Journal of

EMPIRICAL
FINANCE

www.elsevier.com/locate/econbase

ELSEVIER Journal of Empirical Finance 10 (2003) 321-353

Realized volatility in the futures markets

Dimitrios D. Thomakos', Tao Wang*

Department of Economics, Florida International University, Florida, USA

Abstract

Using intraday returns on four futures contracts over a 5-year period, we calculate and analyze
model-free measures of futures return volatility. We focus on the temporal characteristics and
distributional properties of daily returns, return volatilities, (log of) standard deviations, standardized
returns and pairwise correlations. The behavior of a number of tests for Gaussianity under long
memory is explored via a simulation study. The simulation results indicate that tests of the
“goodness-of-fit” variety are appropriate to use while the commonly employed Jarque—Bera test is
severely oversized and its use is not recommended. We find that the standard deviations and the
pairwise correlations exhibit long memory while the standardized returns are serially uncorrelated.
We also find that the (unconditional) distributions of daily returns’ volatility are leptokurtic and
highly skewed to the right while the distributions of the standardized returns, the standard deviations
and the pairwise correlations are statistically indistinguishable from the Gaussian distribution. Our
results are consistent with that of Andersen et al. [Journal of the American Statistical Association 96
(2001a) 42; Journal of Financial Economics 61 (2001¢) 43] on the time-series properties of realized
volatility. The dynamic characteristics of the volatility series are modelled using fractionally
integrated ARMA models.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Accurate measures and good forecasts of asset return volatility are critical for the
implementation and evaluation of asset pricing theories, portfolio choice and risk manage-
ment. Asset return volatility can not be directly observed and is time-varying. As a result,
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economists have built increasingly sophisticated statistical models to capture the character-
istics of financial markets’ volatility. Previous studies focus on parametric ARCH and
GARCH models, stochastic volatility models, implied volatility from certain option
pricing models or direct indicators of volatility such as ex post squared or absolute
returns. Partial surveys of the voluminous literature on these models are given by
Bollerslev et al. (1994), Ghysels et al. (1996) and Campbell et al. (1997).

Recently, there has been renewed interest in obtaining improved daily volatility
estimates by using high-frequency, intraday returns to construct daily “realized” or
“integrated” volatility. Daily realized volatility is obtained as the sum of intraday squared
returns. Using the theory of quadratic variation, Andersen and Bollerslev (1998) and
Barndorff-Nielsen and Shephard (2001a) show that the realized volatility estimator, say v,
is a consistent estimator of the actual volatility in the sense that v/ — o7, where o7 is the
actual (but unobservable) volatility.? This is an interesting result for it is model-free and
does not depend upon any particular form of ¢7.

In this paper, we construct and examine the distributional properties of daily futures
realized volatility using high-frequency, intraday futures returns. We consider four of the
most heavily traded futures contracts worldwide: the Deutsche Mark, the S&P500 index,
US Bonds and the Eurodollar.’

We find that the logarithmic realized standard deviations exhibit long memory and
approximate Gaussianity, while the standardized returns also exhibit approximate Gaus-
sianity but are serially uncorrelated. Our analysis confirms previous work by Andersen et
al. (2001a) (henceforth ABDL) and by Andersen et al. (2001c) (henceforth ABDE), who
found similar results for daily foreign exchange return volatilities and daily stock return
volatilities, respectively. Our approach differs, however, with the existing literature in
several respects. First, rather than relying on descriptive statistics and graphs in inves-
tigating the distributional properties of the time series studied, as in ABDL (2001a) and
ABDE (2001c), we perform a variety of formal statistical tests designed to capture the
distributional properties of the volatility and return series. Second, we conduct a
simulation study to examine the properties of these tests in the presence of long memory.
Third, we model the realized volatility and logarithmic standard deviations using
ARFIMA models and investigate the time-series properties of the series once long
memory is removed.* Finally, we apply the methodology of realized volatility in the
futures markets using a new dataset.

2 Barndorff-Nielsen and Shephard (2001b) examined the finite-sample properties of the realized volatility
estimator in a simulation study. Their experiments suggest that the realized volatility error can be substantial but
the theoretical results are reliable for the realized logarithmic standard deviation.

3 The concept of realized volatility has been used in financial economics for a number of years, but has been
applied mainly to data with lower than intraday frequency. Hsieh (1991) uses 15-min equity returns to construct
daily standard deviations. Campbell et al. (2001), Merton (1980), Poterba and Summers (1986), Schwert (1990)
and French et al. (1987) used daily returns in constructing monthly stock return volatilities. However, little was
known about the properties of the realized volatility estimator v? until recently.

4 Our modeling of realized volatility can be viewed as a univariate complement to the work of Andersen et al.
(2001b), who use a fractional vector autoregressive model (FVAR) to examine the joint behavior of three realized
volatility series.
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Our main motivation for applying a number of different tests for Gaussianity came from
the observation that the commonly employed Jarque—Bera statistic (essentially a joint test
for zero skewness and zero excess kurtosis) has been shown to over-reject the hypothesis
of normality, especially in the presence of serially correlated observations. This result is
frequently observed even when the empirical distribution function (edf) “looks” indis-
tinguishable from the Gaussian distribution function.” In addition to the Jarque—Bera test,
we use a number of normality tests, all of which are of the ““goodness-of-fit” variety. They
are the Anderson—Darling test, the Cramer—Von Misses test, the QQ test (the correlation
coefficient between the theoretical quantiles of the standard normal and the order statistics
of the sample) and the Kolmogorov—Smirnov test. Both the Jarque—Bera and the other
normality statistics have asymptotic distributions that are valid under the assumption of
independent observations. Since we find that our series can be well characterized as long-
memory processes, we provide an illustrative simulation study about the properties of
these tests when the data generating process exhibits long memory. Our simulation results
complement the theoretical work of Beran and Gosch (1991), and clearly suggest the use
of the “goodness-of-fit” tests for normality, as we find that the Jarque—Bera test is highly
oversized (i.e., over-rejects normality). Additional details can be found in Appendix B.

To preview our results, we find that the distributions of the raw returns for all four
futures contracts are highly non-Gaussian and leptokurtic. After normalizing the raw
returns by the realized standard deviations, the standardized return distributions become
statistically indistinguishable from the Gaussian distribution (the evidence on the Euro-
dollar futures contract is slightly mixed).The distributions of realized volatilities are all
highly non-Gaussian and skewed to the right. However, the distributions of the logarithmic
standard deviations for all the four futures contracts are approximately Gaussian. The
distributions of the six daily covariances among the Deutsche Mark, the Eurodollar, the
S&P500 and the T-bonds are highly non-Gaussian. Among the distributions of the daily
correlations, we find evidence of Gaussianity only for the pairs Deutsche Mark/T-bonds,
Eurodollar/T-bonds and S&P500/T-bonds. Our results suggest that all of the volatility
measures can be characterized by slowly mean-reverting fractionally integrated processes
with a degree of integration, d, estimated between 0.25 and 0.45. In addition, we find that
asymmetric volatility, the asymmetry in the relationship between past negative and
positive returns and future volatilities, is not statistically significant for the futures
contracts studied except possibly for the S&P500 index. Finally, we model the realized
volatility series using fractionally integrated ARMA (ARFIMA) models.

The remainder of the paper is organized as follows. The next section describes the data
and volatility calculations. The temporal characteristics of the volatility and correlations
are discussed in Section 3. Section 4 details the unconditional univariate return and
volatility distributions. Section 5 discusses the leverage effects in the realized volatilities
and realized correlations. The realized volatility modeling is discussed in Section 6.
Section 7 offers some concluding remarks. Appendices A and B contain details about the

3 In ABDL (2001a), even though the edfs of the logarithmic standard deviations, correlations and the daily
standardized returns appear to be Gaussian, the Jarque—Bera test statistic rejected the normality hypothesis for all
the series.
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test statistics and the simulation results on the finite sample properties of the normality
tests used in the paper.

2. Measurement and data
2.1. Data

In this section, we describe our dataset and discuss measurement issues. The T-bonds
contract is traded on the Chicago Board of Trade (CBOT). The S&P500, the Deutsche Mark
and the Eurodollar contracts are traded on the International Monetary Market unit of the
Chicago Mercantile Exchange (CME).® These markets were chosen for two reasons. First,
prices are available on a tick-by-tick basis and allows us to construct 5-min returns. The
daily transaction record extends from 9:30 EST until 16:15 EST for the S&P500 contract,
and from 8:20 EST until 15:00 EST for the Deutsche Mark, the Eurodollar and T-bonds
contracts. There is a total of eighty-one 5-min returns for each day for the S&P500 contract,
and a total of eighty 5-min returns for each day for the Deutsche Mark, the Eurodollar and
T-bonds contracts. Second, all four contracts are heavily traded. The T-bonds contract,
which calls for delivery of a U.S. Treasury bond with 15 or more years to maturity, is the
most heavily traded long-term interest rate contract in the world until the G-bund took over
the claim recently. The Eurodollar contract, which specifies cash delivery based on the
3-month London interbank offered rate, is the most heavily traded short-term interest rate
futures contract. While the Eurodollar rate is the rate paid on offshore interbank deposits
(to avoid insurance fees and regulations), it is a dollar rate dependent on domestic
monetary conditions. The S&P500 futures index contract is one of the most heavily traded
equity futures contract in the United States. Lastly, during our sample period, the Deutsche
Mark futures contract was the most heavily traded currency futures contract on the CME.
Our data are time and sale transaction prices, not bid-ask quotes, recorded by exchange
personnel who observe the pits and post the most recent price.” Our data set begins January
3, 1995 and ends December 31, 1999 for the S&P500 and the Eurodollar contracts, a total
of T=1261 trading days for the S&P500, 7=1258 for the Eurodollar; begins October 2,
1995 and ends September 30, 1999 for T-bonds contract, a total of 7=1003 trading days;
and begins January 3, 1995 and ends August 6, 1999 for the Deutsche Mark contract, a
total of T'=1157 trading days.® In calculating the returns series, we use the nearby
contracts to construct the continuous returns series for each futures contract.

