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Abstract

This paper presents a Markov chain Monte Carlo (MCMC) algorithm to estimate parameters and latent stochastic processes in
the asymmetric stochastic volatility (SV) model, in which the Box-Cox transformation of the squared volatility follows an
autoregressive Gaussian distribution and the marginal density of asset returns has heavy-tails. We employed the Bayes factor and
the Bayesian information criterion (BIC) to examine whether the Box-Cox transformation of squared volatility is favored against
the log-transformation. When applying the heavy-tailed asymmetric Box-Cox transformed SV model, three competing SV models
and the ~GARCH(1,1) model to continuously compounded daily returns of the Australian stock index, we find that the Box-Cox
transformation of squared volatility is strongly favored by Bayes factors and BIC against the log-transformation. While both criteria
strongly favor the -~GARCH(1,1) model against the heavy-tailed asymmetric Box-Cox transformed SV model and the other three
competing SV models, we find that SV models fit the data better than the --GARCH(1,1) model based on a measure of closeness
between the distribution of the fitted residuals and the distribution of the model disturbance. When our model and its competing
models are applied to daily returns of another five stock indices, we find that in terms of SV models, the Box-Cox transformation of
squared volatility is strongly favored against the log-transformation for the five data sets.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The volatility of asset returns often exhibits a time-varying feature. One approach to modelling volatility is to
employ the autoregressive conditional heteroskedasticity (ARCH) model developed by Engle (1982) or the generalized
ARCH (GARCH) model by Bollerslev (1986). An alternative is the stochastic volatility (SV) model, in which the
volatility is assumed to be a latent stochastic process. The SV model has received increased attention in the finance
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literature, because it provides an alternative approach to the Black—Scholes option pricing formula (Hull and White,
1987). Taylor (1982, 1986) shows that the SV model is often formulated in terms of stochastic differential equations,

d(h’lp[) = oadt + G[dW][, (1)
d(lnatz) = )v(f —In atz) dt + o,,dwy,,

where p, is the price of an asset at time ¢ and (w,, w»,)’ is a bivariate standard Brownian motion. The correlation
between dwy, and dw,,, denoted by p=corr(dw,,, dw»,), captures the leverage effect, which refers to the asymmetric
behaviour that price movements are negatively correlated with volatility and is often observed in returns of equity
prices (see, e.g., Nelson, 1990; Gallant et al., 1992, 1993; Campbell and Kyle, 1993; Engle and Ng, 1993). The
empirical version of this model is typically formulated in discrete time as

Yr = 0¢ &, (2)
]n012+1 =p+ (]’)(ll’lO’tz - “) + oy,

where y, is the continuously compounded return, &,~N(0,1), u,~N(0,1), In o7 ~N(0,62/(1—¢?)), and the correlation
between ¢, and u,. 1, denoted by p=corr(e, u,+), captures the leverage effect.’ To reflect the asymmetric correlation
between errors in the mean and volatility equations, this model is often called the asymmetric log-normal SV (LSV) model,
which was set up based on models of Clark (1973) and Tauchen and Pitts (1983) and was first documented by Taylor (1982).

The discrete-time LSV model specifies the logarithmic squared volatility as an autoregressive Gaussian process,
while there are some other specifications of the volatility process (see, e.g., Hull and White, 1987; Stein and Stein,
1991; Heston, 1993; Andersen, 1994; Jacquier et al., 1994; Eraker et al., 2003). Yu et al. (2006) present an extension to
the log-normal specification of squared volatilities, in which the Box-Cox transformation of the squared volatility is
assumed to follow an autoregressive Gaussian distribution. Ignoring the leverage effect, they developed an MCMC
algorithm to sample parameters and volatilities. They applied their model to daily returns of the dollar/pound exchange
rate and found that the 90% Bayesian credible interval for the Box-Cox transformation parameter does not cover zero.
This is significant because a value of zero is equivalent to the logarithmic transformation of squared volatilities.
Applying the asymmetric Box-Cox transformed SV model with heavy tails to daily returns of six stock indices, we find
strong evidence supporting the Box-Cox transformation of squared volatility.

The introduction of the Box-Cox transformation of squared volatilities in a SV model was motivated by a similar
transformation proposed by Higgins and Bera (1992), who applied the Box-Cox power transformation to conditional
variance in an ARCH model. The purpose of such a transformation is to allow for skewness in the marginal distribution of
the squared volatility, because it is inappropriate to assume this distribution to be symmetric. The log-transformation of
squared volatility has a similar purpose as the Box-Cox transformation. However, as we discuss in Section 4.4, the latter
can make the tails of the density of squared volatility thinner than the former, especially for the left tail. The Box-Cox
transformation has an additional advantage that it allows the volatility process itselfto choose a transformation parameter. It
seems that the Box-Cox transformation is a useful extension to the log-transformation for squared volatilities in SV models.

The sampling algorithm developed by Yu et al. (2006) is limited in two aspects. First, it does not incorporate the
leverage effect, which is often observed in the distribution of equity returns (see, e.g., Eraker et al., 2003; Jacquier et al.,
2004). Jacquier et al. (2004) point out that the leverage effect often induces skewness in the marginal distribution of
returns on asset prices. This finding is consistent with the non-parametric evidence found by Gallant et al. (1997).
Second, the sampling algorithm of Yu et al. (2006) does not take account of the heavy-tailed feature in the marginal
distribution of asset returns. Eraker et al. (2003) argue that asset returns often experience significant shocks, which
result in a heavy-tailed marginal distribution. This paper provides remedies to these two problems.

In this paper, we incorporate the leverage effect into the Box-Cox transformed SV model and develop a fully
specified posterior density of parameters and transformed volatilities. To incorporate the heavy-tailed feature into the
marginal distribution of errors in the mean equation, we assume that the errors follow a mixture of distributions using a
particular hierarchical prior. Such a mixture turns into a Student ¢ distribution and has been widely used to capture the
heavy-tailed feature in the marginal distribution of asset returns. A similar treatment of such a heavy-tailed distribution
can be found in Geweke (1993) and Jacquier et al. (2004). A sampling algorithm is presented to estimate this latent

! Taylor (1994) shows that the correlation between &, and 1, , | captures the leverage effect, and empirical evidence can be found in Ghysels et al.
(1996), Harvey and Shephard (1996) and Bollerslev and Zhou (2005).
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process. In addition to the estimation procedure, we employ Bayes factors, BIC and a closeness measure to examine
whether the heavy-tailed asymmetric Box-Cox transformed SV model is favored against several competing SV models
and the GARCH(1,1) model with Student ¢ errors.

