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Abstract

This paper proposes to model stock price volatility and variations in innovation effort using a Multivariate GARCH structure
designed to extract information for risk prediction. The salient feature is that the model order, alongside other parameters, is
endogenously determined by the estimation procedures. Using stock prices of U.S. computer firms, it is found that the model can
pick up the correlation between the two variables and aid in producing accurate Value-at-Risk estimates.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Publicly traded corporations are bundles of assets, both tangible and intangible, whose values are determined
everyday in financial markets. Under the efficient market hypothesis, the stock market valuation of a firm can
efficiently capitalize the expected future cash flow generated by currently held assets. Generally speaking, both
tangible and intangible assets should increase market values. In past literature, innovation is commonly viewed as an
investment that can increase the firm's intangible assets. Griliches (1981) uses a panel of 157 U.S. firms and finds a
positive association between patenting activity and market value. A series of subsequent studies show similar findings,
see, for example, the survey by Hall (1999).

Dukes (1976) finds that investors adjust reported earnings for the full expensing of research and development
(R&D). Similarly, Ben Zion's (1978) results suggest that differences between market and book values are cross-
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sectionally correlated with R&D expenditures. Hirschey and Weygandt (1985) and Shane and Klock (1997) observe
that Tobin's Q is cross-sectionally correlated with R&D intensity. Hirschey and Spencer (1992), and Chauvin and
Hirschey (1993, 1994) find that the coefficients for R&D expenses in cross-sectional valuation models are significantly
positive. Using an event methodology, Woolridge (1988) and Chan et al. (1990) demonstrate a positive investor
reaction to firms' R&D announcements. Sougiannis (1994) finds that lagged and current R&D expenses are both
valued by the market. Green et al. (1996), and Stark and Thomas (1998) find that R&D expenses could improve the
ability to explain market values of U.K. companies, and hence, there is a clear R&D component in market value.

This paper offers a methodological framework to extract information intertwined in stock prices and innovation
activities of firms and suggests ways to make practical use of the modelling results. Specifically, we propose modelling
the variations of stock prices and those of innovation activities using a Multivariate (bivariate, to be precise) GARCH
model. Because of the dimensions of variables we try to model, a univariate GARCH specification1 would not be
applicable. We are not interested in the relationship between levels of stock prices and patents granted per se, which
many of the works quoted above have looked into, but aim more at devising a model that can extract useful information
with due predictive power. From a practical perspective, the validity of any reduced form model would be deemed
refutable if the estimated results could not produce good prediction performance. In addition, just as other econometric
models facilitate forecasting and policy analysis, an empirical financial model like the one proposed here should be
accessible to practitioners in the financial industry.

A reduced form model in nature, the suggested structure is not without theoretical underpinnings. Indeed, the
relationship between R&D and stock volatility is well studied in past literature. The prospects of many R&D-intensive
companies, particularly those that have few tangible assets, are tied to the success of new, untested technologies and
hence are highly unpredictable. Fixed expenditures on R&D are usually required at the outset to develop a new
technology into a new product, but the outcome is far from certain. The return to R&D, if any, is likely to take a long
time to materialize, but the life-cycle of the resulting product may be short in the face of fast-changing technology. A
study by Schwert (2002) shows that technology can explain the unusual volatility of the Nasdaq portfolio (relative to
the S&P portfolio) since mid-1999, but firm size and immaturity of firms cannot. Hollifield (2002) provides an
explanation for this phenomenon: technologies have the flavor of a real option, and the volatility of an option can be
much higher than the volatility of the underlying assets because the former represents a highly leveraged position.

Weeds (2002) state that R&D-related risks take two distinct forms: the technological success of a research project is
probabilistic and the economic value of an innovation may evolve stochastically over time. Since the costs of inventing
a new production process or developing a new product are fixed, these fixed commitments together with uncertain
revenues increase the risk of the cash flow to equity. Therefore, the increase in operating leverage resulting from R&D
activities may increase the volatility of a firm's performance, a claim that is supported by the empirical findings of
Chan et al. (2001).

Asymmetric information on the potential costs and benefits of R&D may also produce a positive relationship
between R&D and stock volatility. Under the overreaction hypothesis, [see for example Larson and Madura, 2003;
Veronesi, 1999; Jegadeesh and Titman, 1995; Bloom and VanReenen, 2002], uninformed investors tend to overreact to
the announcements of technological innovations or new products, and this overreaction will later be corrected by an
opposite movement. Implied in this uncertain ultimate cash flow story is that investors will try to infer the distribution
of these flows over time, and models that incorporate learning into asset pricing typically show that such a learning
process tends to increase the volatility of asset returns [see Brennan and Xia, 2001; Timmerman, 1993; Veronesi, 1999,
2000]. Eden and Jovanovic's (1994) research is in a similar vein. Under standard hidden information settings, as in
Akerlof's “lemons” problem, they show that when information is less precise, uninformed investors will value ”good”
companies higher than they would in the perfectly informed case and thus generate more volatility in the stock prices
concerned. This offers a testable proposition in our context if we consider innovative efforts of firms can deliver
information regarding their future valuations.

