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Abstract

In this paper, we propose three nonparametric methods for testing conditional mean-
variance efficiency of a benchmark portfolio. These approaches avoid functional form
misspecification and share a pleasant feature that the test statistics are based on estimators
that converge at the fast parametric rate. We derive limiting distributions of the test
statistics and compare the three methods in a simulation study. We also present an
application of the methods for testing the conditional CARM2002 Elsevier Science B.V.
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1. Introduction

Mean-variance efficiency is a central concept in asset allocation, asset pricing,
and performance evaluation. How to test portfolio mean-variance efficiency is one
of the earliest and most enduring questions in financial economics. Earlier studies
have focused on testing the unconditional version of the Capital Asset Pricing
Model (CAPM) of Sharpé 1964 and Lintner 1965 , or equivalently, the uncondi-
tional mean-variance efficiency of the market portfolio. In recent years, the role of
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conditioning information has received considerable attention, motivated by mount-
ing evidence of time-variation in expected returns, return volatilities, and betas of
financial assets. Numerous researchers have incorporated conditioning information
in various tests and applications.

A challenging issue arises when testing conditional mean-variance efficiency of
a benchmark portfolio. That is, there is no theoretical guidance on how conditional
moments of the portfolio and betas vary with variables that represent conditioning
information. On evaluation of conditional asset pricing models, Ghysels )1998
argues that misspecification of functional fornts of betas and sb on is of
first-order importance. Using several time-varying beta models that have been
proposed in the literature, he shows that these time-varying beta models are
seriously misspecified such that they give rise to even more serious pricing errors
than constant beta models in many cases. Hafvey )1991 and He (et al) 1996 ,
among others, have also noted the problem. More recently, Bfandt) 1999 has
stressed the importance of this issue in the estimation of portfolio and consump-
tion choice.

In this paper, we explore a solution to this problem. We propose a new testing
approach that completely avoids specification of time-varying betas. We focus on
the pricing kernel i.e., stochastic discount fagtor and use a flexible nonparametric
approach to incorporate conditioning information into the testing. This method
utilizes the fact that the conditional mean-variance efficiency implies a pricing
kernel which is determined by the first two conditional moments of the return on
the benchmark portfolio. We use standard kernel regression estimates of the two
moments to obtain a nonparametric estimate of the pricing kernel. Next, we use a
regression approach to test if excess returns discounted by the nonparametric
pricing kernel are predictable. In addition, we provide two alternative tests that are
also built on pricing kernels estimated by the standard kernel regression method.

These testing approaches have an important feature. We show that although
nonparametric discount factor estimation is involved, the test statistics are built on
estimators that converge at the standard parametri¢fteconvergencke , regard-
less of the number of conditioning variables being Usdthis fast convergence

! There are a growing number of tests for conditional mean-variance efficiency which are proposed
in the context of testing the conditional CAPM i.e., conditional mean-variance efficiency of some
stock markex or other conditional asset pricing models. See Ferson €t al) 1987 , Bollerslev et al.
(1988, Harvey( 198P , Shankén 1990, Carhart et al. 1995 , Engel(et al.) 1995 , Cochrane 1996 , He
et al.(1996 , Jagannathan and W&ng 1996 , Clare €t al. )1997 , Ferson and Siegel 1998 , and Ferson
and Harvey( 1999 , among others. See Ferson and S€hadt) 1996 , and Christopherson et)al. 1998 for
examples on conditional performance evaluation.

20n implementing the regression testing idea, this paper is related to Powel( et a)) 1989 , Robinson
(1989, Yoshihard 1990, Lee 1992, and Khashiriov 1993 . The regression estimator underlying our
testing approach is similar to the estimators of Powell et al. and Lee. We derive the limiting
distribution of this estimator using an extension of clasdi¢atatistic theorems t@-mixing processes.

Similar extensions have been obtained by Robinson, Yoshihara, and Khashimov.
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property is pleasant as it provides hope that the tests may, to some extent, escape
from the “curse of dimensionality that plagues applications of nonparametric
methods’ We compare the three methods in a simulation study. We find that the
nonparametric tests have better power than a standard discount factor GMM
approach.

To illustrate the practical value of the new methodology, we test the conditional
Sharpe—Lintner CAPM with the nonparametric methods. We find that the condi-
tional CAPM performs substantially better than the static version, but still it is
statistically rejected. There is a strong size pattern in the volatilities but not in the
averages of the pricing errors. The pricing errors for small to medium size
portfolios are positively correlated with the stock market. In other words, one can
generate abnormal returns using simple strategies that increase holdings of small
stocks and reduce holdings of large stocks when the stock market goes up, and
vice versa.

This paper is organized as follows. Section 2 details a regression testing
approach and presents analytical results for the test statistic and the underlying
estimator. In Section 2, we also propose the two alternative tests. Section 3
provides a simulation study. Section 4 presents an empirical application. Section 5
concludes. The Appendix contains technical assumptions and proofs.

2. Nonparametric tests
2.1. A regression testing approach

We first present a regression testing idea, which we carry out through a
weighted least squares estimator. We use a nonparametric discount factor to
incorporate conditioning information into the testing of portfolio conditional
mean-variance efficiency. This section describes the basic idea in detalils.

We consider a framework in which there is a conditionally riskless asset. Let
Ipi+1 D€ the return on a benchmark portfolpin excess of the riskless rate, and

rit+1 be the excess return on thth test asset for=1,...,n. Let x, be akx 1

vector of conditioning variable6 or state variables such that
E(rp,t+l||t)=E(rp,l+l|xl)' (1)
E(rg,t+1|lt)zE(rs,Hl'Xt)! (2

3 It is well known that nonparametric estimates typically converge at slower rates than parametric
estimates, and the problem is more serious for higher dimensional applications. This is known as the
curse of dimensionality e.g., Silverman, 1986 .
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where |, is the timet information set of investors.The excess returns and the

conditioning variables are assumed to be strictly stationary.
If the benchmark portfoliop is conditionally mean-variance efficient, then

Cov(ri,t+1'rp,t+l ;)

E(r. 1.y =E(r I ’ 3
(i lly) ( pis1l t) Var(rp,t+1||t) ©
which implies
E(ri t+1rp t+1| It)
E(r. 1LYy =E(r [ ' Y ! 4
( it+1 t) ( p.t+1 t) E(rg,t+l||t) ( )
for i=1,..., n. The covariance representatién) 3 is the familiar beta pricing

equation. Our focus is on E€.) 4 , the cross moment representation.

Let g,(x)=E(r, ;1x), go(x)=EZ ,1x), and b(x)=g,x)/
Jpp(X). Given that Eqs( 1 an@ )2 hold, conditional expected return efrors or
Jensen’s alphas from E€.) 4 can be expressed as

E(ri,t+1rp,t+1 | It)
E(fﬁ,ul | It)

E(rieall) — E(rp,t+1 | lt) =E(My1fia 1),

wherem,, ; = 1—b(x)r, .. Thus, Eq.( 4 is equivalent to

E(M g l1) =0. (5

Let €., =Ml (i.e., discounted excess retuns amdbe aqx1
vector of observed variables i. If we could observe the discount factor,, ;, a
natural way to test the conditioBi(e, ;, ;I ;) = 0 would be a regression approach:
regresse; .., on z and test if the regression coefficients are zero. This is because
the following regression equations

€tr1 =20 + Uiy, (6)

where E(u; ., 11)=0, for i=1,..., n, are always consistent with Eq.) 5 .
Obviously, the moment conditiof )5 implies that the regression equations in Eg.
(6) hold, and the coefficients satisfi= 0, whered = (5;85...5,).

4 Note that Eqs( I antl )2 amnly for the benchmark portfolig. They are not requiring, to be
a full characterization of the information skt but they are sufficient for developing the nonparametric
tests.

*Eq. (3 implies that E(rippql tovar(ry g1 1) = ECry 1 1 1)COMF 14 q,Fp i1 | 1), which is
equivalent to Eq( % . Conversely, Eg.) 4 also implies €9. 3.
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To implement this simple idea, we replaoe, , with a nonparametric discount
factor i, ;, and estimate the parameter vecforby

L1 NER
5i=(ﬁzwtztz[) (NZWtZtéi,m)’ )
t=1

My =1—Db(x) Mot+1

with Bg x) = §,(x)/§,,(x). The weighting function is set to b, = f( X)) Gpp( X
Here f, §,, and §,, are kernel estimators defined below

A N X=X
f(x)=N—1h—kEK( )
s=1 h
~ _.N X — X
8,() =N 4700 7 X K[,
s=1

. vl -1 No X — X )
gpp(x)=N h f( X) ZK( h )rp,s+1' (8)
s=1

The nonparametric estimators in Hq) 8 are standérd) is the Rosenblatt—
Parzen kernel density estimator, with kernel functkt-) and bandwidth parame-
ter h. §,(x) and §,,(x) are the Nadaraya—Watson kernel regression function
estimators.

