrp;t + m

 !
;

1,...,m. Under the null hypothesis, the sign and Wilcoxon statistics in Eq. (15) based on Zt follow exactly the binomial
for t=
distribution (with parameters m and 1/2) and the distribution of the Wilcoxon variate, respectively. As before, the standardized
versions
S4=
S−m= 2ffiffiffiffiffiffiffiffiffiffiffi

m= 4
p and W4=

W−mðm + 1Þ= 4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm + 1Þð2m + 1Þ= 24p ð16Þ

imiting standard normal distributions under H0. Of course, the signed rank tests built on Zt have no power to detect mean-
have l
variance inefficiencies of portfolio p in directions away from the null where ∑N

i = 1 ai = 0. This possibility, however, can easily be
checked by examining the estimates â1,..., âN̂; see Section 5 for an empirical illustration with size portfolios.

The possibility of losing power depending onwhether the (weighted) ai's tend to cancel out is a concern for any approach that
uses linear combinations of assets. For example, parametric tests of the CAPM are usually applied to portfolio groupings of stocks in
order to have N much less than T. As Shanken (1996) notes, this has the potential effect of reducing the residual variances and
increasing the precision with which the ai's are estimated. On the other hand, as Roll (1979) points out, individual stock expected
return deviations under the alternative can cancel out in portfolios, which would reduce power. So the expected power of tests to
detect mean-variance inefficiencies necessarily depends on how the portfolios are formed; see Sentana (2008) for more on the
effects of portfolio composition on test power.

5. Simulation results

This section reports the results of some simulation experiments to contrast the behavior of the proposed distribution-free tests
with several standard test procedures. The first of these benchmarks is the GRS test in Eq. (4). The second one, denoted J2

MC, is an
MC test based on the LR statistic in Eq. (6), following the BDK approach. The other benchmarks for comparison purposes are the
usual LR test, an adjusted LR test, and a test based on the Generalized Method of Moments (GMM). The latter is a particularly
important benchmark here, since in principle it is “robust” to non-normality and heteroskedasticity of returns.

The LR test, J2, is applied following the usual practicewhich is to base it on asymptotic theory. The large-sample result is that the
null distribution of J2 tends to that of a chi-square variate with N degrees of freedom, χN

2. Jobson and Korkie (1982) suggest an
adjustment to J2 in order to improve its finite-sample size properties when compared against the χN

2 distribution. The adjusted
statistic is
J3 =
T−ðN = 2Þ−2

T
J2; ð17Þ

, under H0, also follows an asymptotic χN
2 distribution.
which

MacKinlay and Richardson (1991) develop tests of mean-variance efficiency using a GMM framework. Define rt as the N×1
vector of excess returns for the N test assets observed at time t. The moments of interest are those of the 2N×1 vector
ftðθÞ = ht⊗εtðθÞ; ð18Þ

ht=(1,rpt)′ and εt(θ)=rt−a−βrpt. Here θ=(a',β')′, a=(a1,..., aN)′, and β=(β1,..., βN)′. The symbol ⊗ refers to the
where
Kronecker product. The model specification in Eq. (2) implies the moment conditions E(ft(θ0))=0, where θ0 is the true parameter
vector. The system in Eq. (18) is exactly identified which implies that the GMM procedure yields the same estimates of θ as does
OLS applied equation by equation, which in turn are equivalent to the maximum likelihood estimates in Eq. (2). The GMM-based
Wald test statistic is
J4 = T a ̂′ R D̂VŜ−1
D̂

� �−1
R′

� �−1
a ̂ ; ð19Þ

R=(1,0)⊗ IN, with IN as the N×N identity matrix. Here T−1(D̂'Ŝ−1D̂)−1 is a consistent estimator of the covariance matrix of
where
the GMM estimator θ ̂. The component matrix D̂ is computed as
D̂ = −
1 μ̂p

μ̂p ðσ̂ 2p + μ̂2pÞ

" #
⊗IN
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N T

Under H
10 3

6
1
2

20 3
6
1
2

30 3
6
1
2

Under H
10 3

6
1
2

20 3
6
1
2

30 3
6
1
2

Note: N
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which is a consistent estimator of ∑+ ∞
ℓ = −∞E½ftðθ0Þft−ℓðθ0Þ′�, can be computed with the Newey and West (1987) procedure.
and Ŝ,

Under the null hypothesis H0, the statistic J4 follows an asymptotic χN
2 distribution. Following MacKinlay and Richardson (1991),

the J4 statistic in Eq. (19) is scaled by (T−N−1)/T, which was suggested to improve the finite-sample null behavior of the GMM
Wald test.

We also consider the parametric J tests applied to the single-portfolio representation in Eq. (14). Those tests are denoted J1*,
J2*MC, J2*, J3*, and J4* and they will allow us to see the relative power gains that result from the non-parametric approach versus those
that the linear combination induces. Note that since log(1+x)≈x for x small, we expect J3* to mimic J1*.