Apart from discussing estimation and testing issues, we also validate the informativeness of the model by
conducting a Value-at-Risk (VaR) analysis using the estimates and see if innovations can improve efficiency in risk
management. The empirical findings are then compared to those obtained by benchmark methods commonly used in
the financial industry. Modelling and estimation are Bayesian in nature. A salient feature is that the model order (the
1 The acronym GARCH will hereafter refer to a univariate GARCH process, and MGARCH represents the multivariate counterpart.
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dimensions of the ARCH and GARCH parts) is endogenously determined using the Reversible Jump Markov Chain
Monte Carlo (RJMCMC) algorithm. Bayesian analysis of GARCH type models has flourished for about the last
decade, thanks to the propagation of the Markov Chain Monte Carlo (MCMC) method. Early works like Polasek and
Jin (1997) and Bauwens and Lubrano (1998) focus on estimation of univariate GARCH models. In recent years,
research coverage has extended to multivariate models; see for instance Vrontos, Dellaportas and Politis (2003a,b). The
use of the RJMCMC algorithm in studying GARCH type models is not unprecedented, although application in
multivariate models is rare. Vrontos et al. (2000) adopt it to evaluate the model selection problem of two distinct
univariate models — GARCH and exponential GARCH.

To quantify innovation efforts of firms, we use patent data available in the literature so as to avoid making subjective
and ad hoc definitions on the matter. Not only can patents reflect the intensity of innovation activities, they also
represent acknowledgments by specialists in the fields under some standard review processes. While patent citations
may be a natural choice, we realize that unless we can perfectly get around the truncation problem or the cohort effect
the result may not be at all palatable. Instead, we proxy innovation effort by the gross number of patents granted by the
USPTO. The choice is justified by the fact that these figures are actual and complete and indicate those research inputs
recognized by the USPTO. The relevant data was obtained from the NBER Patent Citations Data File; see Hall et al.
(2001) for details. Stock price data are from Datastream.

Section 2 describes the model setting and specifications of the prior distributions of parameters. This is followed by
an exposition of the sampling algorithm. Estimation and model checking results are stated in Section 4. Section 5
compares the performance of the model in generating VaR estimates and those obtained using other benchmark
methods. The summary of this article can be found in Section 6.

2. The model structure

2.1. Formulation

The variables of interest are modelled as a vector process containing a deterministic part and stochastic part.
Specifically, the weekly vector time series yt follows

yt ¼ y1t
y2t

� �
¼ lt þ �t ð1Þ

where y1t=rate of change in stock price at time between t−1 and t, and y2t=rate of change in new patents granted
between t−1 and t, for t=1, ⋯ , T. μt is the deterministic vector specifying the unconditional means of yt. The
MGARCH element of the model concerns the stochastic part and can be illustrated by the following:

�t ¼ H1=2
t zt ð2Þ

where zt has mean EðztÞ ¼ 0
0

� �
¼ 02�1 and variance var(zt)= I2 being a 2×2 identity matrix. Thus, given past

information available up to time t−1,

Eð ytjF t�1Þ ¼ lt;

varð ytjF t�1Þ ¼ varð�tjF t�1Þ ¼ Ht:

While most studies measuring stock prices will assume μt to be a zero vector, we leave it to the model to identify the

values by writing lt ¼ B
1
1

� �
where B is a coefficient matrix. The model can be made appropriately parsimonious by

restricting B to a 2×2 diagonal matrix

B ¼ b1 0
0 b2

� �
:



67W.W. Chow, M.K. Fung / Journal of Empirical Finance 15 (2008) 64–79
As for the conditional heteroskedastic elements, the BEKK representation2 is used in this article whereby the
conditional covariance matrix Ht can be defined as:

Ht ¼ C⁎ VC⁎ þ
XK
k¼1

Xp
j¼1

A⁎V
jk �t�j�

V
t�jA

⁎
jk þ

XK
k¼1

Xp
j¼1

G⁎V
jk Ht�jG

⁎
jk ð3Þ

with Ajk
⁎ and Gjk

⁎ being 2×2 parameter matrices and C⁎ being upper triangular. While the VEC representation3 is more
general, it is more difficult to foster a positive definiteHt in that case. The diagonal VEC looks attractive but despite the
computational appeal, it rules out the possibility of explicitly modelling the dependence of the variance terms on one
another and thus impedes the assessment of such relationships, which is a prime objective of this paper.
2.2. Dimension of the MGARCH

The dimension of a MGARCH model is characterized by the three parameters K, q and p. The parameter K
determines the generality of the process while q and p are the lag orders of matrices Ajk

⁎ and Gjk
⁎ , respectively. Classical

estimation will require the values K, q and p to be fixed a priori. We have the privilege of relaxing this as the Bayesian
methodology we employ can endogenously determine these model parameters, although for simplicity we prefer to
follow the common practice of setting K=1. Estimation of q and p necessitates the use of an algorithm that can search
through and allow sampling from the parameter space of different dimensions. Towards this end, the RJMCMC
emerges as a natural choice. There is more discussion on this in the next section.

2.3. Covariance stationarity

Engle and Kroner (1995) prove that the BEKK representation is covariance stationary if and only if all the
eigenvalues of

Xq
i¼1

XK
k¼1

ðA⁎
ik � A⁎

ikÞ þ
Xp
i¼1

XK
k¼1

ðG⁎
ik � G⁎

ikÞ ð4Þ

are less than one in modulus. In other words, covariance stationarity can be ensured by imposing restrictions on the
parameter matrices Aik

⁎ and Gik
⁎ alone. To facilitate the specification of prior distributions for the parameters, we state

explicitly here the necessary conditions to guarantee stationarity. Consider the MGARCH(1, 1) model with K=1. Let

