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Abstract

We study the risk dynamics and pricing in international economies through a joint analysis of the time-
series returns and option prices on three equity indexes underlying three economies: the S&P 500 Index of
the United States, the FTSE 100 Index of the United Kingdom, and the Nikkei-225 Stock Average of Japan.
We develop an international capital asset pricing model, under which the return on each equity index is
decomposed into two orthogonal jump-diffusion components: a global component and a country-specific
component. We apply separate stochastic time changes to the two components so that stochastic volatility
can come from both global and country-specific risks. For each economy, we assign separate market prices
for the two return risk components and the two volatility risk components. Under this specification, we
obtain tractable option pricing solutions. Model estimation reveals several interesting insights. First, global
and country-specific return and volatility risks show different dynamics. Global return movements contain a
larger discontinuous component, and global return volatility is more persistent than the country-specific
counterparts. Second, investors charge positive prices for global return risk and negative prices for volatility
risk, suggesting that investors are willing to pay positive premiums to hedge against downside global return
movements and upside volatility movements. Third, the three economies contain different risk profiles and
also price risks differently. Japan contains the largest idiosyncratic risk component and smallest global risk
component. Investors in the Japanese market also price more heavily against future volatility increases than
against future market downfalls.
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1. Introduction

In a world with different degrees of integration, how risks are priced? Do investors price
global risks the same as they price country-specific risks? Given the predominant evidence on
stochastic volatility, how are the volatility risks priced? Are the global and country-specific
return risks driven by different volatility dynamics? Are the volatility risks associated with
different return risks priced differently? How do investors in different economies price these
risks differently? In this paper, we address these questions through an integrated analysis of the
time-series returns and option prices on three equity indexes underlying three economies: the
S&P 500 Index of the United States (US), the FTSE 100 Index of the United Kingdom (UK),
and the Nikkei-225 Stock Average of Japan.

Traditional literature on international capital asset pricing studies the behavior of risks and
risk premiums using mainly regression analysis on stock portfolio returns. More recently,
accompanying the rapid expansion of the derivatives market and the theoretical progress in
option pricing is the realization that options contain important information about the underlying
security return dynamics and about the pricing of various sources of risks. Each index level
represents a point estimate of its mean value, but the prices of options across the whole spectrum
of strikes and maturities provide a complete picture of the risk-neutral distribution of the
underlying equity index across all possible realizations and conditioning horizons. A joint
analysis of equity index returns and index options reveals important information about how
various sources of risks are priced on the index. In this paper, we exploit the rich information
content in option prices underlying three equity indexes and study the risk dynamics and
market pricing in the three economies under a dynamically consistent international asset pricing
framework.

We build an international capital asset pricing model, under which the return on each equity
index is decomposed into a global risk component and a country-specific risk component, with
each component modeled as a jump-diffusion process to capture both the continuous and
discontinuous movements in the equity index. Furthermore, we apply separate stochastic time
changes to the two jump-diffusion return risk components so that stochastic volatility can come
separately from both global and country-specific risks. For each economy, we assign separate
market prices for the two return risk components and the two volatility risk components in each
index. Under this model specification, we derive tractable solutions for the index option values
and the likelihood of the index returns.

We estimate the model using six and a half years of data from January 1996 to August 2002 on
the time-series returns and option prices on the three equity indexes. At each date and on each
index, we have 20 over-the-counter options quotes at four maturities and five strike levels. For the
model estimation, we cast the option pricing model into a state-space form, define the state-
propagation equation according to the dynamics of the four variance rates (one global and three
country-specific) underlying the three economies, and define the measurement equations based
on the 60 option series underlying the three indexes. We use an extended version of the Kalman
filter to obtain the ex ante forecasts and ex post updates on the conditional mean and variance of
the four state variables and 60 measurement series. We then construct the likelihood function on
the 60 option series assuming normal forecasting errors. Furthermore, given the variance rates
filtered from the option series, we construct the likelihood on the three return series using fast
Fourier inversion of the conditional characteristic function of the index returns. We estimate the
model parameters by maximizing the sum of the likelihood values from the options and the index
returns.
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Model estimation reveals several interesting results on the risk dynamics and market pricing
among the three economies. First, global and country-specific return and volatility risks show
different dynamics. The global return risk component contains a larger proportion of dis-
continuous movements, especially large downside jump movements, than does the country-
specific return risk component, suggesting that large downside movements are more likely to
exhort a global impact whereas small diffusive movements are more likely to be local
fluctuations. Furthermore, the global and country-specific risks are driven by different volatility
dynamics. The variance rate underlying the global risk component is more persistent than the
variance rates underlying the country-specific risks, suggesting that it is more difficult to predict
global risk variations than country-specific risk variations.

Second, investors price return risk and volatility risk differently. The market prices of the
global return risk are positive, but the market prices on both global and country-specific volatility
risks are highly negative, suggesting that investors are willing to pay positive premiums to hedge
against downside global return movements and upside volatility movements. The market prices of
country-specific return risks vary across the three economies.

Finally, cross-sectional comparison shows that the three economies contain different risk
profiles and also price risks differently. Japan contains the largest idiosyncratic risk component
and smallest global risk component. Investors in the Japanese market also price more heavily
against future volatility increases than against future market downfalls.

In related literature, there is a long list of theoretical and empirical works on international
capital asset pricing.! The theoretical literature often specifies a linear relation between the
expected excess returns on a stock or a stock portfolio and its exposures to various risk factors in
the international economies. Empirical works focus on estimating these linear relations using
stock portfolio returns. In contrast, we develop an international capital asset pricing model that
accommodates both continuous and discontinuous movements, and generates separate stochastic
volatilities from two risk sources. We relate these different sources of risks and their market prices
to option prices on stock indexes. The relations are highly nonlinear, but nevertheless analytically
tractable. Relying on the rich information in a large cross section of option prices, we can achieve
a better distinction and identification on different sources of risks and their market pricing.
Therefore, our key contribution to the literature is to advocate the use of the large cross sections of
options data in answering questions in international capital asset pricing and to propose a
dynamically consistent theoretical framework for doing so.

In a related working paper, Driessen and Maenhout (2004) also use options on the three equity
indexes to study the volatility and jump risks in an international setting. Similar to us, they also
emphasize the importance of the information content in options. Unlike us, they adopt a more
traditional approach in performing the risk-return analysis. They use returns on at-the-money
straddles to proxy what they refer to as the “crash-neutral volatility” and returns on out-of-the-
money put options with a 0.96 strike-to-spot ratio to proxy jump risks. Then, they use regression
analysis to study how these proxy risk factors are priced. Our structural modeling approach is
complementary to their linear approximation. In particular, by building and estimating a structural

! Prominent examples include Solnik (1974), Subrahmanyam (1975), Grauer, Litzenberger, and Stehle (1976),
Adler and Dumas (1983), Errunza and Losq (1985), Harvey (1991), Chan, Karolyi, and Stulz (1992), Ferson and
Harvey (1993), Bekaert and Harvey (1995), Dumas and Solnik (1995), Basak (1996), De Santis and Gerard (1997),
Fama and French (1998), De Santis and Gerard (1998), Cavaglia, Hodrick, Vadim, and Zhang (2002), Carrieri,
Errunza, and Majerbi (2006), Zhang (2006), and Bali and Wu (2005). Also refer to Karolyi and Stulz (2003) for an
excellent survey.
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model, we explicitly exclude arbitrage opportunities and hence guarantee the dynamic and cross-
sectional consistency among all option prices. As a result, we can make full use of the large cross
sections of options data and include all of them in our estimation, rather than choosing only one or
two of them as risk proxies while discarding the others. Furthermore, our risk factors have more
explicit economic meanings and their nonlinear impacts on index returns and option prices are
fully revealed through the estimated model parameters.

The important information content in the options market has also been exploited in a single
economy context. Several recent papers study the stock index return dynamics and the market
price of risks using time-series returns and options on the S&P 500 index, e.g., Jackwerth and
Rubinstein (1996), Bakshi, Cao, and Chen (1997), Bates (2000), Pan (2002), Engle and
Rosenberg (2002), Bakshi, Kapadia, and Madan (2003), Bakshi and Kapadia (2003), Eraker
(2004), and Bliss and Panigirtzoglou (2004). More recently, Bakshi, Carr, and Wu (in press) study
the pricing of risks in international economies using currency returns and currency options.

The paper is organized as follows. Section 2 describes the data and summarizes the stylized
evidence. Section 3 proposes an international asset pricing model and derives its implications on
moment conditions on index returns, risk premiums, exchange rate dynamics, option pricing, as
well as the conditional likelihood of time-series returns. Section 4 outlines the estimation strategy
based on the time series of both equity index returns and index option prices. Section 5 discusses
the estimation results. Section 6 performs specification analysis. Section 7 concludes.

2. Stylized evidence on the international equity index options markets

In this section, we describe the data set and summarize the stylized features of the international
equity index options market.

2.1. Data description and summary statistics

We obtain over-the-counter quotes from a major investment bank on options underlying three
major equity indexes: the S&P 500 Index of the United States, the FTSE 100 Index of the United
Kingdom, and the Nikkei-225 Stock Average of Japan. Henceforth, we label the three indexes as
SPX, FTS, and NKY, respectively. The quotes are available daily from January 1996 to August
2002. We sample the data weekly on every Wednesday to avoid weekday effect. Each series
contains 346 weekly observations.

The same data source also provides the matching equity index level at each date. For reference
and comparison with the options behavior, we report the summary statistics of the weekly log
returns in Table 1 on the three equity indexes during our sample period. The average annualized
returns are fairly low during our sample period, 5.91% for SPX, 1.74% for FTS, and even
negative at —10.9% for NKY. The annualized standard deviation estimates are 18.19%, 17.24%,
and 22.08% for SPX, FTS, and NKY, respectively. The skewness estimate on SPX is significantly
negative. The estimate on FTS is negative but not statistically different from zero. The skewness
estimate on NKY is positive but insignificant. The excess kurtosis estimates on all three indexes
are positive and statistically significant, indicating that all three return distributions have thicker
tails than a normal distribution.

