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Abstract

In this paper, we propose three nonparametric methods for testing conditional mean-
variance efficiency of a benchmark portfolio. These approaches avoid functional form
misspecification and share a pleasant feature that the test statistics are based on estimators
that converge at the fast parametric rate. We derive limiting distributions of the test
statistics and compare the three methods in a simulation study. We also present an
application of the methods for testing the conditional CAPM.q2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction

Mean-variance efficiency is a central concept in asset allocation, asset pricing,
and performance evaluation. How to test portfolio mean-variance efficiency is one
of the earliest and most enduring questions in financial economics. Earlier studies
have focused on testing the unconditional version of the Capital Asset Pricing

Ž . Ž . Ž .Model CAPM of Sharpe 1964 and Lintner 1965 , or equivalently, the uncondi-
tional mean-variance efficiency of the market portfolio. In recent years, the role of
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conditioning information has received considerable attention, motivated by mount-
ing evidence of time-variation in expected returns, return volatilities, and betas of
financial assets. Numerous researchers have incorporated conditioning information
in various tests and applications.1

A challenging issue arises when testing conditional mean-variance efficiency of
a benchmark portfolio. That is, there is no theoretical guidance on how conditional
moments of the portfolio and betas vary with variables that represent conditioning

Ž .information. On evaluation of conditional asset pricing models, Ghysels 1998
Ž .argues that misspecification of functional forms of betas and so on is of

first-order importance. Using several time-varying beta models that have been
proposed in the literature, he shows that these time-varying beta models are
seriously misspecified such that they give rise to even more serious pricing errors

Ž . Ž .than constant beta models in many cases. Harvey 1991 and He et al. 1996 ,
Ž .among others, have also noted the problem. More recently, Brandt 1999 has

stressed the importance of this issue in the estimation of portfolio and consump-
tion choice.

In this paper, we explore a solution to this problem. We propose a new testing
approach that completely avoids specification of time-varying betas. We focus on

Ž .the pricing kernel i.e., stochastic discount factor and use a flexible nonparametric
approach to incorporate conditioning information into the testing. This method
utilizes the fact that the conditional mean-variance efficiency implies a pricing
kernel which is determined by the first two conditional moments of the return on
the benchmark portfolio. We use standard kernel regression estimates of the two
moments to obtain a nonparametric estimate of the pricing kernel. Next, we use a
regression approach to test if excess returns discounted by the nonparametric
pricing kernel are predictable. In addition, we provide two alternative tests that are
also built on pricing kernels estimated by the standard kernel regression method.

These testing approaches have an important feature. We show that although
nonparametric discount factor estimation is involved, the test statistics are built on

'Ž .estimators that converge at the standard parametric rateN -convergence , regard-
less of the number of conditioning variables being used.2 This fast convergence

1 There are a growing number of tests for conditional mean-variance efficiency which are proposed
Žin the context of testing the conditional CAPM i.e., conditional mean-variance efficiency of some

. Ž .stock market or other conditional asset pricing models. See Ferson et al. 1987 , Bollerslev et al.
Ž . Ž . Ž . Ž . Ž . Ž .1988 , Harvey 1989 , Shanken 1990 , Carhart et al. 1995 , Engel et al. 1995 , Cochrane 1996 , He

Ž . Ž . Ž . Ž .et al. 1996 , Jagannathan and Wang 1996 , Clare et al. 1997 , Ferson and Siegel 1998 , and Ferson
Ž . Ž . Ž .and Harvey 1999 , among others. See Ferson and Schadt 1996 , and Christopherson et al. 1998 for

examples on conditional performance evaluation.
2 Ž .On implementing the regression testing idea, this paper is related to Powell et al. 1989 , Robinson

Ž . Ž . Ž . Ž .1989 , Yoshihara 1990 , Lee 1992 , and Khashimov 1993 . The regression estimator underlying our
testing approach is similar to the estimators of Powell et al. and Lee. We derive the limiting
distribution of this estimator using an extension of classicalU-statistic theorems tob-mixing processes.
Similar extensions have been obtained by Robinson, Yoshihara, and Khashimov.
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property is pleasant as it provides hope that the tests may, to some extent, escape
from the Acurse of dimensionalityB that plagues applications of nonparametric
methods.3 We compare the three methods in a simulation study. We find that the
nonparametric tests have better power than a standard discount factor GMM
approach.

To illustrate the practical value of the new methodology, we test the conditional
Sharpe–Lintner CAPM with the nonparametric methods. We find that the condi-
tional CAPM performs substantially better than the static version, but still it is
statistically rejected. There is a strong size pattern in the volatilities but not in the
averages of the pricing errors. The pricing errors for small to medium size
portfolios are positively correlated with the stock market. In other words, one can
generate abnormal returns using simple strategies that increase holdings of small
stocks and reduce holdings of large stocks when the stock market goes up, and
vice versa.

This paper is organized as follows. Section 2 details a regression testing
approach and presents analytical results for the test statistic and the underlying
estimator. In Section 2, we also propose the two alternative tests. Section 3
provides a simulation study. Section 4 presents an empirical application. Section 5
concludes. The Appendix contains technical assumptions and proofs.

2. Nonparametric tests

2.1. A regression testing approach

We first present a regression testing idea, which we carry out through a
weighted least squares estimator. We use a nonparametric discount factor to
incorporate conditioning information into the testing of portfolio conditional
mean-variance efficiency. This section describes the basic idea in details.

We consider a framework in which there is a conditionally riskless asset. Let
r be the return on a benchmark portfoliop in excess of the riskless rate, andp,tq1

r be the excess return on theith test asset foris1, . . . , n. Let x be a k=1i,tq1 t
Ž .vector of conditioning variables or state variables such that

E r N I sE r Nx , 1Ž .Ž . Ž .p ,tq1 t p ,tq1 t

E r 2 N I sE r 2 Nx , 2Ž .Ž . Ž .p ,tq1 t p ,tq1 t

3 It is well known that nonparametric estimates typically converge at slower rates than parametric
estimates, and the problem is more serious for higher dimensional applications. This is known as the

Ž .curse of dimensionality e.g., Silverman, 1986 .
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where I is the time-t information set of investors.4 The excess returns and thet

conditioning variables are assumed to be strictly stationary.
If the benchmark portfoliop is conditionally mean-variance efficient, then

cov r ,r N IŽ .i ,tq1 p ,tq1 t
E r N I sE r N I , 3Ž . Ž .Ž .i ,tq1 t p ,tq1 t var r N IŽ .p ,tq1 t

which implies

E r r N IŽ .i ,tq1 p ,tq1 t
E r N I sE r N I , 4Ž . Ž .Ž .i ,tq1 t p ,tq1 t 2E r N IŽ .p ,tq1 t

Ž .for is1, . . . , n. The covariance representation 3 is the familiar beta pricing
Ž . 5equation. Our focus is on Eq. 4 , the cross moment representation.

Ž . Ž . Ž . Ž 2 . Ž . Ž .Let g x sE r N x , g x sE r N x , and b x sg x rp t p,tq1 t p p t p,tq1 t t p t
Ž . Ž . Ž . Žg x . Given that Eqs. 1 and 2 hold, conditional expected return errors orp p t

. Ž .Jensen’s alphas from Eq. 4 can be expressed as

E r r N IŽ .i ,tq1 p ,tq1 t
E r N I yE r N I sE m r N I ,Ž . Ž .Ž .i ,tq1 t p ,tq1 t tq1 i ,tq1 t2E r N IŽ .p ,tq1 t

Ž . Ž .where m s1yb x r . Thus, Eq. 4 is equivalent totq1 t p,tq1

E m r N I s0. 5Ž . Ž .tq1 i ,tq1 t

Ž .Let e sm r i.e., discounted excess returns andz be a q=1i,tq1 tq1 i,tq1 t

vector of observed variables inI . If we could observe the discount factorm , at tq1
Ž .natural way to test the conditionE e N I s0 would be a regression approach:i,tq1 t

regresse on z and test if the regression coefficients are zero. This is becausei,tq1 t

the following regression equations

e szX d qu , 6Ž .i ,tq1 t i i ,tq1

Ž . Ž .where E u N I s0, for is1, . . . , n, are always consistent with Eq. 5 .i,tq1 t
Ž .Obviously, the moment condition 5 implies that the regression equations in Eq.

Ž . Ž X X X.X6 hold, and the coefficients satisfyds0, whereds d d . . . d .1 2 n

4 Ž . Ž .Note that Eqs. 1 and 2 areonly for the benchmark portfoliop. They are not requiringx to bet

a full characterization of the information setI , but they are sufficient for developing the nonparametrict

tests.
5 Ž . Ž . Ž . Ž . Ž .Eq. 3 implies that E r N I var r N I sE r N I cov r ,r N I , which isi,tq1 t p,tq1 t p,tq1 t i,tq1 p,tq1 t

Ž . Ž . Ž .equivalent to Eq. 4 . Conversely, Eq. 4 also implies Eq. 3 .
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To implement this simple idea, we replacem with a nonparametric discounttq1

factor m , and estimate the parameter vectord byˆ tq1 i

y1N N1 1
X

d̂ s w z z w z e , 7Ž .ˆ ˆ ˆÝ Ýi t t t t t i ,tq1ž / ž /N Nts1 ts1

for is1, . . . ,n, wheree sm r andˆ ˆi,tq1 tq1 i,tq1

ˆm s1yb x rŽ .ˆ tq1 t p ,tq1

ˆ ˆŽ . Ž . Ž . Ž . Ž .with b x sg x rg x . The weighting function is set to bew s f x g x .ˆ ˆ ˆ ˆp p p t t p p t
ˆHere f, g , and g are kernel estimators defined belowˆ ˆp p p

N xyxsy1 ykf̂ x sN h K ,Ž . Ý ž /hss1

N xyxsy1y1 yk ˆg x sN h f x K r ,Ž . Ž .ˆ Ýp p ,sq1ž /hss1

N xyxsy1y1 yk 2ˆg x sN h f x K r . 8Ž . Ž . Ž .ˆ Ýp p p ,sq1ž /hss1

ˆŽ . Ž .The nonparametric estimators in Eq. 8 are standard.f x is the Rosenblatt–
Ž .Parzen kernel density estimator, with kernel functionK P and bandwidth parame-

Ž . Ž .ter h. g x and g x are the Nadaraya–Watson kernel regression functionˆ ˆp p p

estimators.
The weighting function is chosen purely for a technical constraint. Because of

this choice, bothNy1ÝN w z zX and Ny1ÝN w z e can be expressed asˆ ˆ ˆts1 t t t ts1 t t i,tq1

second-order generalizedU-statistics, making it straightforward to analyze large
ˆsample properties ofd . In contrast, rather complex technical problems arise ini

developing distribution theory if we use weighting functions that do not give rise
to simple U-statistic structures.6 The weighting function chosen above is the
simplest among those that yieldU-statistic structures. In a similar spirit, Powell et

Ž .al. 1989 employed density-weighting to obtain an instrumental variable estimator
Ž .for limited dependent variables models, Robinson 1989 provided a class of

Ž .unconditional moments tests for general econometric applications, and Lee 1992
designed a density-weighted least squares estimator for heteroskedasticity testing.