Since the exchange does not record successive trades at the same price, the median
length between price changes should be the upper bound for the median length of the times
between trades. During the actual trading, market microstructure frictions, including price

° During the time period when the data are available, both the CME and CBOT have dual trading systems:
trading in the pit and electronic trading, but in different hours. However, the trading volume in the pit dominates
that in the electronic trading.

7 The exchange observers record every change in price but do not separately record successive trades at the
same price or trade volume.

8 The four contracts do not necessarily trade at the same time. They differ in terms of their holiday schedules
and trading hours. Detailed trading schedules are on the CME and CBOT websites.
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discreteness, infrequent trading and measurement errors, affect the actual price record. In
order to mitigate these effects while still sampling at a very high frequency, we use 5-min
return horizon in the analysis. We briefly describe the reasons for selecting the 5-min
interval and the construction of the 5-min return series in the following section.

2.2. Construction of realized futures volatility

Following ABDE (2001c) and ABDL (2001a), we construct the 5-min return series
from the logarithmic differences between the prices recorded at or immediately before the
corresponding 5-min marks. In practice, the selection of fixed-discrete-time return depends
on the balance between the need of sampling at very high frequencies to approximate
continuous-time models and the cost of market microstructure biases. Since tick-by-tick
prices are generally available at unevenly spaced time points, it is well known that the
uneven spacing of the observed prices and inherent bid-ask spreads may induce negative
autocorrelation in the fixed-discrete-time return series.’ Hence, the use of a fixed discrete
time interval may allow dependence in the mean to systematically bias our volatility
measures. Ultimately, the choice of fixed-interval return depends on market liquidity of the
contract studied. Compared with the Dow Jones stocks which has a median intertrade
duration varying from 7 s for Merck to 54 s for United Technology (ABDE, 2001c, p. 49),
the median length of duration between price changes for our four futures contracts ranges
from a low of 5 s for the S&P500 contract to a high of 44 s for the Eurodollar contract.'®
Therefore, the selection of 5-min returns is consistent with ABDE (2001c¢), who also use 5-
min returns to construct their volatility series.

In order to remove the serial correlation induced by the uneven spacing of the observed
prices and the bid-ask spread, we use an MA(1) model to “filter” the (demeaned) 5-min
return series. The estimated innovations are then used in place of the demeaned returns.''
Consistent with the spurious dependence which would be induced by the uneven spacing
of the observed prices and inherent bid-ask spread, all estimated moving-average
coefficients are negative, ranging from — 0.18 for the Eurodollar contract to — 0.02 for
the Deutsche Mark contract.

Let the (4 X 1) vector of raw, 5-min returns be denoted by r; , ;4 4, where ¢ stands for the
tth day, i stands for ith 5-min mark and 1/4 stands for the number of 5-min returns during a
trading day. The filtered series are then given by:

Erping = I +(:)L]71("z+m,4 —ry) (1)

where é=diag(91,92,@3,@4) is the (4 x 4) diagonal matrix of estimated MA coefficients
and 7, is the estimated sample mean vector over all observations

_ T 1/4
Fa=(4/T) Zt:l Zi:l Tevid.a-

? See, for example, Campbell et al. (1997).

19 The average number of price changes per day is 783 for the Deutsche Mark, 163 for the Eurodollar, 3366
for the SP500 and 1710 for T-bonds.

" We also experimented with the use of unfiltered and linearly interpolated 5-min returns. The empirical
results were very similar, and are available upon request.
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The realized daily covariance matrix, denoted C,, for the four futures contracts is then
computed as:
1/4
C = ZéHiA,Aét’HA,A (2)
i=1
where t=1,2, ..., T. Tis 1261, 1258, 1003, 1157 for the S&P500, the Eurodollar, T-bonds
and the Deutsche Mark contracts, respectively. 1/4 =281 or 80, depending on the contract.
The realized volatilities for the four futures contracts are given by the diagonal elements of
the realized daily covariance matrix denoted by vti-, j=1,2,3, 4. The corresponding daily
logarithmic standard deviations are denoted as /v,;= Inv,. The realized covariances are
given by the off-diagonal elements of the daily covariance matrix. For the pairs that have
the same trading hour schedule, i.e., for the covariances between the Deutsche Mark, the
Eurodollar and the T-bonds, the daily covariances are constructed by summing the cross
products of the 5-min returns within the day. For the pairs that do not have the same
trading schedule, i.e., between the S&P500 and other three contracts, the daily covariances
are constructed by summing cross products of 5-min returns when there is an overlap in
trading hours with the first three 5-min overlapped returns excluded.'? Due to the effect of
nonsynchronous trading between S&P500 and other three contracts, the correlations
between the S&P500 and other three contracts could be potentially biased. There will
be lagged response to news in the S&P500 futures market if news arrives after the
Eurodollar, T-bonds and the Deutsche Mark futures markets open, but before the opening
of the S&P500 futures. This lagged response will induce spurious covariances (Campbell
et al., 1997, p. 85). Ederington and Lee (1993) show that “the price adjustment to a major
news announcement occurs within the first minute, but volatility remains significantly
higher than normal for roughly fifteen minutes...”, providing a justification for the
exclusion of the first three 5-min returns.
With the above in mind, the realized daily correlation matrix is computed as:

R =V, ey’ (3)

where Vt:diag(v,zl,vtzz,vtzg,,vi). By explicitly treating the volatilities and correlations as
observable, we can now rely on conventional statistical procedures to characterize their
distributional properties.

As a matter of definition, let r; denote the vector of the daily unfiltered raw return series
and ¥ denote the corresponding sample mean over all trading days. The vector of
standardized daily returns is now given as:

2=V, "P(r,—7) (4)

3. Persistence and long memory

One of the empirical regularities of asset returns is the long-run temporal dependencies of
return volatilities. The literature on volatility modeling has documented that such temporal

12 We would like to thank the referee for this suggestion.
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Fig. 1. Time series for the Deutsche Mark series.

dependencies are highly persistent. Fig. 1 plots the time series for the realized variance and
realized logarithmic standard deviation (along with the return and the standardized return)
for the Deutsche Mark futures contract.'® The two volatility measures (top panel) appear
positively serially correlated, consistent with the well documented volatility clustering
effect reported in the ARCH, stochastic volatility and realized volatility literature.'*

The following section explores the time-series properties of the logarithmic standard
deviations, correlations and standardized returns in more detail.'®

3.1. Logarithmic standard deviations

Table 1 lists a number of test statistics about the temporal correlation properties of the
logarithmic standard deviations for all series. The fourth column summarizes the value of
the standard Ljung—Box portmanteau test for the joint significance of the first 20
autocorrelations of the logarithmic realized daily standard deviations, /v, The null
hypothesis of no serial correlation is overwhelmingly rejected for all four futures contracts.
The fifth column presents the value of the McLeod—Li test statistics; the test results are the
same as the results from the Ljung—Box test.'® The top two panels of Fig. 2 depict the

'3 Throughout the discussion, we only report figures for the Deutsche Mark contract. Figures for the other
contracts are similar and available upon request.

14 See Lamoureux and Lastrapes (1993), Kim and Kon (1994), ABDE (2001¢) and ABDL(2001a).

!5 Note that we address the serial correlation characteristics of the time series first and then discuss their
distributional properties. This is because the behavior of the test statistics used to assess the distributional
properties depends on the temporal persistence of the series.

16 This test has the same format and distribution as the Ljung—Box test but is applied to the squares of the
series.
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Table 1
Dynamic volatility dependence
Daily standard returns [(r,—7)/v,]  log S.D. (log V) Correlations
O Q3% dsp O 05 dsp Pair O 0%  ds
DM  29.73 1.58 —0.0028 2973 229  0.3508 DM, ED 650 723 0.2892
(0.0298) (0.0298) (0.0327)
ED  21.66 11.92 —0.0423 5373 89  0.3949 DM, US 636 936  0.2615
(0.0288) (0.0288) (0.0327)
SP 40.44 4.84 —0.1137 7458 164  0.4562 ED, US 279 111 0.2443
(0.0288) (0.0288) (0.0327)
[N} 20.13 6.57 —0.0576 704 35 0.2598 SP, DM 952 871  0.3313
(0.0315) (0.0315) (0.0316)
SP, ED 4733 6109  0.3976
(0.0316)
SP, US 9001 4818  0.5023
(0.0316)

(1) The sample covers the period from January 3, 1995 through December 31, 1999 for the S&P500 and
Eurodollar contracts; October 2, 1995 through September 30, 1999 for the U.S. bond contract; January 3, 1995
through August 6, 1999 for the Deutsche Mark.

(2) DM stands for the Deutsche Mark, ED for the Eurodollar, SP for the S&P500 and US for the U.S. T-bonds.
(3) Oy is the Ljung—Box portmanteau test for autocorrelation using 20 lags. The 5% critical value of the X3,
(0.05) distribution is 31.41. X3, is the McLeod—Li portmanteau test for autocorrelation in the squares of the series
using 20 lags.

@) dsp is the estimate of the fractional order using the Gaussian semiparametric estimator of Robinson (1995b).
Standard errors are in parentheses.

autocorrelations for the two volatility measures regarding the Deutsche Mark futures. From
the figure, we see that the autocorrelations are systematically above the conventional
Bartlett 95% confidence error bands, confirming the results from the Ljung—Box and the
McLeod—Li tests. Moreover, the two autocorrelations start around 0.4 and 0.5 and decay
very slowly.