The options quotes are in terms of the Black and Scholes (1973) implied volatilities. For each
index and at each date, we have 20 implied volatility quotes at four fixed time-to-maturities and
five strike levels. The time-to-maturities are at 1, 3, 6, and 12 months, and the five strike levels are
at 80, 90, 100, 110, and 120% of the spot index level. Across the three economies, we have 60
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Table 1

Summary statistics of stock index returns

Statistics SPX FTS NKY

Mean 0.0591 0.0174 -0.1090

Standard deviation 0.1819 0.1724 0.2208

Skewness —0.2625 —0.0585 0.1335
(1.98) (0.44) (1.01)

Excess kurtosis 0.8007 2.3575 1.0668
(3.04) (8.95) (4.05)

Autocorrelation —0.0849 —0.0995 —0.0286

Entries are the descriptive statistics of weekly log returns on the S&P 500 Index (SPX), the FTSE 100 Index (FTS), and the
Nikkei-225 Stock Average (NKY). Absolute z-statistics of the skewness and excess kurtosis statistics are given in
parentheses. The mean and standard deviation estimates are annualized. The sample starts on January 3, 1996 and ends on
August 14, 2002, with 346 weekly observations for each index.

implied volatility series. To convert the implied volatility quotes into option prices using the
Black—Scholes formula, we need information on dividend yields and interest rates. Dividend
yields are provided by the same bank, which estimates the dividend yields from the relative
pricing of the spot and futures on the equity index. For interest rates, we download from
Bloomberg the LIBOR rates of the corresponding maturities and currencies and convert them into
continuously compounded interest rates.

Table 2 reports the sample statistics of the implied volatility quotes. The first panel reports the
sample average of the implied volatilities at each fixed maturity and strike price level. Across all
maturities and all three indexes, the sample averages of the at-the-money implied volatility quotes
(striking at 100% spot level) are all higher than the corresponding annualized standard deviation
estimates from the index returns (Table 1). Since the at-the-money implied volatility approximates
the risk-neutral expected value of the return volatility (Carr and Lee (2003)), the positive
difference between the average implied volatility and the return standard deviation reflects
negative volatility risk premia. Similar to our statistics, several recent studies have documented
negative variance risk premia on stock indexes (Bondarenko, 2004; Carr and Wu, 2004b).

The first panel of Table 2 also shows that the average implied volatility at a fixed maturity
increases as the strike price decreases, generating the well-documented implied volatility smirk
pattern. The Black—Scholes model assumes a normal distribution for the index return. The smirk
shape along the strike price dimension has long been regarded as evidence for the return
distribution to be negatively skewed under the risk-neutral measure, with the slope of the smirk
reflecting the degree of skewness. Table 1 shows that the skewness estimates from the time-series
returns are significantly negative only for SPX, and even become positive for NKY. In contrast,
the average implied volatility smirks on all three indexes and across all maturities are strongly
negatively sloped, suggesting that the return distribution is highly negatively skewed under the
risk- neutral measure, even through the distribution is not as highly skewed under the statistical
measure. We can also attribute the skewness differences under the two measures to risk premia.”
For example, Polimenis (2006) shows that under a representative agent model with constant

2 Part of the differences between the statistical and risk-neutral estimates can also come from measurement errors. For
example, options could have priced in some extreme events such as market crashes, but these events may not have
happened during our sample period. In this case, the impact of these extreme events in both volatility and higher moments
shows up in the risk-neutral distribution estimated from the option prices, but does not show up in the statistical
distribution estimated from the time series sample.
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Table 2

Summary statistics of the implied volatility quotes

Index SPX FTS NKY

skelmatwrity 3 6m 2m Im 3m 6m 12m Im 3m  6m  12m

Mean

80 0.35 0.31 0.28 0.27 0.34 0.30 0.29 027 0.34 0.31 0.29 0.27
90 0.28 0.26 0.25 0.24 0.27 0.26 0.25 0.24 0.29 0.27 0.26 0.26
100 0.21 0.21 0.21 0.22 0.21 0.21 0.22 022 025 0.24 0.24 0.24
110 0.16 0.18 0.19 0.20 0.17 0.18 0.19 020 0.23 0.23 0.23 0.23
120 0.15 0.16 0.16 0.18 0.15 0.16 0.17 0.18 0.22 0.22 0.22 0.22

Standard deviation

80 0.06 0.05 0.05 0.05 0.10 0.08 0.07 0.07 0.07 0.06 0.06 0.05
90 0.05 0.05 0.04 0.04 0.08 0.07 0.07 0.06 0.07 0.06 0.05 0.05
100 0.05 0.04 0.04 0.04 0.07 0.06 0.06 0.06 0.06 0.05 0.05 0.04
110 0.04 0.04 0.04 0.04 0.06 0.06 0.05 0.05  0.06 0.05 0.04 0.04
120 0.04 0.03 0.04 0.03 0.05 0.05 0.05 0.05 0.05 0.04 0.04 0.04
Skewness

80 0.64 0.84 0.66 0.36 0.38 0.29 0.22 031 0.70 0.42 0.26 0.08
90 091 0.76 0.55 0.29 0.62 0.43 0.35 041 0.81 0.44 0.23 0.00
100 091 0.53 0.33 0.18 0.84 0.59 0.53 0.52 0.73 0.39 0.16 -0.07
110 0.64 0.35 0.07 0.09 1.02 0.74 0.73 0.73 0.76 0.37 0.12 -0.12
120 042 -0.11 -034 -0.11 1.17 0.82 0.84 093 0.68 0.29 0.02 -0.19

Excess kurtosis

80 0.62 1.18 0.90 0.15 -0.16 -052 -0.62 -033 020 -0.05 -0.17 -0.28
90 1.54 1.40 1.06 0.32 022 -020 -030 -0.07 0.54 0.11 -0.12 -0.32
100 1.82 1.39 1.15 0.49 0.92 0.22 0.13 030 0.65 0.14 -0.15 -0.40
110 1.71 1.44 1.25 0.71 1.83 0.68 0.61 0.84 0.87 0.05 -026 -—0.50
120 1.43 0.92 0.81 0.74 2.86 1.10 1.04 1.51 083 -026 -051 -0.61

Weekly autocorrelation

80 0.91 0.94 0.96 0.97 0.94 0.96 0.97 0.98 0.92 0.95 0.97 0.98
90 0.88 0.93 0.96 0.97 0.93 0.95 0.96 097 0091 0.95 0.96 0.97
100 0.86 0.92 0.95 0.97 0.91 0.94 0.96 097 0091 0.94 0.96 0.97
110 0.88 091 0.94 0.96 0.90 0.94 0.95 0.97 0.90 0.93 0.95 0.97
120 0.92 0.93 0.94 0.95 0.90 0.93 0.95 0.96 0.87 0.92 0.95 0.97

The five panels report the mean, standard deviation, skewness, excess kurtosis, and weekly autocorrelation estimates on
implied volatility series at different maturities and strike levels for the three stock indexes.

relative risk aversion on terminal wealth, the risk-neutral return distribution can be negatively
skewed even if the statistical return distribution is symmetric, as long as the return shows positive
excess kurtosis. Consistent with his argument, the excess kurtosis estimates in Table 1 are all
significantly positive.

The implied volatility smirk pattern observed in Table 2 indicates that investors worldwide pay
higher premium for out-of-the-money put options than for the corresponding out-of-the-money
call options regardless of the underlying index or its geographical location. One potential
explanation for this global phenomenon is that downside movements in any index are likely to be
highly correlated with those in other markets due to worldwide contagion. For example, Das and
Uppal (2004) argue that large downside jumps in international equity markets tend to occur at the
same time. Since downside risk cannot be readily diversified by investing in different equity
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markets, and in aggregation the markets are long in these stock indexes, insurance for downside
movements on these indexes commands a high premium.

For SPX and FTS, the average implied volatility level at 80% strike is about twice as high as
the average implied volatility level at 120% strike, generating a steep smirk shape. The average
implied volatility smirk on NKY is flatter. The difference in slope shows up more vividly in
Fig. 1, where we plot and contrast the average implied volatility smirks of the three indexes at
each maturity. The four panels in Fig. 1 represent the four different maturities. In each panel, the
dash-dotted line denotes the average implied volatility smirk on NKY, which is visibly flatter than
the average implied volatility smirk on SPX (solid line) and FTS (dashed line). The flatter smirk
on NKY implies that the risk-neutral return distribution on NKY is less negatively skewed than
the risk-neutral return distributions on SPX and FTS.

The second panel of Table 2 reports the standard deviation estimates of the implied volatility
quotes, which are about 3—5% for SPX, 5—10% for FTS, and 4—7% for NKY. The third and fourth
panels report the skewness and excess kurtosis estimates of the implied volatility quotes. These
estimates are mostly small, indicating that the quotes do not experience large discontinuous
updates. The last panel reports the weekly autocorrelation estimates, which range from 0.86 to
0.98. At a fixed moneyness level, the autocorrelation estimates tend to increase with increasing
option maturities.
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Fig. 1. Average implied volatility smirks on stock indexes. Lines are the sample averages of the implied volatility quotes
plotted against the fixed moneyness, defined as strike prices in percentages of the underlying spot level. The four panels
represent four different maturities. The three lines in each panel represent three stock indexes: SPX (solid line), FTS
(dashed line), and NKY (dash-dotted line).
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2.2. International equity index volatility co-movements

Fig. 2 plots the time series of the at-the-money implied volatilities. Each panel represents one
maturity. The three lines in each panel denote the three indexes. The implied volatilities on the
three indexes all show large time-variation over our sample period, from as low as 10% to as high
as 50%. The strong time-variation suggests that a reasonable model for the stock indexes should
allow for stochastic volatility.

The implied volatilities all started at relatively low levels, but they all spiked up during the
hedge fund crisis in late 1998. The time series show visible co-movements between the implied
volatilities on the three indexes. Table 3 reports the cross-correlation estimates on weekly changes
in implied volatilities between different pairs of the three underlying equity index at each fixed
time to maturity and moneyness level. Across all maturities and strikes, the correlations between
SPX and FTS are higher than their correlations with NKY, indicating that the Japanese equity
index options implied volatilities contain a larger proportion of idiosyncratic movements. When
we estimate the cross-correlation between the three weekly index return series during the same
sample period, we obtain an estimate of 0.7 between SPX and FTS returns, 0.38 between SPX and
NKY returns, and 0.37 between FTS and NKY returns. Hence, the Japan equity index return also
contains a larger proportion of idiosyncratic movements.