6 In particular, the choice of settingw s1 does not yieldU-statistic structures. This is why it is notˆ t

used here. Note that it is possible to avoid the limiting distribution theory by using a time series
bootstrap method. A rigorous analysis of potential gains and problems of such an alternative approach
is beyond the scope of this paper.
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ˆThe test that we propose is based on the weighted least squares estimatord ,N

where
X

X X Xˆ ˆ ˆ ˆd s d d . . . d .ž /N 1 2 n

ˆIntuitively, d converges to zero if the benchmarkp is conditionally mean-vari-N

ance efficient. Otherwise, the estimator converges to a nonzero limit in general
Ž .unlesse is orthogonal to all the components ofz for is1, . . . , n . Thus, wei,tq1 t

ˆcan conduct a test by checking how fard is away from zero, using asymptoticN

distribution theory to account for sampling errors. Note that this regression testing
approach provides a simple way to look into pricing errors. By design, our test

ˆaims at detecting time-variation in Jensen’s alphas. A significant component ofdN

indicates that the expected return errors are correlated with the corresponding state
variable. Thus, potentially the test may lead to a simple characterization of
time-variation in the pricing errors. Moreover, in applications we may view Eq.
Ž . X6 as a model for pricing errors. That is,z d may serve as an approximation fort i
Ž . Ž .E e N I , the time-varying Jensen’s alphas from Eq. 4 .i,tq1 t

2.2. Asymptotics and the test statistic

This section presents an important property of the test. Although we use
nonparametric kernel density and regression estimates in construction, the estima-

ˆtor d behaves like a parametric estimator. It has a standard limiting multivariateN

normal distribution and in particular it converges at the fast parametric conver-
gence rate.7 This property makes it straightforward to construct and implement the
testing approach. The fast convergence rate is especially pleasant, as it provides a
theoretical reason to expect that the test may have good power in applications.

We use the following notations to present the results. Letr be a vector oftq1
Ž .X Ž X X X .Xscaled excess returnsr . . . r mz and y s x z r r , where1,tq1 n,tq1 t tq1 t t p,tq1 tq1

Ž . Ž . w X x‘m’ is the Kronecker operator. Denotew s f x g x , As i m E w z z ,t t p p t n t t t
ˆ y1 N Xand A s i mN Ý w z z , where i is the n=n identity matrix. Let dsˆN n ts1 t t t n

Ž X X.X w Ž X .xy1 w xd . . . d with d s E w z z E w z e . Define1 n i t t t t t i,tq1

g y sh y y i ma y d , 9Ž . Ž . Ž . Ž .tq1 tq1 n tq1

2h y s f x g x r yg x r r qg x rŽ . Ž . Ž . Ž . Ž .tq1 t p p t tq1 p t p ,tq1 tq1 r t p ,tq1

yg x r , 10Ž . Ž .pr t p ,tq1

X 2a y s f x g x z z qr g x , 11Ž . Ž . Ž . Ž . Ž .tq1 t p p t t t p ,tq1 z z t

7 This result arises from the fact that the average of some functions of slow-converging nonparamet-
'Ž . Ž .ric kernel estimates can converge at the parametric rateN . See Hardle and Stoker 1989 , Powell et

Ž . Ž . Ž .al. 1989 , Robinson 1989 , and Lee 1992 for examples about this fact.
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Ž . Ž . Ž . Ž . Ž . Ž Xwhere g x sE r Nx , g x sE r r Nx , and g x sE z z Nr t tq1 t p r t p,tq1 tq1 t z z t t t
.x .t

ˆŽ . Ž .In Appendix B, we show that i A converges in probability toA, ii theN
y1r2 Nˆ ˆ' Ž . Ž .limiting distribution of N A d yd is identical to that ofN Ý g y ,N N ts1 tq1

Ž . Ž . y1 N Ž .and iii Eg y s0. BecauseN Ý g y is a simple average of station-tq1 ts1 tq1

ary random vectors, application of a central limit theorem thus gives the following
result.

Proposition 1. GiÕen Assumptions A1–A6 stated in Appendix A, if h™0,
2k 2kq 2 ˆNh ™`, and Nh ™0, then the weighted least squares estimator d is suchN

ˆ' ( )that N d yd has a limiting multiÕariate normal distribution with mean 0 andN

Õariance–coÕariance matrix V , where VsAy 1GAy 1, GsÝ` G , and G sy` j j
[ ( ) ( )X]E g y g y .tq 1 tq jq 1

ˆProposition 1 shows that the weighted least squares estimatord has theN'standard limiting properties,N -consistency and asymptotic normality, of para-
Ž . Ž .metric estimators. This result does not rely upon Eqs. 1 and 2 , nor does it

Ž .require that the regression equations in Eq. 6 are correctly specified. Note that
the bandwidth conditions are different from those for the kernel density and
regression function estimators. The conditionsNh2k™` and Nh2kq2™0 place

ˆupper and lower bounds on the rate that the bandwidthh converges to 0, ford toN

exhibit the desired asymptotic behavior. The conditionNh2kq2™0 is due to the
Ž .use of a kernel of orderkq1 Assumption A4 , and, hence, the admissible range

for the rate can be relaxed using a kernel of order higher thankq1.
To estimate the covariance matrixV, we first consider the estimation of
Ž . Ž . Ž . Ž . Ž . Ž . Ž .g y . Replacing the functionsf x , g x , g x , g x , g x , and g xtq1 p p p r pr z z

Ž . Ž . 8 Ž .in Eqs. 10 and 11 by standard kernel estimators, and replacingd in Eq. 9 by
ˆ Ž .d , we obtain a natural approximation forg y :N tq1

ˆg y sh y y i ma y d , 12Ž . Ž . Ž . Ž .ˆ ˆ ˆN tq1 N tq1 n N tq1 N

2ˆh y s f x g x r yg x r r qg x rŽ . Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆN tq1 t p p t tq1 p t p ,tq1 tq1 r t p ,tq1

yg x r , 13Ž . Ž .ˆpr t p ,tq1

X 2ˆa y s f x g x z z qr g x , 14Ž . Ž . Ž . Ž . Ž .ˆ ˆ ˆN tq1 t p p t t t p ,tq1 z z t

8 Ž . X Ž X .XNote that g x s z z when z is a fixed transformation ofx , for example, whenz s 1x .z z t t t t t t t
Ž . Ž .In such circumstances, there is no need to use the kernel estimatorg x in Eq. 14 . Instead, one canˆz z t

X ˆ 2 XŽ . Ž . Ž .w Ž . xsimply replaceg x by z z , which givesa y s f x g x q r z z .ˆ ˆz z t t t N tq1 t p p t p,tq1 t t
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ˆ Ž .where f, g , and g are defined as in Eq. 8 , andˆ ˆp p p

N xyxsy1y1 yk ˆg x sN h f x K r ,Ž . Ž .ˆ Ýr sq1ž /hss1

N xyxsy1y1 yk ˆg x sN h f x K r r ,Ž . Ž .ˆ Ýpr p ,sq1 sq1ž /hss1

N xyxsy1 Xy1 yk ˆg x sN h f x K z z .Ž . Ž .ˆ Ýz z s sž /hss1

We show in Appendix B that the estimator
Nyj

Xy1Ĝ sN g y g y ,Ž . Ž .ˆ ˆÝj N tq1 N tqjq1
ts1

Ž . Ž .is consistent forG . It is also shown that given Eqs. 1 and 2 ,G s0 for anyj j
Ž .j/0 when the regression equations in Eq. 6 hold.

Thus, we propose to use the test statistic

ˆ ˆX ˆy1ˆT sNd V d , 15Ž .d N N N

ˆ ˆy1 ˆ ˆy1where V sA G A , for testing conditional mean-variance efficiency of theN N 0 N

benchmark. The following proposition gives the limiting distribution of the test
statistic.

( ) ( ) ( )Proposition 2 Let the conditions of Proposition 1 hold.i GiÕen Eqs. 1 and 2 ,
ˆif the portfolio p is conditionally mean-Õariance efficient, then the test statistic Td

ˆ( )has a limiting chi-squared distribution with q=n degrees of freedom. ii G is aj

consistent estimator of G for any fixed j.j

The regression test is constructed using a simple covariance matrix estimator.
ˆŽ .Note that Proposition 2 has also provided the necessary inputsG to obtainj

covariance matrix estimators that are consistent under general circumstances.
Whether there exists any advantage to use such estimators in applications remains
to be studied.9

ˆA few remarks are in order. First, the limiting distribution ofd does notN

depend on the scaling constantc when we set the bandwidth ashscNy1rŽ2kq1..
This property suggests that unlike kernel density and kernel regression estimates,

ˆthe estimated will become less sensitive to choice ofc as the sample sizeN

9 In application, we have attempted to use a Newey–West covariance matrix estimator with a lag
Ž .length of 6, 12, and 18. However, the estimates are or so close to be singular such that the computer

cannot invert them. On the other hand, the regression residuals look quite like martingale sequences,
supplying no incentive to pursue a more complex approach for estimation of the covariance matrix.



( )K.Q. WangrJournal of Empirical Finance 9 2002 133–169 141

increases. In other words, the bandwidth choice in our approach is not as
important as in kernel density and kernel regression estimation.10 The trade-off is
that we cannot justify cross-validation procedures. In simulations and applications,
we adopt a simple rule, and we find that results are not very sensitive to small

ˆchanges in the bandwidth. Secondly, it looks like aAfree lunchB that d hasN

standard limiting distribution and the parametric convergence rate, no matter how
many conditioning variables we use. However, it should be noted that there is
certain cost due to nonparametric estimation, which is embedded in the covariance

ˆmatrix of d . In finite samples, it still pays to eliminate redundant conditioningN

variables. Finally, note that the test will not have power if we choose some vector
Ž Ž . . 11z that is orthogonal toe i.e., E z e Nx s0, is1, . . . , n . However,t i,tq1 t i,tq1 t

the test will have power as long as one component ofz can significantly forecastt
Ž .e , no matter whether the regression model 6 is correctly specified or not.i,tq1

2.3. Two alternatiÕe testing approaches

Like most nonparametric methods, the approach that we have proposed is not
associated with any optimality property. In this section, we consider two alterna-
tive ways to test the conditional mean-variance efficiency hypothesis. They are
also constructed with a nonparametric pricing kernel and they share the property
that the underlying estimators converge at the parametric rate. This section briefly
outlines the two alternative tests.