The low first-order autocorrelations, along with their slow decay, suggest that the
logarithmic realized standard deviations do not contain a unit root but exhibit long
memory. A number of studies argue that the long-run persistence in financial market
volatility may be modeled by fractional integrated ARCH or stochastic volatility models
(see, for example, Breidt et al., 1998; Robinson and Zaffaroni, 1998; ABDE, 2001c). The
sixth column of Table 1 presents the estimates for the degree of fractional integration, or d,
for the logarithmic standard deviations for all the four futures contracts. These estimates
are obtained using the Gaussian semiparametric estimator of Robinson (1995b).'” The
estimates for the degree of fractional order for the four contracts are between 0.25 and
0.45, and are all statistically significantly different from both 0 and 1. Importantly, the
parameter estimates d are more than two standard errors away from 0.5 (with the exception
of the upper bound of the S&P500 confidence interval which is 0.5126, just outside of the
stationary range) implying that the realized logarithmic standard deviations can be treated
as covariance stationary and fractionally integrated.

'7" Similar results were obtained by using the log-periodogram regression method (see, for example, Geweke
and Porter-Hudauk, 1983; Robinson, 1995a).
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Fig. 2. Correlograms for the Deutsche Mark futures.
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Fig. 3 depicts the correlograms for the correlation pairs among the Deutsche Mark,
Eurodollar, S&P500 and T-bonds futures. All panels indicate temporal dependencies. The
Ljung—Box statistics for the joint significance of the first 20 autocorrelations, given in the
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Fig. 4. Correlograms for the S&P500 futures.

rightmost columns of Table 1, confirm the visual results from the correlograms and reject
the null hypothesis of no correlation. The results are similar for the McLeod—Li statistics.
The correlograms for the correlation pairs between the S&P500 and the Eurodollar and the
S&P500 and the T-bonds contracts start around 0.6 and 0.8, respectively, and decay very
slowly. They are much more persistent than other pairs whose autocorrelations start around
0.3."® Our estimates for the fractional order d for the correlations are significantly different
from 0 and 1 with values varying from 0.24 to 0.50.The realized correlations for all pairs,
except for the pair between S&P500 and T-bonds, can be treated as covariance stationary
as the parameter estimates for the fractional order d are more than 2 S.D. away from 0.5
(with the exception of the upperbound of the S&P500 and T-bond pair confidence interval
which is 0.5642).

3.3. Standardized returns

The standardized returns series are, visually and statistically, serially uncorrelated. The
results in the left panel of Table 1 indicate that the estimates of the fractional order d are all
negative (indicating short memory or antipersistence) and statistically insignificant from
zero at the conventional 5% level, except for the S&P500 series which has a f-ratio of
—3.95. The two portmanteau tests for serial correlations have values less than the critical
value of the #3,(0.05) distribution, which is 31.41, again except for the S&P500 series
whose Ljung—Box test value is 40.44. The McLeod—Li test does not indicate any
significant correlation in the squares of the series. We note, however, that the correlogram

¥ We also experimented with excluding more 5-min returns in constructing daily correlations between the
S&P500 and the other three futures returns. The results do not change.
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values of the S&P500 series are inside the 95% critical values of 1.967 /2, indicating that
the series has no serial correlation (Fig. 4). Therefore, there is strong evidence that all
standardized returns series are serially uncorrelated.

In summary, the temporal characteristics of the realized logarithmic standard devia-
tions, realized correlations and the standardized returns for our futures returns series are
consistent with the findings from ABDE (2001c) for the Dow Jones stocks and ABDL
(2001a) for the exchange rates. Both the realized logarithmic standard deviations and
realized correlations can be adequately described by long-memory processes while the
standardized returns series are serially uncorrelated.

4. Distributional properties

4.1. Returns and standardized returns

The summary statistics in Table 2 show that the daily raw returns analyzed have fatter
tails than the normal distribution. Two futures returns (the Deutsche Mark and the

Table 2
Unconditional daily returns distributions

Returns (r,) Standard returns [(# — r)/v,]

D-Mark E-Dollar S&P500 T-bonds D-Mark E-Dollar  S&P500 T-bonds
N 1157 1258 1261 1003 1157 1258 1261 1003
Mean —0.0002 2.62E—5  0.0008 0.0001 —0.1050  0.0248 0.2012 0.0516
S.D. 0.0062 0.0005 0.0109 0.0053 1.2805 0.7921 1.1146 1.0484
Skewness  0.1521 0.2966 —0.5097 —0.4824 —0.1613 0.1644 0.2184 0.0130
Kurtosis 59134 10.5153 9.0817 4.9463 3.0147 3.1579 3.0521 2.5032
AD 7.5938% 28.6440% 12.2239*  2.4311° 0.6285 0.8174 0.8987 1.2203
CVM 1.3934% 5.2202% 2.1093% 0.3401% 0.0918 0.1521 0.1632 0.1887
JB 412,94 2976.6 1996.4*  196.61*  5.0164°  6.9657°  10.1583*  10.3125
KS 1.8985% 4.2710% 2.4716° 1.1798° 0.8123 1.8729° 0.9413 0.7633
QQ 0.9836" 0.9467% 0.9695% 0.9891* 0.9986 0.9987 0.9984 0.9976°

(1) The sample covers the period from January 3, 1995 through December 31, 1999 for the S&P500 and
Eurodollar contracts; October 2, 1995 through September 30, 1999 for the U.S. bond contract; January 3, 1995
through August 6, 1999 for the Deutsche Mark.
(2) N is the number of observations. All summary statistics are calculated from daily decimal (standardized)
returns. E is 10 to the power of.
(3) AD, CVM, JB, KS and QQ are values of the normality test statistics of the Anderson—Darling, Cramer— Von
Misses, Jarque—Bera, Kolmogorov—Smirnov and the QQ correlation coefficient between the sample and
standard normal quantiles.
(4) The critical values derived under independence are: AD test: 1.929 (10%), 2.502 (5%) and 3.907 (1%). CVM
test: 0.341 (10%), 0.458 (5%) and 0.744 (1%). JB test: 4.605 (10%), 5.992 (5%) and 9.210 (1%). KS test: 1.218
(10%), 1.350 (5%) and 1.628 (1%). QQ test: 0.998 (10%), 0.995 (5%) and 0.993 (1%).
(5) For the QQ test, reject the null hypothesis of normality if the table value is less than 0.995 at the 5% level,
0.993 at the 1% level.

* Significance at the 1% level.

® Significance at the 5% level.

¢ Significance at the 10% level.
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Fig. 5. Kernel density estimates for the Deutsche Mark futures.

Eurodollar) are skewed to the right while the other two (the S&P500 and T-bonds) are
skewed to the left. The sample kurtosis coefficient for all daily returns is greater than 3,
with T-bonds having the smallest estimate of about 4.9. The bottom left panel of Fig. 5
shows the kernel density estimate for the daily raw returns for the Deutsche Mark contract,
along with a normal reference density.'” The result is consistent with the existing literature
that find that the distribution of the daily returns in the asset markets is not normal.

Also presented in Table 2 are the summary statistics for the standardized returns series.
These are statistically unconditionally normally distributed for all the four futures contracts
considered. The sample skewness for all four contracts is close to zero and the sample
kurtosis is around 3. This is also evident from the bottom right panel of Fig. 5, which has
the plot of the kernel density estimate for the (mean-zero and unit-variance) standardized
returns for the Deutsche Mark contract, along with a normal reference density. The close
approximation to the normal densities contrasts sharply to the leptokurtic distributions for
the standardized daily returns that are typically obtained when relying on an estimate of
the 1-day-ahead conditional variance from a parametric ARCH or stochastic volatility
model (see, e.g., Bollerslev et al., 1994 for a general discussion). Instead, the summary
statistics and figures for these futures returns are consistent with those for the standardized
exchange rate returns and the standardized stock returns in ABDE (2001c) and ABDL
(2001a), respectively.

In contrast to the above-mentioned papers, we formally test the normality hypothesis. We
employ five statistics in testing whether standardized futures returns are normally dis-
tributed. These are the Anderson—Darling (AD), Cramer—Von Misses (CVM), Jarque—Bera

9" All kernel density estimates are based on a Gaussian kernel with the bandwidth /7 determined by the
standard formula s7=1.364sT""° where s is the sample standard deviation.



D.D. Thomakos, T. Wang / Journal of Empirical Finance 10 (2003) 321-353 333

Table 3
Unconditional daily volatility distributions

Volatilities (v7) log S.D. (log v,)

D-Mark E-Dollar S&P500 T-bonds D-Mark E-Dollar  S&P500  T-bonds
N 1157 1258 1261 1003 1157 1258 1261 1003
Mean 2.19¢e—5 375¢—7 94le—5 248e—5 —55133 —7.6379 —4.8539 —54397
S.D. 24le—5 577¢—7 149e—4 2.83e—5 0.3605 0.4570 0.4364 0.3419

Skewness  5.3815 8.1094 10.3267 8.1768 0.4415 0.4312 0.3411 0.6086
Kurtosis ~ 48.1144 113.5945  172.2231  118.0011  3.8888 3.1138 3.4592 3.8306

AD 120.0047°  161.4947* 168.1104* 106.0506* 3.4085" 3.4944° 1.2202 3.3705°
CVM 223093  30.6611"  31.6503" 19.6844*  0.5287° 0.4168° 0.1282 0.5202°
B 103524* 654383 1525808"  562196" 75.5421"  39.6350"  35.4981"  90.4839"
KS 7.1873% 9.7983% 9.8790° 7.3172° 1.4412° 1.6003° 0.7620 1.2772¢
QQ 0.7464* 0.6735* 0.6313* 0.7020* 0.9930° 0.9921* 0.9958° 0.9901*

See Table 2 for the sample span and description of statistics.
# Significance at the 1% level.
® Significance at the 5% level.
¢ Significance at the 10% level.