For a given pair of economies, the correlations at low strikes are stronger than those at high
strikes. Longin and Solnik (2001) document that correlations between international equity market
returns are higher in bear markets than in bull markets. Our evidence points to similar correlation
patterns in return volatilities.
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Fig. 2. Time series of at-the-money implied volatilities. Lines are the time series of at-the-money spot implied volatility
quotes for the S&P 500 Index (SPX, solid line), the FTSE 100 index (FTS, dashed line), and the Nikkei-225 Stock Average
(NKY, dash-dotted line). Each panel represents one maturity. Data are weekly from January 3, 1996 August 14, 2002.
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Table 3
Cross-index correlation between implied volatilities

Index SPX-FTS SPX-NKY FTS-NKY

Strike\maturity I m 3m 6 m I2Zm 1m 3m 6 m 2m 1m 3m 6 m 12 m

80 057 060 059 057 029 033 034 035 039 040 037 037
90 056 060 059 056 031 034 035 036 0.40 042 040 039
100 053 057 056 055 030 032 033 035 036 040 039 038
110 047 052 053 053 026 028 029 03l 029 035 036 035
120 036 039 047 049 0.15 0.2l 026  0.27 027 030 032 031

Entries report the cross-correlation estimates of the weekly changes in the implied volatilities between different pairs of the
underlying indexes at each strike and maturity level.

To understand the factor structure in volatility co-movements, we perform principal
component analysis on weekly changes in the implied volatilities. First, we estimate the
correlation matrix between the 60 implied volatility series underlying the three indexes. Then, we
compute the eigenvalues of the correlation matrix. The normalized eigenvalues can be interpreted
as the percentage variation explained by each principal component. Fig. 3 uses the bar chart to
show the percentages of variation explained by each of the first ten principle components on the
weekly implied volatility changes. The first component accounts for over 50% of the variation in
the weekly volatility changes. The contribution from the second principal component is much
lower at about 20% percent. When we link the bars with a line to highlight the speed of decay for
the explained variation, we find an obvious slope change after the first principal component.

The literature has not arrived at a consensus criterion in determining the optimal number of
common factors in principal component analysis. Although some researchers have proposed
statistical tests, e.g., Connor and Korajczyk (1993), a common practice is to plot the eigenvalues
and visually inspect for slope changes. Principal components with eigenvalues falling on different
slopes represent different levels of commonality. The slope changes in Fig. 3 indicate that the first
principal component possesses a different level of commonality from the other principal
components. We regard this component as a global volatility component. The next three principal
components fall on one slope and can be regarded as country-specific volatility components. The

60

50

40

30

20

Normalized Eigenvalue, %

1 2 3 4 5 6 7 8 9 10
Principal Component

Fig. 3. Percentage variance explained by each principle component. The bar chart plots the percentage of aggregate
variation explained by each of the first ten principle components on the 60 series of weekly implied volatility differences
on the three equity indexes. We first estimate the correlation matrix of the 60 series of weekly changes of implied
volatilities. We then compute the eignevalues of the correlation matrix. We use the normalized eigenvalues to represent the
percentage explained variation from each principal component.
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contribution from the remaining components is negligible. Overall, the evidence suggests that we
can use four volatility factors to model the implied volatility movements, with one global factor
and three country-specific factors.

3. An international capital asset pricing model

With the stylized evidence in mind, we propose an international asset pricing model, under
which each equity index return is decomposed into two orthogonal return risk components: a
global component and a country-specific component. Each component contains both continuous
and discontinuous movements. The volatilities underlying the two return risk components are
stochastic and follow separate dynamics.

Formally, we consider N economies by fixing a probability space (2, F,P) endowed with a
standard complete filtration F = {F,[t>0}. We let S} denote the time- level of the stock index in
economy i, for i=1, 2,..., N, under the local currency of economy i, and let s;=In S;/S}, denote
the log index return over the time horizon [0, 7]. We specify the index return dynamics as,

= i =g+ BOrE ) (F kel )7 (1

+ (W4T e G (&) + ke [gl]) T¢,  i=12-N,
where u; denotes the conditional expected excess return (risk premium) on stock index i over
horizon [0, £] that is commensurate with the underlying risks and their market pricing, 7 denotes
the instantaneous country i interest rate and ¢’ the dividend yield of the relevant maturity, both of
which we assume deterministic, (W*+J¢) denotes a global jump-diffusion return risk factor, and
(W°+J°) denotes an orthogonal country specific jump-diffusion return risk component.

To capture the stochastic variation in the index return variance and higher moments, we apply
separate stochastic time changes 7% and 7 to the global and country-specific return risk
components, respectively. We assume locally predictable and continuous time changes and
specify them via the instantaneous activity rates v¥ and vy:

1 1
T‘th/O vids, T;E/o veds. (2)

Under our specification in Eq. (2), a time-changed Brownian motion W7, is equivalent in
probability to the classic representation f(; \/vsdW;. The instantaneous activity rate v, is
equivalent to the instantaneous variance rate of the Brownian motion. When we apply the
stochastic time change to a jump-diffusion Lévy process (W+J), the activity rate is also
proportional to the jump arrival rate. Thus, applying the stochastic time change is a convenient
way of generating stochastic volatility from both Brownian motions and jumps. We refer
interested readers to Carr and Wu (2004a) for the mathematical treatment of time-changed Lévy
processes and Wu (2006) for a review on modeling financial security returns using time-changed
Lévy processes.

In Eq. (1), we use a set of scaling coefficients {f', e R" }fvzl to capture the loading of each
stock index on the global risk factor. For parsimony, we also use a set of scaling coefficients
{feR* }fv:l to capture the average difference in the country-specific risk levels across the N
different economies. With these scaling coefficients, we assume that the country-specific risk
component (W 4 J ")7; is independent but identical across the NV economies. For identification,
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we normalize the scaling on the SPX index in the US economy to unity: 57X =£5PX=1. Then, the
scaling coefficient estimates on other economies capture their relative differences from the US
economy.

The terms following each risk component, (% (B + ke [B]) 7% and (L (&) + kye[E]) T,
are concavity-adjustment terms, with k; [s] denoting the cumulant exponent of the Lévy jump
component J, defined as

1
ky[s]= ;lnE(e‘“l’), seDcC.

It is the property of Lévy processes that the cumulant exponent does not depend on the time
horizon. Traditionally, the cumulant exponent is defined on the positive real half-line, but it is
convenient to extend the definition to the subsect of the complex plane D where the expectation is
well-defined.

The general model formulation in Eq. (1) decomposes the return of each equity index into four
risk components: a jump-diffusion global return risk component, a jump-diffusion country-
specific return risk component, and stochastic volatility risks underlying each of the two return
risk components. Through model design and estimation, we can study how investors respond to
different sources of risks in international economies. We can also study the degree of international
integration in financial markets by estimating the relative proportion of variation in the global risk
component versus the country-specific risk component.

3.1. Jump structure and activity rate dynamics

We specify the dynamics of both v# and v; as following square-root processes,

dvf = kg (0 )dt + wo\/VEAZE, AV = ke (0.~V5)dE + w e /vEdeZy, (3)

where (i, k) control the mean-reversion speeds of the activity rate processes, (6, 6.) denote their
long-run means, and (Z%, Z¢) are standard Brownian motions that are correlated with the corre-
sponding Brownian motions in the index return by: p,dr = BE(dWFdZf) and p dr = E(dW;dZy).
There is one global activity rate process v¢ that drives the volatility of the global return component,
but it is important to realize that there are N independent processes for vy, one for each economy,
although they share identical dynamics.

We further assume that the jump components J® and J¢ are governed by double-exponential
specifications (Kou, 2002), the Lévy densities of which are given by:

18 o= 5x et
erg ) Ae st x>0 o ] Afe, x>0
mélx] = {igel§x|, x<0"" k= {icemx’ x<0’ Y

where the proportional coefficients (1%, 1“) €R™" control the average arrival rate of the jumps and
the exponential coefficients ({%, {$) €R™ determine the relative asymmetry of the jump size
distribution.

Economically, incorporating the jump components is important in capturing large dis-
continuous movements in economic fundamentals and financial security prices as shown in
Almeida, Goodhart, and Payne (1998), Andersen, Bollerslev, Diebold, and Vega (2003),
Andersen, Bollerslev, Diebold, and Vega (2005), Beber and Brandt (2006), and Pasquariello and
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Vega (2005). Statistically, it also helps to generate index return non-normality and realistic index
option behaviors. Under the jump specification in Eq. (4), the cumulant exponent is,

kols) = (69— H C 97 ), RElE(C, L), (5)

where we drop the superscripts (g, ¢) on the coefficients to reduce notation clustering when no
confusion shall occur. For the cumulant exponent to be well-defined, the real part of the cumulant
coefficient s must be within (—(_, {.). Thus, for the concavity terms to be well-defined in Eq. (1),
we need (4> and ($>& for all i. 1

The cumulant exponent of the Brownian motion component is ky[s] = —s?. By taking
successive derivatives on the cumulant exponents against the exponent coefficient s and
evaluating the derivatives at s=0, we can derive the variance (m,) and higher-order cumulants
(m,, n=3,4,...) per unit time generated from each jump-diffusion return risk component (W, +J,):

my =142+ ),

m, = Jn! (g‘”*” + (—1)"&:“*”), n=34,... (6)

The diffusion component contributes one unit to the variance, but zero to all higher-order
cumulants. When dampening coefficients are the same for upside and downside jumps . ={_, all
odd-order cumulants become zero. A negatively skewed return distribution under the statistical
measure P can be generated with . >_.

In the absence of stochastic time change, the return variance and higher cumulants generated
from the global and country-specific jump-diffusion return components are all constant. Such a
model would generate an implied volatility surface that is constant over time. To capture the
strong time-variation in index option implied volatilities, we apply stochastic time changes to the
two jump-diffusion return components as in Eq. (2). The instantaneous return variance and
higher-order cumulants per unit calendar time in economy i becomes:

ma = (B (1+ mg((z;ﬁ)* +(@)7)) e (142 (@)7 + (7)),
o = v (B ((28) 77 + ()" (@) )
o )"fn'((cu S ) ) =3 )
Time variation in return variance comes from two sources: The activity rate variation from the
global return component and the activity rate variation from the country-specific return component.
The higher return cumulants also become stochastic due to the variation of the activity rates.