All the tests compared here are invariant with respect to the βi's, so there is no need to specify their values. The MC tests are
applied assuming the distribution of the error terms is completely known and the p-values are based on 100 MC draws. We
consider sample sizes T=30, 60, 120, and 240. For the number of test assets, we consider values of N=10, 20, and 30. Note that J1,
J2
MC, J2, J3, and J4 cannot be computed when N≥T (Those cases are abbreviated n.a. in the tables). The GMM Wald test, J4, cannot
even be computed with T=60 and N=30. The reason is that the matrix Ŝ is singular whenever 2N=T. All the other tests do not
have these limitations onN relative to T. In order to have a sharp contrast between the power functions of each test, the parameters
ai are set to 0.07 under the alternative hypothesis. The parametric MC tests are exact here, but there is no such theoretical
guarantee with all the other parametric tests across error specifications. So to ensure meaningful comparisons, the power results
for the non-randomized parametric tests are based on size-corrected critical values. Finally, each experiment comprises 1000
replications of each return generating process.

Two specifications of model (2) are considered. The first example, though completely unrealistic, is constructed to ensure the
exactness of the GRS Wald test, J1. The error terms εit are drawn randomly from the standard normal distribution and so are
portfolio-p's excess returns, rpt, independently of the errors. MacKinlay and Richardson (1991) use a similar design. We also tried
introducing coskewness by drawing rpt from a χ1

2 distribution. The results were essentially the same as in the symmetric case.
Table 1 reports the empirical rejection rates for this homoskedastic example. As expected, the parametric J1 and J2

MC tests, the
distribution-free sum-type SS and WS tests, and the single-portfolio J1*, J2*MC, S*, and W* tests have empirical sizes close to the
nominal 5% level. Note how well the use of critical values from the chi-squared distribution works for the SS and WS tests, and
those of the normal distribution for the S* andW* tests. In general, all the single-portfolio J* tests also have rejection rates close to
the nominal level. We see though that even in this i.i.d. case, the LR J2 test suffers serious size distortions when T is relatively small
and N increases. For example, when N increases from 10 to 20 with T=30, the empirical size of the J2 test increases from about 15%
to 60%—twelve times the nominal level.

The bottom portion of Table 1 shows the relative power results. Note that J1, J2, and J3 have identical size-corrected powers,
since they are all related via monotonic transformations. The same is true of their single-portfolio counterparts. As expected, the
J2
MC and J2*MC tests behave like the J1 and J1* tests, respectively. It is immediately clear that SB and WB are not as powerful as the
other tests. They nevertheless have power as T increases. The most striking result though comes from comparing the S* and W*
al size and power comparisons in the seemingly unrelated equations model with homoskedastic errors.

J1 J2MC J2 J3 J4 SB WB SS WS J1* J2*MC J2* J3* J4* S* W *

0 :ai=0, i=1,..., N
0 5.0 4.7 16.5 5.0 13.8 6.6 2.6 3.9 4.0 4.8 5.5 6.4 4.7 6.9 2.5 4.2
0 4.0 4.8 7.4 4.0 6.4 5.5 3.5 4.8 4.4 4.0 4.0 4.3 4.0 4.4 5.1 4.9
20 4.9 4.9 7.3 4.9 6.5 6.3 5.5 5.3 5.1 3.9 4.0 4.1 3.9 4.0 4.5 5.0
40 3.8 3.7 4.6 3.8 4.6 3.0 4.5 4.1 4.6 3.9 3.7 3.9 3.9 3.9 4.5 4.2
0 4.7 4.9 63.1 12.4 n.a. 2.1 1.8 3.3 3.5 4.7 4.3 5.9 4.7 6.1 4.2 4.9
0 4.7 5.3 22.8 5.3 12.7 2.8 3.1 4.6 4.7 4.5 4.2 5.1 4.5 5.2 4.1 4.6
20 5.1 5.1 11.5 5.2 8.8 5.1 3.7 4.2 4.6 6.0 6.0 6.3 6.0 6.3 4.7 4.5
40 5.3 4.9 6.6 5.3 5.9 5.0 4.5 4.8 4.8 4.7 5.4 4.9 4.7 4.8 5.3 5.2
0 n.a. n.a. n.a. n.a. n.a. 2.8 1.2 4.6 3.1 4.4 4.5 5.7 4.4 5.7 3.5 4.1
0 4.4 4.2 45.9 6.6 n.a. 3.1 3.0 4.7 5.0 4.8 4.7 5.5 4.8 5.6 3.8 5.4
20 4.8 4.8 16.3 5.4 8.8 2.8 3.2 4.6 4.7 4.3 5.0 4.4 4.3 4.3 5.2 4.7
40 4.5 4.5 8.5 4.5 6.5 3.6 4.9 5.3 5.0 5.1 5.6 5.3 5.1 5.2 5.5 5.1