Ž .The test proposed above aims at the cross moment representation 4 . Alterna-
Ž .tively, we can target the beta pricing Eq. 3 to construct a regression test. It turns
Ž .out that we just need to redefinee or m and w , and then repeat theˆi,tq1 tq1 t

Ž . Ž .above procedure. Given Eqs. 1 and 2 , conditional expected return errors from
Ž .Eq. 3 can be expressed as

cov r ,r N IŽ .i ,tq1 p ,tq1 t
E r N I yE r N I sE e N I ,Ž . Ž .Ž .i ,tq1 t p ,tq1 t i ,tq1 tvar r N IŽ .p ,tq1 t

where

g x yg x rŽ . Ž .p p t p t p ,tq1
e sm r s r ,i ,tq1 tq1 i ,tq1 i ,tq12ž /s xŽ .p t

2Ž . Ž . 2Ž .and s x sg x yg x .p t p p t p t

10 ŽThis is nice as it suggests that bandwidth problems due to persistency of state variables see,
.Pritsker, 1998; Chapman and Pearson, 2000 may not be a serious issue to our approach.

11 In statistical term, the test is not consistent, for a given vectorz , against certain processes thatt
Ž .generatee . Chen and Fan 1999 recently propose a consistent test. The trade-off is that thei,tq1

limiting distribution of their test is nonstandard and, thus, it is complicated to implement in simulations
and applications.
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Ž . Ž .Thus, Eq. 3 is equivalent toE e N I s0, which impliesi,tq1 t

e szXa qui ,tq1 t i i ,tq1

Ž . Ž X X .Xwith E u N I s0 for is1, . . . , n, and as0, whereas a . . .a .i,tq1 t 1 n

We estimate the parameter vectora byi

y1N N1 1
X

a s w z z w z e ,ˆ ˆ ˆ ˆÝ Ýi t t t t t i ,tq1ž / ž /N Nts1 ts1

2̂ 2 2 2Ž . Ž . Ž . Ž . Ž .wherew s f x s x , s x sg x yg x , andˆ ˆ ˆ ˆ ˆt t p t p t p p t p t

g x yg x rŽ . Ž .ˆ ˆp p t p t p ,tq1
e s r .ˆi ,tq1 i ,tq12ž /s xŽ .ˆp t

With the weighting function w , bothNy1ÝN w z zX and Ny1ÝN w z eˆ ˆ ˆ ˆt ts1 t t t ts1 t t i,tq1

can be expressed as third-order generalizedU-statistics. Under certain regularity
conditions, if Nh4k™` and Nh4kq2™0, then the weighted least squares estima-

Ž X X .Xtor a s a . . .a has a limiting normal distribution.ˆ ˆ ˆN 1 n
Ž . Ž .Similarly as in Proposition 2, we can show that given Eqs. 1 and 2 , the test

statistic

ˆ X ˆy1T sNa S a 16Ž .ˆ ˆa N N N

2Ž .has a limiting x qn distribution if the benchmark portfoliop is conditionally
ˆmean-variance efficient. The covariance matrix estimatorS is given in AppendixN

C.
Ž . Ž .The other alternative is an unconditional moments test. Given Eqs. 1 and 2 ,

Ž .the beta pricing Eq. 3 implies a moment conditionls0, where

lsE f x g x yg x r r .Ž . Ž . Ž .� 4t p p t p t p ,tq1 tq1

We estimate the vectorl of unconditional moments by

N1
ˆ ˆl s f x g x yg x r r .Ž . Ž . Ž .ˆ ˆÝN t p p t p t p ,tq1 tq1N ts1

This estimator can be expressed as a generalizedU-statistic of second order. In
2k 2kq2 ˆaddition to certain regularity conditions, ifNh ™` and Nh ™0, then lN

has a limiting normal distribution. This leads to the following test statistic

ˆ ˆX ˆy1ˆT sNl L l , 17Ž .l N N N

ˆ Ž .whereL is a covariance matrix estimator defined in Appendix C. Given Eqs. 1N
ˆ 2Ž . Ž .and 2 , we can show that the test statisticT has a limiting x qn distribution ifl

the benchmark is conditionally mean-variance efficient. In the econometrics
Ž .literature, Robinson 1989 provides a class of unconditional moments tests. The

Ž .test given in Eq. 17 fits as a special case of his general methodology.
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Ž . Ž .The regression test in Eq. 15 and the two alternative tests in Eqs. 16 and
Ž .17 are not equivalent. Analytical comparison of their performances is rather
difficult. In the next section, we provide a simulation experiment to study whether
these asymptotically justified methods have practical value for finite sample
applications.

3. A Monte Carlo experiment

3.1. Returns and conditioning Õariables

Postwar monthly data on six excess returns and five forecasting variables are
obtained from CRSP to design a Monte Carlo experiment. We use the value-

Ž .weighted portfolio of New York Stock Exchange NYSE stocks as the benchmark
Ž .portfolio with the excess return denoted by VWR , and the value-weighted NYSE

size decile 1, 3, 5, 7, and 9 portfolios as test assets. The conditioning variables that
Ž . Ž .we use are the dividend-price ratio DPR , the default premium DEF , the

Ž .1-month Treasury bill rate RTB , excess return on the NYSE equally weighted
Ž . Ž .portfolio EWR , and the term premium TERM . All these are popular forecasting

variables for stock returns. In terms of predicting the excess return VWR and
VWR squared, we find by ordinary least squares regressions that the variable
TERM appears to be redundant when the other four are all present. We keep
TERM as a redundant state variable in simulations, just to check robustness of the
results. Summary statistics of the data are provided in Table 1.

3.2. Data generation

In the simulations, the forecasting variables DPR, DEF, RTB, EWR, and
Ž . Ž . Ž .TERM are generated through a VAR 1 model. Lety s ln DPR , y s ln DEF ,1 2

Ž .y s ln RTB , y sEWR, and y sTERM. The 5=1 vector y is assumed to3 4 5 t

follow the process

y yysF y yy qe ,Ž .t ty1 t

where y is the mean vector ofy , F is the matrix of coefficients, and the residualt

e is normally distributed.12
t

The conditional distribution of the six excess returns is multivariate normal.
The conditional correlation matrix is assumed to be constant and equal to the
sample correlation matrix given in Table 1. For each asset, time-t conditional

Ž .standard deviation of the time-tq1 return is of the form

< <s s a qa DPR qa DEFqa RTB qa EWR .i ,t i ,0 i ,1 t i ,2 t i ,3 t i ,4 t

12 Since DPR, DEF, and RTB are always positive throughout the sample, it seems more appropriate
Ž .to let them be lognormal instead of normal .
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Table 1
Summary statistics of the data
Monthly observations from January 1947 to December 1995 for the following asset returns and
instrument variables are obtained from CRSP. The returns are arithmetic nominal rates of return in

Ž .excess of the 1-month Treasury bill rate, measured in percent multiplied by 100 . VWR denotes the
excess return on the value-weighted portfolio of NYSE common stocks. SZN refers to the excess
return on the value-weighted portfolio of theNth size decile NYSE stocks. DPR is the dividend yield
Ž .in percent on the NYSE value-weighted index, measured as the sum of previous 12 months’ dividend
payments divided by the level of the index. DEF is the Baa-rated corporate bond yield minus that of the
Aaa-rated bond. RTB is the 1-month T-bill yield. EWR is the excess return on the NYSE equally
weighted index. TERM is the Aaa-rated corporate bond yield minus the 1-month T-bill yield. All the
bond or bill yields are annualized and measured in percent.

Variable Mean Standard First Cross correlations
deviation autocorrelations

SZ1 1.01 6.44 0.12
SZ3 0.82 5.39 0.14 0.94
SZ5 0.77 4.94 0.13 0.89 0.97
SZ7 0.75 4.66 0.12 0.84 0.94 0.97
SZ9 0.71 4.33 0.07 0.77 0.88 0.92 0.97
VWR 0.65 4.06 0.04 0.73 0.85 0.90 0.95 0.97

DPR 4.03 1.06 0.98
DEF 0.92 0.43 0.97 0.19
RTB 4.64 2.99 0.97 0.00 0.64
EWR 0.77 4.84 0.14 y0.04 0.12 y0.11
TERM 2.22 1.47 0.91 y0.12 0.39 y0.10 0.11

Time-t conditional mean of the excess return VWR takes the form:

E VWR sb qb DPR qb DEFqb RTB qb EWR .Ž .t tq1 0 1 t 2 t 3 t 4 t

We use four models, denoted H , H , H , and H , that differ in the generation0 1 2 3
Ž .of conditional expected returns but they are identical otherwise . In the first

model H , the NYSE value-weighted portfolio is conditionally mean-variance0

efficient. The conditional means of excess returns on the five size portfolios are
Ž .determined by the beta pricing Eq. 3 . In the other three models H , H , and H ,1 2 3

the benchmark is not conditionally mean-variance efficient. We generate the
Ž . Ž .conditional expected excess returns by i a linear model under H , ii a log-linear1

Ž . Ž .model under H , and iii a quadratic model similar to an ARCH-m model under2

H . In other words, conditional expected excess returns on the five size portfolios3

take the following forms under H , H , and H , respectively:1 2 3

H :1

E r sb qb DPR qb DEFqb RTB qb EWRt i ,tq1 i ,0 i ,1 t i ,2 t i ,3 t i ,4 t
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H :2

E r sb qb ln DPR qb ln DEF qb ln RTB qb EWRŽ . Ž . Ž .t i ,tq1 i ,0 i ,1 t i ,2 t i ,3 t i ,4 t

H :3

E r sb qb DPR qb DEFqb RTB qb EWR qb s 2
t i ,tq1 i ,0 i ,1 t i ,2 t i ,3 t i ,4 t i ,5 i ,t

wheres 2 is the conditional variance ofr .i,t i,tq1

The VAR process of conditioning variables and the conditional moments of
asset returns are estimated with the historical data. The parameter estimates are
taken to be the ‘true’ parameter values in the simulations.13

3.3. Simulation results

Table 2 presents the simulation results on finite sample performances of the
Žnonparametric tests. In constructing the tests, the state variable vector isx s DPRt t

.X Ž .DEF RTB EWR except for panel C where we add the redundant variablet t t
Ž X .XTERM. The instrument vector isz s 1 x throughout the simulations. Fort t

Ž . Ž .notational convenience, we refer to the regression tests given in Eqs. 15 and 16
of Section 2 as R1-test and R2-test, respectively. We refer to the unconditional

Ž .moments test given in Eq. 17 of Section 2 as UM-test. We also include a
standard discount factor GMM approach which serves as a benchmark in the
evaluation of the nonparametric tests. The discount factor is of the linear form as

Ž . Ž . 14in Carhart et al. 1995 and Cochrane 1996 , among others.
Ž .Panel A records the rejection rates of the three nonparametric tests against

conditional mean-variance efficiency of the NYSE benchmark portfolio at 5% and
10% levels. First, we look at the results based on the normal kernel. The R1-test is
clearly the winner. Most impressive is its performance at sample sizeNs600.
Under H , it produces rejection rates very close to the corresponding significance0

levels. Meanwhile, the power of the test is nearly perfect under H , H , and H .1 2 3

At Ns300, the R1-test has significantly better power than the R2-test and the
UM-test.