3.2. Market price of global and country-specific return and volatility risks

To study the pricing of different sources of risks in each economy, we specify a flexible
structure for the nominal pricing kernel of each economy i:

M; = exp(-r (v, (W% + %) g = VoW + ) e ~YouZos e 2 )
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where £(-) denotes the stochastic exponential martingale operator, which defines the measure
change from the statistical measure P to the risk-neutral measure Q' in currency i. The pricing
kernel assigns separate market prices for the global and the country-specific return risk
components. Furthermore, the kernel allows separate pricing for the two sources of volatility
risks. The subscripts on 7 refer to the different sources of risk. The superscript i on 7 refers to the
country i-specific nature of the pricing. Thus, our specification allows different economies to
have different market prices on the four sources of risks.

To gain more economic intuition on the pricing kernel, we appeal to the classic Lucas (1982)
exchange economy, in which the pricing kernel can be interpreted as the ratio of the marginal
utilities of aggregate wealth over two time horizons. More specifically, if we use X; to denote the
return innovation over horizon [0, 7] on the aggregate wealth and use 7y to denote the relative risk
aversion of a constant-relative-risk-aversion (CRRA) utility representative agent, the martingale
component of the pricing kernel can be written as &(—y.X;). Our pricing kernel specification in
Eq. (8) goes far beyond this prototype economy. We decompose the index return in each economy
into a global and a country-specific jump-diffusion risk component. Through stochastic time
change, we allow both components to generate stochastic volatility. Most importantly, we allow
the two return risk components and the two stochastic volatility risk components to have separate
market prices.

In an ideal world with both financial and goods market integration, all goods should be priced
the same in real terms across the world and the market price of the same source of risk should be
the same across all economies. In this ideal case, and when the economies are fully symmetric
(B'=E'=1 for all i), the market price coefficients (v(é, vi, 'yév, %,) should be the same across
different economies. Nevertheless, in reality, even with growing evidence of global financial
market integration, deviation from purchasing power parity remains persistent, with convergence
to the parity condition extremely slow. The short-run deviations are often large in magnitude, and
volatile in their fluctuations (Rogoff, 1996). These deviations suggest that the international goods
market remains quite segmented, even though the financial market is more integrated.
Furthermore, in nominal terms, the gross violation of the uncovered interest rate parity is
repeatedly documented.> Fama (1984) attributes this gross violation to time-varying risk
premium. Sarkissian (2003) further attributes the time-varying risk premium to incomplete
consumption risk sharing. In accordance with the above evidence, we do not constrain the market
pricing of the same source of risk across different economies to be the same. Instead, we allow
them to be different and estimate their difference using the time-series returns and option prices on
the three equity indexes.

Given the pricing kernel specification in Eq. (8), the measure change from the statistical
measure IP to the risk-neutral measure Q' in currency i is governed by the following exponential
martingale,

Q@
dP

tff(—v;(Wg ) = V(W + T e vigZ%—vicZi};)- )

3 Prominent examples include Hsieh (1984), Mishkin (1984), Hodrick (1987), Bekaert and Hodrick (1992), Backus,
Gregory, and Telmer (1993), Dumas and Solnik (1995), Engel (1996), Bansal (1997), Bansal and Dahlquist (2000), and
Backus, Foresi, and Telmer (2001).
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The equity index return dynamics under measure Q' becomes,
i i i i 1 i i
5= (g BT 4 50) (3 (9 + 45181 T (10)
i ! cl 1 i i c
+EW e+ Q)T;_(z(f )? +k.}Qi[f])Tt’
where the Lévy densities of the jump components under the risk-neutral measure Q change as
follows,

_ 8¢ s++ﬁ’> >0
] el = { BT 0, (1)

;o ¢ (L +yi)x
an[x] :e*‘nyVL[x] _ { e 8 Y, x>0

Ed x<o” (12)

If we define CQ {, +vand @=¢_ —v, it is obvious that the jumps also obey double-
exponential specifications under the risk-neutral measure Q'. The cumulant exponent under
measure Q' becomes,

KPS = 2((09) ") + (@ 9= ). (13)

For the model to be well-defined, we need that Cg >0, C‘i@ > f;,and CiQ > ¢, for all i.

Eqgs. (11) and (12) reveal how the market prices of return risks can generate a difference in the
return skewness under the two measures P and Q. In particular, a positive market price increases
the dampening on positive jumps and reduces the dampening on negative jumps, and thus making
the return distribution more negatively skewed under the risk-neutral measure. Thus, a positive
market price on either or both of the two return jump components can explain our observation that
the option implied risk-neutral skewness on the index returns is more negative than the skewness
estimated from the index returns. Our model specification also reveals the reasons behind
Polimenis (2006)’s result that positive excess kurtosis and risk aversion leads to a negatively
skewed return distribution under the risk-neutral measure even if the distribution is symmetric
under the statistical measure. Under our setup, the prerequisite for positive excess kurtosis
becomes a prerequisite for a jump component, and risk aversion leads to a positive market price of
return risk.

From the pricing kernel specification, we can derive the instantaneous return risk premium on
stock index i generated from each unit of global return activity rate risk (vi=1):

=Y+ Aoy + (e 1RSI, "

where the first component '))g B is due to the stock index’s exposure to the global diffusion risk
W, the second component Y. p, is due to the index return’s indirect exposure to the variance
risk Z7 resultant from the correlation p, = E[dW#dZ?]/dt, and the last component is the premium
due to the exposure to the global jump risk component J¥. Positive market price on the global
return risk (yi,> 0) and negative market price on the global variance risk (/.<0), together with
negative correlation between return and variance, both lead to positive return risk premium. It can
be shown that a positive market price on the return risk also generates a positive premium from
the jump component: kye[f] — k5[] >0 if and only if 75> 0 (Appendix C).
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Analogously, the instantaneous return risk premium generated from each unit of the country-
specific return activity rate risk (vy=1) is,

=L L Ep, + (ke [E1-KZ[E). (15)

Taking together, we can write the total expected excess return u. on stock index i over horizon
[0, ¢] as the sum of the two unit risk premiums multiplied by their respective risk levels:

t t
i = / wiveds + / Wivids = i T 4 i Te. (16)

The cumulant exponent in Eq. (13) implies that the risk-neutral variance (m?) and higher-
order cumulants (m;lQ, n =3,4,...) per unit time generated from each jump-diffusion return risk
component take on analogous forms to their statistical counterparts in Eq. (6):

my =1+ 2&(((+ +y) 7+ (- v)_3),
m} = in!((@ R A G D (s v)*”“)), n=34" (17)

Comparing the moment conditions under the two measures, we can show that the risk-neutral
variance and higher even-order moments are larger than their statistical counterparts as long as (i)
&, >&_ (the statistical distribution is symmetric or negatively skewed) and (ii) y>0 (the market
price of return risk component is positive). Polimenis (2006) draws a similar conclusion under a
Lévy setup.

From the pricing kernel in Eq. (8), we can also derive the Q'-dynamics for the two activity rates:

dvf = (kgly— (kg + Y g + v;wgpg)vtg)dt + wg\/vEdZE, (18)
VS = (k0= (Ke + Ve 0r +Yowep Ve )dt + wcﬁdZ; (19)

For both activity rates, the measure change from P to Q' induces a change in the mean-
reversion speed. For the global activity rate vf, the first adjustment term viga)g is induced by the
market pricing (yy,) of the global volatility risk (Z;). A negative market pricing for the global
variance risk would make the mean-reversion speed slower and hence the process more persistent
under the risk-neutral measure. The second adjustment term V; g pg 1s induced by the market
pricing (y;) of the global return diffusion risk (/) and its correlation with the diffusion variance
risk (Z¥). A positive market pricing for the global return risk and a negative correlation between
return and variance risks will make this second term negative as well and will make the global
activity rate even more persistent under the risk-neutral measure. The adjustments for the country-
specific activity rate v; are defined analogously.

The market prices not only alter the activity rate persistence under the risk-neutral measure, but
also affect the risk-neutral means of the activity rates:

02 = 0, N Y . (20)
Kg + YieWg + Vg WePy Ke + YieWe + YeOep,

Therefore, market prices that make the risk-neutral processes more persistent also make the
risk-neutral long run means higher than their statistical counterparts. From the data, we have
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observed that the return standard deviation is lower than the sample averages of the risk-neutral
expected value of the return volatility. Under our model, this evidence can be accounted for by
(i) a negatively skewed return jump component and positive market price of return risk, and (ii) a
combination of negative market price of variance risk and positive market price of return risk that
makes the risk-neutral mean activity rates higher than their statistical counterparts.

Overall, our model specification uses 30 parameters to control the return and volatility
dynamics for the three equity indexes, as well as the market prices of various sources of risks from
each economy:

N . . . 2.3 R - e .
@E[{ﬂl’él}[:l’{’ylg"ylc"yiﬂ"ﬁz"}i:lﬁﬂg7 i,ﬁ,lcg,@g,a)g,pg,)f, fpgiaxwecywwch

where (8, £) control the average scaling of the global and country-specific risk level for each
country, with their magnitudes normalized to one for the US economy, (yé, YL, Piepi) control the
economy #’s market prices for the four sources of risks, (1%, { £, {£) control the jump structure of
the global jump component, (i, 6, W, p,) control the global activity rate dynamics, (4%, {§, {€)
control the jump structure of the country-specific jump component in each economy, and (k.. 0.,
., p.) control the country-specific activity rate dynamics for each economy.