This paper aims to develop an MCMC algorithm, in which both the leverage effect and the heavy-tailed marginal
distribution can be incorporated. The rest of the paper is organized as follows. Section 2 provides a brief description of the
asymmetric Box-Cox SV model, the fully specified posterior density, conditional densities, and sampling algorithms designed
to sample parameters and volatilities. In Section 3, we discuss the computation of Bayes factors in the asymmetric Box-Cox
transformed SV model with heavy tails, where a particle filter is employed to compute the likelihood numerically. Section 4
presents an application of heavy-tailed asymmetric Box-Cox transformed SV models and several competing models to daily
returns of the Australian stock index. In Section 5, the heavy-tailed asymmetric Box-Cox transformed SV model and several
competing models are applied to daily returns of some international stock indices. Section 6 concludes the paper.

2. MCMC in the Box-Cox transformed SV model
2.1. Basic Box-Cox transformed SV model

The SV model proposed by Yu et al. (2006) assumes that the Box-Cox transformation of squared volatility follows
an autoregressive Gaussian process,

Vi = 0¢ &, (3)
h(afﬂvé) =p+ (]5[]’1(0’?7 5) - H} + oyl

where &,~N(0,1), u,~N(0,1), and h(c 2, 9) is defined by

o) = { 0L D0 020 @

This model is called the basic BCSV model hereafter. Let o,=h(c,%, 8) denote the Box-Cox transformed squared
volatility. The model can be equivalently expressed as

e =/g(ou,0) &, (5)
oG =K+ (]5(0(,,1 - H) + ouuy,
where
156 .
s5) = 4 (1+0w) ifo+#0 6
g(ah ) {exp(at) 1f5:07 ( )

which is denoted as g, hereafter.
Let a=(01, d2,..., ), Y=1, V2o, Vu)', and 0=(¢, 0, 1, 7,)’. The posterior density of (0’, o’)’ is

(0, aly) ap(y|0, 0)p(|0)p(0), ()

where p(y|0, o) is the likelihood of y given (6', o), p(a|0) is the density of a, and p(6) is the prior density of 0. The
sampling algorithm developed by Yu et al. (2006) involves breaking the joint posterior (6, a]y) into two Gibbs’ blocks
denoted by p(0|a, y) and p(a/6, y), respectively. The sampling algorithm consists of sampling x and ¢, from the
corresponding conditional posteriors, sampling ¢ and ¢ simultaneously through the random-walk Metropolis—
Hastings algorithm, and sampling o via the single-move random-walk Metropolis—Hastings algorithm.

2.2. Asymmetric BCSV model

The basic BCSV model can be extended by allowing a nonzero correlation between ¢, and u,+; that captures the
leverage effect, and the model can be expressed as

1/2
Ve = gt/ &t (8)
U1 = 1+ P — 1) + Oultigr,
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where p=corr(e, u,+1), and g, is defined in Eq. (6). Let 0=(¢, 9, 1, p, 0,,)’ represent the augmented parameter vector.
To obtain the likelihood of y given (0, o’)’, we define

Ur = pe + /1 — Pznt+1, 9)
for t=1,2, ..., n—1, where 5, is assumed to follow N(0,1) and to be uncorrelated with ¢, Eq. (9) shows that
var(u;+1)=1 and cov(u,+, &)=p. Substituting Eq. (9) into Eq. (8), we obtain

—1/2
or = 1+ G0y — 1) + paug v+ V1= pPoun,.y.

When incorporating the leverage effect into the log-normal SV model, Jacquier et al. (2004) re-parameterized p and
o, to p=po, and 7°=(1—p?)o,>. We follow such a re-parameterization and obtain

Ve = /&,

-1 (10)
%1 =P+ @0y — 1) + g,

2
/ Vi + Tr’t+l7

where o ~ N(u, 12/(1 —¢2)) and y, ~ N(0, g,,). Because ¢, and 1, | are uncorrelated, the posterior of (6’, o)’ can be
obtained in the same way as that in the basic BCSV model.
Model (10) is referred to as the asymmetric BCSV model hereafter.

2.3. Joint posterior of parameters and transformed volatilities

In order to obtain the posterior density of (6, o’)’, we need a prior for each parameter. Assume that (¢p+1)/2 ~
Beta(w, ) and > ~1G({/2, S./2), which are, respectively, expressed explicitly as

Ry G B (RS
per= (5) e {52

where w, 7, { and S, are hyperparameters to be defined by users. The priors of the other parameters are, respectively,
(p|1'2 ~ N(po, Tz/p()), u|72 ~ N(uo, Tz/qo), and 0 ~ U(—2, 2) with ¢, 1o, po and go being hyperparameters.
The joint prior of 6 is the product of these marginal priors. According to Eq. (7), the posterior density of (0', o')’

is

n—1 n—1
7[(9, ()L|y) o p(¢a 5) K, 0, O') X tl;[lp()/th H)p(y’7|9) X p((xl |9)t1:_[]p(“t+1 |O(t7 9)

n 2 (n4v+2)/2+1
P01+ 51 = g (11 6 exp {——Z y_,} () exp {5}

2 =1 8 &

where
2 2 e “12.\? 2 2
k= (1= M) =+ (a1 — 1= 0l — ) — 08 01) +po(0 = 00)+g0(h — o) +5:.
t=1

After integrating out 7* from the joint posterior (11), we obtain the logarithmic posterior density of (¢, 8, u, ¢, o’)’
given y,

In7(, 0,1, @, aly) =In p(d) + (0 =1/2)In (1 + ) + (v = 1/2) In(1 - ¢)

AN I~y n+(+2 (12)
22 nle) =33 g~y In(k/2),
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while the conditional posterior of 7 is the inverted gamma density, IG((n+¢{+2)/2, k/2). In the appendix of Zhang and
King (2004), a different routine to obtain the joint posterior of (', o')’ was presented. However, these two approaches
result in the same posterior density.