The weighting function is chosen purely for a technical constraint. Because of
this choice, bothN™*X{ W, z,Z and N"'L{L W,z & ,, can be expressed as
second-order generalizdd-statistics, making it straightforward to analyze large
sample properties 08;. In contrast, rather complex technical problems arise in
developing distribution theory if we use weighting functions that do not give rise
to simple U-statistic structure®. The weighting function chosen above is the
simplest among those that yieldtstatistic structures. In a similar spirit, Powell et
al. (1989 employed density-weighting to obtain an instrumental variable estimator
for limited dependent variables models, Robindon 2989 provided a class of
unconditional moments tests for general econometric applications, and Lee 1992
designed a density-weighted least squares estimator for heteroskedasticity testing.

®In particular, the choice of setting, = 1 does not yieldJ-statistic structures. This is why it is not
used here. Note that it is possible to avoid the limiting distribution theory by using a time series
bootstrap method. A rigorous analysis of potential gains and problems of such an alternative approach
is beyond the scope of this paper.
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The test that we propose is based on the weighted least squares esémator

where
Bu=(8:85...51).

Intuitively, SN converges to zero if the benchmagkis conditionally mean-vari-
ance efficient. Otherwise, the estimator converges to a nonzero limit in general
(unlesse, , , is orthogonal to all the components gf for i = 1,...,n). Thus, we
can conduct a test by checking how &y is away from zero, using asymptotic
distribution theory to account for sampling errors. Note that this regression testing
approach provides a simple way to look into pricing errors. By design, our test
aims at detecting time-variation in Jensen'’s alphas. A significant componéit of
indicates that the expected return errors are correlated with the corresponding state
variable. Thus, potentially the test may lead to a simple characterization of
time-variation in the pricing errors. Moreover, in applications we may view Eq.
(6) as a model for pricing errors. That 8,8, may serve as an approximation for
E(e ., 1), the time-varying Jensen’s alphas from Eq. 4 .

2.2. Asymptotics and the test statistic

This section presents an important property of the test. Although we use
nonparametric kernel density and regression estimates in construction, the estima-
tor 6, behaves like a parametric estimator. It has a standard limiting multivariate
normal distribution and in particular it converges at the fast parametric conver-
gence raté. This property makes it straightforward to construct and implement the
testing approach. The fast convergence rate is especially pleasant, as it provides a
theoretical reason to expect that the test may have good power in applications.

We use the following notations to present the results. l.ef be a vector of
scaled excess returrs,; ;. ;...r,,1) ®z and y,,; =(Xzr,.,f{,,), where
‘®’ is the Kronecker operator. Denotg, = f(x,)g,,(X), A=1,® Elw,zZz],
and Ay =1, ® N"'XN W, z 7z, where, is the nx n identity matrix. Let § =
(8;...8) with 8 =[E(w,z,z)] *Elw,ze . ,]. Define

YY) = (V1) — [t ®a(Vei1)] 8, 9
N(Ver1) = FOO[ Gpp(X) Ters = Gp( XD Tp s aliss T (XD T2 e

~Gor (X) Tpsa]s (10)
a(Yir1) = F(X)] Gop( X) 22+ 124 105,( %) ] (11

” This result arises from the fact that the average of some functions of slow-converging nonparamet-
ric kernel estimates can converge at the parametrio(v@. See Hardle and Stokér 1989 , Powell et
al. (1989, Robinsot 1989 , and Lée 1992 for examples about this fact.
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where gr(xt) = E(rt+1 | Xt)! gpr(xt) = E(rp,t+lrt+1 | Xt)! and gzz( Xt) = E(Zt z|
X)- R

In Appendix B, we show that )i Ay converges in probability toA, (ii) the
limiting distribution of YN A (8, — 8) is identical to that ofN~/2ZN_  y(y,. ,),
and(iii)) Ey(y,, ;) =0. BecauseN 'L} ,y(y,, ) is a simple average of station-
ary random vectors, application of a central limit theorem thus gives the following
result.

Proposition 1. Given Assumptions A1-A6 stated in Appendix A, if h—0,
Nh?¥ — o, and Nh?** 2 — 0, then the weighted least squares estimator & is such
that VN (8,, — &) has a limiting multivariate normal distribution with mean 0 and
variance—covariance matrix 2, where Q=A"TA" L I'= Yo I, and I} =
E['Y(yt + 1)7(Yt+ i+ 1),] .

Proposition 1 shows that the weighted least squares estinﬁ@tohas the
standard limiting properties/N -consistency and asymptotic normality, of para-
metric estimators. This result does not rely upon Hg3. 1 @nd 2, nor does it
require that the regression equations in EQ. 6 are correctly specified. Note that
the bandwidth conditions are different from those for the kernel density and
regression function estimators. The conditioNg** — « and Nh?**? — 0 place
upper and lower bounds on the rate that the bandwlidtionverges to 0, fo6, to
exhibit the desired asymptotic behavior. The condit?**2 — 0 is due to the
use of a kernel of ordek + 1 (Assumption A4 , and, hence, the admissible range
for the rate can be relaxed using a kernel of order higher tharl.

To estimate the covariance matri®, we first consider the estimation of
v(¥i+ 1)- Replacing the function$(x), g,(x), g,,(x), g,(x), g, (x), and g,,(x)
in Eqs.(10 and 11 by standard kernel estimators, and replakingEq. (9 by
8y, we obtain a natural approximation fe£y,_ ;):

InVer 1) = I (Ver) = [0 ® By (Vi 1)] Oy, (12
1’:IN( yt+l) =f( Xt)[ gpp( Xt) Miv1— @p( Xt) Fptsalerr T Qr( Xt) rs,H—l

_@pr(xt)rp,t+1]* (13)

8 (i) = () [ Gpp(X) 22 +15118,(x)]. (14)

8 Note thatg,,(x,) = z 7 when z is a fixed transformation ok,, for example, whenz, = (1x;Y.

In such circumstances, there is no need to use the kernel estifijator) in Eq.(14 . Instead, one can
simply replaceg,(x,) by zz, which givesy(y,, 1) = f(x)[ G, (X)+ 1211127
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wheref, g, and §,, are defined as in Ed. )8 , and
A —1p—k o -1 N X— XS
gr(x):N h f(X) ZK T Fst1s
s=1

. e f -1 N X — X
gpr(x)=N h f(X) ZK( h )rp,s+1rs+1v
s=1

N _
A —1ll—Kf7 -1 X XS
6..0) =N () ' L K| = | 2.
s=1

We show in Appendix B that the estimator
I = N"t) (Ve 1) Wn( yt+j+l),'
t=1
is consistent forl}. It is also shown that given Eqé.) 1 afd Z},=0 for any
j # 0 when the regression equations in Eg. 6 hold.
Thus, we propose to use the test statistic

T, = N§, 2,55y, (15)
where QN = Aglfo A,g !, for testing conditional mean-variance efficiency of the

benchmark. The following proposition gives the limiting distribution of the test
statistic.

Proposition 2 Let the conditions of Proposition 1 hol€l) Given Egs. (1) and (2),
if the portfolio p is conditionally mean-variance efficient, then the test statistic T,
has a limiting chi-squared distribution with g X n degrees of freedom. (i) I} isa
consistent estimator of I for any fixed j.

The regression test is constructed using a simple covariance matrix estimator.
Note that Proposition 2 has also provided the necessary ir(piq}sto obtain
covariance matrix estimators that are consistent under general circumstances.
Whether there exists any advantage to use such estimators in applications remains
to be studied. .

A few remarks are in order. First, the limiting distribution &f, does not
depend on the scaling constamtwvhen we set the bandwidth ds= cN~1/@k+D,

This property suggests that unlike kernel density and kernel regression estimates,
the estimates, will become less sensitive to choice af as the sample size

°In application, we have attempted to use a Newey—West covariance matrix estimator with a lag
length of 6, 12, and 18. However, the estimates(are or so close to be singular such that the computer
cannot invert them. On the other hand, the regression residuals look quite like martingale sequences,
supplying no incentive to pursue a more complex approach for estimation of the covariance matrix.
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increases. In other words, the bandwidth choice in our approach is not as
important as in kernel density and kernel regression estim&tidine trade-off is

that we cannot justify cross-validation procedures. In simulations and applications,
we adopt a simple rule, and we find that results are not very sensitive to small
changes in the bandwidth. Secondly, it looks likefeee lunch that 6 has
standard limiting distribution and the parametric convergence rate, no matter how
many conditioning variables we use. However, it should be noted that there is
certain cost due to nonparametric estimation, which is embedded in the covariance
matrix of 8. In finite samples, it still pays to eliminate redundant conditioning
variables. Finally, note that the test will not have power if we choose some vector
z, that is orthogonal tee, ., (i.e., E(ze ,,1x)=0,i=1,...,n)." However,

the test will have power as long as one component,afan significantly forecast

€ .+ 1, N0 matter whether the regression motlel 6 is correctly specified or not.

2.3. Two alternative testing approaches

Like most nonparametric methods, the approach that we have proposed is not
associated with any optimality property. In this section, we consider two alterna-
tive ways to test the conditional mean-variance efficiency hypothesis. They are
also constructed with a nonparametric pricing kernel and they share the property
that the underlying estimators converge at the parametric rate. This section briefly
outlines the two alternative tests.