(JB), Kolmogorov—Smirnov (KS) and the QQ correlation coefficient based on the
correlation coefficient between the theoretical quantiles of the standard normal distribution
and the order statistics of the sample.”® Since the standardized returns were found to be
serially uncorrelated, the usual critical values can be used when applying these tests. Based
on the JB test in Table 2, the normality hypothesis is rejected for the standardized returns for
all four futures contracts. The JB test statistics range from 5.0164 for the Deutsche Mark to
10.3125 for the T-bonds futures. None of the AD or CVM test statistics can reject the null
hypothesis of normality for any of the futures standardized returns. The KS test cannot reject
the normality hypothesis for the standardized returns for the Deutsche Mark, the S&P500
and the T-bonds contracts, but reject the hypothesis for the Eurodollar contract at the 1%
level with the test statistic being equal to 1.8729. The QQ statistic rejects the null hypothesis
for the T-bonds futures at the 10% level but not for the other three futures.?' We emphasize,
however, as all statistics will eventually reject the null hypothesis as the sample size
increases, it is reasonable to emphasize the critical values at the 1% level instead of the 5%
level. Therefore, based on the results from virtually all of the tests, the standardized futures
returns studied here are Gaussian to a very good approximation. These results are also quite
consistent with the descriptive statistics and density plots discussed above.

4.2. Volatilities and logarithmic standard deviations

Table 3 provides the same set of summary statistics for the unconditional distribution of
the realized daily volatilities and the realized logarithmic standard deviations. The realized
volatilities, the sum of the 5-min return squared, have means of 2.2e — 5, 3.8e —7,

20 Details on the five test statistics are given in Appendix A.

2l The QQ plots corresponding to the returns and standardized returns for the Deutsche Mark contract are
given in the bottom panel of Fig. 5. However, the QQ plot is a descriptive device and it is not a test for statistical
inference. See also the discussion at the end of Appendix B.
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9.4e — 5 and 2.5¢ — 5, respectively, for the Deutsche Mark, the Eurodollar, the S&P500
and the T-bonds futures contracts, implying an annualized standard deviation for the four
futures contracts of approximately 7.4%, 1%, 15.4% and 7.9%, respectively. The standard
deviations given in the third row also indicate that the realized daily volatilities fluctuate
across different futures markets. Furthermore, the distributions of the realized volatilities
are extremely skewed to the right and have much fatter tails than the normal distribution,
as indicated in rows four and five of Table 3.2

Also shown in Table 3 are the distributional characteristics for the realized logarithmic
standard deviations of the four futures contracts. The values of the sample kurtosis
coefficient across all four contracts are reduced to about 3. In this case, the assumption
of normality is clearly more appropriate. This point is also illustrated by the kernel density
plot in the upper right panel of Fig. 5 for the Deutsche Mark futures contract, which graphs
the unconditional sample distribution for the logarithmic standard deviation along with the
standard normal density.

We employ the same five statistics in testing the normality hypothesis for the realized
logarithmic standard deviations, as we did for the returns and standardized returns. As
previously discussed, the logarithmic standard deviations exhibit strong temporal correla-
tion in the form of long memory. It is possible that the presence of long memory can have
adverse effects on the performance of the normality test statistics. Following the suggestion
of the referee, we performed a simulation study (see the discussion in Appendix B) to
examine the extent of these effects using sample sizes similar to those of our futures series.
Our results (summarized in Table B.1) indicate that for the type of persistence exhibited by
the logarithmic standard deviations, the use of the JB test is inappropriate as the test is
oversized. When a series exhibits long memory and the sample size is between 7= 1000 and
1500, the JB statistic over-rejects the (true) null hypothesis while the other statistics do not.
In particular, the JB test rejects more than 40% of the time the null hypothesis of Gaussianity
when the nominal size used in the simulation is 5%. However, the other four normality
statistics are largely unaffected by persistence in the data. In particular, we find that all of
them are actually undersized when the fractional order is set to d=0.3 but they are about
correctly sized when the fractional order is d=0.4 and 7= 1200 or 1500; for d=0.4 and
T=1000, the tests are only mildly oversized, with an empirical rejection frequency of about
10%. Therefore, as the degree of fractional integration increases, a larger sample size is
required in order for the tests to be correctly sized. The Cramer—Von Misses (CVM) test
statistic has the best overall performance for d= 0.4, in the sense of being less oversized than
the other statistics for 7=1000 (with an empirical rejection frequency of 8.5%) and being
correctly sized for 7=1200 and 1500 (with empirical rejection frequencies of 5.6% and
4.7%, respectively). The Kolmogorov—Smirnov (KS) test statistic appears to be the second
best, while the Anderson—Darling (AD) test statistic can be ranked as third best. The QQ
correlation coefficient test statistic is still undersized. Table B.2 gives the 95% and 99%
empirical quantiles of all five test statistics, which can serve as rough guides in examining

22 We do not present the summary statistics for the realized standard deviations since the realized standard
deviations exhibit the same properties as the realized variances. The square root transformation of the variances to
standard deviations reduces both the skewness and kurtosis estimates significantly. However, the distributions of
the realized standard deviations are still skewed to the right and are significantly leptokurtic.
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the changes on the tests’ critical values as we move from independent observations to
observations with long memory. For the JB test, these empirical quantiles are three to seven
times larger than the conventional critical value from a chi-squared distribution with 2 df. For
the other four tests, the empirical quantiles are quite close to those derived under the
assumption of independent observations and, therefore, the latter critical values can be used
in applications.

In summary, our simulation results suggest that when observations exhibit long
memory, the use of the JB test statistic for assessing normality cannot be entertained as
an appropriate choice. In contrast, all the other four test statistics appear to be largely
unaffected by the presence of long memory and their use is thus recommended, at least
when the sample sizes used for their construction are of the same (or larger) magnitude
with the ones used in this study.

Not surprisingly, based on the statistics from the JB test in Table 3, the normality
hypothesis is rejected for the logarithmic standard deviations for all four futures contracts.
Neither the AD nor the CVM test statistics reject the normality hypothesis at the 1% level
for the logarithmic standard deviations of the four futures contracts, but they do reject the
normality hypothesis at the 5% level (CVM on Eurodollar is at the 10% level), except for
the S&P500 futures where normality is not rejected. The results from the KS tests are
similar to the results from both the AD and CVM test statistics. The null hypothesis of
normality is not rejected at the 1% level for all the four futures contracts. Based on the QQ
test, the normality hypothesis for the Deutsche Mark and the S&P500 cannot be rejected at
the 1% level, but is rejected for the Eurodollar and T-bonds contracts (0.9930 is the 1%
significance level for the QQ test when the sample size is 7>300). However, since the
critical values for the QQ test are really close to each other, it is difficult to be sure whether
the test has rejected the null hypothesis or not. In practice, values of QQ over 0.99 are
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Fig. 6. QQ plots for the Deutsche Mark futures.
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strong indications for normality. The QQ plot for the Deutsche Mark contract is presented
in the upper panel of Fig. 6.

The evidence on logarithmic standard deviations is consistent with Taylor (1986) and
French et al. (1987), who find that the distribution of logarithmic monthly standard
deviations constructed from the daily returns within the month is close to the Gaussian
distribution. It is also consistent with ABDL (2001a) and ABDE (2001c), who find that
realized daily foreign exchange rate volatilities and realized daily stock returns volatilities
constructed from intraday high-frequency data are approximately log-normally distributed.
Hence, the statistical evidence in Tables 1 and 2 imply that the unconditional distribution
for the daily futures returns can be well approximated by a continuous lognormal—normal
mixture, the Mixture-of-Distributions-Hypothesis proposed by Clark (1973).

4.3. Covariances and correlations

Table 4 has the summary statistics and normality tests for all pairs of daily realized
covariances and correlations. These describe the relationships among one exchange rate,
one equity market index, one long-term interest rate and one short-term interest rate.

All covariance pairs are heavily leptokurtic and either skewed to the right (Deutsche
Mark, Eurodollar and T-bonds covariance pairs) or skewed to the left (S&P500 covariance
pairs). The assumption of Gaussianity is strongly rejected for all six covariance pairs.

The six correlation pairs retain the same signs in their sample skewness coefficients as
the covariance pairs. However, the sample kurtosis coefficients are now considerably
smaller than the corresponding ones for the covariances. They vary from 2.43 to 3.88. The
normality test statistics reject the hypothesis of Gaussianity for three correlation pairs,
those between the Deutsche Mark and the Eurodollar, between the S&P500 and Eurodollar
and between the S&P500 and the T-bonds, but can not reject normality for the other three
correlation pairs. Fig. 7 presents the kernel density estimation for six correlation pairs,
which conforms to the results in Table 4.

In summary, our results suggest that most of the realized correlations are approximately
normally distributed; however, the evidence is not as strong as the evidence on realized
logarithmic standard deviations.