13 Ž .Wang 1998 reported more details of the simulations and more results. Details such as parameter
Ž .estimates of the four models and the VAR 1 are omitted for brevity, but they are available upon

request.
Note that to use linear functional forms is primarily for convenience. There is no reason that such linear
specifications would give any advantage to the nonparametric tests. The classic kernel regression
estimates are designed to handle all functional forms. There is no reason that they perform better for
linear functions. In fact, the tests tend to have better power in the log-linear model H and quadratic2

model H .3
14 Ž .See Cochrane 1996 for a detailed discussion on the discount factor GMM approach, and Hansen

Ž .1982 for a rigorous presentation of the GMM.
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Table 2
Simulation results
This table presents simulation results on performances of the nonparametric tests. In constructing the

Ž .X Ž .tests, the state variable vector isx s DPR DEF RTB EWR except for panel C . The instrumentt t t t t
Ž X .X Ž . Ž .vector is z s 1x . Both the normal kernel n.k. and the higher order kernel h.k. are used for panelt t

Ž .A . For the rest panels, the results are based on the normal kernel. Details of the kernel functions and
the bandwidth are in Appendix D. All the simulation results are based on 1000 replications.

Ž .Panel A records the rejection rates in testing conditional mean-variance efficiency of the value-
Ž . Ž .weighted NYSE portfolio under the null H and the three alternative hypotheses H , H , and H at0 1 2 3

the 5% and 10% levels. See Section 3.2 for details about the models H , H , H , and H . The R1-test,0 1 2 3
Ž . Ž . Ž .R2-test, and UM-test refer to the tests given in Eqs. 15 , 16 and 17 of Section 2, respectively. Also

included are results for a discount factor GMM approach. In the GMM case, the moment condition
Em r s0 is tested, wherer is a vector of 25 scaled excess returns: the five excess asset returns SZ1,t t t

SZ3, SZ5, SZ7, SZ9, multiplied by the constant 1 and the four 1-month lagged instruments DPR, DEF,
RTB, and EWR, respectively. The discount factorm is assumed to be as follows.t

m s1qa DPR qa DEF qa RTB qa EWRt 1 ty1 2 ty1 3 ty1 4 ty1

y b qb DPR qb DEF qb RTB qb EWR VWRŽ .0 1 ty1 2 ty1 3 ty1 4 ty1 t

An iterated GMM testing procedure is implemented. The identity weighting matrix is used at the first
stage. For the second stage and so on, the weighting matrix is set to be the inverse of the standard
sample covariance matrix ofm r evaluated at the parameter estimate from the previous stage.t t

Ž .Panel B records the rejection rates of the three tests for sample sizeNs600, under H at 5%, 10%,0
Ž .15%, 20%, 25%, 50%, and 75% significance levels. Panel C presents the tests using a larger set of

Žconditioning variables. The redundant variable TERM is added to the set, i.e.,x s DPR DEF RTBt t t t
.X Ž .EWR TERM . The test procedures are otherwise identical to those in A .t t

Ž .A Rejection rates in the nonparametric testing

Sample Test Kernel H H H H0 1 2 3

method function 10% 5% 10% 5% 10% 5% 10% 5%

Ns300: R1-test n.k. 5.6 1.8 66.3 53.3 70.2 57.0 80.5 70.0
h.k. 3.6 1.6 55.4 40.4 65.9 54.4 70.7 59.0

R2-test n.k. 4.7 2.2 46.6 36.1 49.6 38.0 62.7 52.1
h.k. 4.6 2.2 45.7 34.7 49.4 37.2 61.4 51.3

UM-test n.k. 0.4 0.1 31.7 16.4 25.9 13.2 49.8 32.4
h.k. 0.3 0.0 16.2 7.6 19.1 9.3 32.3 18.9

GMM 3.2 1.1 14.6 7.8 14.3 7.6 27.4 17.3
Ns600: R1-test n.k. 10.5 4.7 97.8 95.5 97.2 94.1 99.4 98.7

h.k. 4.5 2.1 92.1 83.6 95.1 90.7 96.6 93.9
R2-test n.k. 6.5 2.9 83.8 74.5 81.9 71.0 93.9 89.0

h.k. 5.6 2.5 81.7 71.1 80.6 70.1 92.9 88.1
UM-test n.k. 2.9 0.6 92.2 84.4 88.2 77.2 98.0 95.1

h.k. 0.8 0.1 73.1 58.8 79.8 65.9 89.9 81.1
GMM 3.4 1.3 28.1 16.7 26.2 15.1 44.4 32.6

Ž .B Rejection rates under H0

Test method 5% 10% 15% 20% 25% 50% 75%

R1-test 4.7 10.5 16.2 21.9 27.1 54.6 80.2
R2-test 2.9 6.5 10.7 15.5 20.7 48.5 77.7
UM-test 0.6 2.9 7.0 10.8 15.8 39.6 71.5
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Ž .Table 2 continued

Ž .C Tests using a larger set of conditioning variables
XŽ .x s DPR DEF RTB EWR TERMt t t t t t

Test method Sample size H H H H0 1 2 3

10% 5% 10% 5% 10% 5% 10% 5%

R1-test 300 4.2 2.4 52.7 40.1 57.5 45.2 67.1 56.0
600 6.1 1.9 93.5 88.0 93.0 88.3 98.0 95.3

R2-test 300 4.1 1.9 39.0 26.9 39.6 29.5 54.5 43.8
600 3.3 1.2 70.5 58.5 69.4 56.8 85.7 78.0

UM-test 300 0.1 0.0 17.1 8.6 14.0 6.8 30.6 17.4
600 0.7 0.0 80.1 67.8 75.4 60.8 93.7 86.3

Both the R2-test and the UM-test have reasonably good power atNs600,
with rejection rates all above 70%. The UM-test has slightly better power. At
Ns300, however, the R2-test significantly outperforms the UM-test. The power

Žof the UM-test is rather low for this sample size with rejection probabilities below
.35% in five out of the six cases , but even so it is no worse than the discount

factor GMM approach. Overall, all the three nonparametric tests have better power
than the GMM test.

The results based on the higher order kernel give the same conclusions on
relative performance of the tests. In particular, the R1-test is still the best among
the three. As one would expect, the rejection rates with the higher order kernel are
always lower. This is consistent with the fact that higher order kernels tend to

Ž .produce more variable estimates e.g., Hardle, 1990 . Thus, we focus on the¨
normal kernel for the rest of the experiments.15

Ž .Panel B presents a snapshot of distributions of the three test statistics under
H , with sample sizeNs600. It shows that the distribution of the R1-test statistic0

is surprisingly close to the predicted limiting distribution. The R2-test takes the
second place. It is significantly better than the UM-test in this criterion.

Ž .Panel C presents the case in which the redundant variable TERM is added to
the state variable set. That is,x is now composed of the five variables DPR, DEF,t

RTB, EWR, and TERM. As expected, adding this redundant variable has clearly
affected the powers of the tests. Overall, the rejection rates drop, with an amount
between 5% and 20% in most cases. The relative performances of the three tests

Ž .remain in the same order as in panel A . The R1-test remains the winner. Against
the three alternative models, the R1-test still has impressive power atNs600,
with rejection rates all above 85%.

15 In terms of bias-reduction, the higher order kernel is not effective in this finite sample context.
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3.4. Extensions and Õariations

The Monte Carlo experiment is plain and simple. We now discuss some of the
extensions and variations that we have investigated.16

First, we have looked at how sensitive the tests may be to the selection of
conditioning variables. We implement the R1 tests with anincorrect set of
conditioning variables. We study cases of missing variable: in each case we drop
one of the four state variables DPR, DEF, RTB, and EWR. We also consider cases
of mis-selecting variable: in each case we have one of the four state variables
replaced by TERM. We find the nonparametric tests still have solid performance
in all the cases.

We have computed the GMM tests using variations of the discount factor
specification. We find that the tests tend to produce erroneous rejections when we

Ž .use a parsimonious specification such as the one of Cochrane, 1996 , but they
Žtend to have low power when we use a general form such as the one given in

.Table 2 . These results are consistent with the finding of Ferson and Foerster
Ž .1994 that GMM tests tend to have more serious power problems for models with
a large number of parameters.

We have considered if the persistency in the variables DPR, DEF, and RTB
affects the simulation results. These variables are so highly correlated over time

Ž .that their first autocorrelations are very close to one see Table 1 . This is a
Ž .question that may concern many, since recently Pritsker 1998 and Chapman and

Ž .Pearson 2000 have shown, in the context of interest rate models, that extreme
persistence in a time series can have important impacts on bandwidth choice in
both pointwise kernel density and kernel regression estimation. To see if the
persistency matters in our tests, we simply alter the parameter values in the

Ž .VAR 1 such that the first autocorrelations of the variables DPR, DEF, and RTB
Ž .drop to around 0.90 so that they are no longer close to being nonstationary .

Then, we regenerate data and reevaluate the R1 tests. We get quite similar test
results, which shows that the simulation results are not driven by the fact that
DPR, DEF, and RTB are extremely persistent over time.17

We have also checked if it makes a difference to allow for time-varying
Ž .volatilities of the state variables. We use a simple ARCH VAR 1 model to

incorporate time-varying volatilities. We estimate the model with the historical
data to get parameter values and then use them to regenerate data. Again, the test
results from the new simulated data are very similar to those being reported.

16 Tables about details of the extensions and variations are omitted to keep things concise. They are
available upon request.

17 In contrast to pointwise density and regression function estimation, as noted in Section 2.2, both
the kernel function and the bandwidth do not affect the limiting distribution of our test statistics. This
implies that the problems for the pointwise nonparametric estimates may be largely irrelevant to our
tests.
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4. An illustrative application

We illustrate the nonparametric methods by applying them to testing the
conditional CAPM. We first implement and compare the three testing methods.
We then take a look at the pricing errors using the regression testing approach of
Section 2.1.