2.4. Conditional posteriors

Once the posterior of (6’, a’)’ is obtained, we can use the Gibbs sampler to sample each component of (6, o)’
conditional on the other components. However, the mixing speed will generally be slow. If conditional posteriors of
some parameters can be obtained, these parameters can be sampled, respectively, from their conditional posteriors
directly. As a consequence, the overall mixing performance will be improved (see, e.g., Johannes and Polson (in press),
for a discussion on sampling techniques based on conditional posteriors).

2.4.1. Conditional posterior of T°
As 7° can be integrated out from the joint posterior (11), the conditional posterior density of 7° is

) n+{+2 «
T IG(i2 ,2>. (13)

Given the other parameters and o, we can sample 7° directly from its conditional posterior.
2.4.2. Conditional posterior of ¢
For sampling ¢ based on Eq. (11), we found that the conditional posterior of ¢ is (up to a normalizing constant)

plolt®, ¢,0, 1, oc,ly) )
o exp {—ﬁ [Z::] (1 = 1) = @l =) = 9 ) +pole - @0)2} }

1
= eXp {_M[allfﬂz —2ap@ +ax +po(<p2 —2q00<p+q0(2))]
1 2 a + @opo >}
o' expl ———————— 2= ,
p{ 272 /(an1 + po) <cp an + po ?
where

n—1 n—1

ay = Z:,sz/gt, ap = Z[O‘t+] — = — M)b’t/\/g

t=1

Hence the conditional posterior of ¢ is the Gaussian density,

2
¢~N<1112+€00P0 T )7 (14)

an +po an +po

based on which ¢ can be sampled directly, given the other parameters and latent volatilities. Once 7 and ¢ are
sampled, respectively, from their conditional posteriors, we can calculate p and ¢ through o*=¢>+7% and p=plo.

2.4.3. Conditional posterior of U
For sampling u based on Eq. (11), we found that the conditional posterior of u is (up to a normalizing constant)

p(ule, 9,9, w,aaly)
@ e { = oms [(1= ) =Y e — (1= Ot~ o] |

212
_("—1)(1—¢)2+(1—¢2)CIO ' (1—¢2)0<1+(1—¢)th+1+40ﬂo
o' exp { 22 <H 2 e ¢)2+(1 ~ 4)2) o o,
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where b,y =041 —po,— Qg v 2y, for t=1, 2,..., n—1. Then the conditional posterior of u is the Gaussian density with
mean and variance defined, respectively, by

(1- 4’2)“1 + (1= ) X0 bret + qomto
(n—l)(1—2q3)2+(1—¢2)+q0 ’ (15)

T

e =

2

(n=1)(1 =) +(1—¢°) +q0

Hence u can be sampled directly from N(u«, o2), given the other parameters and o.

2.4.4. Sampling ¢ and 6§
In order to sample ¢ and 9, we use the random-walk Metropolis—Hastings algorithm, in which the proposal density
is the standard normal and the acceptance probability is calculated based on the joint posterior (12).

2.4.5. Sampling o

We use the single-move random-walk Metropolis—Hastings algorithm to sample components of o sequentially,
where the acceptance probability is calculated based on the joint posterior (11). Let al; denote o with its &th component
deleted, and 7(o;) denote the posterior of oy conditional on (0, o\, y), for k=1, 2,..., n. We found that n(c;) has the
following simple expressions.”

2
non)oc ~ LA [(1 — %) (o — )+ (2 — = $lon — ) — wgl‘/zyl)z],

2 2¢g; 212
Ing, 1 { ~1)2 r
n q T A A T A9 n - - n— - - — n— b)
(o) > g 22 Zt (o1 = ) = @1 V-1 (16)
In 1 _ 2
(o) o —%&‘—%—ﬁ [Ofm — 1= d(oy —p) — 9g 1/2yz} 7

for k=2, 3..., n—1.
In summary, the sampling procedure of (6’, o)’ is as follows:

sample (¢, 0) from their joint posterior (12) using the random-walk Metropolis-Hastings algorithm;

sample 7° directly from the inverted Gamma density given by Eq. (13);

sample ¢ directly from the Gaussian density given by Eq. (14);

compute p and o based on 7> and ¢;

sample i directly from the Gaussian density with mean and variance defined in Eq. (15);

sample o using the single-move random-walk Metropolis—Hastings algorithm with the acceptance probability
computed through Eq. (16).

2.5. Heavy-tailed departure from normality

In the context of SV models, heavy tails are often observed in the marginal distribution of errors in the mean
equation (see, e.g., Gallant, Hsieh and Tauchen, 1997). Motivated by the heavy-tailed asymmetric LSV model by
Jacquier et al. (2004), we set up the following model,

1/2,1/2
Vi :gt/ /lz/ &ty (17)

%1 = 1L+ (,ZS(OC, - M) + oultryy,

2 In the literature on SV models involving MCMC simulation, there are alternative algorithms for sampling c, such as the block-wise Metropolis-
Hastings algorithm presented in Kim, Shephard and Chib (1998) and the accept/reject Metropolis-Hastings algorithm in Jacquier et al. (2004).
However, we have been unable to modify these algorithms to incorporate the Box-Cox transformation involved in our model.
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where &,~N(0, 1), u;+ 1 ~N(0, 1), cov(e,, u,+1)=p, and 4,~1G(v/2, v/2), which is equivalent to the assumption that
v/2, follows a x* distribution with v degrees of freedom.

This assumption implies that the marginal distribution of v/N,&; is Student ¢ with v degrees of freedom. The density
of 4, is

R

The heavy-tailed asymmetric BCSV model has a parameter vector (v, 6")" and two latent stochastic processes
denoted by o and A=(4,, A,,..., 4,)’, respectively. Consider simulating from the joint posterior density 7(0, o, v, Ay)
by successive sampling through conditional posteriors p(6, a|v, 4, y) and p(4, v|f, o, y). The algorithm for drawing
each set of conditionals is as follows.