5. Asymmetric volatility

Previous studies have documented the asymmetric relationship between equity vola-
tility and returns: positive returns have a smaller impact on future volatility than have
negative returns of the same absolute size. There are two popular explanations for the
existence of asymmetric volatility. The leverage effect posits that a large negative return
increases financial leverage, raising equity return volatility (Black, 1976; Christie, 1982).
On the other hand, the volatility feedback or time-varying risk premia explanation argues
that if the market risk premium is an increasing function of volatility, an anticipated

23 See Appendix B for a discussion about deviations from the 45° line in a QQ plot in the presence of
observations with long-memory.
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Table 4
Unconditional daily covariance and correlation distributions covariances

(DM, ED) (DM, US) (ED, US) (SP, DM) (SP, ED) (SP, US)
Covariances
Mean 3.33e -8 9.6le—10 1.43e—6 —5.50e -6 2.34e -7 2.88¢—6
S.D. 1.25¢—6 5.84e—6 2.73e—6 1.35¢ -5 2.20e—6 2.16e—5
Skewness 17.901 0.7294 7.7048 —7.0999 —3.9545 —2.1761
Kurtosis 486.28 29.253 84.545 96.1229 58.058 26.833
AD 169.337° 50.6356" 150.756° 134.521% 139.953* 54.419°
CVM 33.6012° 9.5156" 29.3353% 25.8687" 27.5334° 10.3144°
B 11311578 27250° 282658 426298 161531* 24359°
KS 8.7398" 4.8555% 9.1942% 7.8391° 8.7694" 5.2861°
QQ 0.5723* 0.8734* 0.6343* 0.7212* 0.7454* 0.8743"
Correlations
Mean 0.0005 —0.0136 0.4287 —0.1309 0.1118 0.1830
S.D. 0.1673 0.1626 0.1922 0.1934 0.2743 0.3911
Skewness 0.4166 0.1325 0.0975 —0.2721 —0.6522 —0.6717
Kurtosis 3.8824 2.6592 2.5568 3.1561 3.4225 2.4276
AD 4.3771% 0.7221 1.3846 1.5948 10.3781% 23.3647°
CVM 0.6975° 0.1022 0.2100 0.2378 1.7652% 4.0247%
B 70.9401° 7.0965° 9.6203* 15.4029° 98.1569" 88.5005"
KS 1.7454* 0.8183 0.8652 1.0342 2.7748* 3.6639°
QQ 0.9924° 0.9973¢ 0.9976¢ 0.9971¢ 0.9858" 0.9658°

(1) DM stands for Deutsche Mark, ED stands for Eurodollar, SP for the S&P500 and US stands for the U.S. T-bonds.
(2) See Table 2 for the sample span and description of statistics.

* Significance at the 1% level.

® Significance at the 5% level.

¢ Significance at the 10% level.

increase in the volatility increases the risk premium, raising the required return on equity,
leading to an immediate decline in equity price. Therefore, large negative returns increase
future volatility more than positive returns due to a volatility feedback effect (Pindyck,
1984; French et al., 1987; Campbell and Hentschel, 1992; Bekaert and Wu, 2000). ABDE
(2001c) examined the evidence on asymmetric volatility using realized volatilities on Dow
Jones stocks. This section reexamines the relation between volatility and returns using the
realized futures return volatility. While asymmetric volatility has been examined exten-
sively for stock returns, it has not been examined closely for futures returns. Furthermore,
since the relationships estimated here are for the futures volatility and returns, the leverage
hypothesis can not be applied because there is no issue of financial leverage except
possibly for the S&P500 futures.

5.1. Logarithmic standard deviations

We first look for asymmetric effects on the realized logarithmic standard deviations. In
order to control for the strong serial correlation discussed in Section 3, it is important that
the dynamic dependencies are properly modeled. Towards this end, we use the fractionally
differenced logarithmic standard deviations as our dependent variable where the fractional
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Fig. 7. Kernel density estimates for the correlations.

order d is fixed at the dgp estimates reported in Table 4. We then estimate the following
equation using least squares:

(1 — L)dsp'/lvtj = OC] + ﬁj(l — L)dsp’/l\/tflj + “/jrt,u + 5jrt,1jl(rt,1:j < 0) "‘ ulj (5)

where /(-) is the indicator function, j stands for one of the four futures contracts, /v, is the
logarithmic realized standard deviation at time ¢, /v, _ y; is the lagged logarithmic standard
deviation and r, _ ; ; is the lagged return. Our specification is consistent with the literature
on the effects of lagged returns and is similar to that in Duffee (1995), Engle and Ng
(1993) and Nelson (1991), but differs from that in ABDE (2001¢).>* The coefficient on the
interacting term J; is the one that captures any asymmetries. If asymmetries are indeed
present, we would expect J; to be negative and larger (in absolute magnitude) than the
return coefficient y;.

Table 5 reports the regression estimates with their standard errors for all four contracts.
The 7y, coefficient from the Deutsche Mark regression is positive and statistically
significant while the coefficient from the T-bond regression is negative and statistically
significant. The y; coefficients are not statistically significant for the Eurodollar and
S&P500 regressions. As for the asymmetry coefficient §;, the estimates are equal to
—7.2101, 1.4085, — 12.7742 and 19.6546 for the Deutsche Mark, Euro Dollar, S&P500
and T-bond, respectively, and only that of S&P500 is statistically significant at the 1%
level. The result on S&P500 futures contract is consistent with the asymmetric volatility
literature, indicating asymmetry in the influence of past negative and positive stock index
returns on current stock index volatility. Conversely, the results on the three other futures

24 We thank the referee for suggesting to include the lagged filtered logarithmic standard deviations in the
estimation as the filtered series still exhibit some serial correlation (see Section 6).
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Table 5
News impact functions for log S.D.

Coefficient estimates and S.E.

o B Vi 9
D-Mark  —0.4575 (0.0304)*** 0.0311 (0.0466) 6.1779 (3.7322)* —7.2101 (6.4429)
E-Dollar ~ —0.0044 (0.0003)***  —0.0429 (0.0359) —0.4825 (0.4648) 1.4085 (0.7229)*
S&P500  —0.2284 (0.0157)***  —0.1091 (0.0326)*** 0.3258 (1.2440) — 12.7742 (1.9891)***

T-Bonds  —0.7343 (0.0575)*** 0.1388 (0.0519)***  —12.6609 (6.1446)** 19.6546 (10.6464)*

(1) Least squares coefficient estimates for the regression

(1- L)‘j/lvti: o+ Bi(1 = LYWlv, byt S gl — 1< 0) 4 g

where djsp is fixed at the estimate of the fractional order from Table 4, I(-) is the indicator function and 7, _ ;; is
the lag of the standardized return of the jth contract. Standard errors are in the parentheses. Newey—West
heteroscedasticity and autocorrelation consistent standard errors are in parentheses (using 20 lags).

(2) *Significance at the 10% level. ** Significance at the 5% level. *** Significance at the 1% level.

contracts do not support the existence of asymmetric volatility, i.e., negative shocks having
a larger effect on volatility than positive shocks of the same magnitude.

Our results are consistent with that of ABDE (2001c) who found that the economic
importance of asymmetric effects was marginal. Fig. 8 displays the scatterplots for the
logarithmic standard deviations against the lagged standardized returns of the four futures
contracts. The asymmetric effect is clearly not apparent except for the S&P500 series
where the news impact curve is more steeply sloped to the left of the origin. Similar results
have been reported in Tauchen et al. (1996).
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Fig. 8. News impact functions for daily logarithmic standard deviations.
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5.2. Correlations

Previous literature has found statistically significant asymmetries in the covariances or
correlations for returns on stock portfolios (Kroner and Ng, 1998; Ang and Chen, 2002),
as well as Dow Jones stock returns (ABDE, 2001). In this section, we look for evidence on
asymmetries on six futures correlations between the Deutsche Mark, the Eurodollar, the
S&P500 and the T-bonds futures. The relevant equation used to look for evidence of
asymmetric volatility in the realized correlations is given by:

d’\SP.i' _ 1
(1= L)™eorryy; = oy + Oyze15 + Bywe15 + VWil

FOywit gl 1+ ey (6)

where dsp,ij are the estimates of the fractional order from Table 1, w,_; = r,_1; +
Feoijzi—1y = (1 — L)dilvt, (1= L)dflv,, 1, and AR vy =1(r,—1pr.—1;>0)and
I _ 15 =1(r,~1,;<0,r,_;<0) are two indicator functions. r,_, and r,_ ; are the
lagged returns. The estimation results are summarized in Table 6. Note that §,; gives us the
measure on asymmetry with a negative §;; indicating asymmetric effects of lagged returns
on correlations. While we do not adopt the specification in ABDE (2001c) who used the
lagged logarithmic standard deviation as explanatory variable to test for asymmetry, our
specification is in line with the literature and similar to their specification in spirit, and can

Table 6

News impact functions for correlations

Pair Coefficient estimates and S.E.
% Oy Bis Vi 9

DM, ED 0.0032 0.0047 0.0011 4.6269 —3.1883
(0.0078) (0.0055) (0.0048) (1.8104)%%+ (2.4036)

DM, US 0.0104 0.0083 0.0550 4.3698 —2.6171
(0.0131) (0.0061) (0.0039)%** (1.4008)*** (2.0452)

ED, US 0.0347 —0.0240 —7.4764 10.1606 —4.9530
(0.0135)*** (0.0057)*** (2.9247)%** (3.6449)*** (2.9436)*

SP, DM —0.0063 0.0021 1.9003 —1.9410 1.8413
(0.0057) (0.0057) (0.6064)%++ (0.6063)%** (0.6982)%*

SP, ED —0.0217 —0.0269 2.6281 —0.7466 —5.0499
(0.0064)*** (0.0062)*** (0.5754)%** (1.0746) (1.5188)%**

SP, US —0.0438 —0.0232 3.4122 —1.3111 —5.1173
(0.0103 %% (0.0061 %% (0.7402)%+ (1.0518) (1.2231)%

(1) Least squares coefficient estimates for the regression. Standard errors are in the parentheses.
(1 = LY"corr, ;= o+ Oz, — 157 PiyWe — 15w viWi — 1l 15+ 0w — Lil7— 1T uy
where w; 1 ;=1 1t 71,z 71— LYy, Lt — LYy, 1,
and where 7, i =1 (ry— 11— 1,>0) and 1,2, 1,ij =1 (r —1,;<0, r,_;<0) are two indicator functions.
(2) Newey— West heteroscedasticity and autocorrelation consistent standard errors in parentheses (using 1 lag).
(3) Significance at the 5% level.
*Significance at the 10% level.