A⁎
1 ¼

a11 a12
a21 a22

� �
;G⁎

1 ¼
g11 g12
g21 g22

� �
; vechðHÞ ¼

h11;t
h12;t
h22;t

24 35; vechðC⁎ VC⁎Þ ¼
c11
c12
c22

24 35; vechð�t�t VÞ ¼ �21;t
�1;t�2;t
�22;t

24 35:
Then,

h11;t ¼ c11 þ a211�
2
1;t�1 þ 2a11a21�1;t�1�2;t�1 þ a221�

2
2;t�1 þ g211h11;t�1 þ 2g11g21h12;t�1 þ g221h22;t�1

h12;t ¼ c12 þ a11a12�21;t�1 þ ða12a21 þ a11a22Þ�1;t�1�2;t�1 þ a21a22�22;t�1 þ g11g12h11;t�1

þðg12g21 þ g11g22Þh12;t�1 þ g21g22h22;t�1

h22;t ¼ c22 þ a212�
2
1;t�1 þ 2a12a22�1;t�1�2;t�1 þ a222�

2
2;t�1 þ g212h11;t�1 þ 2g12g22h12;t�1 þ g222h22;t�1;
2 See Engle and Kroner (1995) or more recently Bauwens et al. (2006) for detailed description of the theoretical framework of the BEKK and
VEC representations.
3 VEC and BEKK are two general specifications of MGARCH models. The first is so named because the conditional variance matrix is

represented in vectorized form, while the latter, as presented above, guarantees positive definiteness automatically and is named after the pionee
researchers in this area Baba, Engle, Kraft and Kroner.
r
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Hence, the conditional variance h11 is influenced by lagged values of ϵ2 via a21 and by lagged values of h22 via g21.
In the context of this paper, it is appropriate to impose the restriction a12=g12=0 since the variability in patents granted
should not be affected by the variability in stock price ex ante. This constraint implies that the matrices A1

⁎ and G1
⁎ are

lower triangular.
Given the lower triangular structure of the parameter matrices, A1

⁎�A1
⁎+G1

⁎�G1
⁎ will also be lower triangular with

diagonal elements equal to the eigen-values λi, i=1, ⋯ , 4. The stationarity condition of Eq. (4) thus implies the
following

a211 þ g211b1;

a222 þ g222b1;

a11a22 þ g11g22b1:

which will be automatically satisfied if

ja11j þ jg11jb1; ð5Þ
ja22j þ jg22jb1: ð6Þ

This condition can be generalized analogously to cases where q and p are bigger than 1.

2.4. Prior distributions

To ensure consistency in the terminology used in this article, parameters will henceforth refer to the various
parameters of a certain MGARCH model. These include the model orders, the coefficient matrices and the various
components of the conditional covariance matrix. The term model, on the other hand, will refer to a MGARCH model
of a specific order.

We assume ϵt follow a Multivariate Normal distribution. Thus, �tjF t�1fNð0;HtÞ.

1. For βi: A Normal prior of βi∼N(0, var({yit})) for i=1, 2 and t=1, ⋯, T.
2. For C⁎: We propose to block sample the elements of C⁎ using the reparameterization C=C⁎′ C⁎ and the Wishart

Distribution. Specifically, we assume C−1∼W((δC0)
−1, δ) with C0=0.5×diag [var({y1t}), var({y2t})] and δ=5,

t=1, ⋯ , T.
3. For aii,j and gii,j: To impose the stationarity constraints on the diagonal elements of the MGARCH coefficient

matrices, we generalize from Eqs. (5) and (6) to obtain the following:

Xq
j¼1

jaii;jj þ
Xp
j¼1

jgii;jjb1 ð7Þ

for all i. The coefficients aii,j and gii,j, conditional on q and p, are Uniformly distributed fU �1
qþp ;

1
qþp

� �
.

4. For a21,j and g21,j: The off-diagonal elements a21,j and g21,j can be freely determined in principle. A Normal prior is

assumed for each of these separately ∼N(0, ωσ2) where r2 ¼ 2
qþp

� �2
=12 which is the variance of the Uniform

distribution specified above. ω=var({y1t}) /var({y2t}) is a scale factor that adjusts for the difference in the
magnitudes of the two variables.

5. For q and p: The MGARCH orders q∈ (0, qmax) and p∈ (0, pmax) have Uniform priors U(0, qmax) and U(0, pmax),
respectively with qmax=pmax=12.

6. For Ht: The conditional variance can be evaluated recursively using Eq. (3) for t=(q∨p)+1, ⋯ , T . The conditional
variance for Ht, t=1,⋯, q∨p will have to be determined a priori. We assume a Wishart prior for each of these initial
conditional variance matrices Ht, t=1, ⋯ , q∨p: Ht

−1∼W((νΣ)−1, ν) where Σ=diag [var({y1t}), var({y2t})] and
degrees of freedom ν=10.



69W.W. Chow, M.K. Fung / Journal of Empirical Finance 15 (2008) 64–79
3. The algorithm

3.1. Motivation

A comprehensive description of Bayesian inference and the MCMC methodology is beyond the scope of this
article,4 but some background information on these issues will facilitate understanding of material that is presented
below. The essence of Bayesian modelling lies on the Bayes' Theorem, which states that the posterior distribution of
parameters of interest are proportional to the product of prior distribution and the likelihood function of the data. In a
way, the posterior distribution, or the probability distribution of parameters conditional on the observed data, strikes a
balance between the prior belief one incorporates in the model and the statistical message the data deliver. Inference is
then conducted using the posterior distribution, e.g. by evaluating its moments. While the posterior moments may be
numerically tractable for simple and low dimensional problems, the situation may be very different in complex and
high dimensional problems. Very often, in the latter case, the posterior will be of an unfamiliar functional form and
inference will have to rely on computer simulation.