1 :ai=0.07, i=1,..., N
0 7.0 7.2 7.0 7.0 7.9 6.8 2.8 4.2 5.6 20.6 20.3 20.6 20.6 20.4 6.9 10.4
0 16.3 13.7 16.3 16.3 16.7 6.6 5.1 7.6 9.3 40.5 34.7 40.5 40.5 40.0 11.2 13.7
20 29.0 26.6 29.0 29.0 28.3 9.0 8.8 8.9 10.2 71.3 64.5 71.3 71.3 70.9 23.2 26.6
40 63.2 58.5 63.2 63.2 63.4 12.0 13.4 16.8 20.4 93.6 92.2 93.6 93.6 93.6 45.7 49.6
0 7.3 6.9 7.3 7.3 n.a. 2.1 2.2 5.4 6.3 38.8 36.2 38.8 38.8 38.5 12.0 16.0
0 16.2 15.1 16.2 16.2 16.3 3.7 4.5 7.4 8.0 66.0 63.5 66.0 66.0 65.8 21.0 27.0
20 43.2 41.3 43.2 43.2 43.4 8.8 9.5 11.5 14.0 91.6 92.4 91.6 91.6 91.7 43.5 49.0
40 83.1 83.2 83.1 83.1 82.8 12.7 13.6 25.6 28.5 99.9 99.9 99.9 99.9 99.9 70.0 75.5
0 n.a. n.a. n.a. n.a. n.a. 2.8 1.5 6.1 7.2 51.2 47.4 51.2 51.2 50.5 13.7 17.4
0 19.5 18.3 19.5 19.5 n.a. 5.3 3.4 6.8 8.8 83.2 82.8 83.2 83.2 82.8 27.6 34.5
20 50.0 48.0 50.0 50.0 52.0 6.0 8.9 15.0 17.8 99.1 98.8 99.1 99.1 99.1 56.9 63.3
40 92.1 90.7 92.1 92.1 92.2 9.8 12.4 28.7 34.5 100.0 100.0 100.0 100.0 100.0 85.1 90.8

ominal level is 0.05 and entries are percentage rates. Results based on 1000 replications. The abbreviation n.a. stands for not applicable.



824 S. Gungor, R. Luger / Journal of Empirical Finance 16 (2009) 816–829
tests with the parametric tests. For example, the W* test has power that is either comparable or even greater in some instances
than all the parametric J tests. The power advantage that the linear combination induces in this setup is apparent when comparing
any test to its single-portfolio counterpart. The power performance of the S* and W* tests is quite remarkable considering their
non-parametric nature and the fact that only half the sample is effectively used to detect departures from the null hypothesis.

The second specification of model (2) is a more realistic description of asset returns. Following MacKinlay and Richardson
(1991), we consider a case of contemporaneous conditional heteroskedasticity inwhich the variance of εit depends on the value of
rpt. In their example, the error terms are essentially governed by an equation of the form εit = ηit

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrpt−μpÞ2 = σ2

p

q
, where ηit is the

innovation term. As in standard GARCH models, this form does not allow an asymmetric response to shocks in rpt; i.e., the
conditional variance of εit is the same whether (rpt−μp) is positive or negative. Here we consider a specification in the spirit of
Nelson's (1991) exponential GARCH model that allows for asymmetric responses to shocks. The innovations ηit are standard
normal and we let εit = ηit

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
expðλ0 + λ1rptÞ

p
. It should be noted that such a specification finds empirical support in Duffee (1995,

2001). The returns rpt are as in the first example andwe set λ0=0, λ1=2. It is easy to see that this specification generates εit's with
excess kurtosis.

Table 2 reports the results for the heteroskedastic example. From the top portion where ai=0, we see that all the non-
randomized parametric J tests suffer serious size distortions, and that these worsen as N increases for any given T. When N=10,
T=60 the parametric J tests all have empirical sizes in excess of 20%. The probability of a Type I error with J1, J2, and J3 exceeds 60%
when N is increased to 30. The severity of the size distortions for the GMM-based J4 test is also quite surprising since it
accommodates conditional heteroskedasticity, at least in principle. In sharp contrast, there is a closer agreement between the
nominal and empirical rejection probabilities for the single-portfolio J* tests. The MC tests do not have an over-rejection problem
here, since they are applied assuming the form of heteroskedasticity is known. The distribution-free tests also behave as expected
with rejection rates close to the nominal 5% level, but unlike the MC tests this is achieved without assuming anything about the
heterogeneity in variances.

From the bottom portion of Table 2, we see that the distribution-free tests have very good power when compared to the
parametric tests. The sum-type SS and WS tests have power which is comparable to that of the J tests, including the MC tests. It
should be emphasized that the size-corrected tests are not feasible tests in practice. They are merely used here as theoretical
benchmarks for the new tests. Comparing the single-portfolio tests, we see again that the S* and W* tests in this heteroskedastic
case tend to be more powerful than the parametric tests, often by a sizeable margin. This result is in line with the discussion in
Randles and Wolfe (1979, Ch. 4) about the power of the sign and Wilcoxon signed rank tests relative to the Student-t test in a
location model under a variety of distributions. Here we have another example that illustrates the conventional wisdom that non-
parametric tests tend to perform well in the presence of excess kurtosis—a well-known feature of asset returns.
Table 2
Empirical size and power comparisons in the seemingly unrelated equations model with contemporaneous heteroskedastic errors.