3.3. Currency denomination and exchange rate dynamics

We specify the dynamics of each stock index in its own local currency. The index options that
we use in our model estimation are also settled in the local currency of the index. While we do not
incorporate currency returns and currency options into our model estimation, our pricing kernel
specification in Eq. (8) has direct implications on the exchange rate dynamics between two
currencies 7 and j. Let P/ denote the price of currency j in currency i (e.g., P/ denotes the dollar
price of one pound if j denotes pound and i denotes dollar, with dollar being the home currency),
our pricing kernel specification in Eq. (8) imply the following dynamics for the currency return,*

In P/ /PI = In MI/ME = (=)t + (Vs =YD (W + ) e + (Vi «,{g)z%

VW A TN o= YW+ T9) 19 + ¥ ZG =V Z]

79
1, .o 1, ,. R
+ <2 (yg)z—i(vg)2 + ke [= Yl ke[ vi] +§(vvg)2—§( ig)2>7§
1 j i 1 ] ci
+ (00 + v+ 3 0?)T:
_ l( .i)2+k = ./']+l( 1)2 TY
3 Ye Je ™ Ve P Yie r o (21)

where the currency return is driven by six sources of risks: the global index return risk (W$+.J%),
the global activity rate risk Z#, the two independent country-specific risks from the two countries
(W*€+J°) from countries j and i, respectively, and the two independent country-specific activity
rate risks Z¢ from countries j and i, respectively. When the economies are fully symmetric in

4 It is possible that a fully specified pricing kernel also includes risk components that are orthogonal to the stock index
dynamics. These risk components do not affect the pricing of the stock index or stock index options, but can induce
additional variation in the currency dynamics. See Bakshi, Carr, and Wu (in press) for a more detailed discussion.
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terms of both risk and pricing, the global risk components (W#+J¢) and Z# will drop out of the
currency dynamics:

P/ /P§ = (r=r/)t + (W + TN =y (W + T + N 2= Y Z]

T 79
1, ol N (1 N
+ (500 #3500 ) T (500 ]+ (0?77

(22)

In a similar but more stylized setup, Brandt, Cochrane, and Santa-Clara (2006) compare the
stock portfolio return variance to the variance of the exchange rate to analyze the degree of
international risk sharing between two economies. Bakshi, Carr, and Wu (in press) use time-series
returns and option prices on three currency pairs that form a triangular relation to study the pricing
kernel dynamics in the three economies. In this paper, we exploit the information in stock index
returns and index options to identify the risk and pricing in three economies.

3.4. Option pricing

To price options on each stock index i, we first derive the generalized Fourier transform of the
log index return under the risk-neutral measure Q' defined in currency i,

by (u) =E% (™), ucDeC.

Then, we compute option prices numerically via fast Fourier inversion (Carr and Madan,
1999). Under our model specification, the generalized Fourier transform can be derived in
analytical form:

(f)v (u) — eiu(r"—q")tfag(t)fbg(t)vlffac(t)fb((t)vg7 (23)

where (v§,15) denote the current levels of the two activity rates and the coefficients on each
activity rate are given by,

g

N —hgt
Kglg he1c, ~hgt N 2y, (1—e)
= 2In| 1—- I—e ™ - =
Clg(l) wz [ I'l< 2hg ( e )) + (hg Kg )t‘| 7bg(t) Zhg_(hg_Kgl)(l_e—hgt) ?

k.0, he—iN 2y, (1—e7e1)

o(1) == |2In( 1- == (1-e™ he=1 )t |, be(t) = ‘

o) = [ (125 1) ) e () = 5
(24)

where

hg = \/(kN)? + 2020, he =/ () 4 20024,

K? = ;lcg + viewg + y;wgpg*iuﬂ"a)gpg, K = llcc + Ve we + Vi pg—iu wep,,

Ve =5 (B + i)k i) + kB, e = 5 (&) (0 + iw)=k ] + ik [,

and the risk-neutral cumulant exponents of the jump components k}Q[ -] are given by Eq. (13).
Appendix A provides the derivation for the transform.
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3.5. Characteristic functions and the likelihood of index returns

We estimate our model using a maximum likelihood method. To construct the likelihood of the
index returns, we first derive the characteristic function of the index return under the statistical
measure [P and apply fast Fourier inversions to obtain the conditional density of the index return.

Plugging the expected excess return in Eq. (16) into Eq. (1), we can rewrite the return process
under P as,

i i i i [ i i i i
5= =+ O 5 (5 4 AR+ A )T
i c c 1 i i i i i c
+ W+ )7;—(5 (&) + KR [ET(VE + Vhepo ) )T,~ (25)
The characteristic function of the index return is defined as,
0 () =E7 "], ucR

which we can solve as exponential affine functions of the activity rates,

Y (u) _ eiu(ri_qf)t—ag(t)—bg(t)\/g—ac(l‘)—bp(!)vﬁ’ (26)
where the coefficients take the same form as in Eq. (24), with the following re-definitions
K? = Kg—iuﬁiwgpg, KCN = Ke—iul'w.p,,
[ T § e i i i
b = 5 Bkl i (5 (9 + SIP-, + Air )
1. 4 1., o
b= 3 €kl + (3P AR A ). @)

Given the characteristic function, we can use fast Fourier transform to obtain the density
functions of the log index return as a function of the current activity rate levels.

4. Estimation strategy

We estimate the model using the time-series of both the index returns and option prices on the
three indexes. Since the activity rates are not directly observable, we cast the model into a state-space
form and infer the activity rates at each date using an efficient filtering technique. We estimate the
model parameters by maximizing the sum of weekly likelihood values on options and index returns.

In the state-space form, we regard the global activity rate and the country-specific activity rates
in the three economies as the unobservable states and use v, =[vE, v&SPX| yoFTS eNKYTT ¢
denote the (4x1) state vector. The state propagation equation is specified as an Euler

approximation of the activity rate dynamics:

vi=A+ Ovi g + /G, veRT (28)
where ¢, denotes an i.i.d. standard normal innovation vector and

@ = exp(—«xAt), « = diag[k,, Kce3),

A= (=)0, 0=][0g00]],

: 2 2.¢,SPX 2 ¢ FTS 2 ¢ NKY
gt = dlag[wgvtgfl YO Vimp OV OV ]At? (29)
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where At=7/365 corresponds to the weekly frequency of the data, diag[] denotes a diagonal
matrix with diagonal elements given in the bracket, /, denotes an identity matrix of dimension d,
and e, denotes a vector of ones of dimension d.

Measurement equations are based on the observed option prices, assuming additive, normally-
distributed measurement errors:

¥ =0 0] +e, Elee))=J, (30)

where y, denotes the out-of-the-money option prices computed from the implied volatility quotes,
scaled by Black-Scholes vega of the option at time ¢, O[v,; @] denotes the corresponding model-
implied values as a function of the parameter set @ and the state vector v,, We assume that the
scaled pricing errors are i.i.d. normal with zero mean and constant variance. Hence, we can write
the covariance matrix as, J = o.lgy, wWith o, being a scalar. The dimension of the measurement
equations correspond to the 60 implied volatility series across the three economies.

The objective function (30) deserves some explanation. One may choose to define the pricing
error as the difference between the Black—Scholes implied volatility quote and its model-implied
fair value. However, since our algorithm generates option prices from the return Fourier
transform, converting the option prices into Black-Scholes implied volatility involves an
additional minimization routine that can be inefficient when embedded in the global optimization
procedure. By dividing the out-of-the-money option prices by its Black—Scholes vega, we are
essentially converting the option price into the implied volatility space via a linear approximation.

When the state propagation and measurement equations are Gaussian linear, the Kalman filter
provides efficient forecasts and updates on the mean and covariance of the state vector and
observations. In our application, the state propagation equation is Gaussian linear, but the
measurement equations are nonlinear functions of the state vector. We use an extended version of
the Kalman filter, the unscented Kalman filter, to handle the nonlinearity of the measurement
equation. Specifically, let V,, P, ¥,,V, denote the time-(#— 1) ex ante forecasts of time-¢ values of
the state vector, the covariance of the state vector, the measurement series, and the covariance of
the measurement series, respectively. Let Vv, and 13[ denote the ex post update, or filtering, on the
state vector and its covariance at the time ¢ based on observations (y,) at time . The unscented
Kalman filter uses a set of deterministically chosen (sigma) points to approximate the state
distribution. If we let d denote the number of states (four in our model) and let 6>0 denote a
control parameter, we generate a set of 2d+1 sigma vectors yx; according to the following
equations,

Le0 = Vo

1 =0\ + )Pt G j=lid: i= 1,2,
with the corresponding weights w; given by,
wo=20/(d+9), wi=1/2d+9)], i=1,..,2d.

These sigma vectors form a discrete distribution with w; being the corresponding probabilities.
We can verify that the mean, covariance, skewness, and kurtosis of this distribution are v, B+ g,
0, and d+9, respectively.
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Given the sigma points, the prediction steps are given by:

Xii =A+ Py
24
Viel = Zwifm;
pry
2d
Py = ZWz’(Z,F Vi) (i Vi )"
=0

2d
V1 = Y _wiO[7,;: 0;
i=0

Vi = Zwl th )_/H-l)(o[it,i; @]7)_’t+1)-r +J, (31)

and the filtering updates are given by

Virl = Vep1 + Koyt (V1= Y00 Py =Py K1 Vi KLy (32)
with
2d 1
_ _ _ _ T = -
K = lzwz‘(lm_ Ve 1) (Ol 71,5 O]~ V1) 1(1/”1) ‘ (33)
i=0

We refer the reader to Wan and van der Merwe (2001) for general treatments of the unscented
Kalman filter.

Given the forecasted option prices y and their conditional covariance matrix ¥ obtained from
the filtering technique, we compute the log likelihood value for each week’s observations on the
option prices assuming normally distributed forecasting errors,

1 _ 1 _ = - _
lt+1[@]0 = _510g| Vt+1|_§ ((yt+1—J’z+1)T(Vt+l) l(yt+1_yz+1)>- (34)

Furthermore, given the extracted activity rates from the options data, we compute the statistical
return density for each equity index by applying fast Fourier inversion to the characteristic
function in (26). Let /,+; [@]° denote the sum of the weekly log likelihood on the three equity
indexes computed from this fast Fourier inversion. We choose model parameters to maximize the
sum of the weekly log likelihood values on both options and time-series returns,

-1
O=argmax £[0, {y} ), with L]0, {y} ] = (11[6]7 +LalO]), (35)
t=0

where 7=346 denotes the number of weeks in our sample.

The pricing errors on options represent option variations that are not captured by the
international capital asset pricing model. For model estimation, we make the additional
assumption on the distribution of the forecasting and pricing errors as being normal and
independent of the return dynamics. Thus, we can write the joint log likelihood of options and
returns as the sum of their marginal log likelihood values. In constructing the log likelihood of the
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three return series, we replace the joint log likelihood of the three series with the sum of the three
marginal log likelihood of each series. This practice is purely for computational feasibility
because deriving the joint density of the three return series would involve multi-dimensional
integrations that are computationally intensive for our model estimation. Using the product of
marginal densities incurs some theoretical information loss, but provides significant gains in
numerical stability and feasibility. Hence, we can regard our estimation method as a limited
information maximum likelihood method (Greene, 1999).