MCMC is a computational technique for sampling from complex probabilistic models. The idea is to set up a
Markov chain with the desired posterior as a stationary distribution to which the chain eventually converges.
Simulation is performed by running the chain repeatedly, and the Markov nature implies that ergodic averages of the
samples drawn from each iteration can be used to approximate the posterior expectations. Standard MCMC methods
like the Gibbs sampler and the Metroplis–Hastings chain can deal with cases of fixed parameter dimension very well.
However, these may not be sufficient when the parameter spaces are subject to changes. Consider the example of
variable selection for a regression model; the corresponding parameters involved will change as the number of
covariates in the model varies. In cases like this, we need an algorithm that can search and sample from parameter
spaces of different dimensionalities, so that inference on posterior moments can be conducted.

The RJMCMC method is a variant of the Metropolis–Hastings algorithm and was first proposed by Green (1995) to
serve the need of handling problems of varying parameter dimensions. Indeed, early applications included working out
the number of components needed in mixture models, variable selection for regression models and order selection for
autoregressive models. An important area in which RJMCMC has excelled is model averaging or model selection; see
for instance Avramov (2002). The model averaging approach is similar to other problems except that apart from
parameter uncertainty, there is also model uncertainty at stake. For example, how likely will the true model be an
autoregressive model of order 1 and how likely will it be of order N? By averaging over all possible models in the
model space instead of relying on a single model, one can conduct inferences based on the average of posterior
distributions under each model weighted by the corresponding posterior model probabilities. RJMCMC comes in
handy in this respect. It allows jumps between models of different parameter/model dimensions and samples from
models according to their posterior probabilities. Those with negligible probabilities will be rarely visited and only the
most probable models are investigated frequently.

There is a striking similarity here in our application. Inasmuch as a model MGARCH(q, p) is distinct from one with
different orders, say, MGARCH(q′, p′), the RJMCMC is invoked to search through the parameter/model space in each
iteration and draw samples from the posteriors of the most probable models. As these samples will eventually be
integrated for inference purposes, we are in essence practicing a model averaging exercise.

3.2. Overview of RJMCMC

For ease of exposition, let us define k=(q, p) and the corresponding subset of parameters as θk . Let us denote the
remaining parameters as ϕ and evaluate the jump from dimension k to k′ as follows:

1. Starting from the current order k, we propose a move k→k′ by sampling k′ from the transition probability
distribution J(k→k′).

2. Given k′, we sample the parameter θk′ from the proposal distribution f (θk′|k′, Y, θk, ϕ).
4 Gammerman (1997) is a good introductory text on these topics.
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3. We then compute the acceptance ratio:

A ¼ ððk; hkÞYðkV; hk VÞÞ ¼ min 1;
pðkV; hk VjY ;/ÞJðkVYkÞf ðhk jk; Y ; hk V;/Þ
pðk; hk jY ;/ÞJðkYk VÞf ðhk VjkV; Y ; hk ;/Þ

� �
ð8Þ

4. The move k→k′ is accepted with probability Aððk; hkÞYðkV; hk VÞÞ. If the move is rejected, we stay at order k.
5. As in Troughton and Godsill (1998), we use a discretized Laplacian density for J(k→k′) which gives Pr(k′|k)

JðkYk VÞ~expf�kjk V� kjg; kVaf0;: : :; kmaxg
In RJMCMC, the jumps between state spaces of different dimensions are governed by the density function J(k→k′)

which gives the transition probability of jumping from model Mk to model Mk V. In our context, these two models
differ in terms of their MGARCH orders k=(q, p). When structuring this density, a crucial issue is the detailed balance.
This essentially means that each jump between state spaces must have a reverse jump defined so that the Markov chain
can be made reversible and eventual convergence to the stationary distribution can be ensured. The discretized
Laplacian density used in the paper obviously satisfies the detailed balance requirement since J(k→k′)=J(k′→k).
Another feature is that the implied transition probability to a distinctly different model order will be significantly
smaller than that to a neighboring model order.
3.3. Implementation issues

DefineΘ=(q, p, C, {A1
⁎,…, q, G1

⁎,…, p} , {βi} , Ht=1,…,q∨p) and let Y=[yt], t=1, ⋯ , T. The relevant likelihood is thus

pðY jH; y0Þ~ j
T

t¼1
jHtj�1=2exp � 1

2
�t VH�1

t �t

� �
ð9Þ

and the joint distribution is

pðHjY ; y0Þ~ j
T

t¼1
jHtj�1=2exp � 1

2
�t VH�1

t �t

� �
� 1
qmaxpmax

� qþ p
2

� �2ðqþpÞ
�exp � 1

2

X2
i¼1

ðbiÞ2
varðfyitgÞ

( )

�exp � 1
2

Xq
r¼1

ða21;rÞ2
xr2

þ
Xp
s¼1

ðg21;sÞ2
xr2

" #( )

� j
q_p

t¼1
jHtj�ðm�3Þ=2exp � 1

2
traceðm� R� H�1

t Þ
� �

�jCj�ðd�3Þ=2exp � 1
2
traceðd� C0 � C�1Þ

� �

ð10Þ

To execute the RJMCMC sampling, note that we can write k=(q, p), θk=({A1,
⁎…,q, G1,