The test proposed above aims at the cross moment represeitation 4 . Alterna-
tively, we can target the beta pricing Hg) 3 to construct a regression test. It turns
out that we just need to redefing ., (or m,, ;) and W, and then repeat the
above procedure. Given Egs.) 1 anhd 2, conditional expected return errors from
Eqg. (3 can be expressed as

Cov(ri,t+1'rp,t+l ;)

E(rieally) _E(rp,t+1||t) var(r T ) =E(&, +111),
p,t+1 17t
where
e - m ..r _ Ipop( X)) = Gp(X) Mo t41 .
il ige1 = 1o
1,t+ T+ ,t+ 0_p2( Xt) ,t+

and a.2(x.) = g,,(x)) — g2(x,).

° This is nice as it suggests that bandwidth problems due to persistency of state vafriables see,
Pritsker, 1998; Chapman and Pearson, 2000 may not be a serious issue to our approach.

M |n statistical term, the test is not consistent, for a given vegfplagainst certain processes that
generatee; ., ;. Chen and Far( 1999 recently propose a consistent test. The trade-off is that the
limiting distribution of their test is nonstandard and, thus, it is complicated to implement in simulations
and applications.
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Thus, Eq.( 3 is equivalent t&(e, . , | 1,) = 0, which implies
e|t+1 40‘ +u|t+1

with E(u; 4 11)=0fori=1,...,n, anda =0, wherea = (aj ... a;).
We estimate the parameter vecigr by

(1 N N

o = —Z\fvzz{) (—ZVA\IZéi' )

Nt:]_ t et Nt:]_ Tt t+1

whereW, = f2(x)5,2(x), 6,A(x.) = ,,(x) — §Ax,), and

A~ ( Qpp( Xt) _@p( Xt)rp,Hl)
lit+1

2} =
t+1 a_pz(xt)

With the weighting function™w , botN"*X} W, z,Z and N"*L} W, 8 .,
can be expressed as third-order generalidestatistics. Under certain regularity
conditions, if Nn* — < and Nh**2 — 0, then the weighted least squares estima-
tor @y =(aj...a)) has a limiting normal distribution.

Similarly as in Proposition 2, we can show that given Hg$. 1 @nd 2, the test
statistic

T, = Naj 3y (16)
has a limiting x?(qn) distribution if the benchmark portfolig is conditionally
mean-variance efficient. The covariance matrix estimatgris given in Appendix
C.
The other alternative is an unconditional moments test. Given(Eys. 1( and 2,
the beta pricing Eq( 8 implies a moment conditiar= 0, where

A= E{ F(x0) [ Ipp( X)) = 9p(X0) rp,t+l] rt+1}'
We estimate the vector of unconditional moments by

Z [gpp( xt) p( Xt)rp,t+1] rt+1'

This estimator can be expressed as a generalizsthtistic of second order. In
addition to certain regularity conditions, h2k — o and Nh2¥*2 - 0, then A,,
has a limiting normal distribution. This leads to the following test statistic

T, = NX, A2y, (17)

where AN is a covariance matrix estimator defined in Appendix C. Given Egs. 1
and( 2, we can show that the test statlét,lchas a limiting x 2(gn) distribution if

the benchmark is conditionally mean-variance efficient. In the econometrics
literature, Robinsorf 1989 provides a class of unconditional moments tests. The
test given in Eq( 1¥ fits as a special case of his general methodology.
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The regression test in Eq. 15 and the two alternative tests in(Egs. 16 and
(17) are not equivalent. Analytical comparison of their performances is rather
difficult. In the next section, we provide a simulation experiment to study whether
these asymptotically justified methods have practical value for finite sample
applications.

3. A Monte Carlo experiment
3.1. Returns and conditioning variables

Postwar monthly data on six excess returns and five forecasting variables are
obtained from CRSP to design a Monte Carlo experiment. We use the value-
weighted portfolio of New York Stock Exchange NYBE stocks as the benchmark
portfolio (with the excess return denoted by VWR , and the value-weighted NYSE
size decile 1, 3, 5, 7, and 9 portfolios as test assets. The conditioning variables that
we use are the dividend-price ratc DPR, the default premium )DEF , the
1-month Treasury bill rat¢ RTB , excess return on the NYSE equally weighted
portfolio (EWR), and the term premiutn TERM . All these are popular forecasting
variables for stock returns. In terms of predicting the excess return VWR and
VWR squared, we find by ordinary least squares regressions that the variable
TERM appears to be redundant when the other four are all present. We keep
TERM as a redundant state variable in simulations, just to check robustness of the
results. Summary statistics of the data are provided in Table 1.

3.2. Data generation

In the simulations, the forecasting variables DPR, DEF, RTB, EWR, and
TERM are generated through a VAR 1 model. bgt= In(DPR), y, = In(DEP),

y; =In(RTB), y,= EWR, and y;= TERM. The 5x 1 vector y, is assumed to
follow the process

i—V=®(V-1—Y) + &,
whereYy is the mean vector of,, ¢ is the matrix of coefficients, and the residual
€, is normally distributed?

The conditional distribution of the six excess returns is multivariate normal.
The conditional correlation matrix is assumed to be constant and equal to the
sample correlation matrix given in Table 1. For each asset, timeaditional
standard deviation of the timg—+ 1) return is of the form

o .=la ,+a ,DPR + a ,DEF + a ;RTB, + & ,EWR,|.

2 Since DPR, DEF, and RTB are always positive throughout the sample, it seems more appropriate
to let them be lognormd| instead of normal .
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Table 1

Summary statistics of the data

Monthly observations from January 1947 to December 1995 for the following asset returns and
instrument variables are obtained from CRSP. The returns are arithmetic nominal rates of return in
excess of the 1-month Treasury bill rate, measured in pefcent multiplied By 100 . VWR denotes the
excess return on the value-weighted portfolio of NYSE common stock®N 8&ers to the excess
return on the value-weighted portfolio of théth size decile NYSE stocks. DPR is the dividend yield

(in percent on the NYSE value-weighted index, measured as the sum of previous 12 months’ dividend
payments divided by the level of the index. DEF is the Baa-rated corporate bond yield minus that of the
Aaa-rated bond. RTB is the 1-month T-bill yield. EWR is the excess return on the NYSE equally
weighted index. TERM is the Aaa-rated corporate bond yield minus the 1-month T-bill yield. All the
bond or bill yields are annualized and measured in percent.

Variable Mean Standard First Cross correlations
deviation  autocorrelations
SZ1 1.01 6.44 0.12
Sz3 0.82 5.39 0.14 0.94
SZ5 0.77 4,94 0.13 0.89 0.97
Sz7 0.75 4.66 0.12 0.84 094 0.97
SZ9 0.71 4.33 0.07 0.77 0.88 0.92 0.97
VWR 0.65 4.06 0.04 0.73 085 090 095 0.97
DPR 4.03 1.06 0.98
DEF 0.92 0.43 0.97 0.19
RTB 4.64 2.99 0.97 0.00 0.64
EWR 0.77 4.84 0.14 -0.04 012 -0.11
TERM 2.22 1.47 0.91 -0.12 039 -0.10 011

Time+ conditional mean of the excess return VWR takes the form:
E.(VWR,, ;) = by + b,DPR; + b,DEF + b;RTB, + b,EWR, .

We use four models, denotedyH ,H ,H , and H , that differ in the generation
of conditional expected returns but they are identical othepwise . In the first
model H,, the NYSE value-weighted portfolio is conditionally mean-variance
efficient. The conditional means of excess returns on the five size portfolios are
determined by the beta pricing EQ.) 3 . In the other three modgls 5 ,H , and H ,
the benchmark is not conditionally mean-variance efficient. We generate the
conditional expected excess returns(Dy i a linear model undet bl , ii a log-linear
model under H , and iii a quadratic model similar to an ARCH-m mpbdel under
H,. In other words, conditional expected excess returns on the five size portfolios
take the following forms under H , H , and H , respectively:

Hy:
Efi1=Db+ Db ;,DPR + b ,DEFR + b, ;RTB, + b, ,EWR,
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H,:
Erir1=00+Db 1In(DPR)) + b ,In(DER) + b 5In(RTB,) + b, ,EWR,

Hj:
Eriy1=0,+Db;DPR + b, ,DEF + b, ;RTB, + b, ,EWR, + bi,SUi,Zt

where ;% is the conditional variance af; ., ;.

The VAR process of conditioning variables and the conditional moments of
asset returns are estimated with the historical data. The parameter estimates are
taken to be the ‘true’ parameter values in the simulatidns.

3.3. Smulation results

Table 2 presents the simulation results on finite sample performances of the
nonparametric tests. In constructing the tests, the state variable vegter (DPR,

DEFR RTB, EWR) except for pandl )C where we add the redundant variable
TERM. The instrument vector i, =(1 x;) throughout the simulations. For
notational convenience, we refer to the regression tests given i Egs. 16 and 16
of Section 2 as R1-test and R2-test, respectively. We refer to the unconditional
moments test given in Eq. 17 of Section 2 as UM-test. We also include a
standard discount factor GMM approach which serves as a benchmark in the
evaluation of the nonparametric tests. The discount factor is of the linear form as
in Carhart et al( 1995 and Cochratie 1996 , among otfiers.