N T J1 J2
MC J2 J3 J4 SB WB SS WS J1* J2*MC J2* J3* J4* S * W *

Under H0:ai=0, i=1,..., N
10 30 25.9 4.6 50.7 27.7 41.6 6.0 2.1 3.8 4.3 8.1 4.7 9.6 8.1 7.4 2.9 3.7

60 23.0 5.0 31.4 23.2 25.4 3.8 3.4 3.5 4.2 6.6 4.1 7.4 6.6 6.4 2.7 4.2
120 15.5 5.8 19.5 15.5 15.5 5.8 4.2 3.7 4.3 6.1 5.4 6.5 6.1 5.4 5.6 4.4
240 9.6 4.9 10.9 9.6 9.0 3.2 3.7 4.4 4.2 4.4 5.2 4.5 4.4 4.6 4.5 4.3

20 30 45.2 4.1 96.1 62.9 n.a. 2.0 1.8 4.6 4.9 7.0 4.9 8.3 7.0 6.8 4.1 5.4
60 45.1 4.8 66.8 46.7 55.3 3.5 3.2 4.7 5.0 6.5 4.5 7.1 6.5 5.2 2.8 4.4

120 29.9 4.5 41.0 30.2 33.1 5.5 4.5 5.6 5.4 6.7 5.0 6.8 6.7 5.5 5.4 4.1
240 16.9 4.8 20.3 16.9 17.1 4.7 5.0 5.1 4.2 3.8 4.2 3.9 3.8 3.9 5.6 5.4

30 30 n.a. n.a. n.a. n.a. n.a. 2.7 1.7 4.2 4.2 6.1 5.0 7.1 6.1 6.6 4.2 4.1
60 64.3 5.0 95.0 69.9 n.a. 3.9 2.6 4.6 4.2 6.5 5.3 6.6 6.5 6.4 4.5 4.6

120 46.7 5.5 65.3 48.2 56.1 3.5 4.4 5.3 5.6 5.5 4.4 5.7 5.5 5.3 5.4 5.5
240 27.6 5.2 37.7 28.1 28.3 3.3 4.3 5.5 4.9 4.6 5.2 4.7 4.6 4.7 5.1 3.4

Under H1 :ai=0.07, i=1,..., N
10 30 7.2 5.6 7.2 7.2 7.2 7.1 2.3 4.6 4.9 8.0 9.9 8.0 8.0 9.5 4.9 7.8

60 8.6 8.2 8.6 8.6 7.9 6.1 5.6 6.3 6.2 12.0 11.8 12.0 12.0 13.1 10.4 11.2
120 9.0 10.0 9.0 9.0 9.1 9.9 7.0 7.6 7.5 17.5 18.6 17.5 17.5 19.3 17.2 20.2
240 11.1 11.9 11.1 11.1 14.2 8.5 10.4 12.5 13.7 29.7 28.9 29.7 29.7 31.0 32.3 37.7

20 30 5.0 8.2 5.0 5.0 n.a. 2.9 2.4 6.3 5.6 12.9 13.1 12.9 12.9 13.4 8.6 11.8
60 7.6 9.6 7.6 7.6 7.4 4.1 4.5 7.1 7.4 15.8 18.0 15.8 15.8 19.9 14.5 18.8

120 11.7 11.8 11.7 11.7 12.1 8.7 7.9 9.6 12.3 24.5 31.5 24.5 24.5 32.1 31.0 37.6
240 19.2 20.9 19.2 19.2 20.7 9.6 10.6 15.9 19.7 54.1 48.7 54.1 54.1 56.2 56.7 65.8

30 30 n.a. n.a. n.a. n.a. n.a. 2.9 1.0 5.2 4.9 16.2 18.5 16.2 16.2 21.6 9.3 13.7
60 8.7 11.5 8.7 8.7 n.a. 4.4 3.0 7.9 7.3 24.8 26.4 24.8 24.8 26.0 21.5 29.8

120 11.3 14.9 11.3 11.3 12.3 5.1 7.0 10.1 11.4 39.9 40.8 39.9 39.9 43.2 40.1 47.8
240 25.9 27.7 25.9 25.9 32.1 9.6 12.3 21.2 25.6 62.5 62.1 62.5 62.5 64.3 71.8 81.4

Note: The MC tests, J2MC and J2*MC , are applied assuming the form of heteroskedasticity is known. Nominal level is 0.05 and entries are percentage rates. Results
based on 1000 replications. The abbreviation n.a. stands for not applicable.
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6. Empirical illustration

The new distribution-free inference procedures are illustrated by tests of the mean-variance efficiency of a stock market index:
the value-weighted index from the University of Chicago's Center for Research in Security Prices (CRSP). The data consist of
monthly returns on ten portfolios for the period covering January 1965 to December 2006. Stocks listed on the New York Stock
Exchange and on the American Stock Exchange are allocated to 10 portfolios based on the market value of equity. The one-month
U.S. Treasury bill return is used as the riskless rate of return. These data definitions are the same as in Campbell et al. (1997), except
that we extend the sample end point.