4.1. Set-up

We use two sets of stock portfolios as test assets. We first focus on the set of
the five NYSE size portfolios, the same as that for the simulations. The data are
monthly excess returns from February 1947 to December 1995. To check the
robustness of the results, we also use a second data set which contains the Fama

Ž . Ž .and French 1993 25 size and book-to-market BErME portfolios of common
stocks listed on NYSE, AMEX, and NASDAQ. The data of monthly excess
returns on these portfolios are from July 1963 to December 1995. For the
benchmark portfolio, we use the NYSE value-weighted and equally weighted
portfolios and the market portfolio of Fama and French. The conditioning vari-

Ž .ables used in the application are the dividend-price ratio DPR , the default
Ž . Ž .premium DEF , the 1-month Treasury bill rate RTB , and excess return on the

Ž .NYSE equally weighted index EWR . The vector of instruments in the tests is
Ž X .X Ž .Xz s 1x , where x is the vector DPR DEF RTB EWR . The kernel andt t t t t t t

bandwidth inputs are also the same as in the simulation study. We use the two
kernel functions and the bandwidth given in Appendix D.

4.2. Plots of conditional betas

The testing methods that we propose in this paper completely avoid restrictions
on functional forms of conditional betas. This can be very advantageous if the
betas are not well approximated by linear models and if it is difficult to estimate
the nonlinear beta functions. Note that on one hand there is no theoretical reason
why the betas should be linear functions of conditioning variables. On the other

Ž .hand, Ghysels 1998 finds strong empirical evidence against models of linear
conditional betas. In this section, we present plots of conditional betas, which
serve as an interesting way to illustrate nonlinearity in the time-varying betas.

We estimate the betas nonparametrically. The standard kernel regression method
is applied to estimate the first two moments of returns and then obtain estimates of
the betas. Confidence intervals are also obtained for the beta function estimates,

Ž .using the stationary bootstrap method of Politis and Romano 1994 . To cope with
the curse of dimensionality, we focus onAone-dimensional snap shotsB. While
betas are estimated as multivariate functions, we look at univariate functions, i.e.,
relations between one conditioning variable and betas, keeping all the other
conditioning variables at their means. By doing so, we focus on areas where we
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Ž .have more data as opposed to areas where there are few data points and also
avoid the problem of how to plot four-dimensional functions.

We obtain the conditional betas of the NYSE size portfolios. For brevity, we
Žonly report the beta of SZ5 i.e., the size decile 5 portfolio, or a portfolio of

.medium size . The four panels in the figure correspond to four univariate
functions. The solid curves are the estimated beta functions. The dashed ones
represent the 95% confidence intervals. In each panel, we consider only the
interval of the conditioning variable that ranges from two standard deviations
below its mean to two standard deviations above the mean. To present more

Žconsistently, we rescale the interval to range from 0 to 200 so that 100 represents
.the mean of the variable in each case .

Fig. 1 supports the rejections that Ghysels finds against linear conditional beta
18 Ž .models. Visually, the beta is highly nonlinear in the dividend yield DPR : the

slope changes drastically somewhere between 100 and 150. Also, the slope
changes significantly between 50 and 100 in the panel associated with the stock

Ž .index EWR . In terms of the confidence interval bands, the nonlinearity between
the beta and EWR seems highly significant. In the panels associated with the

Ž . Ž .default premium DEF and the Treasury bill rate RTB , the estimates are too
noisy to give any clear conclusion, though they also suggest some nonlinearity.
We have also inspected plots of betas for the other NYSE size portfolios and the
Fama and French size and book-to-market portfolios. In sum, these plots suggest
that nonlinearity in conditional betas is present but yet the beta function differs
significantly across test assets. In addition, the beta estimates are noisy in most
cases, showing that it is difficult to get precise nonparametric estimates of the
nonlinear beta functions.

4.3. Tests of the conditional CAPM

First, we test the conditional Sharpe-Lintner CAPM using either the NYSE
value-weighted portfolio or the NYSE equally weighted portfolio as proxy for the
market. Test assets are the five NYSE size portfolios. The results are reported in

Ž .panel A of Table 3. Next, we use the Fama–French market portfolio as the
Ž .benchmark and the 25 size-BErME portfolios as test assets. Panel B of Table 3

present the test results, including six subset cases. In each of the cases, five out of
the 25 size-BErME portfolios in a single size or BErME quantile are taken as

Žtest assets. The six quintiles that we choose are three size quintiles small,
. Ž .medium, large and three BErME quintiles low, medium, high . In these two

18 We perform the tests of Ghysels using our data and also get strong rejections against linear
conditional beta specifications. Further details of the procedures to create the beta plots and to replicate
the Ghysels’ tests are omitted, but available upon request.
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Fig. 1. Plots of the conditional beta of the NYSE size portfolio SZ5.

panels, results from all the three nonparametric tests are included for comparison.
Like in the simulations, we refer to the three tests as the R1-test, the R2-test, and
the UM-test, when comparing test results.19

The R1-tests strongly reject that either of the two NYSE market proxies is
conditionally mean-variance efficient. Thep-values are all below 3% for the full
sample period. For the subsample period from February 1947 to December 1970,
the tests for the value-weighted benchmark fail to reject at 10% level, but the

Ž .p-values are fairly low 11.1% using the normal kernel . For every other subsam-
Ž .ple case, the tests all reject at 10% level. In panel B , the R1-tests strongly reject

that the Fama–French market proxy is conditionally mean-variance efficient. The

19 Ž . Ž . Ž .Recall that the R1-test, R2-test, and UM-test stand for the tests defined in Eqs. 15 , 16 and 17
of Section 2, respectively.
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Tests of the conditional CAPM
Ž .X Ž X .X Ž .The vector of conditioning variables isx s DPR DEF RTB EWR and the instrument vector isz s 1 x for constructing the tests. Both the normal kernel n.k.t t t t t t t

Ž . Ž . Ž .and the higher order kernel h.k. are used for panels A and B . For the rest panels, the results are based on the normal kernel. Details of the kernel functions and the
Ž . Ž .bandwidth are in Appendix D. Results from all the three nonparametric tests are included in panels A and B .

Ž . Ž . Ž .Panel A presents test results using the five NYSE size portfolios. Either the NYSE value-weighted portfolio NYSE-VW or equally weighted portfolio NYSE-EW is
Ž . Ž . Ž .the benchmark, or proxy for the market. The R1-test, R2-test, and UM-test refer to the tests given in Eqs. 15 , 16 and 17 of Section 2, respectively. The full sample

period is from February 1947 to December 1995. Thep-value is the probability that a draw from the chi-squared distribution exceeds the test statistic.
Ž . Ž .Panel B records test results using the 25 size and book-to-market BErME portfolios. The benchmark portfolio is the Fama–French value-weighted market portfolio.

Ž . Ž .FF25 refers to the set of the 25 size-BErME portfolios. BM-Low SZ-Small stands for subset of the five stock portfolios in the BM1 SZ1 quintile, BM-Medium
Ž . Ž . Ž . Ž .SZ-Medium for the five in the BM3 SZ3 quintile, and BM-High SZ-Large for the five in the BM5 SZ5 quintile. The sample period is from July 1963 to December
1995.

Ž .Panel C presents a case of the WLS regression results for the sample period from February 1947 to December 1995. The non-constant regressors are in deviation form
Ž . Ž .deviation from mean . The tests of joint significance across equations of each regressor are constructed as follows. To testHds 0, whereH is a n= qn matrix, the

ˆ X ˆ X y1 ˆ 2 X ˆ ˆŽ . Ž . Ž . Ž .test statistic isN Hd HV H Hd , which has a limitingx n distribution. The pricing error at timet for asseti is estimated byz d whered is defined byN N N t i i
Ž .Eq. 7 of Section 2.
Ž .Panel D presents the means and standard deviations of estimated pricing errors of the conditional CAPM and the unconditional CAPM, where the benchmark portfolio

Ž .is the NYSE value-weighted portfolio and the test assets are the five NYSE size portfolios. The method for estimating the errors is the same as in C . For the pricing
Ž .errors of the unconditional CAPM, the same regression method is applied with the same regressors butb is constant .

Ž .A Tests using the NYSE size portfolios

Proxy for the market Test method Kernel function 2r47–12r95 2r47–12r70 1r71–12r95

2 2 2Ž . Ž . Ž . Ž . Ž . Ž .x -stat 25 p-value % x -stat 25 p-value % x -stat 25 p-value %

NYSE-VW R1-test n.k. 45.0 0.8 33.9 11.1 37.2 5.5
h.k. 42.4 1.6 31.4 17.5 37.1 5.6

R2-test n.k. 34.0 10.8 32.0 15.7 41.0 2.3
h.k. 33.3 12.3 31.7 16.6 40.9 2.4

UM-test n.k. 40.0 3.0 29.2 25.4 25.7 42.3
h.k. 37.4 5.3 27.4 33.7 26.4 38.9

NYSE-EW R1-test n.k. 43.6 1.2 39.1 3.6 36.9 5.9
h.k. 40.2 2.7 35.7 7.6 36.8 6.1

R2-test n.k. 32.9 13.4 37.1 5.6 40.7 2.5
h.k. 32.1 15.5 36.6 6.4 41.0 2.3

UM-test n.k. 40.7 2.5 31.8 16.4 23.6 54.3
h.k. 37.4 5.2 30.0 22.6 23.6 54.3
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Ž .B Tests using the Size-BErME portfolios

FF25 BM-Low BM-Medium BM-High

2 2 2 2Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .x -stat 125 p-value % x -stat 25 p-value % x -stat 25 p-value % x -stat 25 p-value %

R1-test
n.k. 220.2 0.0 36.0 7.1 45.5 0.7 52.6 0.1
h.k. 213.9 0.0 34.4 9.9 41.9 1.9 49.3 0.3

R2-test
n.k. 244.1 0.0 33.4 12.2 34.4 9.9 39.3 3.4
h.k. 247.3 0.0 32.8 13.5 33.9 11.1 38.8 3.8

UM-test
n.k. 125.8 46.2 19.6 76.5 32.4 14.6 36.6 6.3
h.k. 122.2 55.4 19.2 78.7 30.7 19.9 34.9 9.0

SZ-Small SZ-Medium SZ-Large

2 2 2Ž . Ž . Ž . Ž . Ž . Ž .x -stat 25 p-value % x -stat 25 p-value % x -stat 25 p-value %

R1-test
n.k. 79.5 0.0 69.2 0.0 18.7 81.2
h.k. 72.5 0.0 65.1 0.0 18.2 83.4

R2-test
n.k. 57.6 0.0 58.8 0.0 18.1 83.9
h.k. 56.5 0.0 58.3 0.0 17.9 84.7

UM-test
n.k. 46.2 0.6 38.2 4.4 16.6 89.6
h.k. 44.6 0.9 36.6 6.3 16.7 89.3

( )continued on next page
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Ž .Table 3 continued