⁎ …,p}, Ht=1,…,q∨p) , and
ϕ=(C, {βi}). Thus,

pðk; hk jY ;/Þ~ j
T

t¼1
jHtj�1=2exp � 1

2
�t VH�1

t �t

� �
� qþ p

2

� �2ðqþpÞ

�exp � 1
2

Xq
r¼1

ða21;rÞ2
xr2

þ
Xp
s¼1

ðg21;sÞ2
xr2

" #( )

� j
q_p

t¼1
jHtj�ðm�3Þ=2exp � 1

2
traceðm� R� H�1

t Þ
� �

ð11Þ
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and

JðkYkVÞ~expf�kqjqV� qjgexpf�kpjpV� pjg; qVaf0;: : :; qmaxg; pVaf0;: : :; pmaxg; kq ¼ kp ¼ 0:5 ð12Þ
The proposal distribution f (θk′ |k′, Y, θk, ϕ) does not have to be the full conditional distribution of θk′, although

assuming this will simplify the evaluation of Aððk; hkÞYðk V; hk VÞÞ in which case the latter will be defined solely by k′
because

pðkV; hk VjY ;/Þ
pðhk VjkV; Y ;/Þ ¼ pðkVjY ;/Þ:

This would, however, require marginalizing elements – integrating out from the distribution the elements – of θk′
from Eq. (11). Instead, defining

hk V;1u

aii;1
v

aii;qV
gii;1
v

gii;pV

26666664

37777775; i ¼ 1; 2d hk V;2u

a21;1
v

a21;q V
g21;1
v

g21;p V

26666664

37777775d hk V;3uH�1
t¼1; N ;q_p;

the proposal distribution is assumed to take the form

f ðhk VjkV; Y ; hk ;/Þ ¼ j
3

j¼1
fjðhk V; jÞ ð13Þ

where

f1ðhk V;1Þfj
2

i¼1
j
qV

j¼1
Nðaii;jjlaii; r2Þj

pV

j¼1
Nðgii;jjlgii; r2Þ

� �
� 1 faii;j; gii;jga � 1

qVþ pV
;

1
qVþ pV

� 	� 	
; ð14Þ

f2ðhk V;2Þfj
qV

j¼1
Nða21;jjla21;xr2Þj

p V

j¼1
Nðg21;jjlg21;xr2Þ; ð15Þ

f3ðhk V;3Þf j
q_p

t¼1
W H�1

t jðm� RÞ�1; m
� �

: ð16Þ

where 1(·) is an indicator variable and μii,j
a is the mean of the nonzero elements of the iterated aii,j sampled hitherto. μii,

j
g, μ21

a and μ21
g are similarly defined. Thus, subsequent sampling from the proposal distribution will factor in the

historic information retrieved by the chain. To save space, the detailed simulation procedures are given in Appendix A.

4. Empirical results

As an illustration of how the RJMCMC MGARCH(q, p) model can be applied to unveil possible associations
between volatilities of stock price and patents granted, we ran the model using weekly data of Apple Computer, IBM
and Unisys from Feb., 1984 to Dec., 1999. The data were obtained from Datastream and the NBER Patent Citations
Data File, and were first converted to growth rates before implementation. A total of 10,000 iterations were performed
for each stock and the initial 5000 were burn-ins. Posterior estimates were obtained by computing batch means using
the remaining 5000 loops. These sampling outputs were first grouped into batches of size 10, one MCMC draw being
selected from each batch to yield the estimates of interest. The major findings are summarized in Table 1.

Fig. 1 depicts the posterior distribution of the model order k=(q, p) for the case of IBM. It can be seen that the model
favors an order of q=3, p=0 suggesting thereby a Multivariate ARCH specification instead of a MGARCH one could
best capture the inherent persistence in the data. Using the MCMC output, we can also obtain approximate model



Table 1
Posterior estimates of selected parameters of MGARCH model

IBM Apple Unisys

Parameter Posterior mean
(batch size=10)

95% HPD
Interval

Posterior mean
(batch size=10)

95% HPD
interval

Posterior mean
(batch size=10)

95% HPD
interval

Model order q=3, p=0 q=3, p=0 q=4, p=0
β1 0.0016 (−0.0008, 0.0041) 0.0023 (−0.0019, 0.0070) 6.3646e−004 (−0.0339, 0.0058)
β2 −0.0019 (−0.0330, 0.0350) 0.0013 (−0.0039, 0.0362) −0.0031 (−0.0560, 0.0550)
a11,1 0.0055 (−0.3433, 0.3907) 0.0099 (−0.3855, 0.3596) −0.0102 (−0.2818, 0.3399)
a21,1 −0.0015 (−0.0217, 0.0170) −3.7443e−004 (−0.0329, 0.0404) 6.2245e−004 (−0.0197, 0.0248)
a22,1 −0.0444 (−0.2783, 0.3833) −0.0400 (−0.3917, 0.3373) 0.0104 (−0.2508, 0.2672)
a11,2 0.0023 (−0.1971, 0.2080) −0.0283 (−0.2642, 0.1471) 0.0443 (−0.2338, 0.2747)
a21,2 −0.0039 (−0.0247, 0.0078) 0.0047 (−0.0240, 0.0344) 0.0069 (−0.0114, 0.0320)
a22,2 −0.0189 (−0.2511, 0.1646) −0.0068 (−0.3017, 0.1767) −4.7076e−004 (−0.2370, 0.2158)
a11,3 −0.0187 (−0.2188, 0.1448) −0.0123 (−0.1659, 0.1546) −0.0201 (−0.2426, 0.1012)
a21,3 −0.0001 (−0.0114, 0.0146) −0.0067 (−0.0351, 0.0142) −0.0074 (−0.0336, 0.0002)
a22,3 −0.0136 (−0.1979, 0.1001) −0.0022 (−0.2066, 0.1480) −0.0037 (−0.2146, 0.1316)
c11 0.0011 (−0.0007, 0.0015) 0.0038 (0.0024, 0.0055) 0.0041 (0.0025, 0.0059)
c21 0.0001 (−0.0037, 0.0043) 3.0871e−004 (−0.0089, 0.0069) −0.0035 (−0.0178, 0.0127)
c22 0.2106 (0.1515, 0.2860) 0.2618 (0.1485, 0.3707) 0.6466 (0.4160, 0.8665)
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posteriors pðMijY Þwith which the Bayes factor can be constructed. The Bayes factor is defined as the ratio of posterior
odds to the prior odds