2.5.1. Sampling 0 and o
Given A, the mean equation of the heavy-tailed asymmetric BCSV model is

x ,—1/2 1/2
Ve =Yk / :gz/ &

The sampling algorithm for the asymmetric BCSV model discussed in Section 2.4 applies directly.

2.5.2. Sampling A and v
Given (v, ', o)’, the posterior of A is (up to a normalizing constant)
n

POy 0.2,y) = T plidyi,o0,v) o T puli Vo) (1)

t=1

_ 1 exp _y[Z/gt (v/z)\’/Z i v/2+1 expd ‘)/_2
vV 277:/1[ 2)\,; F(V/2) /’{t /lt
1 (\f+1)/2+1 y?/gt +y
cx (I) exp {_ ni }

Hence we can sample 4, directly from the inverted Gamma distribution,
~1G((v+1)/2, (0P /g +v)/2), fort=1,2,...,n.

When sampling v, we set its prior density as the Gaussian density with known mean u, and variance o2.> Given A,
the posterior of v is (up to a normalizing constant)

1 v—w)2) (v/2)"2 [ 1\ v/2
POl m""p{‘( 26§>}(F{v}2) (7) ew{-2} (19)

and v can be sampled using the random-walk Metropolis—Hastings algorithm, in which the proposal density is the
standard Gaussian density and the acceptance probability is computed through Eq. (19).

In order to capture the heavy-tailed feature in the marginal distribution of errors in the mean equation, we assumed
that the errors follow a mixture of distributions using a particular hierarchical prior. Such a mixture turns into a Student
t distribution and has been widely used to capture the heavy-tailed feature in the marginal distribution of asset returns. It
is important to note that the heavy-tailed feature of the marginal distribution of errors can be captured through other
mixtures of normal densities, and the Gibbs sampling procedure is capable of handling these mixtures.

3 Geweke (1993) uses y exp(—yv) as the prior of the degree-of-freedom parameter in the linear regression model with ¢ distributed errors. A
reasonable prior for v should prevent v from getting too large during MCMC iterations, because the update of v has a negligible effect when v is
already large. The purpose of such a prior is to put a low prior probability on the “problematic” region, where the likelihood is flat. One can also use
p(v) o 1/(1 +%) employed by Bauwens and Lubrano (1998).
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3. Bayes factors for model comparison

As the widely documented heavy-tailed asymmetric LSV model is nested in the heavy-tailed asymmetric BCSV
model by fixing 6=0, we are interested in examining whether the Box-Cox transformation of squared volatility is
preferable to the log-transformation. Bayes factors can be used for such a comparison.

Spiegelhalter and Smith (1982) show that the Bayes factor for a model M, against a model M is defined by

Bor = m(y|Mo)/m(y| M),

where m(y| M) and m(y| M) are marginal likelihoods under M, and M, respectively.
Let @=(v, 0")" denote the parameter vector of the heavy-tailed asymmetric BCSV model. Newton and Raftery
(1994) show that the marginal likelihood is defined as
m(ylM) = [ 116, M)p(O|M)de, (20)

where f (y|®, M) is the likelihood of y given & under model M, and p(®| M) is the prior of @. As the solution to this
integral requires high-dimensional integration, Chib (1995) suggests that the marginal likelihood be expressed as

(|0, M)p(6| M)
n(Oy, M)

where (Oly, M) is the posterior density of @ given y and can be estimated at a given value of 6.
In SV models, the posterior of © given y under a model M is generally expressed as

n(Oly) = [n(Oly,o)p(aly)da,

where n(Oly, ) is the posterior of @ given (y, o) as expressed in Eq. (11). Chib (1995) shows that at a given value of
0, an appropriate Monte Carlo estimate of n(O|y) is

#(Oy) = Z <@Iy7 a“)),

m(y|M) =

=

where {oc(” :i=1, 2,..., N} are draws recorded from MCMC iterations.* Then the logarithmic marginal likelihood can
be estimated as

In #(y) = In f(y|©) +In p(@) —In #(Oy).

As f(y|®) is analytically intractable, it should be either estimated or approximated numerically.

Kim et al. (1998) indicate that for a given value of @, the likelihood can be approximated through a particle filter.
Lety,=(v1, V2., i), for t=1, 2,..., n. Kim et al. (1998) show that by successive conditioning, the log-likelihood of y
given @ can be expressed as

n
In L(y|©) =1In L(y,|©) + ) InL(yly,, O), (21)
t=2

and that the likelihood function can be approximated though the particle filter algorithm whose objective is to obtain a
sample of draws of o, conditional on o,_; given 6 and a sample of draws (a, o ot,(i”])). We draw latent
variables according to the following equations,

(j) - 2y 52 2
( )~ () 2
t‘:’l N(H+¢<atl 7“)7614)7
I ~1G(v/2,v/2),
4 Kim et al. (1998) present an alternative approach to the estimation of p(@|y). When deriving a posterior sample of @ recorded from MCMC

iterations, one can estimate 7(O|y) through multivariate kernel density estimation computed at a given value of @. This kernel method does not
require extensive computation and is very easy to implement.
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for j=1,2,..,M, and t=1, 2...., n—1.° Given o,’, o), and 1, we have

y,~N<O_ Va2 [,H u¢<fx§”u)},gf">i§j)(1p2)>, (22)

for =1, 2,..., n—1, and y, ~ N(0, g,,(’) 2.7 (1-p?)), where g(f) is computed according to Eq. (6) with o, replaced by
o, Accordmg to the particle filter, the estimate of L(y,ly,— 1, @) is approximated by

. 1 X
Lalye,0) =5, p(nli, 0, ). (23)

=

where p(y,|/1, o0 0,0 is the density of y, conditional on 292, 0,9, 0,, ¢ and is given by Eq. (22). Hence the

likelihood of y given @ can be approximated by substituting Eq. (23) into Eq. (21), and the logarithmic marginal
likelihood can be approximated by

In m(y|M) = In £ (y|0, M) + In p(0|M) — In #(0]y, M). (24)
The Bayes factor for model M, against an alternative model M can be estimated as
Bor = exp {In i (y|Mo) — In m(y|M,)}. (25)

The value of @ in the computation of In #i(y) can be arbitrary. However, we follow Chib’s (1995) suggestion of
using the posterior averages of @ obtained through MCMC iterations under M, and M, respectively.