Ž .C The WLS regression results using the size portfolios

Regression estimates Standard errors

Int. DPR DEF RTB EWR Int. DPR DEF RTB EWR

SZ1 0.08 y0.18 y0.05 y0.04 0.21 0.19 0.16 0.75 0.14 0.05
SZ3 y0.02 y0.08 0.42 y0.10 0.11 0.13 0.11 0.54 0.10 0.03
SZ5 0.00 y0.03 0.60 y0.09 0.09 0.11 0.09 0.47 0.09 0.03
SZ7 0.00 y0.01 1.01 y0.16 0.04 0.08 0.08 0.42 0.07 0.03
SZ9 0.03 0.03 0.77 y0.13 y0.01 0.06 0.07 0.39 0.06 0.02

Joint significance testing for individual regressors

Int. DPR DEF RTB EWR

2Ž .x 5 -stat 2.4 2.6 11.1 8.6 29.6
% p-value 79.3 75.8 4.9 12.7 0.0

Summary statistics of pricing errors

Mean Standard First Cross
deviation autocorrelations correlations

SZ1 0.08 1.08 0.18
SZ3 y0.02 0.64 0.32 0.96
SZ5 0.00 0.55 0.38 0.91 0.98
SZ7 0.00 0.48 0.75 0.63 0.82 0.89
SZ9 0.03 0.31 0.88 0.04 0.32 0.43 0.79
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Ž .D Pricing errors estimated from the size portfolios

Ž .Conditional CAPMm s 1y b x r Unconditional CAPMm s 1y b rtq1 t p,tq1 tq1 0 p,tq1

SZ1 SZ3 SZ5 SZ7 SZ9 SZ1 SZ3 SZ5 SZ7 SZ9

Benchmark return: VWR
Sample Period: 2r47–12r95
Mean 0.08 y0.02 0.00 0.00 0.03 0.25 0.09 0.05 0.05 0.04
RMSE 1.09 0.64 0.55 0.48 0.31 1.78 1.57 1.42 1.36 1.14

Subperiod 1: 2r47–12r70
Mean 0.23 0.05 y0.04 0.00 0.01 0.20 0.06 y0.05 0.02 0.06
RMSE 0.95 0.59 0.48 0.31 0.20 1.38 1.25 1.18 1.06 0.91

Subperiod 2: 1r71–12r95
Mean y0.04 y0.10 0.00 y0.04 y0.01 0.31 0.11 0.15 0.08 0.03
RMSE 1.41 0.99 0.90 0.78 0.59 2.50 2.22 1.99 1.89 1.52
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p-values using the 25 size-BErME portfolios are 0.0%. Moreover, the tests reject
at 10% level for five out of the six subset cases. The results from the subset cases
suggest that portfolios of smaller size or higher BErME value are associated with
statistically more significant pricing errors. In particular, the five portfolios in the
small size quintile produce the largest test statistics with 0.0%p-values.20

The pattern of p-values from the three test methods is consistent with the
Ž .simulation results. In panel A , thep-values from the UM-tests are smaller than

those from the R2-tests for the full sample period. In every subsample case,
however, the UM-tests produce much higherp-values than the R2-tests; the
differences of thep-values range from 10.8% to 52.0%. Overall, the R1-tests have

Ž .the most stable performance, producing the strongest rejections. In panel B , the
Ž .UM-tests produce largep-values above 45%! when all the 25 portfolios are used

Ž .as test assets. On the contrary, the two regression testing approaches R1 and R2
give strong rejections with 0.0%p-values. In every subset case, the UM-tests
come up with the largestp-values while the R1-tests give the smallest.

4.4. Pricing errors

The regression testing approach of Section 2.1 provides a simple way to look
Ž .into the conditional expected return errors or pricing errors. Panel C of Table 3

presents a case of the regression results. In this case, the benchmark is the NYSE
value-weighted portfolio, and test assets are the five NYSE size portfolios. In
these regressions, the four regressors DPR, DEF, RTB, and EWR are in deviation

Ž .form deviation from mean , so that the intercepts are just average pricing errors or
biases of the conditional CAPM.21

Ž .The results of panel C show that the conditional CAPM does not have
difficulty pricing average excess returns on the NYSE size portfolios. The
intercepts or average pricing errors are small, only betweeny0.02% and 0.08%,
and are statistically insignificant. However, the pricing errors are substantial in
terms of volatility. In the WLS regressions for small to medium size portfolios
Ž .SZ1, SZ3, and SZ5 , the slopes on EWR are salient, about three or four standard
errors above zero. The joint significance test for slopes on EWR rejects with 0.0%
p-value. These slopes are also large in economic terms, noting that the pricing
error components 0.21EWR, 0.11EWR, and 0.09EWR in the three regressions
have standard deviation of 1.02% %, 0.53%, and 0.44%, respectively. In the SZ7

20 In sensitivity analyses, we have considered small changes in the bandwidth around the selected
Žvalues. We have also checked results using a larger set of conditioning variables:x s DPR DEFt t t

.XRTB EWR TERM . The test results are qualitatively robust. For brevity, these robustness checkingt t t

results are omitted.
21 This transformation does not affect the estimation and inference for slopes on the non-constant

regressors. Nor does it alter the joint statistic and pricing error estimates. For inference about the
Ž .intercepts which is affected , we ignore the estimation noise in the sample means of the regressors.

This is equivalent to assuming that the regressors are observed in deviation form.
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and SZ9 regressions, the two highly correlated regressors DEF and RTB have
marginally significant slopes, while other coefficients are all insignificant.

The slopes on EWR are clearly related to size. The slope falls strictly with size
from 0.21 toy0.01. To much extent, this determines a negative size pattern in the
pricing error volatilities. Indeed, the pricing error standard deviation decreases
with size from 1.08% to 0.31%. Now it is clear where the rejections come from. It
is the volatilities of the pricing errors that have been detected by the regression
tests. More specifically, the conditioning variable EWR has played a key role in
the regression tests, by capturing a volatile component in pricing errors associated
with the small to medium size portfolios. This component is not only statistically
significant but also large in economic terms.

Finally, we compare the pricing errors of the conditional CAPM with those of
Ž .the unconditional CAPM. Ghysels 1998 points out that if we correctly specify

the dynamics of the beta risk, time-varying beta models are sure to outperform
constant beta models. Yet he argues that if beta risk is misspecified, we may
commit serious pricing errors which could be even larger than a constant beta
model, and he shows that this has indeed happened in many cases. Does the
nonparametric version of the conditional CAPM outperform the unconditional
CAPM? We find that the conditional CAPM performs much better than the

22 Ž .constant beta version, for each and every one of our test portfolios! Panel D
Ž .reports the means and root mean squared errors RMSE of the pricing errors.

Clearly, the conditional CAPM is a substantial improvement over the static
CAPM. For the overall sample period, the small firm effect does not show up in
the average pricing errors of the conditional CAPM, while this effect is prominent
in those of the unconditional model. On the other hand, the conditional CAPM
performs uniformly better in terms of RMSE, especially for the small to medium
size portfolios.23

5. Conclusion

In this paper, we propose three nonparametric methods for testing conditional
mean-variance efficiency of a benchmark portfolio. These approaches are easy to

22 Ž . Ž . Ž . Ž .Using ´ s g x y g x g x rg x to estimate the pricing error at timet for asseti, weˆ ˆ ˆ ˆ ˆi,t i t p t i p t p p t
Ž . Ž . Ž . Ž .get the same conclusion, whereg x and g x are defined as in Section 2, andg x and g xˆ ˆ ˆ ˆp p p i i p

are kernel regression estimates defined similarly. For this method, we use the normal kernel defined in
Appendix D with bandwidthhsNy1rŽ kq4..

23 To check the robustness, we have studied the pricing errors of the conditional CAPM with the 25
size and book-to-market portfolios. The results are very similar and, hence, omitted for brevity. In

Ž .short, we find in regressions as those in C that the EWR is the only statistically significant regressor.
The EWR slopes have a negative relation to size, but no obvious relation to BErME. The standard
deviations of the pricing errors with the 25 portfolios exhibit a strong negative relation to size, but no
clear BErME pattern.
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implement and robust to functional form misspecification. Moreover, they have a
pleasant property that the estimators underlying the tests converge at the fast
parametric rate. We derive limiting distributions of the test statistics and compare
the three methods in a simulation study. In an application of the methods, we
provide empirical results on testing the conditional CAPM.

This paper raises a number of challenging issues for future research. For
Ž . Ž .example, Bansal and Viswanathan 1993 , and Bansal et al. 1993 are the first to

advocate the idea of using a flexible pricing kernel in empirical asset pricing. They
propose a series expansion GMM approach to testing nonlinear APT models. It
will be interesting to compare our testing methods with the series expansion GMM
approach. Another challenging issue is if we can construct consistent nonparamet-
ric tests that are also easy to implement and powerful in finite sample applications.
Finally, perhaps the most important issue is selection of conditioning variables. To
cope with potential data snooping biases, an interesting project is to explore a

Ž .more general test that combines the White’s 2000 reality check bootstrap method
with the nonparametric methods developed in this paper.
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Appendix A. Assumptions

There is a large statistical literature on theU-statistics introduced by Hoeffding
Ž .1948 . Numerous asymptotic results forU-statistics or generalizedU-statistics
have been established under various statistical setups. In particular, Robinson
Ž . Ž . Ž .1989 , Yoshihara 1976 , and Khashimov 1993 have provided conditions and
established central limit theorems of second-order generalizedU-statistics for
b-mixing processes.

We present a set of conditions oriented to finance applications. In particular,
restrictions on higher order moment existence are kept at a minimal level, due to
concerns about possibly fat-tailed distributions of asset returns. In addition,
simplicity of conditions on the bandwidth and the kernel is pursued to facilitate
practical choices. Moreover, theb-mixing condition below requires no change for
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higher order extensions. Under this set of assumptions, we provide a large sample
justification for the regression testing approach.

A.1. Notations

Ž .For a matrix of random variablesX' x and any positive realr, definei j
5 5 Ž5 5 . 5 5 w r x1r r 5 5X ' x and x ' ENx N . The matrix X is referred to asr r r ri j i j i j

r Ž r.the r-norm of X. Let NXN denote Nx N . These notations are also used fori j
5 5vectors. Let x stand for the Euclidean norm of a vectorx. For convenience, we

Ž .use an inequality sign between a matrix vector and a scalar or between two
Ž .matrices vectors to denote component-by-component inequalities. As usual, the

information set I stands for as-field which contains in particular thes-fieldt
� 4generated by the data sequencey , y , . . . . In addition, definet ty1

W t ,s ' r 2 yr r r q r 2 yr r r ,Ž . Ž . Ž .1 p ,sq1 p ,sq1 p ,tq1 tq1 p ,tq1 p ,tq1 p ,sq1 sq1

W t ,s 'r 2 z zXqr 2 z zX .Ž .2 p ,sq1 t t p ,tq1 s s

Ž .A function f x is said to satisfy local Lipschitz condition for some function
Ž .m x if

< < 5 5f xqÕ yf x -m x Õ .Ž . Ž . Ž .