Panel( A records the rejection rates of the three nonparametric tests against
conditional mean-variance efficiency of the NYSE benchmark portfolio at 5% and
10% levels. First, we look at the results based on the normal kernel. The R1-test is
clearly the winner. Most impressive is its performance at sample Nize600.
Under H, , it produces rejection rates very close to the corresponding significance
levels. Meanwhile, the power of the test is nearly perfectunder H , H , apnd H .
At N =300, the R1-test has significantly better power than the R2-test and the
UM-test.

3 Wang( 1998 reported more details of the simulations and more results. Details such as parameter
estimates of the four models and the VAR 1 are omitted for brevity, but they are available upon
request.

Note that to use linear functional forms is primarily for convenience. There is no reason that such linear
specifications would give any advantage to the nonparametric tests. The classic kernel regression
estimates are designed to handle all functional forms. There is no reason that they perform better for
linear functions. In fact, the tests tend to have better power in the log-linear mgdel H and quadratic
model H; .

4 See Cochrané 1996 for a detailed discussion on the discount factor GMM approach, and Hansen
(1982 for a rigorous presentation of the GMM.
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Table 2

Simulation results

This table presents simulation results on performances of the nonparametric tests. In constructing the
tests, the state variable vectoris=(DPR, DEF RTB EWR) except for panél )C . The instrument
vector is z, = (1x;). Both the normal kerndl n.x. and the higher order ketnel )h.k. are used for panel
(A). For the rest panels, the results are based on the normal kernel. Details of the kernel functions and
the bandwidth are in Appendix D. All the simulation results are based on 1000 replications.

Panel( A records the rejection rates in testing conditional mean-variance efficiency of the value-
weighted NYSE portfolio under the null §J and the three alternative hypotiteses 5 ,H ,gnd H at
the 5% and 10% levels. See Section 3.2 for details about the mogelsH ,H ,H ,and H . The R1-test,
R2-test, and UM-test refer to the tests given in Egs) 5) 16(and 17 of Section 2, respectively. Also
included are results for a discount factor GMM approach. In the GMM case, the moment condition
Em,r, = 0 is tested, where, is a vector of 25 scaled excess returns: the five excess asset returns SZ1,
SZ3, SZ5, SZ7, SZ9, multiplied by the constant 1 and the four 1-month lagged instruments DPR, DEF,
RTB, and EWR, respectively. The discount factoy is assumed to be as follows.

m, =1+ a,DPR,_, + a,DEF,_, + a;RTB,_, + a,EWR,_,
—(by + b,DPR,_; + b,DEFR_, + b,RTB,_; + b,EWR,_;) VWR,

An iterated GMM testing procedure is implemented. The identity weighting matrix is used at the first
stage. For the second stage and so on, the weighting matrix is set to be the inverse of the standard
sample covariance matrix afr, evaluated at the parameter estimate from the previous stage.

Panel( B records the rejection rates of the three tests for samplé\siz800, under H at 5%, 10%,

15%, 20%, 25%, 50%, and 75% significance levels. Pangl C presents the tests using a larger set of
conditioning variables. The redundant variable TERM is added to the setxi®(DPR, DEkF RTB

EWR,; TERM,) . The test procedures are otherwise identical to tho§e)in A .

(A) Rejection rates in the nonparametric testing

Sample Test Kernel bl iH K H
method  function 1096 5% 10% 5%  10% 5%  10% 5%
N=300: RIl-test nk. 56 1.8 663 533 702 570 805 70.0
h.k. 36 16 554 404 659 544 707 59.0
R2-test  n.k. 47 22 466 361 496 380 627 521
h.k. 46 22 457 347 494 372 614 513
UM-test  n.k. 04 01 317 164 259 132 498 324
h.k. 03 00 162 76 191 93 323 189
GMM 32 11 146 7.8 143 76 274 173
N=600: Ril-test nk. 105 47 97.8 955 972 941 994 987
h.k. 45 21 921 836 951 907 96.6 93.9
R2-test  n.k. 65 29 838 745 819 710 939 890
h.k. 56 25 817 711 806 70.1 929 88.1
UM-test  n.k. 29 0.6 922 844 882 772 980 951
h.k. 08 01 731 588 798 659 899 811
GMM 34 13 281 167 262 151 444 326

(B) Rejection rates under H

Test method 5% 10% 15% 20% 25% 50% 75%
R1-test 4.7 10.5 16.2 21.9 27.1 54.6 80.2
R2-test 2.9 6.5 10.7 15.5 20.7 48.5 7.7

UM-test 0.6 2.9 7.0 10.8 15.8 39.6 715
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Table 2(continued)
(O) Tests using a larger set of conditioning variables
x, = (DPR, DEF RTB EWR TERMNY

Testmethod  Sample size H H H H
10% 5% 10% 5% 10% 5% 10% 5%
R1-test 300 4.2 2.4 52.7 40.1 57.5 45.2 67.1 56.0
600 6.1 19 935 880 930 883 980 953
R2-test 300 4.1 1.9 39.0 26.9 39.6 29.5 54.5 43.8
600 3.3 12 705 585 694 568 857 78.0
UM-test 300 0.1 0.0 171 8.6 14.0 6.8 30.6 17.4
600 0.7 00 801 678 754 608 937 86.3

Both the R2-test and the UM-test have reasonably good powe\ -at600,
with rejection rates all above 70%. The UM-test has slightly better power. At
N = 300, however, the R2-test significantly outperforms the UM-test. The power
of the UM-test is rather low for this sample size with rejection probabilities below
35% in five out of the six casgs , but even so it is no worse than the discount
factor GMM approach. Overall, all the three nonparametric tests have better power
than the GMM test.

The results based on the higher order kernel give the same conclusions on
relative performance of the tests. In particular, the R1-test is still the best among
the three. As one would expect, the rejection rates with the higher order kernel are
always lower. This is consistent with the fact that higher order kernels tend to
produce more variable estimatés e.g., Hardle, 1990 . Thus, we focus on the
normal kernel for the rest of the experimehts.

Panel( B presents a snapshot of distributions of the three test statistics under
H,. with sample sizeN = 600. It shows that the distribution of the R1-test statistic
is surprisingly close to the predicted limiting distribution. The R2-test takes the
second place. It is significantly better than the UM-test in this criterion.

Panel( @ presents the case in which the redundant variable TERM is added to
the state variable set. That is, is now composed of the five variables DPR, DEF,
RTB, EWR, and TERM. As expected, adding this redundant variable has clearly
affected the powers of the tests. Overall, the rejection rates drop, with an amount
between 5% and 20% in most cases. The relative performances of the three tests
remain in the same order as in pafie) A . The R1-test remains the winner. Against
the three alternative models, the R1-test still has impressive powdr=a600,
with rejection rates all above 85%.

!5 In terms of bias-reduction, the higher order kernel is not effective in this finite sample context.
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3.4. Extensions and variations

The Monte Carlo experiment is plain and simple. We now discuss some of the
extensions and variations that we have investig&ted.

First, we have looked at how sensitive the tests may be to the selection of
conditioning variables. We implement the R1 tests with izworrect set of
conditioning variables. We study cases of missing variable: in each case we drop
one of the four state variables DPR, DEF, RTB, and EWR. We also consider cases
of mis-selecting variable: in each case we have one of the four state variables
replaced by TERM. We find the nonparametric tests still have solid performance
in all the cases.

We have computed the GMM tests using variations of the discount factor
specification. We find that the tests tend to produce erroneous rejections when we
use a parsimonious specificatién such as the one of Cochrane) 1996 , but they
tend to have low power when we use a general férm such as the one given in
Table 2. These results are consistent with the finding of Ferson and Foerster
(1999 that GMM tests tend to have more serious power problems for models with
a large number of parameters.

We have considered if the persistency in the variables DPR, DEF, and RTB
affects the simulation results. These variables are so highly correlated over time
that their first autocorrelations are very close to dne see Table 1. This is a
guestion that may concern many, since recently Pritéker )1998 and Chapman and
Pearson( 2000 have shown, in the context of interest rate models, that extreme
persistence in a time series can have important impacts on bandwidth choice in
both pointwise kernel density and kernel regression estimation. To see if the
persistency matters in our tests, we simply alter the parameter values in the
VAR() such that the first autocorrelations of the variables DPR, DEF, and RTB
drop to around 0.9 so that they are no longer close to being nonstafionary .
Then, we regenerate data and reevaluate the R1 tests. We get quite similar test
results, which shows that the simulation results are not driven by the fact that
DPR, DEF, and RTB are extremely persistent over tifne.

We have also checked if it makes a difference to allow for time-varying
volatilities of the state variables. We use a simple ARCH VAR 1 model to
incorporate time-varying volatilities. We estimate the model with the historical
data to get parameter values and then use them to regenerate data. Again, the test
results from the new simulated data are very similar to those being reported.

18 Tables about details of the extensions and variations are omitted to keep things concise. They are
available upon request.