5. Results and discussion

Based on the estimates of the structural parameters of the international capital asset pricing
model, we first gauge the model performance and then analyze the risk and pricing characteristics
in the three economies.

5.1. The model captures the overall index options behavior well

Our model simultaneously and consistently prices index options across the three economies.
To gauge the model’s performance in option pricing, we first compute the model’s pricing
errors, defined as the difference in Black—Scholes implied volatility between the market quotes
and the model-generated values. Then, we compute the explained variation on each implied
volatility series, defined as one minus the ratio of the pricing error variance to the variance of
the original implied volatility series. Table 4 reports the model’s explained variation for each
series, with the last row reporting the aggregate explained variation for all options underlying
each equity index.

The model generates satisfactory overall performance on all three equity indexes. The
aggregate explained variation is over 90% for all three indexes. Comparing the performance
across different series, we find that the model performs better on long-term options than on short-
term options, and better on at-the-money options than on out-of-the-money options. For out-of-
the-money options, the model performs better at low strikes than at high strikes.

The model’s largest deviations from the market are at 120% strikes and one- and three-month
maturities for SPX, where the explained variations are as low as 30% and 25.1%, respectively.
When we inspect the data in more detail, we find that the quotes on these two series are not
updated as frequently as data on the other series, especially during the first three years of our

Table 4

Model performance in pricing options

Index SPX FTS NKY

Strike\maturity 1 m 3m 6m 2m Im 3m 6m 2m Im 3m 6m 12m
80 0.774 0.866 0.930 0.933 0.761 0.946 0.970 0.959 0.761 0.850 0.893 0.898
90 0.827 0927 0970 0.952 0923 0981 0989 0.973 0.858 0.942 0965 0.942
100 0.874 0967 0.984 0.953 0.966 0.995 0.994 0978 0946 0987 0.988 0.941
110 0.740 0963 0.977 0.950 0.908 0.989 0.988 0.980 0.908 0946 0.958 0.931
120 0.300 0.251 0.944 0.927 0.649 0.753 0976 0972 0.828 0.885 0.894 0.894
Aggregate 0.914 0.938 0.911

Entries report the model’s explained variation on each implied volatility series, defined as one minus the ratio of the pricing
error variance to the variance of the original implied volatility series. The pricing error is defined as the difference in
implied volatilities between the market quotes and the model-generated values. The last row reports the aggregate
explained variation for all option series underlying each of the three equity indexes.
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sample. We observe prolonged periods when the quotes on these two series stay flat while quotes
on the other series move significantly over time. When we compute the model performance
excluding the first three years of data, the explained variations on the two series increase to 65%
and 75%, respectively. Thus, we regard the poor model performance at high strikes and short
maturities as partly driven by data issues. Our experience with both over-the-counter and
exchanged-listed index options data also tells us that out-of-the-money index puts (at lower
strikes) are more actively traded than out-of-the-money calls (at higher strikes). Accordingly,
quotes on out-of-money puts are often more reliable and updated more frequently than quotes on
out-of-the-money calls.

5.2. The Japanese market contains the largest portion of country-specific movements

Table 5 reports the estimates and the absolute magnitudes of the 7-statistics (in parentheses) for
the structural parameters of the model. The first panel reports the estimates on the loading
coefficients, which capture the average difference in the risk levels across the three economies.
For identification reasons, we normalize the loading to the US economy (SPX) to one. Thus,
deviations from one on the coefficient estimates of other economies capture their relative
difference in risk levels from the US economy. The f-statistics reported in the first panel are
calculated against the null hypothesis of one.

Table 5

Maximum likelihood estimates of model parameters

Global risk Country-specific risk

Average risk levels

prrs 1.1737 (20.0) EFTs 0.9683 (20.0)
pNEY 0.7052 (20.0) ENKY 1.1381 (20.0)
Jump structures

28 0.1630 (6.39) ¢ 0.0299 (20.0)
¢ 0.5250 (7.63) < 1.1231 (20.0)
& 1.4583 (7.65) < 1.9004 (20.0)

Activity rate dynamics

Ke 0.0079 (0.02) Ke 3.0393 (18.2)
0, 0.0361 (0.02) 0, 0.0394 (20.0)
wg 1.0179 (20.0) we 0.5262 (20.0)
e -0.6335 (20.0) Pe ~0.4309 (20.0)
Market prices of return risks

yarx 0.1913 (4.13) yIPX 0.9533 (20.0)
peTs 0.2257 (4.30) VTS 0.8210 (20.0)
Py 0.0047 (0.08) VTS -0.0008 (3.90)
Market prices of variance risks

yiex -1.0776 (2.58) ySPX —-2.7817 (9.30)
yhas -1.2336 (2.96) kIS —-2.6865 (8.78)
Py -1.9793 4.61) yNKY -3.3337 (11.0)

Entries report the maximum likelihood estimates of the model parameters and the absolute magnitudes of the #-statistics
(in parentheses). The -statistics reported in the first panel are calculated against the null hypothesis of one, whereas those
in other panels are against the null hypothesis of zero. For brevity, we truncate the 7~ values to a maximum of 20.
Estimation is based on weekly index returns and index options data from January 3, 1996 to August 14, 2002.
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The f coefficients capture the loading of the global return risk factor on each index. The
estimate on FTS is greater than one, but the estimate on NKY is significantly smaller than one. On
the other hand, the & estimates capture the loading of the country-specific return risk on each
index. The estimate on FTS is smaller than one, but the estimate on NKY is greater than one.
Therefore, compared to the US economy, the UK economy contains a larger proportion of global
movements and a smaller proportion of country-specific movements. In contrast, the Japanese
economy contains the smallest portion of the global movements but the largest portion of the
country-specific movements. These results are consistent with the sample correlation statistics on
the index returns and implied volatilities. Both index returns and option implied volatilities have
stronger cross-correlations between SPX and FTS than between NKY and the other two indexes,
indicating that NKY has a larger proportion of country-specific movements.

5.3. Large downside index movements are more likely to be global

The second panel of Table 5 reports the estimates that control the jump structures in the global and
the country-specific return components. For each component, the proportional coefficient A controls
the overall mean arrival rate of jumps. The larger A is, the more frequent jumps of either direction
arrive. The dampening coefficients {, and {_ control the arrival rate of large positive and negative
jumps, respectively. The larger the coefficient, the less likely to observe a large jump arrival. The
difference between (.. and {_ generates asymmetry in the return innovation distribution.

The parameter estimates show that for both jump components, the dampening coefficient
estimates on the positive jumps, (., are larger than the corresponding dampening coefficient
estimates on the negative jumps, {_. Hence, for both return components, down jumps are more likely
to arrive than up jumps. The distributions for the two return components are both negatively skewed.

Comparing the jump structures in the two return components, we find that the dampening
coefficients on both negative and positive jumps are larger for the country-specific component
than for the global component, suggesting that global movements are more likely to contain large
jumps. Furthermore, the proportional coefficient A is also larger for the global component than for
the country-specific component, indicating that the global component contains more
discontinuous movements overall. These results suggest that large discontinuous movements in
the equity indexes, especially large downside movements, are more likely to exhort a global
impact whereas small movements are more likely to be local noises.

5.4. Global stochastic volatility is more persistent than local stochastic volatility

The third panel of Table 5 reports the parameter estimates that control the activity rates
underlying the global and country-specific return risk components, respectively. These stochastic
activity rates are responsible for generating stochastic volatility and stochastic higher moments.
The parameter k measures the mean-reversion speed of the underlying activity rate. Its estimate
for the country-specific activity rate x. is at 3.0393, which corresponds to a weekly
autocorrelation of 0.9432, and a relatively short half life of about 13 weeks.’

In contrast, the mean-reversion speed estimate for the global activity rate i, is not significantly
different from zero, implying near non-stationary behaviors. These estimates suggest that the
global activity rate is much more persistent than the country-specific activity rates. The difference

° The half life is defined as the number of weeks (n) that it takes for the autocorrelation to decay by half of its first-order
level ¢,=0.9432. It is solved by n=In(¢,/2)/In(¢p).
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in persistence implies that it is more difficult to predict global risk variations than to predict
country-specific risk variations.

The parameter p measures the instantaneous correlation between the return diffusion
component and the corresponding activity rate innovation. The correlation estimates for both
return components p, and p, are strongly negative. Thus, a fall in equity index prices is usually
associated with an increase in volatility, consistent with the well-known leverage effect (Black,
1976). Comparing p, with p., we find that the negative correlation is stronger between the global
return component and its activity rate than between the country-specific return component and its
activity rate. Therefore, a global fall in the equity index is more likely to be associated with a hike
in the global volatility than a local fall in the index is to the local volatility.

The negative correlation also generates negative skewness in the return distribution over
longer horizons. The different estimates for the correlations and the jump structures between the
global and local return components suggest that the global return component is more negatively
skewed than the country-specific return component at both short and long horizons. A more
negatively skewed global return component can be caused by contagion (Claessens and Forbes,
2002). The volatility of the global factor increases more following bad news regarding the world
market. Holding the volatility of the country-specific return component the same, the increased
volatility of the global factor also generates increased correlation in the international stock
market. These results are consistent with the findings of Longin and Solnik (2001), Ang and
Bekaert (2002), and Das and Uppal (2004), who document higher correlations in bear markets.

5.5. Investors in the US and UK markets price return risks more heavily than do investors in the
Japanese market

The fourth panel in Table 5 reports the parameter estimates that define the market prices of
global and country-specific return risks. Most empirical studies in the international asset pricing
literature find that the global risk factor is positively priced, but the results on the pricing of
country-specific risk factors are mixed. Our estimation results generate similar qualitative
conclusions. All three economies charge a positive market price for the global return risk, but their
pricing on the country-specific risk show different signs.