B01 ¼ pðM0jY Þ=pðM1jY Þ
pðM0Þ=pðM1Þ

and a proxy for pðM0jY Þ is

bpðM0jY Þ ¼ 1
N

XN
n¼1

1 MðnÞ ¼ M0

� �
where N is the total number of iterations. In our context, it will be interesting to see how the estimated order compares to
MGARCH(0, 0) and MGARCH(1, 1). Assuming that various model orders are equal-probable a priori, B(q=3,p=0)(q=p=0)=
1.27 and B(q=3,p=0)(q=p=1)=25. Thus, the statistical evidence strongly favors the estimated order against MGARCH
(1, 1), which is so often assumed in the literature, although the same cannot be asserted when compared to
MGARCH(0, 0). The corresponding figures for Apple Computer and Unisys are {1.34, 49.79} and {1.45, 18.16}
respectively.

In addition to the Bayes factors presented above, two other model adequacy exercises have been conducted. The
first is the Bayesian Information Criterion (BIC), which is a traditional model selection criterion based on likelihood
evaluation. Raftery (1996) defines it as

log bPSchwarzðY Þ ¼ max
n

logp Y jHðnÞ; y0
� �

� 1
2
dlogðrTÞ

where d is the number of parameters and r is the dimension of yt. Again, comparison is done between the estimated
model, and the two benchmark models MGARCH(0, 0) and MGARCH(1, 1). The BICs for these three specifications
of IBM are {935.8, 997.08, 870.57}, while those for Apple Computer and Unisys are {368.98, 212.72, 449.35} and
{−287.89, −84.475, −174.83} respectively. The results, not unexpectedly, discriminate against the estimated models
in favor of more parsimonious counterparts, which the BIC is well known for. In fact, the maximum log-likelihoods,
the first component in the above expression, give somewhat different indications. They are {1050.7, 1045.3, 1052.2}
for IBM, {506.1, 416.56, 475.3} for Apple Computer, and {27.124, 8.1766, 6.7632} for Unisys. So the maximum log-
likelihood favors the estimated models in virtually all three cases.



Fig. 1. Posterior distribution of model order (q, p).
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The second exercise involves the conditional predictive ordinate (CPO), which is the conditional density of an
observed data yt,obs, given all but the t-th observed data Y−t,obs. It facilitates the study of incremental contributions to
the adequacy of the model by the t-th observation. A large CPO indicates support of a certain model by that observation
and vice-versa. Gelfand (1996) provides both the definition of CPO and how that can be approximated using MCMC
output. The CPO for model k and observation t is defined as

CPOk
t ¼ pkðyt;obsjY�t;obsÞ

and can be approximated by a harmonic mean formula

bCPOk
t ¼ 1

N

XN
n¼1

1

pðytjHðnÞÞ

( )�1

:

This approximation can then be used to construct CPO ratios for model k and k V;Ct;ðkÞðk VÞ ¼bCPOk
t =bCPOk V

t . If this
ratio exceeds 1, the evidence supports model k, and vice-versa for a number smaller than 1. Of the T=828 observations
we have for the three stocks, we conducted pairwise comparisons between the estimated model and the two benchmark
models for each t. For IBM, the number ofCt,(q=3,p=0)(q=p=0) that are greater than 1 equal 285, and those forCt,(q=3,p=0)(q=p=1)

equal 490. The corresponding figures for Apple Computer are 611 and 584, whereas those for Unisys are 289 and 195
respectively. The results strongly support the estimated model for Apple Computer, give mixed indications for IBM and
support the benchmark models for Unisys. This notwithstanding, the estimated models seem to perform better in terms of
incorporating outliers when compared to the benchmarkmodels. The sums of the CPO ratios over all t for IBM are {15689,
801.7}, {42733, 870.5} for Apple Computer, and {6.8026e+014, 801.5} for Unisys. So for all three cases, the estimated
models explain the outliers in the sample much better than MGARCH(0, 0) although, again, the results are mixed when
compared to MGARCH(1, 1).

A summary of posterior estimates of various parameters are highlighted in Table 1. As far as IBM is concerned, we
see that a21,j for j=1, ⋯ , 3 are all negatively signed, meaning that variations in patents granted will negatively impact
on variations in stock prices. For Apple Computer, on the other hand, the relationship alters the sign depending on the



Fig. 2. Sample autocorrelation functions of model orders and betas with 95% confidence intervals.
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lag. Apart from the posterior means, the 95% Highest Probability Density5 (HPD) intervals for the concerned
parameters are also listed for reference.