Table 3 shows the empirical test results for the entire 42-year period, seven 5-year subperiods and a 7-year subperiod, and
three 10-year subperiods and a 12-year subperiod. It is quite common in this literature to test the CAPM over subperiods out of
concerns about parameter stability. Here the choice of subperiods follows that in Campbell, Lo, andMacKinlay. Columns 2–6 report
the results of the parametric J tests; columns 7 and 8 report the results of the sup-type SB and WB tests; columns 9 and 10 report
the results of the sum-type SS and WS tests; columns 11–15 report the results of the single-portfolio J * tests; and columns 16 and
17 report the results of the single-portfolio S* and W* tests. Here the MMC test procedure of BDK is applied assuming Student-t
errors with unknown degrees of freedom. In each case, we set α1=0.025 so the level of the first-step confidence interval for the
degrees-of-freedom parameter is 97.5%. These confidence intervals are reported in square brackets. The reported MMC p-values
should then be referred to a 2.5% cutoff if one has in mind an overall 5%-level test.

The parametric J test results tend to reject the Sharpe–Lintner CAPM,with p-values less than 6% for the entire sample period. The
J* tests reject the null hypothesis with even smaller p-values in this case. The exceptions among the parametric J tests are theMMC
tests which tend to favor a non-rejection. Note that the confidence intervals associated with the MMC tests are tight at quite low
values for the degrees-of-freedom parameter. This suggests the presence of high kurtosis and shows that normality is definitely
rejected. In contrast, the p-values for the distribution-free tests provide very clear evidence in favor of mean-variance efficiency.

The parametric J tests and distribution-free tests results align more closely over the 5-year subperiods with both sets of tests
tending to reject the null in the first three 5-year subperiods, then tending to not reject over the next four 5-year subperiods, and
finally tending to reject again the null in the last 7-year subperiod. The single-portfolio J* tests tend to be in agreement with the
other tests in every one of those subperiods except in the subperiod 1/70–12/74, where the J* tests indicate a clear non-rejection
Table 3
Mean-variance efficiency tests of the Sharpe–Lintner version of the CAPM.

Time J1 J2
MMC J2 J3 J4 SB WB SS WS J1* J2*MMC J2* J3* J4* S * W *

42-year period
1/65–12/06 1.78 [3, 5] 17.86 17.61 18.01 1.39 1.45 4.95 6.61 4.32 [2, 5] 4.31 4.29 4.56 −0.50 0.13

(0.06) (0.07) (0.05) (0.06) (0.05) (0.84) (0.79) (0.89) (0.76) (0.04) (0.05) (0.04) (0.04) (0.03) (0.61) (0.90)

5-year subperiods and a 7-year subperiod
1/65–12/69 2.02 [3, 21] 20.68 18.27 20.21 2.56 2.97 23.33 41.31 9.43 [1, 35] 9.04 8.66 9.53 1.46 1.98

(0.05) (0.07) (0.02) (0.05) (0.03) (0.10) (0.03) (0.01) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.14) (0.05)
1/70–12/74 2.10 [2, 5] 21.41 18.91 19.61 2.56 2.52 40.80 39.05 0.96 [1, 6] 0.98 0.94 0.87 −2.56 −2.54

(0.04) (0.04) (0.02) (0.04) (0.03) (0.10) (0.11) (0.00) (0.00) (0.33) (0.38) (0.32) (0.33) (0.35) (0.01) (0.01)
1/75–12/79 1.94 [2, 5] 20.03 17.69 26.20 3.29 3.55 24.93 44.94 4.82 [1, 10] 4.79 4.59 5.46 1.10 1.90

(0.06) (0.07) (0.03) (0.06) (0.00) (0.01) (0.00) (0.01) (0.00) (0.03) (0.05) (0.03) (0.03) (0.02) (0.27) (0.06)
1/80–12/84 1.17 [3, 23] 12.84 11.34 11.46 1.46 1.02 4.13 2.25 1.54 [1, 35] 1.57 1.51 1.58 −0.37 −0.50

(0.33) (0.36) (0.23) (0.33) (0.32) (0.79) (0.98) (0.94) (0.99) (0.22) (0.25) (0.21) (0.22) (0.21) (0.72) (0.61)
1/85–12/89 1.72 [4, 35] 18.08 15.97 15.35 1.83 1.53 10.93 7.20 3.04 [1, 35] 3.07 2.94 2.19 −1.46 −0.77

(0.10) (0.13) (0.05) (0.10) (0.12) (0.50) (0.74) (0.36) (0.71) (0.09) (0.12) (0.08) (0.09) (0.14) (0.14) (0.44)
1/90–12/94 1.09 [2, 5] 12.08 10.67 10.85 1.46 2.05 6.67 18.86 0.09 [1, 5] 0.10 0.09 0.10 0.73 1.53

(0.39) (0.40) (0.28) (0.38) (0.37) (0.79) (0.34) (0.76) (0.04) (0.76) (0.84) (0.76) (0.76) (0.76) (0.46) (0.12)
1/95–12/99 1.14 [2, 5] 12.58 11.11 12.51 2.19 1.88 8.27 9.62 1.09 [1, 35] 1.12 1.07 0.89 0.73 0.61

(0.35) (0.41) (0.25) (0.35) (0.25) (0.25) (0.46) (0.60) (0.47) (0.30) (0.34) (0.29) (0.30) (0.35) (0.46) (0.54)
1/00–12/06 1.90 [2, 5] 19.44 17.82 17.79 2.47 2.56 41.81 37.11 9.18 [1, 10] 8.91 8.65 9.01 1.23 1.56