** Significance at the 5% level.
*#%* Significance at the 1% level.
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Fig. 9. News impact functions for daily correlations.

clearly shed some light on whether negative lagged returns have asymmetric effects on
realized correlations.

The last column in Table 6 indicates that estimates on J;; are all negative except for the
pair between the Deutsche Mark and the S&P500. The estimates for J; are statistically
significant at the 1% level for the correlations pairs related with S&P500, but not for the other
correlation pairs. Fig. 9 plots the daily realized correlations against the (pairwise) average
lagged standardized returns for the six correlation pairs. As with the realized logarithmic
standard deviations, the systematic influence of the asymmetric effect is not very apparent.

6. Realized volatility modeling

In this section, we present a limited analysis and relevant results from ARFIMA
modeling of the realized volatilities and the logarithmic standard deviations.?® The main
objective of this analysis is to examine, in some detail, the temporal correlation that
remains in the series after accounting for long-range dependence. This is of interest if, for
example, one wants to perform out-of-sample forecasting using the realized volatility
series. However, as our purpose in this paper is not to examine forecasting performance of
different models for futures volatility, we simply present in-sample estimation results.
Nevertheless, our model is similar to that in ABDL (2001b), which uses a multivariate

25 See Appendices A and B for details about ARFIMA models.
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Table 7
ARFIMA models for realized volatility and logarithmic standard deviations

Realized volatility

Coefficient estimates Lx1073
D-Mark (1 —L)31%2=¢,4+0.156¢,_ 1 —0.158¢, _ s 10.833
E-Dollar (1 —L)*3*%2=¢,+0.252¢,_, 16.365
S&P500 (1 =L)39%2=¢,—0.109¢, _ 5 9.521
T-bonds (1 —=L0)*M8y2=¢,—0.220¢, _ 1o 9.118

Logarithmic standard deviations

Coefficient estimates Lx1073
D-Mark (1= L)*21y,=0.7821v,.5+€,+0.691€, _ s —0.167
E-Dollar 1= L)y, =0.7902lv,.5+€,+0.692€, _ s —0.384
S&P500 (1 =), =1.2721v,.; + 1.118Iv,.5+ e, + 1.285€,_ 1 + 1.119%, _s —0.159
T-Bond (1 —=L)*%,=0.297lv,.; +0.152Iv, _ s+ €, + 0.663%¢,_ | + 0.126%, _ s —0.432

(1) € is assumed iid (0,6%). (2) Estimation by maximum likelihood in the frequency domain. (3) All estimated
coefficients significant at the 1% level. (4) L is the value of the maximized log-likelihood function. (5) Fractional
order coefficient jointly estimated with ARMA coefticients.

VAR to model and forecast realized exchange rate volatility. Using a new dataset on
futures contracts, we present a univariate ARFIMA modeling of the realized futures
volatility. Thus, our results complement the results in ABDL (2001b).

Using the fractional order estimates dsp of Table 1, we first fractionally differenced the
realized volatilities and logarithmic standard deviation series to obtain #~(1 —L)ds"y,j,
with y,= vé, or y,;=Iv;. Then, we used traditional identification techniques to determine an
appropriate ARMA(p,q) model for the demeaned series. Finally, we reestimated (using
maximum likelihood (ML) in the frequency domain) all parameters of the ARFIMA model
simultaneously, that is, the autoregressive and moving average parameters as well as the
fractional order parameter d. Our estimation results are summarized in Table 7.%°

In general, the ARFIMA models for the realized volatilities are simpler and more
parsimonious than their counterparts for the logarithmic standard deviations. The
ARFIMA estimates for the fractional order are, in most cases, in close agreement with
the Gaussian semiparametric estimates of Section 4.

For the S&P500 series and the Deutsche Mark series, simple ARFIMA (0, d, 5) models
are adequate for the realized volatility series. For the S&P500 series, the first four MA
coefficients were insignificant and were, thus, restricted to zero; for the Deutsche Mark
series, the second, third and fourth MA coefficients were insignificant and were also
restricted to zero. The equations reported in Table 7 are for this final model.?” Note that

26 The results from the use of ML for estimating the ARFIMA models are very robust with the underlying
distributional properties of the volatility series. As is well known (see, for example, Beran, 1994; Brockwell and
Davis, 1991), Gaussian ML estimation is appropriate (under certain conditions) for Gaussian and non-Gaussian
data alike. We alternatively estimated our ARFIMA models by conditional Least Squares in the time domain and
the results where practically identical to the ML estimation results.

27 This MA(5) model provides better fit than a simple MA(1) model in terms of the value of the maximized
log-likelihood and the Akaike order selection criterion. A similar comment applies to all models, which were
cross-checked with simpler formulations.



D.D. Thomakos, T. Wang / Journal of Empirical Finance 10 (2003) 321-353 343

both series have a significant coefficient at the weekly lag and, thus, the model exhibits
some cyclical behavior.®® The estimates of the fractional order from this model were
d=0.302 for the S&P500 series and d=0.341 for the Deutsche Mark series (compared to
the L?SPZO.314 and dsp:0.313 estimates obtained using the Gaussian semiparametric
estimator). For the Eurodollar series, the best fit was provided from a simple ARFIMA(O,
d, 1) model. The estimate of the fractional order was higher than the corresponding
estimate using the Gaussian semiparametric estimator (c;' =0.322 versus c:/sp=0.237).
Finally, for the T-bonds fractionally differenced series, the correlogram and partial
correlogram suggested that an ARFIMA(O, d, 19) was appropriate with the first eighteen
coefficients being restricted to zero. Again, the model exhibits cyclical behavior, now at
the monthly rather than at the weekly lag. The estimate of the fractional order here was
d=0.118 compared to dsp=0.147 obtained from the Gaussian semiparametric estimator.

The results for the logarithmic standard deviation series are somewhat different. Here,
an ARFIMAC(S, d, 5) was appropriate (with some restrictions) for all four series. The
correlogram and partial correlogram indicated strong cyclical behavior at multiples of the
weekly lag (at lags 5, 10, 15, 20, etc.). After some experimentation, we found out that the
ARFIMA(S, d, 5) with the first four AR and MA terms restricted to zero (for the Deutsche
Mark and the Eurodollar series) or the second, third and fourth AR and MA terms
restricted to zero (for the S&P500 and T-bonds series) produced sensible results and
retained most of the cyclical behavior, as indicated in the correlograms. For three out of the
four series, the estimates of the fractional order were smaller compared to their Gaussian
semiparametric estimator counterparts. For the S&P500 series, the estimate from the
ARFIMA model was d=0.444 compared to é’sp= 0.456; for the Deutsche Mark series, the
estimate from the ARFIMA model was d=0.275 compared to dsp=0.351; for the
Eurodollar series, the estimate from the ARFIMA model was d=0.301 compared to
L?SP=O.395. Finally, for the T-bonds series, the ARFIMA estimate of d was d=0.503
compared to é’sp:O.260. However, we view this last estimate with some caution: its
standard error produces a rather large 95% confidence interval [0.084,0.922] that contains
many values in the nonstationary region (4>0.5).%

All ARFIMA modes examined in this section indicate that even after removing long-
range dependences, the series still have significant cyclical correlation concentrated
mainly at the weekly lag. This correlation is stronger for the logarithmic standard
deviations than it is for the realized variance series, as the ARFIMA models for the
former series include autoregressive terms while the ARFIMA models for the latter series
do not. These results are interesting as they suggest predictability of futures volatility. A
useful extension of the current work is to compare the forecasting performance of different
time-series models applied to our futures series.

28 As suggested by the referee, we also investigated whether the cyclicality mentioned could have been an
artifact of the day-of-week effect. We removed the day-of-week effect by a simple regression on a constant and
four daily dummies and used the residuals from this regression to identify the ARFIMA models. However, the
day-of-week effect was so small (small coefficients and R?) that the same models as those reported in the text
were obtained.

29 All other 95% confidence intervals of the fractional order estimates, whether from the ARFIMA models or
the Gaussian semiparametric estimator, had upper bounds strictly less than 0.5. Thus, there is strong evidence for
long memory in our futures series.
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7. Conclusion

In this paper, we constructed and examined the statistical properties of daily realized
volatilities for four of the most heavily traded futures contracts using intraday returns over
a S-year period. We focus on the temporal characteristics and the distributional properties
of daily returns, return volatilities and (log of) standard deviations, standardized returns
and pairwise correlations. We also explored the behavior of a number of tests for
Gaussianity under long memory via a simulation study. The simulation results indicate
that tests of the “goodness-of-fit” variety are appropriate to use while the commonly
employed Jarque—Bera test is severely oversized and its use is not recommended. It was
found that the standard deviations and the pairwise correlations exhibit long memory while
the standardized returns are serially uncorrelated. It was also found that the (unconditional)
distributions of daily returns’ volatility are leptokurtic and highly skewed to the right while
the distributions of the standardized returns, of the standard deviations and of the pairwise
correlations are statistically indistinguishable from the Gaussian distribution. Our analysis
suggests that there is only limited evidence of asymmetric volatility for our futures return
series.