Ž . j Ž .Let = f x stand for the partial derivativeE f x rEx . . .Ex where x isl , . . . ,l l l l1 j 1 j

the l th element ofx.

A.2. Assumptions

� 4Assumption A1. The data sequencey is a strictly stationaryb-mixingtq1

process, and the subvectorx has absolutely continuous distribution with densi-t
Ž .ty f x . For some r)2, the mixing numbersb , ns1, 2, . . . , satisfyt n

Ý` nb Ž ry2.r r-`.ns1 n

Ž . 2 Ž .Assumption A2. i r , r , and r r have finite first moment; iip,tq1 tq1 p,tq1 tq1
5 Ž .5 5 Ž . 5 Ž . 5 Ž . 5W t, s -` and W t, s -` for all t-s; iii h y -` andr r r1 2 tq1
5 Ž .5a y -`.rtq1

Assumption A3. fg , fg , fg , fg , and fg satisfy the local Lipschitzp p p r pr z z
Ž . Ž . Ž . Ž .condition for some m x , where m x r , m x r r , m x r ,t tq1 t p,tq1 tq1 t p,tq1

Ž . 2 Ž . Xm x r , and m x z z have finite r-norm.t p,tq1 t t t
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Ž .Assumption A4. The kernelK u is a bounded symmetric function satisfying

K u dus1,Ž .H
< < j < <u K u du-` if 0F jFkq1,Ž .H
ul1 . . . ulk K u dus0 if 0- l q . . .ql -kq1,Ž .H 1 k 1 k

Ž .whereu is the jth element of vectoru. That is, the kernelK u is of orderkq1.j

Ž .Assumption A5. i The jth partial derivatives offg , fg , fg , fg , and fgp p p r pr z z
Ž . w Ž .x w Ž .xexist for all jFkq1; ii The expectationsE g = fg ,E g = fg ,pr l , . . . ,l p r l , . . . ,l p p1 j 1 j

w Ž .x w Ž .x w Ž .xE g = fg ,E g = fg ,E g = fg exist for all jFkq1,p p l , . . . ,l r p l , . . . ,l p r p p l , . . . ,l z z1 j 1 j 1 j

where the functions and the partial derivatives are evaluated atx .t

Assumption A6. The matricesA and G are nonsingular.0

The mixing condition in Assumption A1 restricts the amount of dependence
allowed in the data sequence, permitting among other things a central limit
theorem to be applied. Conditions that requireb to vanish as a power ofn do notn

seem to be restrictive for most financial data processes and such assumptions are
commonly used in the literature. For instance, ab-mixing condition of this type is

Ž .adopted by Aıt-Sahalia 1996 for continuous time models of interest rates. Note¨
that Assumption A2 is related to Assumption A1. As the moment restrictions

Ž .become stronger largerr , more dependence is allowable. Such a trade-off is not
Žuncommon in establishing asymptotic results for serially correlated data e.g.,

.White and Domowitz, 1984 . Lipschitz conditions and higher order kernel assump-
tions, similar to Assumptions A3 and A4, have been employed by many authors
Ž .e.g., Hardle and Stoker, 1989 . Assumption A5 is a regular condition for¨

Žasymptotic bias correction through the use of a higher order kernel see, Powell et
.al., 1989 .

Appendix B. Proofs of the propositions

We use three basic lemmas for the proofs of the propositions. Proofs of these
lemmas are omitted but available upon request.

Ž . { }Lemma 1 Yoshihara’s fundamental lemma .Let y be a strictly stationaryt

b-mixing process with the mixing numbers b , ns1, 2, . . . . For any giÕen j,n

1F jFmy1, and t - . . .- t , let j , . . . , j be my j random Õectors1 m jq 1 m

which are identical in joint distribution to y , . . . , y , but independent fromt tjq 1 m

( )y , . . . , y . Let f y , . . . , y be a function such thatt t t t1 j 1 m

E f y , . . . ,y ,j , . . . ,j s0,Ž .t t jq1 m1 j
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and

5 5sup f y , . . . ,y FMŽ . r1t t1 m
1Ft - . . .-t -`1 m

for some r )1 and M)0. Then for n s t y t ,1 j jq 1 j

Ž r y1.r r11Ef y , . . . ,y F4Mb .Ž .t t n1 m j

Define two generalized U-statistics of second order:
Ny1 N1

U ' q y , y ,Ž .Ý Ý1N N tq1 sq1N Ny1Ž . ts1 sstq1

Ny1 N1
U ' k y , y ,Ž .Ý Ý2 N N tq1 sq1N Ny1Ž . ts1 sstq1

where
x yxt sykq y , y 'h K W t ,s y i mW t ,s d ,� 4Ž . Ž . Ž .N tq1 sq1 1 n 2ž /h
x yxt sykk y , y 'h K W t ,s .Ž . Ž .N tq1 sq1 2ž /h

Note thatq and k are symmetric and they vary with N through h.N N

For application of the Hoeffding projection technique, define

g y ' q y , y dF y ,Ž . Ž . Ž .HN N sq1 sq1

N1 1
Ĥ ' Eg y q g y yEg y ,Ž . Ž . Ž .Ý1N N tq1 N tq1 N tq12 N ts1

a y ' k y , y dF y ,Ž . Ž . Ž .HN N sq1 sq1

N1 1
Ĥ ' Ea y q a y yEa y ,Ž . Ž . Ž .Ý2 N N tq1 N tq1 N tq12 N ts1

Ž .where F y is the distribution function ofy .sq1 sq1

Ž . { }Lemma 2 Hoeffding decomposition :Let y be a strictly stationary b-mixingt

process with the mixing numbers b , ns1, 2, . . . , satisfyingn
`

Ž ry2.r rnb -`Ý n
ns1

'( ) 5 ( )5for some r)2. If there exists B so N such that g y FB andrN N tq 1 N

5 5sup q y , y FB ,Ž . rN tq1 sq1 N
1Ft-s-`
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then
X

NE U yH U yH so 1 .Ž . Ž . Ž .1N 1N 1N 1N

Lemma 3. Let Assumptions A1 through A5 hold. Let

´ y 'g y yg y ,Ž . Ž . Ž .1N tq1 N tq1 tq1

´ y 'a y ya y .Ž . Ž . Ž .2 N tq1 N tq1 tq1

( ) 5 ( )5 ( )i If h™0, then ´ y Fb for some b so 1 andr1N tq 1 N N

N1
´ y yE´ y so 1 .Ž . Ž . Ž .Ý 1N tq1 1N tq1 p'N ts1

( )The same result also holds for ´ y .2 N tq 1

2kq 2 '( ) ( ) ( )ii If Nh ™0, then N E H so 1 .1N

ˆProof of Proposition 1. From the definition of the WLS estimatord , it followsN

that

1
ˆ ˆA d yd s 1y U ,Ž .N N 1Nž /N

and

1
Â s 1y i mU .N n 2 Nž /N

By Assumptions A2 and A4, there exists an upper boundM such that
rx yxt s

E K W t ,s FMŽ .ž /h

Ž . Ž . w Ž .xwhereW t,s sW t,s y i mW t,s d. Hence,1 n 2

rx yxr t syr k yr kE q y , y sh E K W t ,s Fh M .Ž . Ž .N tq1 sq1 ž /h

This gives

N
2 y2k 2r r y2k5 5q y , y Fh M sO h sO so N ,Ž . Ž . Ž .rN tq1 sq1 2kž /Nh

since Nh2k™`.
From Assumption A2, Lemma 3, and the triangular inequality

5 5 5 5 5 5g y F g y q e y ,Ž . Ž . Ž .r r rN tq1 tq1 N tq1

5 Ž .5it follows that g y has a constant upper bound.rN tq1
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Thus, the conditions of Lemma 2 are satisfied. Lemma 2 provides

' 'N U yEH s N H yEH qo 1 . 18Ž . Ž . Ž . Ž .1N 1N 1N 1N p

Repeating the above arguments fork and a to apply Lemma 2 toU , we haveN N 2 N

U sH qo 1 .Ž .2 N 2 N p

Ž .By Lemma 3 i ,
N1 1

H s Ea y q a y yEa y qo 1Ž . Ž . Ž . Ž .Ý2 N tq1 tq1 tq1 p2 N ts1

1
s Ea y qo 1 .Ž . Ž .tq1 p2

p
X ˆŽ . Ž .Since Ea y s2E w z z , it then follows that A ™A.tq1 t t t N

Ž .Lemma 3 i also gives
N1'N H yEH ' g y yEg yŽ . Ž . Ž .Ý1N 1N N tq1 N tq1'N ts1

N1
s g y yEg y qo 1 . 19Ž . Ž . Ž . Ž .Ý tq1 tq1 p'N ts1

Ž . Ž . Ž .By Eqs. 18 , 19 and Lemma 3 ii ,
N1'N U s g z yEg z qo 1 .Ž . Ž . Ž .Ý1N tq1 tq1 p'N ts1

Ž .Note next thatEg y s0, since it follows from the Law of Iterated Expecta-tq1

tions that

Eh y s2E w eŽ . Ž .tq1 t tq1

Ea y s2E w z zXŽ . Ž .tq1 t t t

Ž .X Ž . w Ž .xwhere e s e . . . e mz . Thus, Eh y y i mEa y ds0.tq1 1,tq1 n,tq1 t tq1 n tq1
Ž .24By the central limit theorem of Doukhan et al. 1994 ,

N1 d
g y ™NN 0,GŽ . Ž .Ý tq1'N ts1

` Ž . Ž .XwhereGsÝ Eg yt g y . This completes the proof.y` tqj I

24 Ž .The authors have improved the classical central limit theorems e.g., Theorem 18.5.3 of Ibragimov
Ž . p ` 2rŽ py2.and Linnik 1971 and they proved that if 2- p-`, EN X N -`, andÝ a n -`, thenns1 n

y1r2 n Ž . ` Ž ry2.r rn Ý X yEX converges to a centered normal random vector. Note thatÝ nb -`is1 i i ns1 n

implies that Ý` b n rrŽ ry2.-`. Thus, it is obvious that Assumptions A1 and A2 imply thens1 n

conditions for the central limit theorem; they are also sufficient forG to be finite.
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Ž Ž ..Proof of Proposition 2 Proof of part ii . Define

g y sh y y i ma y d .Ž . Ž . Ž .˜ ˆ ˆN tq1 N tq1 n N tq1
p

ˆ Ž .Sinced ™d , it suffices for part ii to show thatN

Nyj1 pX
g y g y ™G .Ž . Ž .˜ ˜Ý N tq1 N tqjq1 jN 1

Note first that
N1

g y s q y , y .Ž . Ž .˜ ÝN tq1 N tq1 sq1N ss1

Thus,
N

y1g y yg y sN J t ,sŽ . Ž . Ž .˜ ÝN tq1 N tq1 N
ss1

Ž . Ž . Ž .with J t, s 'q y , y yg y .N N tq1 sq1 N tq1 '5 Ž .5 Ž .As shown above, q y , y has an upper bound of ordero N andrN tq1 sq1
5 Ž .5g y has a constant upper bound. Thus, by the Minkowski’s inequality,rN tq1 '5 Ž .5 Ž . Ž .J t,s has an upper bound of ordero N . So there existsM so N suchrN N

that
X X

5 5 5 5 5 5J t ,s J t ,s F J t ,s J t ,s FM .Ž . Ž . Ž . Ž .rr2 r rN 1 N 2 N 1 N 2 N