(0.06) (0.05) (0.03) (0.06) (0.06) (0.13) (0.10) (0.00) (0.00) (0.00) (0.01) (0.00) (0.00) (0.00) (0.22) (0.12)

10-year subperiods and a 12-year subperiod
1/65–12/74 2.33 [3, 5] 23.22 21.87 23.07 0.77 0.96 2.33 1.68 1.33 [2, 12] 1.35 1.32 1.27 0.26 -0.05

(0.02) (0.02) (0.01) (0.02) (0.01) (0.99) (0.98) (0.99) (0.99) (0.25) (0.27) (0.25) (0.25) (0.26) (0.80) (0.96)
1/75–12/84 2.18 [2, 4] 21.87 20.60 25.51 3.10 3.20 60.67 55.14 6.82 [1, 6] 6.75 6.60 8.01 2.58 2.33

(0.02) (0.02) (0.02) (0.02) (0.00) (0.02) (0.01) (0.00) (0.00) (0.01) (0.01) (0.01) (0.01) (0.00) (0.01) (0.02)
1/85–12/94 1.90 [2, 5] 19.25 18.13 15.72 1.81 1.52 9.13 5.73 0.59 [1, 6] 0.60 0.59 0.53 0.77 0.16

(0.05) (0.06) (0.04) (0.05) (0.11) (0.52) (0.75) (0.52) (0.84) (0.44) (0.58) (0.44) (0.44) (0.47) (0.44) (0.87)
1/95–12/06 1.39 [2, 5] 14.34 13.65 13.51 3.30 2.99 36.38 21.23 3.34 [2, 14] 3.35 3.29 3.03 2.12 1.65

(0.19) (0.21) (0.16) (0.19) (0.20) (0.01) (0.03) (0.00) (0.02) (0.07) (0.08) (0.07) (0.07) (0.08) (0.03) (0.10)

Note: Test results are based on 10 size-based equity portfolios. The CRSP value-weighted index including distributions is used to proxy the market portfolio and a
one-month Treasury bill is used as the riskless asset. The numbers in parentheses are p-values. TheMMC tests are based on Student-t errors with unknown degree
of freedom. The square brackets are confidence intervals with level 0.975 for the degrees-of-freedom parameter and theMMC p-values are obtained bymaximizing
over the confidence interval.
s



Table 5
Covariance matrix of market model residuals.

Portfolio 1 2 3 4 5 6 7 8 9 10

1 4.16
2 2.83 2.28
3 2.20 1.74 1.55
4 1.89 1.53 1.31 1.24
5 1.63 1.33 1.15 1.06 1.01
6 1.31 1.07 0.94 0.87 0.82 0.75
7 0.98 0.82 0.73 0.69 0.65 0.58 0.53
8 0.65 0.55 0.51 0.49 0.46 0.42 0.36 0.32
9 0.35 0.30 0.28 0.28 0.27 0.26 0.24 0.20 0.18
10 −0.25 −0.21 −0.18 −0.17 −0.16 −0.14 −0.12 −0.09 −0.06 0.03

Note: Entries are the covariances (multiplied by 1000) of the market model residuals on 10 size-based equity portfolios from January 1965 to December 2006. The
CRSP value-weighted index including distributions is used to proxy the market portfolio and a one-month Treasury bill is used as the riskless asset.

Table 4
Estimated intercept values for individual portfolios and the aggregated one.

Time P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 PA

42-year period
1/65–12/06 7.19 3.83 2.74 2.52 1.97 2.52 2.26 1.29 1.23 −0.42 25.19

5-year subperiods and a 7-year subperiod
1/65–12/69 26.00 19.07 12.44 12.02 10.48 7.62 6.46 4.44 3.03 −1.87 99.71
1/70–12/74 −3.82 −8.65 −7.61 −7.56 −7.09 −4.73 −3.10 −2.67 0.06 0.84 −44.35
1/75−12/79 15.46 14.22 13.64 14.29 10.89 11.63 9.56 6.31 3.68 −2.23 97.49
1/80–12/84 6.64 4.50 6.10 5.13 3.38 3.46 3.16 1.42 0.99 −0.85 33.96
1/85–12/89 −7.62 −7.52 −5.95 −5.91 −6.21 −3.90 −1.29 −0.88 −0.73 0.77 −39.27
1/90–12/94 6.64 2.35 −0.71 −0.97 1.62 1.28 0.76 0.46 1.08 −0.18 9.09
1/95–12/99 4.50 −0.96 −2.81 −4.27 −3.45 −4.78 −6.08 −6.19 −5.66 1.66 −28.05
1/00–12/06 9.65 7.39 8.59 8.85 10.01 9.48 8.28 6.88 5.88 −1.59 73.45

10-year subperiods and a 12-year subperiod
1/65–12/74 12.27 6.18 3.29 2.96 2.33 1.99 2.14 1.13 1.60 −0.63 33.30
1/75–12/84 12.18 10.29 10.53 10.33 7.62 7.87 6.64 4.07 2.52 −1.62 70.46
1/85–12/94 −0.20 −2.43 −3.28 −3.36 −3.85 −1.25 −0.30 −0.17 0.15 0.28 −14.43
1/95–12/06 6.75 5.17 6.01 6.19 7.00 6.63 5.79 4.81 4.11 −1.11 51.39

Note: For each time period, the line entries are the estimated intercept in a regression of the portfolio excess returns on the market excess returns. The results for
the individual portfolios are labeled by Pi and those for the aggregated one by PA = ∑10

i = 1 Pi. The intercept values are multiplied by 1000.
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but all the other tests seem to favor a rejection. The results for the 10-year subperiods, reported in the bottom portion of Table 3, are
more in line with those for the entire sample period. In the first three of those subperiods, the parametric tests tend to reject the
null, while the distribution-free tests do not reject the null hypothesis of efficiency in two out of those four subperiods. Here the
single-portfolio tests agree on rejections in the second and fourth subperiods, and non-rejections in the first and third subperiods.