Our overall findings are consistent with existing work on realized volatility such as in
ABDE (2001c) and in ABDL (2001a,b), and as such, they extend the current literature on
model-free estimates of realized volatility and correlation using high-frequency, intraday
futures data. Two interesting extensions of the current work, in the context of our futures
data, are the examination of the forecasting performance of models based on realized
volatility (complementing and extending the work of Bollerslev and Wright, 2001; ABDL,
2001b) and the effects of news announcements on the temporal and distributional
characteristics of the volatility and correlation series. Both of these extensions are currently
pursued by the authors.
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Appendix A. Methodology and test statistics

Let {x(w):Q2x N, — R} be a discrete-time, real-valued time series. As usual, Q
denotes the sample space, N,={1, 2, ...} denotes the field of natural numbers, and R
denotes the field of real numbers. Based on a sample realization {x,}; =1, we are interested
in testing the distributional and temporal correlation properties of the time series. This
appendix contains a brief description of the test statistics used in the main body of the
paper and the simulations. Throughout the appendix, we use x = 7'~! Z,T: | X to denote the
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sample mean, and ¢ = [T~ S0 (x, — )'c)z]l/ ? to denote the sample standard deviation of
the realization.

The hypothesized underlying distribution that we test for in the paper is the standard
normal. There is a variety of statistics available for assessing the assumption of normality.
The normality statistics we employ are standard. We note, however, that all of them are,
strictly speaking, valid only under the assumption that the observations are independent
and identically distributed. This fact compromises inferences made using these statistics
since most of our examined time series exhibit a high degree of temporal correlation. To
address this issue, we have performed the simulations reported in Appendix B.

The simplest statistics employed for assessing normality are the sample measures of
skewness and excess kurtosis; their theoretical values for the standard normal distribution
are both zero. Let S 7 be the estimator of the sample skewness and IéT be the estimator of
sample kurtosis. We have that:

5 1 & \3 5 1< _\4
‘ST - T&B ;(Xt _x) ) ’CT — T6'4 tzzl(xt _x> (7)

Under the assumption of independent and normally distributed observations, we have
that E(ST)=0 and Var(é 7)=06/T for the sample skewness, and that E( ICT)=3 and
Var( 767)224/7‘. We can, thus, test for zero skewness and zero excess kurtosis separately
using z-type tests that are 7— oo, normally distributed. It can be shown that these z-tests
are independent and usually they are combined into a single statistic (see, for example,
Bera and Jarque, 1982) that is then used as a test for normality. This statistic is given by:

S (Kp—3)
IB =T+

"'X%z)v T — oo (8)

The JB statistic has been know to frequently reject normality, especially in the
presence of serially correlated observations, and to have a weak record of finite sample
performance in general.

A potentially more powerful approach, even in the presence of correlated observations,
would be to use a variety of other statistics that do not depend on sample moments. In the
simulations, we reported results from four such statistics: the quantile—quantile correlation
coefficient, the Kolmogorov—Smirnov statistic, the Anderson—Darling statistic and the
Cramer—Von Misses statistic. We describe each one in turn.

The quantile—quantile correlation coefficient is the correlation coefficient between the
theoretical quantiles of the standard normal distribution and the order statistics of the
sample (see, for example, Johnson and Wichern, 1998, p. 189). Let x(1) < xp) < - < z(p)
denote the sample order statistics, and let z() < zp) < --- < z(1) denote the sample order
statistics from the standardized observations, z=(x(;) — X)/o. Assuming that the sample
values are all distinct, there are exactly j observations less than or equal to z). Approximate
the sample proportion j/T by g ,=(j — 0.5)/T and let g(j) denote the corresponding quantile
of the standard normal distribution; ¢() is then obtained by the relationship:

vl ex( Zz)dz—A 9)
V2 p B =4
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A normality statistic is then based on the sample correlation coefficient between the
standardized sample quantiles z,, and the theoretical quantiles g :

T
Zz(j —%)(q¢) —q)

QQ =" — (10)

O'O'Q

where ¢ and 6 are the mean and standard deviation of the normal quantiles. For a sample
as large as the one used in the paper (7>1000), the 1% critical value for the correlation
coefficient should be over 0.993, under independence. Formally, if © O <0.993, the
assumption of normality is to be rejected. However, values of Q Q over 0.99 are strong
indications for normality.

Another powerful test for normality is the Kolmogorov—Smirnov test. This is the well-
known nonparametric procedure that involves a comparison between the empirical
distribution function and the corresponding theoretical distribution function, which in
our analysis is the standard normal. Let YW={w;, w,, ..., wy}, N>T, denote an
appropriate grid of ordered values, where possibly wy>z;, and w1<z(1).3° Let Fy(w)
denote the empirical distribution function defined as FT(W):NP 1E§V:11(w1,w), where
I(wy,w) is the indicator function for the interval [wy,w]. Let G(w) denote the theoretical
distribution function. The Kolmogorov—Smirnov statistic is given by:

S:ﬁ$u£|FT(W)_G(W)| (11)

The test rejects the null hypothesis Hy: x, ~ G(-), t=1, 2, ..., T, if the observed value of
the statistic exceeds the appropriate critical value, i.e., if }C S>c,. Under independence, the
5% and 1% critical values are given by cgs=1.350 and cg o) = 1.628, respectively.

The Anderson—Darling statistic and the Cramer—Von Misses statistic are similar in
nature to the Kolmogorov—Smirnov statistic. They are also based on comparing the
sample order statistics with the theoretical distribution being tested. Consider the sample
order statistics for the standardized deviates z(;) < zp) < - < z(7 and let @(-) to denote the
standard normal cumulative density function and 7,=¢ to denote the observation index.
The Anderson—Darling statistic is then defined as:

T

AD=-T- %Z(zn — D){In[@(z()] + In[l — D(z(r_s1))]} (12)

t=1

Under independence, the 5% critical value is given by c¢g o5 =2.502.
The Cramer—Von Misses statistic is defined next as:

21, —1)°
CVMm+Z{ -7 } (13)

Under independence, the 5% critical value is given by cg o5 =0.458.

30 This grid includes all the sample standardized values but is finer.
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For assessing the serial correlation of our series, we have used standard portmanteau
tests. Let p(j) be the jth sample autocorrelation for the series x, The Ljung—Box
portmanteau test for autocorrelation of order & is given by:

T+2Z ,~yk), T— (14)

Substituting in the above expression the sample autocorrelations of the square of the
series, x;, we obtain the McLeod—Li Qj statistic. In addition, a simple plot of the sample
autocorrelation function was enough to reveal the patterns of correlation for the series
under study.

One of the testable hypothesis of this paper is that the time series under study are well
approximated by long-memory processes. The stochastic process x; is said to exhibit long
memory if its autocorrelation function p(j) behaves like p(j) ~ Ch*? ' as j— o, for
some C# 0 and de(—0.5,0.5). Long-memory processes are stationary for values of
de(—0.5,0.5); if d exceeds 0.5, then the process is nonstationary. The usual range of
interest for d is, however, d=(0,0.5). In the main body of the paper, we consider one class
of long-memory processes, fractionally integrated ARMA processes, ARFIMA for short.
We also use the ARFIMA class in modeling the realized volatility series.

For the ARFIMA class of long-memory processes, it can be shown that if x, is such a
process it can always be written as:

Lyu,= i:lﬁju,,j (15)

where u, is some stationary and invertible ARMA(p,q) process, say ¢(L)u,=0(L)e,
with €, ~ iid(0,6%) and where

k—1+d
vi= 1] e =012 (16)
0<k=<j

The filter Y(L)=3;2 jLi defines the fractional difference operator as [Y(L)] '=
(1—L)~.
Alternatively, using the above representation, an ARFIMA process has a spectral

density f{A):

a2 2
f(J,)~/12dﬂ{%] . A oo (17)

In estimating the order of fractional integration d, we used the Gaussian semiparametric
estimator given in Robinson (1995b). This estimator is obtained as:

. 1 <
d = argming.(_os0.5R log{ ZP } - 2dﬂ Zlog}j (18)
=

where P, is the periodogram of the filtered series u=(1 — L)?x,, and M indicates the number
of Fourier frequencies, 4;=2m;/T, to consider when minimizing R(d), that satisfies M < 7/2.



348 D.D. Thomakos, T. Wang / Journal of Empirical Finance 10 (2003) 321-353

The asymptotic standard error for the estimator d is simply 1/(2v/M). Finally, when we
estimated all parameters of an ARFIMA model jointly (i.e., the AR and MA parameters and
the fractional order d), we used maximum likelihood in the frequency domain.

Appendix B. Simulations on the Performance of Normality Tests

In this section, we present results from a simulation study about the properties of the
normality tests used in the paper.*' In particular, we are interested in the properties of these
tests when the data generating process (DGP) is Gaussian but exhibits long memory and
the sample size is fairly large. These are cases of practical significance for the relevant
literature, where the shape of estimated densities “looks” Gaussian and the samples
commonly employed are in excess of 7=1000. We present results for the empirical size
(empirical rejection frequencies) at the nominal 5% level of significance, as well as on the
95% and 99% empirical quantiles obtained through simulations; complete results about
the quantiles are available upon request. Note that the critical values used to obtain the
empirical rejection frequencies are those implied by independent observations. The simu-
lation results indicate that these critical values work quite well for all normality tests
except for the one based on sample skewness and sample kurtosis (the Jarque—Bera test).
While our simulations are limited, our results compliment those of Beran and Gosch
(1991) about the behavior of goodness of fit tests under long memory (see also Beran,
1994, Chap. 10). These authors have shown, both theoretically and using simulations, that
the behavior of normality test statistics can be adversely affected by the presence of long
memory in the observations, especially when a distribution is tested under a simple
hypothesis (specified mean and standard deviation). However, they have also shown that
these test statistics have good size properties when the distribution is tested under a
composite hypothesis (estimated mean and standard deviation).*> Our results are useful
because (a) we explore the behavior of the test statistics for the case where large samples
are used, (b) we explore the behavior of the Jarque—Bera test and Cramer—Von Misses
tests (which were not examined by Beran and Gosch, 1991) and show that the Jarque—
Bera test over-rejects normality and (c) provide additional support for the empirical
results of our paper.