7 In contrast to pointwise density and regression function estimation, as noted in Section 2.2, both
the kernel function and the bandwidth do not affect the limiting distribution of our test statistics. This
implies that the problems for the pointwise nonparametric estimates may be largely irrelevant to our
tests.
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4. An illustrative application

We illustrate the nonparametric methods by applying them to testing the
conditional CAPM. We first implement and compare the three testing methods.
We then take a look at the pricing errors using the regression testing approach of
Section 2.1.

4.1. Set-up

We use two sets of stock portfolios as test assets. We first focus on the set of
the five NYSE size portfolios, the same as that for the simulations. The data are
monthly excess returns from February 1947 to December 1995. To check the
robustness of the results, we also use a second data set which contains the Fama
and French 1993 25 size and book-to-market /REE) portfolios of common
stocks listed on NYSE, AMEX, and NASDAQ. The data of monthly excess
returns on these portfolios are from July 1963 to December 1995. For the
benchmark portfolio, we use the NYSE value-weighted and equally weighted
portfolios and the market portfolio of Fama and French. The conditioning vari-
ables used in the application are the dividend-price réatio DPR, the default
premium( DEB , the 1-month Treasury bill rate RITB , and excess return on the
NYSE equally weighted index EWR . The vector of instruments in the tests is
z,=(1x), where x, is the vector( DPR DEF RTB EWR . The kernel and
bandwidth inputs are also the same as in the simulation study. We use the two
kernel functions and the bandwidth given in Appendix D.

4.2. Plots of conditional betas

The testing methods that we propose in this paper completely avoid restrictions
on functional forms of conditional betas. This can be very advantageous if the
betas are not well approximated by linear models and if it is difficult to estimate
the nonlinear beta functions. Note that on one hand there is no theoretical reason
why the betas should be linear functions of conditioning variables. On the other
hand, Ghyseld 1998 finds strong empirical evidence against models of linear
conditional betas. In this section, we present plots of conditional betas, which
serve as an interesting way to illustrate nonlinearity in the time-varying betas.

We estimate the betas nonparametrically. The standard kernel regression method
is applied to estimate the first two moments of returns and then obtain estimates of
the betas. Confidence intervals are also obtained for the beta function estimates,
using the stationary bootstrap method of Politis and Ronfano )1994 . To cope with
the curse of dimensionality, we focus &wne-dimensional snap shdtsWhile
betas are estimated as multivariate functions, we look at univariate functions, i.e.,
relations between one conditioning variable and betas, keeping all the other
conditioning variables at their means. By doing so, we focus on areas where we
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have more datd as opposed to areas where there are few datd points and also
avoid the problem of how to plot four-dimensional functions.

We obtain the conditional betas of the NYSE size portfolios. For brevity, we
only report the beta of SZ§ i.e., the size decile 5 portfolio, or a portfolio of
medium siz¢ . The four panels in the figure correspond to four univariate
functions. The solid curves are the estimated beta functions. The dashed ones
represent the 95% confidence intervals. In each panel, we consider only the
interval of the conditioning variable that ranges from two standard deviations
below its mean to two standard deviations above the mean. To present more
consistently, we rescale the interval to range from 0 to 00 so that 100 represents
the mean of the variable in each chase .

Fig. 1 supports the rejections that Ghysels finds against linear conditional beta
models!® Visually, the beta is highly nonlinear in the dividend yield DPR : the
slope changes drastically somewhere between 100 and 150. Also, the slope
changes significantly between 50 and 100 in the panel associated with the stock
index(EWR . In terms of the confidence interval bands, the nonlinearity between
the beta and EWR seems highly significant. In the panels associated with the
default premium( DEF and the Treasury bill rdte RTB , the estimates are too
noisy to give any clear conclusion, though they also suggest some nonlinearity.
We have also inspected plots of betas for the other NYSE size portfolios and the
Fama and French size and book-to-market portfolios. In sum, these plots suggest
that nonlinearity in conditional betas is present but yet the beta function differs
significantly across test assets. In addition, the beta estimates are noisy in most
cases, showing that it is difficult to get precise nonparametric estimates of the
nonlinear beta functions.

4.3. Tests of the conditional CAPM

First, we test the conditional Sharpe-Lintner CAPM using either the NYSE
value-weighted portfolio or the NYSE equally weighted portfolio as proxy for the
market. Test assets are the five NYSE size portfolios. The results are reported in
panel (A of Table 3. Next, we use the Fama—French market portfolio as the
benchmark and the 25 size-BEIE portfolios as test assets. Pafe) B of Table 3
present the test results, including six subset cases. In each of the cases, five out of
the 25 size-BEZME portfolios in a single size or BEME quantile are taken as
test assets. The six quintiles that we choose are three size quiftiles small,
medium, large and three BBME quintiles (low, medium, high . In these two

8 We perform the tests of Ghysels using our data and also get strong rejections against linear
conditional beta specifications. Further details of the procedures to create the beta plots and to replicate
the Ghysels’ tests are omitted, but available upon request.
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Fig. 1. Plots of the conditional beta of the NYSE size portfolio SZ5.

panels, results from all the three nonparametric tests are included for comparison.
Like in the simulations, we refer to the three tests as the R1-test, the R2-test, and
the UM-test, when comparing test restifts.

The R1-tests strongly reject that either of the two NYSE market proxies is
conditionally mean-variance efficient. Thevalues are all below 3% for the full
sample period. For the subsample period from February 1947 to December 1970,
the tests for the value-weighted benchmark fail to reject at 10% level, but the
p-values are fairly low( 11.1% using the normal kednel . For every other subsam-
ple case, the tests all reject at 10% level. In p&nel B, the R1-tests strongly reject
that the Fama—French market proxy is conditionally mean-variance efficient. The

% Recall that the R1-test, R2-test, and UM-test stand for the tests defined iff Epg. 25, 16 Jand 17
of Section 2, respectively.
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Table 3

Tests of the conditional CAPM

The vector of conditioning variables ig, = (DPR, DEF RTB EWR) and the instrument vectoris= (1x;) for constructing the tests. Both the normal kerfiel h.k.
and the higher order kernél h)k. are used for palﬁel); A (@nd B . For the rest panels, the results are based on the normal kernel. Details of the kiesnahdutihetio
bandwidth are in Appendix D. Results from all the three nonparametric tests are included in panels A)and B .

Panel( A presents test results using the five NYSE size portfolios. Either the NYSE value-weighted pértfolio NYBE-VW or equally weighted port®EeEWY is
the benchmark, or proxy for the market. The R1-test, R2-test, and UM-test refer to the tests given (n Eds. )15, (16) and 17 of Section 2, respectiVietanijiie fu
period is from February 1947 to December 1995. Thealue is the probability that a draw from the chi-squared distribution exceeds the test statistic. ~
Panel( B records test results using the 25 size and book-to-méarketMEH portfolios. The benchmark portfolio is the Fama—French value-weighted market portfoll@
FF25 refers to the set of the 25 size-BEE portfolios. BM-Low (SZ-Small stands for subset of the five stock portfolios in the BM1 )SZ1 quintile, BM-Mediung
(Sz-Medium for the five in the BMI SZB quintile, and BM-High SZ-Lapge for the five in the BM5 BZ5 quintile. The sample period is from July 1963 to Decengber
1995.
Panel( O presents a case of the WLS regression results for the sample period from February 1947 to December 1995. The non-constant regressatoaréoimdevic
(deviation from meah . The tests of joint significanCe across equations of each regressor are constructed as followsdde EstvhereH is a n X gn matrix, the
test statistic isSN(H8yY(HOH)~X(H&,), which has a limiting x 2(n) distribution. The pricing error at time for asseti is estimated byz; 5, where §; is defined by
Eq. (7 of Section 2.

Panel( D presents the means and standard deviations of estimated pricing errors of the conditional CAPM and the unconditional CAPM, where tHe guatfolimar
is the NYSE value-weighted portfolio and the test assets are the five NYSE size portfolios. The method for estimating the errors is the same as ine @rickay t
errors of the unconditional CAPM, the same regression method is applied with the same regresdois bomstant .

r/@e
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(A) Tests using the NYSE size portfolios
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Proxy for the market Test method Kernel function  /47-12/95 2/47-12/70 1/71-12/95
x >-stat(29 p-value( % x >stat(29 p-value( % x %stat(29 p-value( %
NYSE-VW R1-test n.k. 45.0 0.8 33.9 11.1 37.2 5.5
h.k. 42.4 1.6 31.4 17.5 37.1 5.6
R2-test n.k. 34.0 10.8 32.0 15.7 41.0 2.3
h.k. 33.3 12.3 31.7 16.6 40.9 2.4
UM-test n.k. 40.0 3.0 29.2 25.4 25.7 42.3
h.k. 37.4 5.3 27.4 33.7 26.4 38.9
NYSE-EW R1-test n.k. 43.6 1.2 39.1 3.6 36.9 5.9
h.k. 40.2 2.7 35.7 7.6 36.8 6.1
R2-test n.k. 32.9 13.4 37.1 5.6 40.7 2.5
h.k. 32.1 15.5 36.6 6.4 41.0 2.3
UM-test n.k. 40.7 2.5 31.8 16.4 23.6 54.3

h.k. 37.4 5.2 30.0 22.6 23.6 54.3



(B) Tests using the Size-BEME portfolios

FF25 BM-Low BM-Medium BM-High
x >-stat(125 p-value( % x >stat(25 p-value( % x %stat(29 p-value( % x %stat(25 p-value( %