Besides the obvious sensitivity to the choice of sample period, a comparison of the results across test statistics reveals that
parametric versus non-parametric inference can differ markedly. Indeed, in many cases where the distribution-free tests indicate a
clear non-rejection with large p-values, the parametric tests indicate the diametrical opposite with quite small p-values. The full
sample results are a case in point.

Table 4 shows the OLS estimates of the intercept terms for each equation comprising the system in (2) and the equation in (14).
The columns labeled P1 to P10 show the estimates of ai corresponding to the ten portfolios and the last column, labeled PA, shows
the estimates of the aggregate portfolio intercept A = ∑10

i = 1 ai. All the reported intercept values are multiplied by 1000. It is
interesting to note that the individual intercept terms for portfolios P1 to P9 tend to all have the same sign, and the estimated
intercept with the opposing sign for portfolio P10—the largest cap-based decile portfolio—is quite small in magnitude compared to
∑9

i = 1 â i. These results are evidence that the non-rejections by the distribution-free single-portfolio S * and W* tests seen in
Table 3 are not due to the ai's canceling out.

Table 5 reports the covariance matrix for the market model residuals, where the entries are multiplied by 1000. This matrix is
an estimate of the covariances across portfolio returns once the effects of the market portfolio have been removed. The low
covariance values suggest that assuming conditional independence in the cross-section of returns may be fairly innocuous in this
application. Indeed, recall that the sum-type SS andWS tests assume that the error terms (ε1t,..., εNt) are independent, conditional
on Rp. The fact that those test statistics are not significant when computed with the full sample constitutes an implicit non-
rejection of the conditional independence assumption. As a further check, we computed the Breusch and Pagan (1980) Lagrange
multiplier test for the diagonality of the error covariance matrix of a seemingly unrelated equations system. The computed p-value
of that test is 0.99, which clearly shows the joint statistical insignificance of the off-diagonal entries in Table 5. These results
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support not only the validity of the sum-type SS and WS tests but also that of the single-portfolio S * and W* tests. In light of the
simulation results, the most natural interpretation of the empirical findings is that the CRSP value-weighted index appears
consistent with the mean-variance efficiency hypothesis over the full sample period.

7. Conclusion

The mean-variance efficiency of a given portfolio is typically assessed with tests based on OLS or GMM. The reliability of such
test procedures depends on several parametric assumptions about the model's error terms, such as the finiteness and stationarity
of moments. Exact parametric tests rely on an even stronger assumption about the actual distribution of the error terms. For
instance, the well-known GRS Wald test assumes that the errors are multivariate Gaussian.

In this paper, we have proposed new non-randomized tests of mean-variance efficiency whose exactness does not depend on
any parametric assumptions. The finite-sample validity of the new tests rests on the assumption that the joint temporal error
density is symmetric around zero. This leaves open the possibility of conditional heteroskedasticity and even outliers. In fact, no
restrictions are placed on the degree of non-normality or the degree of heterogeneity and dependence of the conditional variances.
Not even the existence of moments is required.

The proposed tests were evaluated against commonly used parametric tests in some simulation experiments. The numerical
results reveal that the parametric procedures suffer serious size distortions in the presence of contemporaneous conditional
heteroskedasticity, especially when the number of test assets is large and/or the time history is relatively short. The MC approach
of BDK can avoid this problem, but only if the precise form of heterogeneity is known. Since it has long been recognized that asset
returns depart from homogeneous conditions, the new tests of the mean-variance efficiency hypothesis developed here offer a
valid and useful distribution-free testing alternative to potentially very misleading parametric procedures.
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Appendix A
Proof of Proposition 1. Under Assumption 1, the elements of Rp are all different from zero with probability one, so the quantities
εit/rpt, t=1,..., T, are well defined. Given Rp, we also have under Assumption 1 that
where

or
ðεi1 = rp1; εi2 = rp2; :::; εiT = rpT Þ=
d ð−εi1 = rp1; εi2 = rp2; :::; εiT = rpT Þ=

d
:::

=
d ð−εi1 = rp1;−εi2 = rp2; :::;−εiT = rpT Þ;

ð20Þ

all 2T such terms appear in this string of equalities in distribution. In particular, we have

ðεi1 = rp1; εi2 = rp2; :::; εiT = rpT Þ=
d ð−εi1 = rp1;−εi2 = rp2; :::;−εiT = rpT Þ:
Define δ[η1,η2,..., ηT]=((ηm+1−η1),(ηm+2−η2),..., (ηT−ηm)). It follows that
δ½εi1 = rp1; εi2 = rp2; :::; εiT = rpT �=
d
δ½−εi1 = rp1;−εi2 = rp2; :::;−εiT = rpT �

ððεi;m + 1 = rp;m + 1−εi1 = rp1Þ; :::; ðεiT = rpT−εim = rpmÞÞ=
d

ð−ðεi;m + 1 = rp;m + 1−εi1 = rp1Þ; :::;−ðεiT = rpT−εim = rpmÞÞ;

=
d

Y implies U½X�=d U½Y � for any measurable function U[·] defined on the common support of X and Y (Randles and Wolfe
since X
1979, Theorem 1.3.7). This last result is used here conditional on Rp so that
ððεi;m + 1 = rp;m + 1−εi1 = rp1Þxp1; :::; ðεiT = rpT−εim = rpmÞxpmÞ=
d

ð−ðεi;m + 1 = rp;m + 1−εi1 = rp1Þxp1; :::;−ðεiT = rpT−εim = rpmÞxpmÞ;



since

or

since ð
given
and W

since t
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the xpt's defined in Eq. (7) are just functions of (rp1,..., rpT)′. In turn,

E½s½ðεi;t + m = rp;t + m−εit = rptÞxpt �� = E½s½−ðεi;t + m = rp;t + m−εit = rptÞxpt ��

Pr½ðεi;t + m = rp;t + m−εit = rptÞxpt N 0� = Pr½ðεi;t + m = rp;t + m−εit = rptÞxpt b 0� = 1 = 2; ð21Þ

1;2; :::;m, since Pr½ðεi;t + m = rp;t + m−εit = rptÞxpt = 0� = 0 under Assumption 2. Note that Eq. (21) holds conditional on Rp
for t =
as well as unconditionally. □

Proof of Proposition 2. By applying the function δ[·] defined in the proof of Proposition 1 to the string of equalities in distribution
in Eq. (20), we see that:
ððεi;m + 1 = rp;m + 1−εi1 = rp1Þ; ðεi;m + 2 = rp;m + 2−εi2 = rp2Þ; :::; ðεiT = rpT−εim = rpmÞÞ=
d

ð−ðεi;m + 1 = rp;m + 1−εi1 = rp1Þ; ðεi;m + 2 = rp;m + 2−εi2 = rp2Þ; :::; ðεiT = rpT−εim = rpmÞÞ=
d

ððεi;m + 1 = rp;m + 1−εi1 = rp1Þ;−ðεi;m + 2 = rp;m + 2−εi2 = rp2Þ; :::; ðεiT = rpT−εim = rpmÞÞ=
d

ð−ðεi;m + 1 = rp;m + 1−εi1 = rp1Þ;−ðεi;m + 2 = rp;m + 2−εi2 = rp2Þ; :::; ðεiT = rpT−εim = rpmÞÞ=
d

⋮
=
d ð−ðεi;m + 1 = rp;m + 1−εi1 = rp1Þ;−ðεi;m + 2 = rp;m + 2−εi2 = rp2Þ; :::;−ðεiT = rpT−εim = rpmÞÞ;

all 2m such terms appear in this string of equalities in distribution. Let E = ððεi;m + 1 = rp;m + 1−εi1 = rp1Þxp1; :::;
where
ðεiT = rpT−εim = rpmÞxpmÞ. It follows that the 2m different values that the vector s½E� = ðs½ðεi;m + 1 = rp;m + 1−εi1 = rp1Þxp1�; :::;
s½ðεiT = rpT−εim = rpmÞxpm�Þ may take in {0,1}m have the same probability (1/2)m. Therefore, the elements of s[E] are mutually
independent. Note that this result holds conditional on Rp as well as unconditionally. Define dj to be the position of the integer j
in the realization of the vector ðRankð jzi1 j Þ; :::;Rankð jzim j ÞÞ, j=1,...,m, so that
∑
m

t=1
s½zit �φ½Rankð jzit j Þ� = ∑

m

j=1
s½zi;dj �φ½j�:
Conditional on jE j = ð jðεi;m + 1 = rp;m + 1−εi1 = rp1Þxp1 j ; :::; j ðεiT = rpT−εim = rpmÞxpm j Þ, the vector of scores is a fixed permuta-
tion of ðφ½1�; :::;φ½m�Þ. So under the null hypothesis and conditional on |E|, it follows that
∑
m

j=1
s½zi;dj �φ½j�=

d ∑
m

j=1
Bjφ½j�;

s½zi;d1 �; :::; s½zi;dm �Þ=
d ðB1;B2; :::;BmÞ, where B1,..., Bm are mutually independent uniform Bernoulli variables on {0,1}. Moreover,

the symmetry established in Proposition 1, we have under the null that s[zt] is independent of Rt+ and thus of φ[Rt+] (Randles
olfe 1979, Lemma 2.4.2). Therefore, under the null, it is the case also unconditionally that

SRi = ∑
m

t=1
s½zit �φ½Rankð jzit j Þ�=

d ∑
m

j=1
Bjφ½j�;

he distribution of∑m
j = 1 Bjφ½j� does depend on |E|. □
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