4. Application to the Australian stock index

In this section, we present an application of the heavy-tailed asymmetric BCSV model to daily returns of the
Australian All Ordinaries stock index, whose historical data were down-loaded from yahoo.com. As required by the
construction of SV models, the continuously compounded daily returns were mean-corrected and variance-scaled. The
data set contains 1508 observations from the 2nd of January 2000 to the 30th of December 2005, excluding weekends
and holidays.

4.1. Estimation of the heavy-tailed BCSV model

We applied the proposed sampling algorithm to the heavy-tailed asymmetric BCSV model of daily returns of the
index. The hyperparameters required in the joint prior density were set, respectively, to =20, y=1.5, (=2, §.=0.01,
0o=0, 1p=0, po=0.5 and go=0.2. The prior density of d is the uniform density over (—2, 2), and the prior density of v
is a normal density with mean 20 and variance 25.°

The burn-in period contained 20,000 iterations, and the recorded period contained 200,000 iterations. To measure
the mixing performance, we calculated the batch-mean standard error (BMSE) for each component of (v, 6', o/, \')’,
where the number of batches was 50 and there were 4000 draws in each batch (see, e.g., Roberts, 1996; Tse et al.,
2004). The ergodic average (or posterior mean) of the retained draws acts as an estimator of (v, 6, o/, N')’.

The sampling algorithm is the same as the one reported by Zhang and King (2004), who showed that the sampler has
mixed very well. When we finished a sampling procedure, we did check the mixing performance of the sampling
algorithm. However, in order to save space, we will not report the graphs and statistics used by Zhang and King (2004)
for the purpose of examining the mixing performance of simulated chains. The sample consisting of draws retained
from MCMC iterations is referred to as the posterior sample, whose mean value is used as an estimate of (v, 0/, o/, \')’
and is presented in the second column of Table 1. The estimates of (o, 4,), for t=1, 2...., n, are presented in Fig. 1.

5 The particle filter algorithm presented in Kim et al. (1998) is applicable to LSV models. We need to modify the algorithm and make it applicable
to the heavy-tailed BCSV model.

© The empirical evidence found by Jacquier et al. (2004) showed that the posterior mean of v for most return series is between 10 and 30, so we let
the prior be centered at 20. Zhang and King (2004) choose the prior of v to be proportional to ¢ exp(—yn) with y=0.2.
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Table 1
Estimates of parameters obtained from daily returns of the Australian stock index through the heavy-tailed asymmetric BCSV model and its
competing models

Parameters model (17) model (26) model (27) model (28) model (29)
) 0.95692 0.94968 0.96088 0.97703 ap=0.02156
1) —0.46914 - —0.35669 —0.53609 a;=0.07376
u —0.94660 —0.69531 —0.75067 —-0.77191 b;=0.85913
p —0.43346 —0.44474 —0.63084 - v=8.62873
Ou 0.25621 0.21317 0.22000 0.19833

v 22.72435 22.11213 - 22.57576

4.2. Estimation of several competing models

4.2.1. Heavy-tailed asymmetric LSV model

In order to investigate whether the heavy-tailed asymmetric BCSV model yields very different results from a model
without the Box-Cox transformation, we fixed =0 in the heavy-tailed asymmetric BCSV model, which turns to the
heavy-tailed asymmetric LSV model expressed as follows.

1/2
V= exp (oct/2)),t/ &, (26)
Al = 1+ (JS(OQ - H) + oyl

where &,~N(0, 1), u,; ~N(, 1), cov(e,, u,+1)=p and A, ~1G(v/2, v/2).

Using the same prior densities of parameters as those used for Eq. (17) and fixing =0, we applied the sampling
algorithm to the heavy-tailed asymmetric LSV model with the same data set. A summary of the posterior average of the
parameter vector is presented in the third column of Table 1, where the estimate of u is obviously different from that
estimated through Eq. (17), and the estimated o, is smaller than that estimated through Eq. (17).
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Fig. 1. The estimated volatilities and 1,’s obtained from daily returns of the Australian stock index.
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4.2.2. Asymmetric BCSV model

In order to investigate whether the heavy-tailed asymmetric BCSV model yields very different results from a model
with normal errors, rather than the heavy-tailed errors, we fixed A,=1, for t=1, 2,..., n, in the heavy-tailed asymmetric
BCSV model, which becomes the asymmetric BCSV model expressed as follows.

1/2
Ve = gt/ & (27)
U1 = U+ (o — W) + oyt

where &,~N(0, 1), u; 1 ~N(O, 1), and cov(e, u;+1)=p.

Using the same prior densities of parameters as those used in Eq. (17) and fixing 1,=1, for r=1, 2...., n, we applied
the sampling algorithm to the asymmetric BCSV model with the same data set. The fourth column of Table 1 presents
the posterior average of the parameter vector, which indicates that the estimates of p, o, and u are obviously different
from those estimated through Eq. (17), in particular, the estimated p is much larger in magnitude than that estimated
through Eq. (17).

4.2.3. Heavy-tailed BCSV model
The correlation coefficient between the regression errors and volatility errors captures the so-called leverage effect.
In order to investigate the effect of allowing for such a correlation on the estimation of parameters and volatilities, we
let p=0 in the heavy-tailed asymmetric BCSV model, which becomes the following model,
ve=g"n", (28)
O] = 1+ (,ZS(OC, - H) + oy,

where &,~N(0, 1), u,1 ~N(, 1), cov(es, u,+1)=0 and 4,~IG(v/2, v/2).

Using the same prior densities of (¢, 8, i, o, v) as those used in Eq. (17) and fixing p=0, we applied the sampling
algorithm to the heavy-tailed BCSV model with the same data set. The posterior average of the parameter vector is
presented in the fifth column of Table 1.