R1-test
n.k. 220.2 0.0 36.0 7.1 45.5 0.7 52.6 0.1
h.k. 213.9 0.0 34.4 9.9 41.9 1.9 49.3 0.3
R2-test
n.k. 244.1 0.0 33.4 12.2 34.4 9.9 39.3 3.4
h.k. 247.3 0.0 32.8 13.5 33.9 11.1 38.8 3.8
UM-test
n.k. 125.8 46.2 19.6 76.5 32.4 14.6 36.6 6.3
h.k. 122.2 55.4 19.2 78.7 30.7 19.9 34.9 9.0

SZ-Small SZ-Medium SZ-Large

x 2-stat(29 p-value( % x >stat(29 p-value( % x >stat(29 p-value( %
R1-test
n.k. 79.5 0.0 69.2 0.0 18.7 81.2
h.k. 72.5 0.0 65.1 0.0 18.2 83.4
R2-test
n.k. 57.6 0.0 58.8 0.0 18.1 83.9
h.k. 56.5 0.0 58.3 0.0 17.9 84.7
UM-test
n.k. 46.2 0.6 38.2 4.4 16.6 89.6
h.k. 44.6 0.9 36.6 6.3 16.7 89.3

(continued on next page)
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Table 3(continued)

(C) The WLS regression results using the size portfolios

Regression estimates

Standard errors

Int. DPR DEF RTB EWR Int. DPR DEF RTB EWR
Sz1 0.08 -0.18 —0.05 -0.04 0.21 0.19 0.16 0.75 0.14 0.05
SzZ3 —-0.02 —0.08 0.42 -0.10 0.11 0.13 0.11 0.54 0.10 0.03
SZ5 0.00 —0.03 0.60 —-0.09 0.09 0.11 0.09 0.47 0.09 0.03
Sz7 0.00 —-0.01 1.01 -0.16 0.04 0.08 0.08 0.42 0.07 0.03
SZ9 0.03 0.03 0.77 -0.13 -0.01 0.06 0.07 0.39 0.06 0.02
Joint significance testing for individual regressors

Int. DPR DEF RTB EWR
X2(5)—stat 2.4 2.6 11.1 8.6 29.6
% p-value 79.3 75.8 4.9 12.7 0.0
Summary statistics of pricing errors
Mean Standard First Cross
deviation autocorrelations correlations

SZ1 0.08 1.08 0.18
Sz3 —0.02 0.64 0.32 0.96
SZ5 0.00 0.55 0.38 0.91 0.98
Sz7 0.00 0.48 0.75 0.63 0.82 0.89
SZ9 0.03 0.31 0.88 0.04 0.32 0.43 0.79

ST
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(D) Pricing errors estimated from the size portfolios

Conditional CAPMm, ;= 1 — b(X)rp 11

Unconditional CAPMm, ; = 1 — bor ¢4 1

Sz1 Sz3 Sz5 Sz7 SZ9 Sz1 Sz3 SZ5 Sz7 Sz9
Benchmark return: VWR
Sample Period: 2/47-12/95
Mean 0.08 -0.02 0.00 0.00 0.03 0.25 0.09 0.05 0.05 0.04
RMSE 1.09 0.64 0.55 0.48 0.31 1.78 1.57 1.42 1.36 1.14
Subperiod 1: 2/47-12/70
Mean 0.23 0.05 —0.04 0.00 0.01 0.20 0.06 —0.05 0.02 0.06
RMSE 0.95 0.59 0.48 0.31 0.20 1.38 1.25 1.18 1.06 0.91
Subperiod 2: 1/71-12/95
Mean -0.04 -0.10 0.00 —-0.04 -0.01 0.31 0.11 0.15 0.08 0.03
RMSE 1.41 0.99 0.90 0.78 0.59 2.50 2.22 1.99 1.89 1.52
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p-values using the 25 size-BBE portfolios are 0.0%. Moreover, the tests reject
at 10% level for five out of the six subset cases. The results from the subset cases
suggest that portfolios of smaller size or higher B#E value are associated with
statistically more significant pricing errors. In particular, the five portfolios in the
small size quintile produce the largest test statistics with Opp9alues°

The pattern of p-values from the three test methods is consistent with the
simulation results. In panél )A , thp-values from the UM-tests are smaller than
those from the R2-tests for the full sample period. In every subsample case,
however, the UM-tests produce much highpivalues than the R2-tests; the
differences of thep-values range from 10.8% to 52.0%. Overall, the R1-tests have
the most stable performance, producing the strongest rejections. In(panel B, the
UM-tests produce larg@-values( above 45%! when all the 25 portfolios are used
as test assets. On the contrary, the two regression testing appréaches R and R2
give strong rejections with 0.0%-values. In every subset case, the UM-tests
come up with the largesp-values while the R1-tests give the smallest.

4.4. Pricing errors

The regression testing approach of Section 2.1 provides a simple way to look
into the conditional expected return errors or pricing errors. Panel C of Table 3
presents a case of the regression results. In this case, the benchmark is the NYSE
value-weighted portfolio, and test assets are the five NYSE size portfolios. In
these regressions, the four regressors DPR, DEF, RTB, and EWR are in deviation
form (deviation from mean , so that the intercepts are just average pricing errors or
biases of the conditional CAPK#.

The results of pane( I show that the conditional CAPM does not have
difficulty pricing average excess returns on the NYSE size portfolios. The
intercepts or average pricing errors are small, only betwe®02% and 0.08%,
and are statistically insignificant. However, the pricing errors are substantial in
terms of volatility. In the WLS regressions for small to medium size portfolios
(821, SZ3, and S2b , the slopes on EWR are salient, about three or four standard
errors above zero. The joint significance test for slopes on EWR rejects with 0.0%
p-value. These slopes are also large in economic terms, noting that the pricing
error components 0.21EWR, 0.11EWR, and 0.09EWR in the three regressions
have standard deviation of 1.02% %, 0.53%, and 0.44%, respectively. In the SZ7

Dn sensitivity analyses, we have considered small changes in the bandwidth around the selected
values. We have also checked results using a larger set of conditioning variapte6DPR, DER
RTB, EWR, TERM,) . The test results are qualitatively robust. For brevity, these robustness checking
results are omitted.

2 This transformation does not affect the estimation and inference for slopes on the non-constant
regressors. Nor does it alter the joint statistic and pricing error estimates. For inference about the
intercepts( which is affected , we ignore the estimation noise in the sample means of the regressors.
This is equivalent to assuming that the regressors are observed in deviation form.
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and SZ9 regressions, the two highly correlated regressors DEF and RTB have
marginally significant slopes, while other coefficients are all insignificant.

The slopes on EWR are clearly related to size. The slope falls strictly with size
from 0.21 to—0.01. To much extent, this determines a negative size pattern in the
pricing error volatilities. Indeed, the pricing error standard deviation decreases
with size from 1.08% to 0.31%. Now it is clear where the rejections come from. It
is the volatilities of the pricing errors that have been detected by the regression
tests. More specifically, the conditioning variable EWR has played a key role in
the regression tests, by capturing a volatile component in pricing errors associated
with the small to medium size portfolios. This component is not only statistically
significant but also large in economic terms.

Finally, we compare the pricing errors of the conditional CAPM with those of
the unconditional CAPM. Ghysels 1998 points out that if we correctly specify
the dynamics of the beta risk, time-varying beta models are sure to outperform
constant beta models. Yet he argues that if beta risk is misspecified, we may
commit serious pricing errors which could be even larger than a constant beta
model, and he shows that this has indeed happened in many cases. Does the
nonparametric version of the conditional CAPM outperform the unconditional
CAPM? We find that the conditional CAPM performs much better than the
constant beta version, for each and every one of our test portfdlios! Panel D
reports the means and root mean squared efrors RMSE of the pricing errors.
Clearly, the conditional CAPM is a substantial improvement over the static
CAPM. For the overall sample period, the small firm effect does not show up in
the average pricing errors of the conditional CAPM, while this effect is prominent
in those of the unconditional model. On the other hand, the conditional CAPM
performs uniformly better in terms of RMSE, especially for the small to medium
size portfolios*

5. Conclusion

In this paper, we propose three nonparametric methods for testing conditional
mean-variance efficiency of a benchmark portfolio. These approaches are easy to

2 Using & ¢ = Gi(x)— G,(x0) i y(X0)/ Gpp( Xp) to estimate the pricing error at timtefor asseti, we
get the same conclusion, whe@g(x) and §,,(x) are defined as in Section 2, argi(x) and §; ,(x)
are kernel regression estimates defined similarly. For this method, we use the normal kernel defined in
Appendix D with bandwidthh = N=1/(k+4),

% To check the robustness, we have studied the pricing errors of the conditional CAPM with the 25
size and book-to-market portfolios. The results are very similar and, hence, omitted for brevity. In
short, we find in regressions as thosd(in C that the EWR is the only statistically significant regressor.
The EWR slopes have a negative relation to size, but no obvious relation fMBEThe standard
deviations of the pricing errors with the 25 portfolios exhibit a strong negative relation to size, but no
clear BE/ME pattern.
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implement and robust to functional form misspecification. Moreover, they have a
pleasant property that the estimators underlying the tests converge at the fast
parametric rate. We derive limiting distributions of the test statistics and compare
the three methods in a simulation study. In an application of the methods, we
provide empirical results on testing the conditional CAPM.