As for model diagnostics, we include in Figs. 2 and 3 the sample autocorrelation functions of selected parameters as
a means to monitor convergence of the chain. Again, to save space, only the plots for IBM are included. Since the
autocorrelation functions die out rapidly, sampling efficiency should not be a concern. In addition, the acceptance ratio
for sampling model order k=(q, p) is 27.28% which falls within the standard ballpark of between 25% and 50%
required for good mixing. The ratios for Apple and Unisys are 28.66% and 28.08% respectively. Thus, the RJMCMC
should have explored and visited the subspace of k fairly thoroughly.

5. Application: VaR analysis

An integral part of our analysis is to assess the prediction power of the RJMCMC MGARCH model. We perform
VaR analysis based on the empirical findings and compare the result with those obtained using other benchmark
approaches in the financial industry. This metric is defined as the lower tail percentile for the distribution of the
underlying asset. Apart from the industry's favorite, the RiskMetrics™, other approaches with whose results we
compare include the Normal model, Historical Simulation and the GARCH(1, 1) model. A detailed introduction to
these volatility measurement methods can be found in Jorion (2001).

We take out the last 100 weekly observations to construct the in-sample and estimate separately each of the
benchmark models whereby a one-step-ahead 95%-VaR estimate is generated. The models are then re-estimated
successively using a rolling-window of adding one observation each time. For the RJMCMC MGARCH model,
instead of running the simulation exercise repeatedly, we employ the resampling approach suggested by Gelfand
(1996) to obtain the out-of-sample forecasts.6 The results of the VaR analysis are highlighted in Table 2. The first
5 See Chen et al. (2000) for a description of the Chen-Shao algorithm used to compute the HPD intervals.
6 An outline of the resampling procedure is provided in the Appendix.



Fig. 3. Sample autocorrelation functions of A⁎1, G⁎1 and C with 95% confidence intervals.
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reported statistic is an indictor that addresses the issue of accuracy. It is a binary loss function which measures the
number of times the actual price change exceeds the VaR estimates:

Ltþ1 ¼ 1 ifDPtþ1bVaRt

0 ifDPtþ1zVaRt

�
where ΔPt+1= return of stock at period t+1. Thus the average of Lt+1 should be 0.05 for 95%-VaR estimates. The
average exceptions of the various models are, reported in triplet for IBM, Apple and Unisys respectively: {0.06, 0.02,
0.04} for the RJMCMC MGARCH model, {0.06, 0.05, 0.04} for the Normal model, {0.06, 0.06, 0.04} for the
Historical Simulation model, {0.08, 0.04, 0.04} for the GARCH(1, 1) model and {0.07, 0.04, 0.04} for the
Table 2
Value-at-Risk analysis using MGARCH model

IBM Apple Unisys

Binary loss (failure %)
RJMCMC-MGARCH 6 2 4
Normal 6 5 4
Historical simulation 6 6 4
RiskMetrics™ 8 4 4
GARCH(1, 1) 7 4 4

Mean relative bias
RJMCMC-MGARCH −0.0079 0.0838 0.0296
Normal −0.0531 −0.0377 −0.0160
Historical simulation −0.0331 −0.1564 −0.1196
RiskMetrics™ 0.0409 0.0876 0.0377
GARCH(1, 1) 0.0532 0.0228 0.0682
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RiskMetrics™ model. So the model considered in this article produces VaR estimates that are at least as accurate as
other standard models if not significantly better.

The second statistic that can shed light on the usefulness of models is the Mean Relative Bias (MRB) introduced by
Hendricks (1996). This captures the extent to which different models produce estimates of similar average size, and is
defined as:

MRBi ¼ 1
T

XT
t¼1

VaRit �PVaRt
P
VaRt

; where
P
VaRt ¼ 1

N

XN
i¼1

VaRit;

with T being the forecast horizon and N the number of competing models. The MRB for the models can be found in
Table 2. As an illustration, the figures for IBM are, respectively: −0.0079 for the RJMCMCMGARCH model, − .0531
for the Normal model, −0.0331 for the Historical Simulation approach, 0.0532 for the GARCH(1, 1) model and 0.0409
for the RiskMetrics™ model. This means that, for IBM, the RJMCMC MGARCH model produces estimates that are
less than 1% smaller on average than those of other models, while those by the RiskMetrics™ model are about 4%
larger. Inasmuch as a smaller VaR estimate implies lower capital cost, we can conclude that the RJMCMC MGARCH
model is as accurate as the Normal and Historical Simulation models but would involve lower capital cost. As for the
GARCH(1, 1) and the RiskMetrics™ model, there is a trade-off between lower costs and accuracy. Similar
interpretations can be extended to the cases of Apple and Unisys.

To offer a different perspective of the VaR analysis, we plot out the VaR estimates (again for IBM only to save space)
in Fig. 4. In each panel there, the prediction of the RJMCMC MGARCH model is superimposed with that of a
competing model and the actual return series of IBM over the out-of-sample window. It can be seen that the RJMCMC
MGARCH model tracks the volatility of the series much better than the Normal model and the Historical Simulation
approach. When compared to the predictions of the RiskMetrics™ and the GARCH(1, 1) models, the RJMCMC
MGARCH model seems to be able to differentiate between periods of positive and negative growth so that the VaR
estimates are adjusted correspondingly.
Fig. 4. Summary plots of Value-at-Risk analysis.
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6. Conclusion

This paper offers a quantitative approach to analyzing possible associations of stock price changes and variations in
innovative activities. The modelling requirement is relatively general with the only restrictions being the enforcement of a
uni-directional causation from innovation to stock values and that of covariance stationarity. Instead of predetermining the
model order as in other studies, we leave that an open issue and allow the model to search for the most probable dimension
using the RJMCMCmethod. The statistical evidence suggests that in all cases we considered, aMultivariate ARCHmodel
will suffice. This implies that while the assumption of MGARCH(1, 1) may be convenient and parsimonious, its validity
should be further substantiated by some model comparison exercises; see for instance Osiewalski and Pipień (2004). In
addition, variations in the patents granted turn out to be negatively related to the volatility of its stock prices for IBM,
contrary towhat Eden and Jovanovic (1994)would predict. The negative relationship is also there for Apple Computer and
Unisys, although not at all lags. While the application of this model to VaR analysis may be limited only to equities, it
compares favorably to other benchmark methods in rendering accurate VaR estimates. A useful extension of the
methodology introduced here would be to model a portfolio of assets, not necessarily equities, whereby bi-directional
impacts of one asset on the conditional variance of the other can be incorporated.