4.2.4. GARCH model with Student t errors

An obvious alternative to SV models is the GARCH model, so it is of interest to see how it compares to our heavy-
tailed asymmetric BCSV model. As the GARCH(1,1) specification with Student ¢ errors is one of the most popular
GARCH models in empirical studies, we use this model for comparison purposes. Consider a GARCH(1,1) model
given by

1/2
Ve = ht &t (29)
hy = ag + aly,z_l +bihi -y,

where ¢,, for t=1, 2,..., n, are independent and identically distributed as ¢ distribution with v degrees of freedom. Eq.
(29) is referred to as the ~GARCH(1,1) model hereafter. We assume that ag=>0, a; >0, b; >0 and a; +b,<1 to ensure
positive 4,. Given (aq, a;, by, v), the likelihood of (yy, ys...., ¥,,)" is expressed as

o D((v+1)/2) 1 AR
l(ylay27-~~7J’n|610,611,b17v) =4 W}:—E ﬁ 1+v_ht . (30)

We assume that the prior of a is the log-normal density with mean zero and variance one, while the priors of a; and
b, are the uniform density on (0,1). The prior of v is assumed to be N(0, 1). The joint prior density of ay, a,, a, and v is
the product of these prior densities, and the posterior density of (vi, V».,..., ¥,)" is proportional to the product of
likelihood and the joint prior. We employed the random-walk Metropolis—Hastings algorithm to derive a sample of
retained draws of (ag, a;, by, v). The estimate of (ao, a;, by, v) is presented in the last column of Table 1.

According to the estimation results given in Table 1, we found that the estimated values of g, in three competing
stochastic volatility models are obviously smaller than the estimated value of o, in the heavy-tailed asymmetric BCSV
model. However, we are not sure which estimate is reasonable at the present stage.
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The graphs of volatility processes estimated by, respectively, the heavy-tailed asymmetric BCSV model and each
competing SV model are presented in Fig. 2. It can be found from Fig. 2(a) that the heavy-tailed asymmetric BCSV and
LSV models produce similar estimates of volatilities. However, Fig. 2(a) and (b) indicate that volatility process
estimated by the heavy-tailed asymmetric BCSV model is different from that estimated by either the asymmetric BCSV
model or the heavy-tailed BCSV model.

The marginal densities of the squared volatility implied by the four SV models are plotted in Fig. 3. The marginal
density of the squared volatility implied by the heavy-tailed asymmetric BCSV model is obviously different from that
implied by the heavy-tailed asymmetric LSV model. The left tail of the former is thicker than that of the latter, while the
right tail of former is thinner. As what we will discuss in Section 4.4, a negative value of the Box-Cox transformation
parameter allows for such a thick left tail in the marginal density of the squared volatility implied by the heavy-tailed
asymmetric BCSV model.

The location of the marginal density implied by the asymmetric BCSV model with normal errors is obviously
different from that of the heavy-tailed asymmetric BCSV model. When the correlation that captures the leverage effect
is ignored, the marginal density implied by Eq. (28) has a higher peak than, and a different location from, that implied
by the heavy-tailed asymmetric BCSV model.

4.3. A comparison of estimated models

Let M, denote the heavy-tailed asymmetric BCSV model given by Eq. (17), and M denote any competing model.
As discussed in Section 3, the Bayes factor is expressed as the ratio of marginal likelihoods of M and M. In order to
compute the logarithmic marginal likelihood given by Eq. (24), the posterior density of parameters is estimated by its
kernel density obtained through the posterior sample, where bandwidths were chosen using the Bayesian method
proposed by Zhang, King and Hyndman (2006).

Table 2 presents the values of Bayesian information criterion (BIC) or the Schwarz criterion computed from M and
all competing models, as well as Bayes factors for M, against competing models, respectively. According to Kass and
Raftery’s (1995) guidelines for interpreting Bayes factors, when the logarithmic Bayes factor is greater than 1 and less
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Fig. 2. Comparison of estimated volatilities for the Australian stock index.
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Fig. 3. Marginal densities of the squared volatility implied by SV models for the Australian stock index.

than 3, the null model is positively favored; when the logarithmic Bayes factor is greater than 3 and less than 5, the null
model is strongly favored; and when the logarithmic Bayes factor is greater than 5, the null model is very strongly

favored.

The logarithmic Bayes factor for the heavy-tailed asymmetric BCSV model against the heavy-tailed asymmetric
LSV model given by Eq. (26) is 18.03, which is very large and very strongly in favor of the former model. This finding
indicates that it is important to introduce a Box-Cox transformation to squared volatilities rather than the log-
transformation in SV models. When the heavy-tailed asymmetric BCSV model is compared with the asymmetric
BCSV model given by Eq. (27), we found that the logarithmic Bayes factor is 4.92, which is also a large value and
strongly favors the former model. It suggests that incorporating heavy-tailedness into the error distribution in the mean
equation is supported by the data. It is also consistent with the findings of Jacquier et al. (2004), who introduced a
similar heavy-tailed assumption into the error distribution in their asymmetric LSV model.

The logarithmic Bayes factor of the heavy-tailed asymmetric BCSV model against the heavy-tailed BCSV model
given by Eq. (28) is 21.44, another large value that very strongly favors the former model. This finding indicates the
importance of incorporating the leverage effect into the BCSV model. However, the logarithmic Bayes factor for the
heavy-tailed asymmetric BCSV model against the ~GARCH(1,1) model is —66.26, which very strongly favors the
latter model. Kim et al. (1998) find similar results when applying the LSV model and the -~GARCH(1,1) model to

returns of some currency prices.
In terms of Schwarz criterion, the BIC value of the asymmetric BCSV model given by Eq. (27) is 3565.59, the

smallest value in all four SV models. The BIC value of the heavy-tailed asymmetric BCSV model is 3573.01, which is
the second smallest value in all four SV models. Thus, BIC favors the asymmetric BCSV model against the heavy-

tailed asymmetric BCSV model. This result is not surprising, because BIC tends to put a heavy penalty on model
complexity. However, the BIC values of the other two competing SV models are much larger than those of the

Table 2
BIC of each model, logarithmic Bayes factors of the heavy-tailed asymmetric BCSV model against competing models and ¥ computed through daily

returns of the Australian stock index
model (17) model (26) model (27) model (28) model (29)
BIC 3573.01 3607.99 3565.59 3612.09 3405.09
Bayes factors - 18.03 4.92 21.44 —66.26
¥ 0.3576 0.3986 0.4092 0.2362 3.6781
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asymmetric BCSV model and the heavy-tailed asymmetric BCSV model. Hence, this finding also highlights the
importance of the Box-Cox transformation of the squared volatility. However, the ~GARCH(1,1) model has a much
smaller BIC value than all four SV models. This result is consistent with what was revealed by Bayes factors.