This paper raises a number of challenging issues for future research. For
example, Bansal and Viswanath@n 1993, and Bansal ét al.) 1993 are the first to
advocate the idea of using a flexible pricing kernel in empirical asset pricing. They
propose a series expansion GMM approach to testing nonlinear APT models. It
will be interesting to compare our testing methods with the series expansion GMM
approach. Another challenging issue is if we can construct consistent nonparamet-
ric tests that are also easy to implement and powerful in finite sample applications.
Finally, perhaps the most important issue is selection of conditioning variables. To
cope with potential data snooping biases, an interesting project is to explore a
more general test that combines the Whife’'s 2000 reality check bootstrap method
with the nonparametric methods developed in this paper.
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Appendix A. Assumptions

There is a large statistical literature on tHestatistics introduced by Hoeffding
(1948 . Numerous asymptotic results fokstatistics or generalizet-statistics
have been established under various statistical setups. In particular, Robinson
(1989, Yoshihard 1996 , and Khashimbv 1993 have provided conditions and
established central limit theorems of second-order generalizedatistics for
B-mixing processes.

We present a set of conditions oriented to finance applications. In particular,
restrictions on higher order moment existence are kept at a minimal level, due to
concerns about possibly fat-tailed distributions of asset returns. In addition,
simplicity of conditions on the bandwidth and the kernel is pursued to facilitate
practical choices. Moreover, tfgemixing condition below requires no change for
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higher order extensions. Under this set of assumptions, we provide a large sample
justification for the regression testing approach.

A.1. Notations

For a matrix of random variableX = (x;;) and any positive reap, define
X1, = Alx;ll,) and 1M, = [E Ix;;1 71+ 2. The matrix || X|l,, is referred to as
the p-norm of X. Let |X| P denote(l Xij | ). These notations are also used for
vectors. Let|| x|| stand for the Euclidean norm of a vecter For convenience, we
use an inequality sign between a matfix vektor and a scalar or between two
matrices( vectods to denote component-by-component inequalities. As usual, the
information setl, stands for ac-field which contains in particular the~field
generated by the data sequefgge y,_4,...}. In addition, define

Wl(t1s) = (rg,erl - rp,erlrp,tJrl) t41 T ( p.t+1 rp,t+1rp,s+1)rs+1’

Wy(t,8) =1 12,2 +12, 12,7

p,t+14s“s*

A function ¢(x) is said to satisfy local Lipschitz condition for some function

m(x) if

[p(x+0v) = d(x)I<m(x)lloll.
Let V, ., &(x) stand for the partial derivative/¢(x) /9, . .., where x; is

the Ith element ofx.

A.2. Assumptions

Assumption Al. The data sequencey,,,} is a strictly stationaryB-mixing
process, and the subvectgr has absolutely continuous distribution with densi-
ty f(x,). For some p>2, the mixing numbersgB,, n=1, 2,..., satisfy
T nByrA <,

Assumption A2. (i) 12,4, fy,y, andr, . r.,, have finite first moment( )i
IW(t, 9, <o and [[WLt, s) |, <« for all t<s; (i) [In(y,,) Il, < and
laCy, DIl < e

Assumption A3. fg,, fg,,, fg,, fg,, and fg,, satisfy the local Lipschitz
condition for some m(x), where m(x)r ;, MX)r,oafeeq, MOXT g,
m(x)r2. ., andm(x,)zz have finite p-norm.
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Assumption A4. The kernelK(u) is a bounded symmetric function satisfying
fK( udu=1
JI'IK(uldu<e ifo <j<k+1,

Jub K (wdu=0 o<l + .l <kt 1,
whereu; is the jth element of vectow. That is, the kerneK(u) is of orderk + 1.

Assumption A5. (i) The jth partial derivatives offg,, fg,,, fg,, fg,,, and fg,,
exist for all j < k + 1; (ii) The expectation&[ g, V I(fg )LELg W, |(fgpp)]

ElgpoV, .. I(fg )LELgV, I(fgpr)] ElgpoV,, .. I(fgzz)] eX|st for aII j<k+1,
where the functions and the partial derlvatlves are evaluated. at

Assumption A6. The matricesA and I, are nonsingular.

The mixing condition in Assumption Al restricts the amount of dependence
allowed in the data sequence, permitting among other things a central limit
theorem to be applied. Conditions that requégeto vanish as a power af do not
seem to be restrictive for most financial data processes and such assumptions are
commonly used in the literature. For instance3-mixing condition of this type is
adopted by Ait-Sahali@ 1996 for continuous time models of interest rates. Note
that Assumption A2 is related to Assumption Al. As the moment restrictions
become stronger larger), more dependence is allowable. Such a trade-off is not
uncommon in establishing asymptotic results for serially correlated data e.g.,
White and Domowitz, 1984 . Lipschitz conditions and higher order kernel assump-
tions, similar to Assumptions A3 and A4, have been employed by many authors
(e.g., Hardle and Stoker, 1989 . Assumption A5 is a regular condition for
asymptotic bias correction through the use of a higher order kérnel see, Powell et
al., 1989 .

Appendix B. Proofs of the propositions

We use three basic lemmas for the proofs of the propositions. Proofs of these
lemmas are omitted but available upon request.

Lemma 1 (Yoshihara's fundamental lemmaLet {y,} be a dtrictly stationary

B-mixing process with the mixing numbers B,, n=1, 2,.... For any given j,
1<j<m-1, and t; < ...<t,, let §,4,..., & be m—j random vectors
which are identical in Jomt distribution to Yoy Y but independent from
Vi o - . Let ¢(y,, ..., ¥, ) beafunction such that

[d)(ytl,---,ytj.§j+1.--.,§m)] -0,
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and
sup ld( Yo W )1 <M

1<ty< ... <tp<w

for some p; >1and M> 0. Thenfor n; =t ; —t,,
|Ed( v, ...,ytm)|s4MBrgjpl—1>/p1.

Define two generalized U-statistics of second order:

1
U,y = ,
1IN N(N 1) tle §1QN(yt+1 Ys+1) s

UpnE N(N—-1) tZ Z Kn (Vs 1 Y1)

1s=t+1
where

(Y 10%5:2) =h K == [ (W(19) = [ W(.9)] o),

—k Xt_xs
Kn(Yir1rYs+1) =h7FK W,(t,s).

Note thatq, and «, are symmetric and they vary with N through h.
For application of the Hoeffding projection technique, define

n(Y) E/QN(ylys+l)dF(y5+l)’

- 1 1N
H1NEEE')’N(Yt+1)+NZ[')’N(yt+1)_E')’N(Yt+1)]'
t=1

ay(y) EfKN(y,y5+1)dF( Ysi1)s

- 1 1N

HzNEEEaN(YtH)+NZ[3N(Yt+1)_E3N(Yt+1)]’
t=1

where F(y,, ;) is the distribution function ofy,_ ;.

Lemma 2 (Hoeffding decomposition Let {y,} be a strictly stationary g-mixing
process with the mixing numbers 8,, n=1, 2,..., satisfying

oo

Z nBéP*Z)/p<oo
n=1

for some p > 2. If there exists By = o(yN) such that ||y (y, . ,)ll,, < By and
sup llan(Vis1 Yss)llp <

1<t<s<»
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then

NE[(UlN —Hin) (Ui — HlN),] =0(1).

Lemma 3. Let Assumptions Al through A5 hold. Let
En(Yer1) = IN(Yer1) = Y( Vs 1),

ean(Vir1) = an(Vie1) —a(Vis1)-
(i) If h— 0, then |l&y\(y, ;. I, < by for some by = o(1) and

‘/— Z[SlN(ytJrl) Eein(Vesn)] = 0,(1).
The same result also holds for e,(y, . 1)-
(ii) 1f Nh?**2 - 0, then VN E(H,, ) = o(2).

Proof of Proposition 1. From the definition of the WLS estimatdy,, it follows
that

b~

Il
—_——

-

|

| =

By Assumptions A2 and A4, there exists an upper boihdsuch that

P

Xy
e[|

— X,
)W(t,s)
whereW(t,s) = W(t,s) — [+, ® W,(t,s)]8. Hence,

X_
K(t

N
llan ( Yt+17y$+1)||i5 h=2Mm?/ ¢ = O( h_ZK) = O( Nh2¥

p
<h **M.