The positive market price of the global risk indicates that investors are willing to pay a positive
premium to hedge against global downturns in the market. Statistically, the positive market price
increases the dampening on up jumps and reduces the dampening on down jumps under the risk-
neutral measure Q. As a result, the distribution of the global return component becomes more
negatively skewed under the risk-neutral measure. As we have discussed in the theory section, the
negative statistical skewness and positive market price of return risk also makes the risk-neutral
return variance higher than its statistical counterpart.

Of the three economies, the UK stock market not only has the largest portion of global return
movements, but it also charges the highest price for the global return risk. On the other hand, the
Japanese stock market contains the least proportion of global movements. Investors in the
Japanese stock market also charge the lowest price for the global return risk. The behavior of the
US market is in the middle, but closer to the UK than to Japan. These different market prices on
the global return risk across different economies lead to different levels of skewness in the risk-
neutral distribution.

Investors in the US and UK market also charge large and positive prices for their country-
specific return risks. In contrast, the market price estimates in Japan are small and even negative
on the country-specific return risk component. The positive market prices in US and UK make the
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risk-neutral distribution on SPX and FTS even more negatively skewed. The slightly negative
estimate on Japanese country-specific return risk reduces the negative skewness of the risk-
neutral return distribution.

These differences in the market price estimates are consistent with the differences in the slopes
of the average implied volatility smirk (Fig. 1). The smaller market price for global return risk and
the negative market price for country-specific risk in Japan contribute to the flatter implied
volatility smirk on NKY. The average differences in risk compositions across the three economies
also lead to different levels of skewness in the risk-neutral distribution. The global loading
coefficient estimate on NKY is the smallest and the country- specific loading estimate on NKY is
the largest among the three indexes. Since the global return component is more negatively skewed
than the country-specific return component, the smaller loading on the global return risk factor
and the larger loading on the country-specific return risk factor in Japan also contribute to the
flatter implied volatility smirk on NKY.

Fig. 4 plots the time series of the three indexes. Both SPX and FTS experienced dramatic gains
during the first half of our sample. The momentum was broken only after the burst of the Internet
bubble in 2000. In contrast, the NKY index has been declining over the whole sample period, with
only a temporary rebound in 1999 that was quickly reversed. Indeed, the NKY level at the start of
our sample is merely half of its peak at 38,915 on December 29, 1989. The index level went down
by another half by the end of our sample. The different time-series pattern further illustrates the
unique feature of the Japanese stock market and explains the estimated dominance of country-
specific movements. The flatter implied volatility smirk on NKY suggests that investors are
willing to pay relatively higher price for out-of-the-money call options on NKY than those on
SPX or FTS. With the prolonged recession, investors in the Japanese market expect a recovery in
the future. This expectation makes them willing to take on the stock market and bear the return
risks without charging much of a risk premium.

5.6. Market prices of volatility risks are negative, more so for investors in the Japanese market

Using mainly regression analysis on stock portfolio returns, the traditional literature on
international asset pricing focuses mostly on the pricing of return risks. Using options, which are
natural instruments for volatility risk trading, we can learn more about the volatility risk dynamics
and the market pricing of volatility risks. The last panel of Table 5 reports the estimates on the market
prices of the global and country-specific activity rate risks, which are the drivers for stochastic
volatility and stochastic higher moments. The estimates suggest that investors in the three markets
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Fig. 4. Time series of stock indexes. The three indexes are the S&P 500 Index, the FTSE 100 index, and the Nikkei-225 Stock
Average. The sample starts on January 3, 1996 and ends on August 14, 2002, with 346 weekly observations for each series.
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treat the activity rate risks similarly. All the estimates are significantly negative, for both the global
and country-specific risks. The negative market price for the activity rate risk suggests that investors
are willing to pay a positive premium to hedge against future volatility increases.

Bondarenko (2004), Carr and Wu (2004b), and Carr and Wu (2006) have found that variance
swap rates, which can be regarded as the risk-neutral expected value of the realized variance, are
higher than the realized variance on average. They attribute the difference to negative variance
risk premia. Our evidence and estimation results confirm their findings in an international context.
Furthermore, we decompose the negative variance risk premia into four sources: (1) global return
jump risk and positive market price of global return risk, (2) global stochastic volatility and
negative market price of global volatility risk, (3) country-specific return jump risk and positive
market price of country-specific return risk, and (4) country-specific stochastic volatility and
negative market price of country-specific volatility risk. Combining a negatively skewed return
jump innovation with positive market price of risk makes the return innovation variance higher
under the risk- neutral measure than its statistical counterpart, as shown in Eq. (17). The negative
market prices on the activity rates also make the risk-neutral mean of the activity rates higher than
their statistical mean values.

The negative market price on the activity rate risk and positive market price on the return risk
dictate that the return volatility is more persistent under the risk-neutral measure than under the
statistical measure. While the statistical persistence controls the time-series behavior of return
volatility, the risk-neutral persistence controls the cross-sectional behavior of the option implied
volatility. Hence, the persistence difference under the two measures imply that although we
observe strong mean reversion on return volatility or option implied volatility, a shock on the
instantaneous activity rate has a long-lasting effect on options of long maturities.

Across the three economies, we find that investors in the Japanese market charge the most
negative price for the volatility risk whereas investors in the US market charge the least negative
price, whether global or country-specific. These findings are intriguing and new to the literature.
Intuitively, these results suggest that compared to investors in the US and the UK markets,
investors in the Japanese market are more concerned about future increase in volatility than about
future market crashes. As a result, investors in Japan price more heavily on the volatility risk than
the return risk.

To gain economic intuition and make more sense out of the market price estimates, we use Egs.
(14)—(16) to compute the annualized return risk premiums induced by each risk component.
Stochastic activity rates induce stochastic return risk premiums as shown in Eq. (16). We compute
the average risk premiums evaluated at the long-run mean of the activity rates. Table 6 reports the
estimates. For global risks, the risk premiums induced by the diffusion return risk are fairly low and
less than 1% for all three economies. The return jump risk induces a return risk premium of 0.92%
for SPX, 1.65% for FTS, and merely 0.01% for NKY. In both cases, the close to zero market price

Table 6
Mean return risk premiums induced by each risk component
Economy Global risks Country-specific risks

Diftusion Jump Volatility Total Diffusion Jump Volatility Total
SPX 0.0069 0.0092 0.0246 0.0407 0.0375 0.0055 0.0472 0.0903
FTS 0.0096 0.0165 0.0331 0.0591 0.0313 0.0026 0.0441 0.0780
NKY 0.0001 0.0001 0.0319 0.0321 —0.0000 —0.0000 0.0644 0.0644

Entries report the mean annualized return risk premium on the stock indexes induced by each risk component: The return
diffusion risk, the return jump risk, and the activity rate risk in both the global and country-specific risk components.
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of return risk on NKY leads to close to zero risk premiums. In contrast, the global activity rate risk
induces a more significant return risk premium for all three economies through its correlation with
the return diffusion risk. The estimates are 2.46% for SPX, 3.31% for FTS, and 3.19% for NKY.
Although the market price of global activity rate risk is high for NKY, the index’s lower loading on
the global factor lowers the induced risk premium. Overall, the three sources of global risks induce
an average risk premium of 4.07% for SPX, 5.91% for FTS, and 3.21% for NKY.

For the country-specific risks, the return diffusion risk induces a return premium of 3.75% for
SPX, and 3.13% for FTS. However, the slightly negative market price on NKY implies a negative
but close to zero risk premium. Furthermore, since the country-specific jumps have more
significant dampening on the tails and hence are not as significant as the global jumps, they also
induce smaller return risk premiums, which are less than 1% for all three indexes. Nevertheless,
the country-specific activity rate induces large risk premiums on all three indexes, ranging from
4.41% to 6.44%.

6. Specification analysis

We have designed and estimated an international capital asset pricing model that is flexible
enough to allow different market pricing from different economies and to deliver overall satisfactory
pricing performance. In the meantime, we strive to maintain parsimony in the specification to
enhance the model identification and stability. For example, by assuming identical but independent
country-specific jump structures and activity rate dynamics after allowing for an average scaling
difference, we are able to reduce the number of model parameters significantly. In this section, we
perform specification analysis to gauge the validity and robustness of our assumptions.

6.1. Do investors in different economies price the risks differently?

In specifying the pricing kernels for each economy, we observe that even with growing
evidence of global financial market integration, the international goods market remains
segmented, and deviations from purchasing power parity remain persistent, with convergence
to the parity condition slow. We further observe that in nominal terms, the literature has repeated
documented the gross violation of the uncovered interest rate parity. In accordance with these
observations, we allow each economy to have different market pricing on the global and country-
specific risks.

The parameter estimates in Table 5 are largely consistent with our conjecture that the market
prices vary across economies. For example, we find that the market prices of return risks in Japan
are much lower than the corresponding market prices in the other two economies. When we
construct a Wald test on the null hypothesis that the market prices are identical across the three
economies, the hypothesis is rejected beyond any reasonable confidence level.

To further test the hypothesis, we estimate a constrained version of our model by setting

SPX _ .,FTS _ . NKY SPX _ . ,FTS _ . NKY , SPX _ . FTS _ , NKY SPX _ . ,FTS _ . NKY :
Vg _yg _’Yg > Ve =Ye =Ye Ve = Pve T Ve and Pve T Pve T Ve . With

these constraints, the model has eight fewer parameters. Based on the maximized like-
lihood on the two models, we construct a likelithood ratio statistic between the two models
X = 2(Lynconstrained — Leonstrained ). Our benchmark model has a maximized likelihood of 27,224.
The constrained model generates a maximized likelihood of 26,209, leading to an estimate of
2030 for the likelihood ratio statistic. The statistic has a chi-square distribution with eight
degrees of freedom. Our estimate leads to a p-value that is virtually zero. The test strongly rejects
the null hypothesis that the market prices are identical across all three economies.
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Table 7
Option pricing performance when country-specific jump structures and activity rates are allowed to differ
Index SPX FTS NKY

Strike\maturity 1 m 3m 6 m I2m Im 3m 6 m 2m Im 3m 6 m 12m

80 0.768 0.882 0944 0942 0.771 0.950 0.970 0.955 0.754 0.849 0.894 0.899
90 0.826 0937 0972 0952 0935 0.983 0.988 0.970 0.851 0.940 0.963 0.936
100 0.884 0971 0983 0951 0972 0.995 0.994 0.978 0.945 0.988 0987 0.933
110 0.792 0960 0978 0.950 0.933 0.989 0.991 0.983 0913 0952 0.963 0.926
120 0.300 0372 0940 0.930 0.674 0.840 0.976 0.975 0.833 0.890 0.901 0.895
Aggregate 0.917 0.944 0.911

Entries report the more flexible model’s explained variation on each implied volatility series, defined as one minus the ratio
of the pricing error variance to the variance of the original implied volatility series. The pricing error is defined as the
difference in implied volatilities between the market quotes and the model-generated values. The last row reports the
aggregate explained variation for all option series underlying each of the three equity indexes. The model allows different
jump structures and activity rate dynamics across different economies.