A further goodness-of-fit measure is how well the model predicts the distribution of its fitted residuals. Let m;, for
i=1,2,3,4, denote the mean, variance, skewness and kurtosis, respectively, of the model disturbances (¢,), and let ni;
denote the estimate of m; obtained from the fitted residuals. To measure the closeness of the observed residual
distribution to the model disturbance distribution, we use the statistic

i=1

Table 2 presents the closeness measures computed, respectively, from the five models. The closeness measures of
the SV models are of a similar magnitude, which is much smaller than the closeness measure computed from the #-
GARCH(1,1) model. Hence, our model and the other three SV models fit the data better than the ~-GARCH(1,1) model
in the sense that the residuals predicted by the fitted SV models are closer to the hypothesized disturbance distribution.

4.4. The role of the Box-Cox transformation parameter

It is important to note that the estimated 6 is —0.46914, a negative value. To understand the effect of this type of
Box-Cox transformation, we present graphs of f{x)=In x and f{x)=(x’—1)/d with =—0.46914 in Fig. 4(a) and (b).
The Box-Cox transformation produces a much smaller value than the log-transformation for any given value of x
between 0 and 0.3, while the former also produces a smaller value than the latter for any given value of x larger than
1.5. Moreover, the difference between these two transformations is larger when x is between 0 and 0.3 than that when x
is above 1.5.

When the Box-Cox transformation and log-transformation are applied to SV models with x replaced by o2, the
date- squared volatility, it can be seen that the Box-Cox transformation can make the tails of volatility distribution
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Fig. 4. A graphical comparison of the Box-Cox and logarithmic transformations.
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thinner than the log-transformation, especially for the left tail. If the estimated 0 is negative and is large in magnitude, it
means that the marginal density of o7 has a thicker left tail than right tail, and both tails are thicker than tails of the
Gaussian density. According to the graphical comparison between the marginal densities of o7 implied by Eq. (17) and
Eq.(26) presented in Fig. 3, the former model allows for a thicker left tail in the marginal density of o7 than the latter.

In terms of the marginal density of o7, if the left tail is found to be thicker than the right tail, it means the empirical
frequency of low volatility is higher than that of high volatility. Thus, the Box-Cox transformation of o7 captures the
thick-tailed and asymmetric feature in the marginal distribution of 7. As the estimated value of § is negative and is
large in magnitude, we speculate that low volatilities might be more frequent than high volatilities in daily returns of the
Australian stock index.

4.5. Sensitivity of priors

To examine the sensitivity of MCMC output to prior choices, we also chose the prior density of v as ¢ exp(—¢v)
with y/=0.2. When we applied the sampling algorithm to the daily returns of the Australian All Ordinaries stock index,

Table 3
Estimates of parameters obtained from daily returns of five international stock indices through the heavy-tailed asymmetric BCSV model and its
competing models

Parameters model (17) model (26) model (27) model (28) model (29)
DAX

[ 0.98690 0.98589 0.98949 0.99323 an=0.00803
) —0.18660 - —0.06531 —-0.11092 a;=0.08829
u —0.35403 —0.29789 —0.23644 —-0.18610 b1=0.89171
p —0.53802 —0.53918 —0.81137 - v=17.89008
T, 0.15919 0.15079 0.13662 0.11351

v 25.32530 25.32590 - 25.07363

DIJIA

¢ 0.98694 0.98438 0.99104 0.99476 ap=0.01262
) —0.37444 - —0.23796 —0.54628 a;=0.07499
u —0.45299 -0.35607 —0.33286 -0.22109 b;=0.89485
p —0.51588 —0.52873 -0.83017 - v=12.83781
o 0.15845 0.15205 0.13888 0.10382

v 23.76762 23.72630 - 23.51314

FTSE

¢ 0.98324 0.98125 0.98633 0.99180 ap=0.01127
) -0.25771 —0.24841 —0.27650 a;=0.10337
u —0.57297 —0.45370 —0.50905 —-0.37075 b1=0.87030
p —0.54123 —0.53618 -0.85711 - v=17.16026
o 0.18222 0.17603 0.16221 0.13050

v 24.93316 24.99851 - 24.74711

Nikkei

¢ 0.97437 0.97550 0.97082 0.98854 ap=0.01478
) 0.13415 0.25566 0.19742 a;=0.06368
u —0.20991 —0.23300 -0.12192 —0.14764 b1=0.90739
p —0.34698 —0.33642 -0.51374 - v=11.98270
oy 0.13653 0.14065 0.14430 0.08582

v 21.94532 22.02149 - 20.55171

S&P500

¢ 0.98229 0.98043 0.98823 0.99316 ap=0.01152
) —-0.37028 - —0.28185 —-0.41001 a;=0.07608
u —0.57535 —0.40557 —0.47091 —0.34721 b1=0.89790
p —0.56618 —0.56261 —0.87168 v=14.55547
o 0.17552 0.16210 0.14746 0.10289

v 24.78086 24.41744 - 23.99362
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we found that the posterior averages of parameters and latent processes are quite similar to those obtained previously.
The prior density of & is noninformative, and we found no obvious changes in the MCMC output when using a flat
Gaussian prior namely N(0, 10).