P — ok XS
ElQN(yt+1vys+1)| =h"""E W(t,S)

This gives

)=0(N),

since Nh?¢ — o,
From Assumption A2, Lemma 3, and the triangular inequality

v (Yer Do <y e DI e (Ve )1,
it follows that [lyy(y;, )ll, has a constant upper bound.
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Thus, the conditions of Lemma 2 are satisfied. Lemma 2 provides

\/N(UlN_EHlN)=m(HlN_EHlN)+Op(1)' (18
Repeating the above arguments fqf and a, to apply Lemma 2 tdJ,,, we have
Uy =Hon +0,(2).
By Lemma %),

1
Hoy = EEa( Yir1)

Z| -

g:l[a( yt+1) - Ea( yt+1)] + Op(l)

1
= EEa( Yir1) +0p(1).

~ P
Since Ea(y,, ;) = 2E(w, z,z), it then follows that Ay — A
Lemma &) also gives

m(HlN_E ;[VN(Yul)_E'YN(YtH)]
N

Z [7( Yer1) —
By Egs.(18 ,( 19 and Lemme( 3)||

\/NUIN =

Ey(Yiy1)] +0,(1). (19
1 N
th[v(zm) —

Note next thatEy(y,, ;) =
tions that

E'Y( Z, 1)] + Op(l) .

0, since it follows from the Law of Iterated Expecta-
En(¥ii1) = 2E(We, 1)
Ea(yi,1) = 2E(Wz Z)

wheree, ; =(€;,;...€,;,1) ®z. Thus, En(y,,,) — [+, ® Ea(y;, )]6=0.
By the central limit theorem of Doukhan et &l. 19%4

1
2 Zv(yt+1)—>///(0 r)

where I'= X7 Ey(yt)y(y,,;). This completes the proof

% The authors have improved the classical central limit theokems e.g., Theorem) 18.5.3 of Ibragimov
and Linnik (1972 and they proved that ifp<w, E| X|P <, and%_,a,n?P~2 <, then
n~Y2E (% — EX

=1&p - ’
EX;) converges to a centered normal random vector. NoteXHat ng{#~ 2/ » <
implies that ¥5,_, B, - . it i

= n
B,nP/P=D <oc. Thus, it is obvious that Assumptions Al and A2 imply the
conditions for the central limit theorem; they are also sufficientfoto be finite
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Proof of Proposition 2 (Proof of part( i)) . Define
Yn(Ver1) = In(Yeen) — [Ln ® ay( Yt+1)] o

A P
Since &, — 8, it suffices for part( i} to show that
1N
" Z Y Yer 1) In( Yt+1+1) _)F

Note first that

N
Z N(Yer1:Ysi1)-

- 1
n(Ver1) = N

Thus,
N
n(Yes1) = Yn(Yesr) =N7* ZJN(t,S)
s=1

with Jy(t, ) = au(Vir 1, Ysr 1) = Wn(Ves 1)-

As shown above]lgy (Y, 1,Ys:1)ll, has an upper bound of ordex(VN) and
llvn(Yeii DI, has a constant upper bound. Thus, by the Minkowski's inequality,
134(t,9)l,, has an upper bound of ordefyN). So there existsvly, = o(N) such
that

13 (t:81) In (8.5 Mo /2 <N (L8, 1 I (1,5, )' 1], <M
Moreover, note that fos, <s,

Ja(ts) Jy(ts,) dF(7,,) =0

wherej=s, if s, <t, andj=s, otherwise.
Applying Lemma 1, we have

NZE{H’N( Yir1) — n( Yt+1)] H’N( Yir1) — In( Yt+1)]’}

< LIEN(Ls) R(ts)1+2 X [E}(t,s) I(ts,) ]
s;=1

1<s,<s,<N
N—-1
<NM,, + 8NM,, ¥ B(~2/7 = 0o(N?).

n=1
So there existsh; y = 0(1) such thatE|Jy(y,, 1) — (Vi ) 1% <b; . Com-
bined with Lemma 3, this givesE|yy(y, ) — y(y )% <b,, for some

b, = 0(D).

Since E19,(y,; 1) 1? and E| y(y,,,)|? have constant upper bounds, it follows
that for any fixed]j there existsb; = 0(1) such that

El ?N(ytJrl)s}N(ijJrl),_ Y(Ver1)v( yt+j+1)’|5 P3N -



K.Q. Wang / Journal of Empirical Finance 9 (2002) 133-169 165

Chebyshev’s inequality thus yields

1 N 1N—j
N E'YN( Yir1) Yn( yt+j+l) N ) Y(Yer 1) ¥( yt+j+1) = Op(l)'
t=1 t=1

Now note thatg, = o(n~27/(~2) since
2n 2n
LB = BiTA/ 0 Y j = Bihm P/ 70(n?)
j=n j=n

and X" jB(#~?/#=0(1) by Assumption Al. Thus, the strong mixing coeffi-
cients of the data process satisfiy =o(n~"/("~?) for some 2<r < p. Note
further that from Assumption AZly(y,, )y (Vi4j41)'ll,/2 <. Thus, by Lemma
2.1 and Theorem 2.3 of White and Domowifz 1984 or McLeist’'s 2975
Theorem 2.1D ,

1N
N ;17( Yer 1) ¥ ( yt+j+l)( = E['}’( Yer 1) ( Yt+j+1),] + Op(l) :

This establishes paft)ii of the theorem ﬂﬁt is consistent forl ;.
Proof of part() : Given Eqs( )1 and)2 of Section 2,

E[”’I( Yir1) | It] =E(We 1) +E(We, 1X)

E[a( Yie1) [ 1] =Wz Z + W, g,,( %)
where g, ;=(e;;;...€,;,1) ®z. On the other hand, Ed. )6 of Section 2
implies

E(we 1) — [wn®(wzz)]5=0,

E(wer11%) — [tn® (W 9.,(X)]6=0.

Thus, E[y(Y,, ) |1;]=0if Eq. (6) holds. It follows thatl; = 0 for j # 0.
Given Egs.( 1 and 2, the null hypothesis of conditional efficiency implies

Eq.(6). Sof,, 2 0. Then, withs =0, Proposition 1 delivers the resulid), £y, 5,
S xan. O

Appendix C. The covariance matrix estimators EAN and /iN

The estimatorS,, in Eq. (16 of Section 2 is

~ 1N
3= N ZYN(YtH)VN(YtH) )

t=1
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where
InVern) = (Ve 1) = [0 @ (s 0) ]y,
(Ve 1) = 200 [ Gop( %) Tet = Gp( XD T aalisn T G (XD TP
= Gpr (%) Tp e 1+ Gpp(X0) 8 (%) = Gp( %) Gor (X0)]
a(%n) =F2(x)[62(x) 22
(1201 = 265X T vt + Bop( X)) 8 %)
Here, f, 8p Gppr Or G G5, @ndry,, are defined as in Section 2. Note that

9,.(x,) =z z when z is a fixed transformation ok, (e.g., z, = (1 x;)). In such
circumstances, one can simply use

B (Vi) =20 [370x) + 1200 = 285(X) T a1 + Bpp(X)] 22
The estimatorA,, in Eq.(17 of Section 2 is

~ 1

Ay = N ")\/N(yt-#l):}\/N(yt-#l),_4)‘N/\,N'

™Mz

t=1

where
Y Yer1) =F(x) [ Opp( X) M1 = Gp( X) o alisn + G (X)) ré,Hl

_@pr( Xt) r|o,t+ 1] ’

and f, Ops Gpps G;» G,rs @ndr,, ; are defined as in Section 2.

Appendix D. Kernel and bandwidth

Two kernel functions are used in the nonparametric tests. The first kernel is an
independent multivariate normal density function

K
K(u) = _1_[l¢i(ui)
=
where ¢, is the density of a univariate normal with mean zero and variante
and o; is the standard deviation of thieh conditioning variable. This kernel is
referred to as the normal kernel.
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The second one is dbias-corrected kernel, which is constructed from the

normal kernel as follow€ see, Schucany and Summers, 1977; or Powell et al.,
1989

K(u) — i ab *K(u/b)

K™ (u) = - K
1- Y a
i=1
wherea=B"'e. Herea=(a,,..., &), B is a kX k matrix with the(i, j)th
componentB; = bj, eis akXx 1 vector of ones, anth =k +j for j=1,... k. It
is easy to verify that this is a kernel of ordkr 1 satisfying Assumption A4 in

Appendix A.

Optimal bandwidth selection is an unresolved issue. There is no theoretical
guidance in this context. For a practical choice, we set the bandwidth parameter to
be

Obviously, this takes into account the bandwidth convergence rate conditions in
Proposition 1. Note that scale adjustment of the state variables is already made in
the above kernels through the standard deviatiopsSuch a simple bandwidth
rule has been regarded as an objective starting point and adopted by many authors
(e.g., Silverman, 1986; Pagan and Schwert. 1990; Harvey, 1991; among) éthers .
The same kernels and bandwidth are used for the unconditional moments test
given in Eq.( 17 of Section 2. For the regression test in(Eq) 16 of Section 2, a
kernel of order X+ 1 is required. We construct it similarly as above. The
bandwidth is set to béa = N~1/“**D {0 meet the convergence rate conditions.
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