6.2. Do different economies have different jump structures and activity rate dynamics?

For parsimony, we apply an average scale (£) on the country-specific risks and then assume
that the scaled country-specific risks have identical but independent jump structures and activity
rate dynamics across the three economies. To gauge how this parsimony assumption costs us in
performance, we also estimate a more general version of the model, under which we allow the

Table 8

Allowing countries to have different jump structures and activity rate dynamics

Parameters\index SPX FTS NKY Global
Average risk levels

p 1 1.2059 (20.0) 0.9791 (20.0)

13 1 0.8301 (20.0) 1.1755 (20.0)

Jump structures

A 0.0187 (1.52) 0.017 (2.13) 0.0160 (0.30) 0.1964 (5.29)
(- 0.8550 (8.74) 0.9482 (6.37) 0.8527 (1.56) 0.3421 (6.61)
G 3.3185 (20.0) 3.4321 (20.0) 3.6115 (2.25) 1.4045 (13.9)
Activity rate dynamics

Ke 3.2474 (20.0) 3.2474 (20.0) 4.0902 (19.9) 0.0063 (0.01)
0. 0.0404 (20.0) 0.0404 (20.0) 0.0404 (20.0) 0.0281 0.01)
o8 0.4775 (20.0) 0.6471 (20.0) 0.4911 (20.0) 0.9559 (20.0)
Pe —0.5058 (20.0) —0.4653 (20.0) —0.4074 (20.0) —0.6374 (20.0)
Market prices

Ve 0.0717 (2.35) 0.1310 (4.25) —0.0476 (1.45)

Ve 0.6732 (20.0) 0.4695 (20.0) —0.2915 (20.0)

Vve —1.2068 (2.14) —1.3818 (2.45) —1.9103 (3.37)

Ve —2.8376 9.39) —2.9318 (7.70) —3.2165 (8.47)

Entries report the maximum likelihood estimates of the model parameters and the absolute magnitudes of the z-statistics (in
parentheses, truncated to a maximum of 20) on a model that allows the country-specific risk jump structures and activity
rate dynamics to differ across different economies. The z-statistics reported in the first panel are calculated against the null
hypothesis of one, whereas those in other panels are against the null hypothesis of zero. Estimation is based on weekly
index returns and index options data from January 3, 1996 to August 14, 2002.
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jump structure and activity rate dynamics for each economy to be different. Specifically, we allow
(A5, ¢S, L8, ke, w, p.) to be different for the three economies. Nevertheless, we need to keep 6.
to be the same for model identification if we keep the different scaling coefficients &’ for the three
economies. This extended model has 12 more model parameters than the benchmark model.

This more flexible specification generates a maximized likelihood value of 27502. The
likelihood ratio statistic against the benchmark model is computed at 558, which has a chi-square
distribution with 12 degrees of freedom. The chi-square test rejects the benchmark model for this
more flexible specification, indicating that the parsimony assumption does induce a cost in
performance.

Table 7 reports the explained variation on the option quotes from this more flexible
specification. The explained variation does not improve much on options at 120% strike and one-
and three-month maturities, partly confirming our conjecture that the bad performance at these
two series is mainly driven by data issues. Nevertheless, this more flexible model does improve
moderately the explained variation on some other series.

Table 8 reports the parameter estimates on this more flexible model. The qualitative
conclusions from these estimates are largely consistent with those from our benchmark model in
Table 5. When allowed to have different jump structures and activity rate dynamics, we find that
the jump arrival rate 4 is the smallest for NKY. The estimate for the correlation p. between the
return and activity rate is also the least negative for NKY. Both components allow the NKY return
distribution to have a lower skewness than that for SPX and FTS, consistent with the data
observation.

7. Conclusion

In this paper, we exploit the rich information in option prices underlying three major equity
indexes and study the risk dynamics and market pricing in the three underlying economies within
a dynamically consistent international capital asset pricing model framework. We first develop an
international capital asset pricing model, under which the return on each equity index is
decomposed into two orthogonal jump-diffusion components: a global component and a country-
specific component. Separate stochastic time changes are further applied to both components so
that stochastic variance and higher moments can come from both global and country-specific
risks. For each economy, we assign separate market prices for the two return risk components and
the two volatility risk components. Under this specification, we obtain analytically tractable
solutions to the option prices on the three indexes and likelihood functions for the index returns.
Through a joint estimation on the index returns and option prices on the three economies, we
investigate how investors respond to different sources of risks in international economies.

Our estimation reveals several interesting features about the risk and pricing in the three
economies. First, we find that global and country-specific return and volatility risks show
different dynamics. Global return movements contain a larger proportion of discontinuous
movements, especially large downside movements. Global return volatility is more persistent
than the country-specific return volatility. Second, we find that investors charge positive prices for
global return risk and negative prices for both global and country-specific volatility risks,
showing that investors are willing to pay positive premiums to hedge against downside return
movements and upside volatility movements. Third, the three economies contain different risk
profiles and also price risks differently. Japan contains the largest idiosyncratic risk component
and smallest global risk component. Investors in the Japanese market price more heavily against
future volatility increases than against future market downfalls.
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Appendix A. Generalized Fourier transforms

The index return dynamics in Eq. (10) under the home currency risk-neutral measure Q' can be
regarded as an affine combination of time-changed Lévy processes. To derive its generalized
Fourier transform of the index return, we apply the theorem in Carr and Wu (2004a) and convert
the Fourier transform of each time-changed Lévy component into the Laplace transform of the
underlying stochastic time change,

(f)S;(u)EEQi( ems§> — =4 g [e VT EN [eVTi], ueDcC

where ¢y, and . denote the characteristic exponents of the concavity-adjusted global and
country-specific return risk components, respectively,

Ve = %(ﬁ’dz(uz + i)l i) + ik B,
v, = %(é"mﬂ + i)kt '] + iukit (€], (A

and N® and N¢ denote two new measures defined by the following complex-valued exponential
martingales:

% = exp (iuﬁf(Wg +JE) e + (%uz(ﬁi)z—k% [iuﬁi]>7§>’>7 (A.2)
dN¢ R ¢ 1 5 2 Qs i ¢
Q= exp(luf (W +J) e + (Eu (&) —kJ([luf])T,) (A3)

By Girsanov’s theorem, the N¥-dynamics of v# and the N°-dynamics of v; become,
dvf = (rgly—1, Vi)t + wg\[vf dZE, &V = (kOc—K00)dE + e /vi dZ, (A4)
where 1) = Ky + Yie @, + ygwgpg—iuﬁiwgpg and kY = k. + vy, 0 + Y. 0.p,~iu w.p,. Since
the activity rate dynamics remain affine under the new measures, we follow Carr and Wu (2004a)
and solve the Laplace transforms in exponential affine forms as given in Eq. (23).

Appendix B. Characteristic functions

The index return dynamics under the statistical measure P is given in Eq. (25), which can again
be regarded as an affine combination of time-changed Lévy processes. We treat the characteristic
function as a special case of the generalized Fourier transform, in which the characteristic
coefficient is defined on the real line instead of the complex plane. Then, we again apply the
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theorem in Carr and Wu (2004a) and convert the characteristic function of each time-changed
Lévy component into the Laplace transform of the underlying stochastic time change,

0, (1)=EP () = OB [ TIEN [ VT, ek

where tf, and . denote the characteristic exponents of the drift-adjusted global and country-
specific return risk components, respectively,

b =5 (B Vol —koeliuf] + G (B)” + KBy + vigpg)ﬂ’) :

[ N (i i i
b= 5 EP k) (5 (€ ATLET ). (B)
and N® and N°denote two new measures defined by the following exponential martingales:
g , 1 . :
| =ew (iuﬁ’(Wg +JE) g+ (E (B [iuﬁ’})?’f), (B6)
t t
dN¢ ; 1, . A
| =P (iué’(W“ +J) e + (5 (ENV P ke [iui’])Tf). (B7)
t t

By Girsanov’s theorem, the N¢-dynamics of v{ and the N°-dynamics of v{ become,
dvf = (icg0g=1c, v )dt + g/ VEAZE, V) = (rOc—1c,v%)dt + oo\ /vidZf, (BS)

with KE = Kg—iuﬁiwgpg and « = Ke—iué'w,p,. Again, the affine structure of the activity rate
dynamics guarantees that we have an exponential affine solution for the Laplace transform as in
Eq. (20).

Appendix C. Risk premiums from the jump components

The return risk premiums from the diffusion components can be derived straightforwardly as
the covariance between the log pricing kernel and the index return dynamics. The risk premiums
from the jump components are given by the difference between the cumulant exponents under the
two measures. We take the global jump risk component J# as an example. Its contribution to the
return risk premium per unit activity rate risk is given by,

n.i/g _ kjg[ﬁl]_k%[ﬁl] _ )Lg< 1 1 1 1)

CF & Eap

, 1 1 1 1
el g i 78 g+ g i g
E4vi—p G4y Evirp Ey

_ < 22y, a7 >+ ( By 2, )
(& +vi=B)E-F) (E+v)E (V) (B, + B)E+ )

(& + VB~ + V=BG (v + B)E + )~ ()

(CE+ Ve B)EB)E +v)E (B E(E v, + B)E+B)

— 8~
g

(€9)
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We need (&>max(0, B',— y;, ﬁi—y;) and (%>max(0,—f, yé,— B +v§) for the index return
dynamics to be well defined under both measure. Under these conditions, the terms in the
denominators in the bracket are both positive. It is easy to verify that the numerators in the bracket
are also positive. Therefore, given that 12>0, the risk premium induced by the jump component
is positive if and only if the market price y; is positive. An analogous argument applies to the
country-specific jump component.
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