As our heavy-tailed asymmetric BCSV model nests the heavy-tailed asymmetric LSV model by fixing =0, one
may wonder how the alternative priors used by Jacquier et al. (2004) for their SV model with heavy-tails works. Hence
we assumed that ¢ ~ N(0, 10), u~ (0, 100), ¢ ~N(0, 7°/2) and 7> ~IG(1, 0.005). The prior of v is assumed to be the
discrete uniform density on (3, 40), and the prior of 9 is assumed to be the uniform density on (—2, 2). Using these
priors, we obtained the posterior estimate of the parameter vector under our model. We found that ¢=0.96510, 6=
—0.53852, u=-1.03169, p=—0.47213, 0=0.23832 and v=38, which are quite close to those obtained in Section 4.1
except for the estimated v. In addition, the estimates of volatilities are quite similar to those obtained in Section 4.1.

5. Applications to some international stock indices

In this section, we applied the heavy-tailed asymmetric BCSV model and four competing models given in Section 4
to daily returns of the DAX, Dow Jones Industrial Average (DJIA), FTSE, Nikkei 225 and S&P500 indices,
respectively. These data sets were downloaded from yahoo.com, and the sample period is from the 2nd of January 2000
to the 30th of December 2005, excluding weekends and holidays. The continuously compounded daily returns were
mean-corrected and variance-scaled.

Table 3 presents the estimates of parameters under different models for all five data sets. Under the heavy-tailed
asymmetric BCSV model given by Eq. (17), the estimated values of 6 are negative for DAX, DJIA, FTSE and S&P500,
while the estimated 6 is positive for Nikkei 225. In Table 4, we present the BIC values computed from all five models,
and the logarithmic Bayes factors for the heavy-tailed asymmetric BCSV model against its competing models, for all
five data sets.

The logarithmic Bayes factor for the heavy-tailed asymmetric BCSV model given by Eq. (17) against the heavy-
tailed asymmetric LSV model given by Eq. (26) are very large positive values in all five data sets, therefore, we can
conclude that the former model is strongly favored against the latter. This is strong evidence supporting the Box-Cox
transformation of the squared volatility against the log-transformation. Moreover, in any data set, the BIC value
computed from the former model is much smaller than that computed from the latter, therefore, the heavy-tailed
asymmetric BCSV model is preferable.

The logarithmic Bayes factor for the heavy-tailed asymmetric BCSV model against the asymmetric BCSV model
given by Eq. (27) are also positive values in all five data sets. This finding highlights the importance of the heavy-tailed
assumption in the marginal density of asset returns. However, the former model has a larger BIC value than the latter
for each data set, and on this criterion the latter should be favored. This result might be partly due to the fact that BIC

Table 4
BIC of each model, logarithmic Bayes factors of the heavy—tailed asymmetric BCSV model against competing models and ¥ computed through
daily returns of five international stock indices

model (17) model (26) model (27) model (28) model (29)

DAX BIC 4239.31 4310.77 4224.53 4302.27 3754.21
Bayes factors - 35.00 2.04 34.43 —221.18

¥ 0.4995 0.5174 0.5398 0.3239 0.1862

DIJIA BIC 4183.87 4238.89 4181.15 4466.75 3879.29
Bayes factors - 26.87 7.78 144.19 —-131.33

¥ 0.4163 0.4308 0.5289 0.2189 0.2395

FTSE BIC 4143.47 4290.23 4133.79 4256.55 3423.81
Bayes factors - 73.82 6.14 58.78 —340.59

¥ 0.5160 0.5527 0.6357 0.3217 0.1696

Nikkei 225 BIC 4158.79 4177.55 4156.51 423525 4037.27
Bayes factors - 7.44 6.21 41.48 —46.96

¥ 0.2595 0.2662 0.1206 0.1565 0.3635

S&P500 BIC 4200.71 4279.55 4197.23 4333.05 3915.45
Bayes factors - 40.22 7.78 68.56 —129.34

¥ 0.5246 0.5259 0.6369 0.2573 0.0172
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imposes a heavy penalty on model complexity, and partly due to the slightness of the advantage of the former model
against the latter.

When comparing the heavy-tailed asymmetric BCSV model with the heavy-tailed BCSV model given by Eq. (28),
we found that the logarithmic Bayes factors for the former model against the latter are very large positive values for all
five data sets, therefore, the former is more preferable than the latter. This conclusion can be also derived according to
BIC.

When the heavy-tailed asymmetric BCSV model is compared with the ~GARCH(1,1) model, the logarithmic Bayes
factor for the former model against the latter are negative and large in magnitude for each data set. Clearly, Bayes
factors strongly favor the latter against the former, and so does BIC. With respect to the measure of closeness of the
observed residual distribution to the model disturbance distribution given by Eq. (31), we found that our model is
slightly better than the -~GARCH(1,1) model for the Nikkei 225 data set and is slightly poorer than the --GARCH(1,1)
for the DAX, DJIA, FTSE and S&P500 data sets.

6. Conclusion

We present an MCMC algorithm for sampling parameters and latent stochastic processes of the heavy-tailed
asymmetric BCSV model. The widely used log-transformation of squared volatilities is nested in the Box-Cox
transformation. Bayes factors, BIC and a measure of closeness of the residual distribution to the model disturbance
distribution have been used to examine whether the Box-Cox transformation of squared volatility is favored against the
log-transformation. When applying the heavy-tailed asymmetric BCSV model and three competing SV models to
continuously compounded daily returns of the Australian stock index, we have found significant evidence supporting
the Box-Cox transformation of squared volatility against the log-transformation. While the -~GARCH(1,1) model is
strongly favored by Bayes factors and BIC against the four SV models discussed in this paper, the four SV models fit
the data better than the ~GARCH(1,1) model in the sense that residuals predicted by the fitted model are closer to the
hypothesized disturbance distribution.

When applying the heavy-tailed asymmetric BCSV model and four competing models to continuously compounded
daily returns of another five stock indices, we have found significant evidence supporting the Box-Cox transformation
of the squared volatility against the log-transformation in terms SV models. Even though the ~GARCH(1,1) model is
strongly favored by Bayes factors and BIC against four SV models, we have found that SV models fit daily returns of
Nikkei 225 better than the +~GARCH(1,1) model based on the closeness of the fitted model residuals to error
distribution of the model. It does appear there are circumstances, in which the heavy-tailed asymmetric Box-Cox
transformed SV model has some advantages over alternative models.
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