Appendix A

A.1. Simulation of parameters

Sample elements of Θ(m) in each MCMC iteration m=1, ⋯ , M as follows:

1. In iteration m, sample q′ and p′ from Eq. (12) based on q and p from iteration m− 1 as follows:

(a) Define gmaxuexp � 1
2 jq� qj
 � ¼ 1.

(b) Define gminuexp � 1
2 j½ðqmax � qÞ _ ðq� 0Þ� � qj
 �

.

(c) Define amaxuðgmax � gminÞðqmax � 0Þ.
(d) Generate α∼U (0,αmax) and γ∼U (γmin, γmax).

(e) Return qV¼ 0þ int a
gmax�gmin

� �
if exp � 1

2 jqV� qj
 �
Vg. Otherwise repeat (a) to (e).

(f) Repeat process for sampling of p′.
2. Sample elements of θk′ sequentially from proposal distributions Eqs. (14)–(16). Compute the acceptance ratio
Aððk; hkÞYðkV; hk VÞÞ as in Eq. (8). Generate u∼U(0, 1). If uVAððk; hkÞYðk V; hk VÞÞ then θk

(m) =θk′. Otherwise,
θk
(m) =θk

(m−1).
3. Sample C with a Independence Sampler and use the prior pC −1 =W(C −1|(δC0)

− 1, δ) as the proposal. Evaluate

aðC;Cðm�1ÞÞ ¼ min 1;
pðCjY ; k; hk ;/Þ

pðCðm�1ÞjY ; k; hk ;/Þ
� �

ð17Þ

where

pðCjY ; k; hk ;/Þ~ j
T

t¼1
jHtj�1=2exp � 1

2
�t VH�1

t �t

� �
� j

q_p

t¼1
jHtj�ðm�3Þ=2exp � 1

2
traceðm� R� H�1

t Þ
� �

ð18Þ

Generate u∼U(0, 1). If u≤α (C, C(m−1)), then C(m) =C. Otherwise, C(m) =C(m−1).
4. Sample {βi}, i=1, 2 with a Gibbs step. Define Z≡ [ y0, y1, ⋯ , yT−1], y≡vec(Y ), β+≡vec(B) and

X1u

H�1
1 0 : : : 0
0 H�1

2 v
v O 0
0 : : : 0 H�1

T

2664
3775:
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Define also ι≡ [1 0 0 1]′, ι2T≡ stacking of 2T rows of ι′, μ+≡04×1, and

Rþu

varðfy1tgÞ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 varðfy2tgÞ

2664
3775;Ku

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

2664
3775:

Then the conditional for β+ is

pðbþjY ; k; hk ;CÞ~exp � 1
2
½y� ððZ V� I2ÞOi2T ÞðbþOiÞ�VX�1

�½y� ððZ V� I2ÞOi2T ÞðbþOiÞ�

( )
� exp � 1

2
ðbtOi� lþOiÞVð

X�1

þ OKÞ
�ðbþOi� lþOiÞ

( )

which is a Multivariate Normal distribution:

pðbþjY ; k; hk ;CÞfNðbþOij elþ; eRþÞ where

eRþ ¼ R�1
þ OKþ ððZ V� I2ÞOi2T ÞVX�1

�ððZ V� I2ÞOi2T Þ
� ��1

;

elþ ¼ eRþ½ðR�1
þ OKÞðlþOiÞ þ ððZ V� I2ÞOi2T ÞVX�1y�:

The conditional for the reduced coefficient vector β ≡ nonzero elements of β+ is then:

pðbjY ; k; hk ;CÞ f Nðbj elb; eRbÞ where ð19Þ

eR�1
b ¼ non zero elements of ½R�1

þ OKþ ððZ V� I2ÞOi2T ÞVX�1ððZ V� I2ÞOi2T Þ�; ð20Þ

elb ¼ eRb � non zero elements of ½ðR�1
þ OKÞðlþOiÞ þ ððZ V� I2ÞOi2T ÞVX�1y�: ð21Þ

Appendix B

Resampling procedures for estimating 95%-VaR for the RJMCMC MGARCH model:

• Define the cross-validation predictive density p(yr |Y(r)) where Y(r) denotes all elements of Y except yr.
• Given MCMC output of parameters θj⁎ , j=1, ⋯ , M, construct importance ratio

wj ¼ 1
pðyrjYðrÞx; h⁎j Þ

:

• Resample with replacement from the set of {θj⁎} with probabilities proportional to {wj} . This resulting sample
(θj⁎⁎) is approximately from p(θ|Y(r)).

• Draw Yj⁎⁎ from p(Y|θj⁎⁎) and the r-th element of Yj⁎⁎ is then a sample from p(yr|Y(r)).
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