We only consider one type of DGP, fractional Gaussian ARIMA (ARFIMA) models.>
Some details about the DGP can be found in Appendix A. The ARFIMA models were
simulated using the algorithm of Davies and Harte (1987), implemented in GAUSS, along
with the program’s random number generator. The algorithm was adapted to the
autocovariance function of the ARFIMA model. Results were obtained for three different
sample sizes 7={1000,1200,1500}, that roughly correspond to the sample sizes of the
futures series used in the paper. In all simulations, the standard deviation of the Gaussian

31 We would like to thank the referee for suggesting the simulation analysis.

32 In particular, for the case of simple hypothesis, the tests’ size converges to 1, while for the case of a
composite hypothesis, the tests’ size converges to some < 1.

33 We also tried another type of DGP, fractional Gaussian noise, the results are similar and available upon
request.
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deviates was set to o= 1; our results are robust to different values of ¢. Since for most of
our future series, the estimates of the fractional order were similar in magnitude, the
fractional order in the simulations was set to d={0.3,0.4}.The coefficients of the ARFIMA
models were kept to a minimum of two, with one AR and one MA coefficient both set to
0.5. Again, in view of our empirical results on ARFIMA model, this is an acceptable and
empirically relevant compromise. Experimenting with higher AR and MA orders did not
significantly affect the simulation results. In all experiments, we performed 10,000
replications.

The results in Table B.1 are very informative. When the fractional order is d=0.3, all
tests except the Jarque—Bera test are undersized, with empirical rejection frequencies
between 0.3% and 3.1%. The Jarque—Bera test is grossly oversized with an empirical
rejection frequency above 37%. Note that the empirical size of the Jarque—Bera test
increases as the sample size increases. As the fractional order increases from d=0.3 to 0.4,
all tests become mildly oversized at 7= 1000, with empirical rejection frequencies ranging
from 8.5% to 11.3%. The Jarque—Bera test is again grossly oversized with an empirical
rejection frequency above 50%. However, for 7=1200 and 1500, the other tests become
correctly sized with empirical rejection frequencies being between 4.7% and 7.2%, save
for the QQ correlation coefficient statistic which remains undersized. It appears that the
test statistic with the best overall performance is the Cramer—Von Misses (CVM), with the
Kolmogorov—Smirnov (KS) test being second best and the Anderson—Darling test being
third best.

While the simulations conducted are limited in range of fractional order exponents, it is
clear from the results that the use of the Jarque—Bera test for assessing normality in large
financial samples with long memory will lead to over-rejection, even when normality is
indeed present. The use of other tests of normality is recommended in that instance, all of
which are either correctly sized or only mildly over/undersized at the sample sizes
examined. Our results about the 95% and 99% empirical quantiles (in Table B.2) indicate
that the use of conventional critical values, derived under the assumption of independent
observations, is appropriate for the AD, CVM and KS test statistics, with a preference
given to the CVM test.

Table B.1
Empirical sizes of normality tests for ARFIMA (1, d, 1)
Test statistic d=0.3 d=0.4

T=1000 T=1200 T=1500 T=1000 T'=1200 T=1500
AD 0.0170 0.0180 0.0310 0.1130 0.0720 0.0630
CVM 0.0130 0.0140 0.0180 0.0850 0.0560 0.0470
JB 0.3730 0.4230 0.4130 0.5330 0.4810 0.4710
KS 0.0190 0.0240 0.0280 0.1100 0.0640 0.0520
QQ 0.0180 0.0120 0.0030 0.0940 0.0340 0.0200

(1) The nominal size of the simulations is 5%. Rejection is based on 5% critical values under independence.
(2) AD, CVM, JB, KS and QQ stand for the Anderson—Darling, Cramer—Von Misses, Jarque—Bera, Kolmo-
gorov—Smirnov and the QQ correlation coefficient test statistics.

(3) The parameters of the ARFIMA (1, d, 1)model are: RA(1) coefficient is 0.5, MA(1) coefficient is 0.5. The
standard deviation of the error term is 1. The number of replications is 10,000.
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Table B.2
Empirical quantiles of normality tests for ARFIMA (1, d, 1)

d=0.3 d=04

T=1000 T=1200 T=1500 T=1000 T=1200 T=1500
Empirical 95% quantiles
AD 1.9233 2.0061 2.1606 3.2336 2.8837 2.6811
CVM 0.3193 0.3301 0.3363 0.5549 0.4810 0.4441
B 19.0386 19.8660 22.9837 33.4778 25.9609 29.3804
KS 1.2252 1.2253 1.2177 1.5485 1.4004 1.3603
QQ 0.9995 0.9995 0.9996 0.9994 0.9995 0.9996
Empirical 99% quantiles
AD 2.7842 3.0525 3.0517 5.3939 4.4361 4.1899
CVM 0.4657 0.4982 0.4932 0.8926 0.7757 0.6963
B 40.4986 38.3574 39.7461 67.7439 56.5086 73.9772
KS 1.4257 1.4402 1.4707 1.8732 1.8617 1.6005
QQ 0.9993 0.9994 0.9995 0.9991 0.9993 0.9995

The parameters of the ARFIMA (1, d, 1) model are the same as in Table B.1.

An interesting point, raised by the referee, is the tail behavior of the observations used
to compute and graph a normal QQ plot. For example, in Fig. 6, there appears to be a
significant tail deviation from the 45° line, for the logarithmic standard deviations (even
though the normality tests accept the hypothesis of normality at the 1% level). Can it be
the case that these large deviations are due to the presence of long memory, even if the
underlying observations are Gaussian? We explored this issue using the same simulation
methodology as above. Let (;=max; <, < 7|z — 9| denote the maximum absolute
deviation between a sample order statistic and the corresponding quantile from the
standard normal distribution in the ith simulation run. We examined the sampling
distribution of {; over i=1, 2, ..., R, where R is the number of simulations. In each
simulation run, we computed two {; values, one obtained from iid standard normal data,
denoted {I'°, and one obtained from data using the ARFIMA model above, denoted (™.

Table B.3 has the means and standard deviations for the two {; series, computed over
R=1000 replications>*, and the same three sample sizes as above 7={1000,1200,1500}. It
is clear that the sampling distribution of the (/™ series is skewed to the right, compared
with the sampling distribution of the C,—“D series, as the mean of C,-LM is always larger and
statistically significant from the mean of (/'°. It, therefore, appears that the presence of
long memory in the original observations will lead to more and larger tail deviations in the
QQ plot even when the observations are normally distributed. Note that this is much more
pronounced for the smaller sample of 7=1000. Notice that even for a sample with iid
observations, deviations from the 45° line are to be expected as well.

To further establish the differences induced by long memory in the {; series, we used
the well known result (see, for example, Leadbetter et al., 1983) that the distribution of
extreme value statistics belong to one (and only one) of three families of distributions. For

34 Note that the number of replications becomes the sample size for examining the distribution of {;. Since
the replications are formed by independent draws, our sample size is R=1000 observations of iid data. Results
using a larger R were practically identical.
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Table B.3
Means, S.D. and shape exponent for {; series

d=0.3 d=0.4

T=1000 T=1200 T=1500 T=1000 T=1200 T=1500
Mean of (MM 0.8645 0.4897 0.4805 0.6001 0.5475 0.5137
Mean of {'° 0.4338 0.4287 0.4276 0.4275 0.4386 0.4262
S.D. of (M 0.3884 0.2062 0.2147 0.3019 0.1954 0.2048
S.D. of (/P 0.1936 0.1874 0.1855 0.1904 0.1982 0.1818
G of (MM 1.4934 0.8509 0.8297 0.9756 0.9712 0.8999
@ of (P 0.7715 0.7654 0.7622 0.7569 0.7675 0.7612

(1) {;=max, <, < 7z(; — q(»| denotes the maximum absolute deviation between a sample order statistic and the

corresponding quantile from the standard normal distribution in the ith replication run. ("™ stands for deviations

obtained from series with long memory and ;™ stands for deviations obtained from iid standard normal series.

(2) Mean is the sample mean, S.D. is the sample standard deviation of the {; series computed over R= 1000
replications.

(3) d is the ML estimate of the shape exponent of the type II extreme value distribution for the {; series. The log-
likelihood function is #(a)=Rlna — (—a+1) f In{; —=F ¢

the {; series, we have that {>0 for all i and, therefore, is appropriate to consider the type II
distribution with cdf given by:

Pr({<x)=G(x;a) = exp(—x~“) (19)

where o is the shape parameter of the distribution. We estimated the shape exponent by
maximum likelihood for all the {; series that we generated with the above simulations. The
results, given in the last row of Table B.3. The (/™ series have higher shape exponent
estimates than the (/™ series, and this shifts the cdf up on the vertical axis. Therefore,
there is always a higher chance for a larger tail deviation in a normal QQ plot when the
underlying data exhibit long memory. Consider, for example, the point on the horizontal
axis, where x=u, the mean of the distribution. Take the corresponding estimates for the
mean from Table B.3 and consider the case where d=0.4 and 7=1200.We have that
G(0.5475;0.9712)=0.1661 for the long-memory series, and G(0.4386;0.7675)=0.1522
for the iid series, a 9.13% difference. Similar differences can be found for d=0.3 and
T=1000 and 1500.

In summary, the pronounced tail deviation from the 45° line on the QQ plot is, in large
part, due to the presence of long memory in the sample. However, even in iid samples,
some deviations are also expected. Therefore, in assessing normality, one needs to
examine the results from the normality tests and the QQ plot jointly.
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