Moreover, note that fors -s1 2

X
J t ,s J t ,s dF z s0,Ž . Ž . Ž .H N 1 N 2 jq1

where jss if s - t, and jss otherwise.1 1 2

Applying Lemma 1, we have

X2N E g y yg y g y yg y� 4Ž . Ž . Ž . Ž .˜ ˜N tq1 N tq1 N tq1 N tq1

N
X X

< < < <F EJ t ,s J t ,s q2 EJ t ,s J t ,sŽ . Ž . Ž . Ž .Ý ÝN 1 N 1 N 1 N 2
s s1 1Fs -s FN1 1 2

Ny1
Ž ry2.r r 2FNM q8NM b so N .Ž .ÝN N n

ns1

Ž . Ž . Ž . 2So there existsb so 1 such that ENg y yg y N Fb . Com-˜1,N N tq1 N tq1 1,N
Ž . Ž . 2bined with Lemma 3, this givesENg y yg y N Fb for some˜N tq1 tq1 2,N

Ž .b so 1 .2,N
Ž . 2 Ž . 2Since ENg y N and ENg y N have constant upper bounds, it follows˜N tq1 tq1

Ž .that for any fixed j there existsb so 1 such that3,N
X X

<ENg y g y yg y g y Fb .Ž . Ž . Ž . Ž .˜ ˜N tq1 N tqjq1 tq1 tqjq1 3,N
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Chebyshev’s inequality thus yields

NyjN1 1X X
g y g y y g y g y so 1 .Ž . Ž . Ž . Ž . Ž .˜ ˜Ý ÝN tq1 N tqjq1 tq1 tqjq1 pN Nts1 ts1

Ž y2 rrŽ ry2..Now note thatb so n , sincen

2n 2n
Ž ry2.r r Ž ry2.r r Ž ry2.r r 2jb Gb jsb O nŽ .Ý Ýj 2n 2n

jsn jsn

2n Ž ry2.r r Ž .and Ý jb so 1 by Assumption A1. Thus, the strong mixing coeffi-jsn j
Ž yrrŽ ry2..cients of the data process satisfya so n for some 2-r-r. Noten

5 Ž . Ž .X 5further that from Assumption A2,g y g y -`. Thus, by Lemmarr2tq1 tqjq1
Ž . Ž Ž .2.1 and Theorem 2.3 of White and Domowitz 1984 or McLeish’s 1975

.Theorem 2.10 ,

Nyj1 X X
g y g y sE g y g y qo 1 .Ž . Ž . Ž . Ž . Ž .Ý tq1 tqjq1 tq1 tqjq1 pN ts1

ˆŽ .This establishes part ii of the theorem thatG is consistent forG .j j
Ž . Ž . Ž .Proof of part i : Given Eqs. 1 and 2 of Section 2,

E h y N I sE w e N I qE w e NxŽ . Ž . Ž .tq1 t t tq1 t t tq1 t

XE a y N I sw z z qw g xŽ . Ž .tq1 t t t t t z z t

Ž .X Ž .where e s e . . . e mz . On the other hand, Eq. 6 of Section 2tq1 1,tq1 n,tq1 t

implies
XE w e N I y i m w z z ds0,Ž . Ž .t tq1 t n t t t

E w e Nx y i m w g x ds0.Ž . Ž Ž .t tq1 t n t z z t

w Ž . x Ž .Thus, E g y N I s0 if Eq. 6 holds. It follows thatG s0 for j/0.tq1 t j
Ž . Ž .Given Eqs. 1 and 2 , the null hypothesis of conditional efficiency implies

p
X y1ˆ ˆ ˆ ˆŽ .Eq. 6 . SoV ™V. Then, withds0, Proposition 1 delivers the result:Nd V dN N N N

d 2Ž .™x qn . I

ˆ ˆAppendix C. The covariance matrix estimators S and LN N

ˆ Ž .The estimatorS in Eq. 16 of Section 2 isN

N1 X
Ŝ s g y g y ,Ž . Ž .ˆ ˆÝN N tq1 N tq1N ts1



( )K.Q. WangrJournal of Empirical Finance 9 2002 133–169166

where

g y sh y y i ma y a ,Ž . Ž . Ž .ˆ ˆ ˆ ˆN tq1 N tq1 n N tq1 N

2 2ˆh y s f x g x r yg x r r qg x rŽ . Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆN tq1 t p p t tq1 p t p ,tq1 tq1 r t p ,tq1

yg x r qg x g x yg x g x ,Ž . Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆ ˆpr t p ,tq1 p p t r t p t pr t

X2 2ˆa y s f x s x z zŽ . Ž . Ž .ˆ ˆN tq1 t p t t t

2q r y2g x r qg x g x .Ž . Ž . Ž .ˆ ˆ ˆž /p ,tq1 p t p ,tq1 p p t z z t

ˆHere, f , g , g , g , g , g , and r are defined as in Section 2. Note thatˆ ˆ ˆ ˆ ˆp p p r pr z z tq1
Ž . X Ž Ž X .X.g x sz z when z is a fixed transformation ofx e.g., z s 1 x . In suchz z t t t t t t t

circumstances, one can simply use

X2 2 2ˆa y s f x s x qr y2g x r qg x z z .Ž . Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆN tq1 t p t p ,tq1 p t p ,tq1 p p t t t

ˆ Ž .The estimatorL in Eq. 17 of Section 2 isN

N1 X Xˆ ˆ ˆL s g y g y y4l l ,Ž . Ž .ˆ ˆÝN N tq1 N tq1 N NN ts1

where

2ˆg y s f x g x r yg x r r qg x rŽ . Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆN tq1 t p p t tq1 p t p ,tq1 tq1 r t p ,tq1

yg x r ,Ž .ˆpr t p ,tq1

ˆand f , g , g , g , g , and r are defined as in Section 2.ˆ ˆ ˆ ˆp p p r pr tq1

Appendix D. Kernel and bandwidth

Two kernel functions are used in the nonparametric tests. The first kernel is an
independent multivariate normal density function

k

K u s f uŽ . Ž .Ł i i
is1

wheref is the density of a univariate normal with mean zero and variances 2,i i

and s is the standard deviation of theith conditioning variable. This kernel isi

referred to as the normal kernel.
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The second one is aAbias-correctedB kernel, which is constructed from the
Žnormal kernel as follows see, Schucany and Summers, 1977; or Powell et al.,

.1989

k
ykK u y a b K urbŽ . Ž .Ý j j j

js1
)K u sŽ . k

1y aÝ j
js1

y1 Ž .X Ž .where asB e. Here as a , . . . , a , B is a k=k matrix with the i, j th1 k

componentB sbi, e is a k=1 vector of ones, andb skq j for js1, . . . , k. Iti j j j

is easy to verify that this is a kernel of orderkq1 satisfying Assumption A4 in
Appendix A.

Optimal bandwidth selection is an unresolved issue. There is no theoretical
guidance in this context. For a practical choice, we set the bandwidth parameter to
be

1
y

2kq1
hsN .

Obviously, this takes into account the bandwidth convergence rate conditions in
Proposition 1. Note that scale adjustment of the state variables is already made in
the above kernels through the standard deviationss . Such a simple bandwidthi

rule has been regarded as an objective starting point and adopted by many authors
Ž . 25e.g., Silverman, 1986; Pagan and Schwert. 1990; Harvey, 1991; among others .

The same kernels and bandwidth are used for the unconditional moments test
Ž . Ž .given in Eq. 17 of Section 2. For the regression test in Eq. 16 of Section 2, a

kernel of order 2kq1 is required. We construct it similarly as above. The
bandwidth is set to behsNy1rŽ4kq1., to meet the convergence rate conditions.

References

Aıt-Sahalia, Y., 1996. Nonparametric pricing of interest rate derivative securities. Econometrica 64,¨
527–560.

Bansal, R., Viswanathan, S., 1993. No arbitrage and arbitrage pricing: a new approach. Journal of
Finance 48, 1231–1262.

Bansal, R., Hsieh, D.A., Viswanathan, S., 1993. A new approach to international arbitrage pricing.
Journal of Finance 48, 1719–1747.

Bollerslev, T., Engle, R.F., Woodridge, J.M., 1988. A capital asset pricing model with time-varying
covariances. Journal of Political Economy 96, 116–131.

25 We have tried a cross-validation method to determine constantc in hscNy1rŽ2 kq1.. For the
postwar monthly data set, we found thatcs1.04, which is very close to one.



( )K.Q. WangrJournal of Empirical Finance 9 2002 133–169168

Brandt, M.W., 1999. Estimating portfolio and consumption choice: a conditional Euler equation
approach. Journal of Finance 54, 1609–1645.

Carhart, M.M., Krail, R.J., Steven, R.L., Welch, K.D., 1995. Testing the conditional CAPM. Working
Paper, Graduate School of Business, University of Chicago.

Chapman, D.A., Pearson, N.D., 2000. Is the short rate drift actually nonlinear? Journal of Finance 55,
355–388.

Chen, X., Fan, Y., 1999. Consistent hypothesis testing in semiparametric and nonparametric models for
econometric time series. Journal of Econometrics 91, 373–401.

Christopherson, J.A., Ferson, W.E., Classman, D.A., 1998. Conditioning manager alphas on economic
information: another look at the persistence of performance. Review of Financial Studies 11,
111–142.

Clare, A.D., Smith, P.N., Thomas, S.H., 1997. UK stock returns and robust test of mean variance
efficiency. Journal of Banking and Finance 21, 641–660.

Cochrane, J.H., 1996. A cross-sectional test of an investment-based asset pricing model. Journal of
Political Economy 104, 572–621.

Doukhan, P., Massart, P., Rio, E., 1994. The functional central limit theorem for strongly mixing
processes. Annales de l’Institut Henri Poincare Probabilites et Statistiques 30, 63–82.

Engel, C., Frankel, J.A., Froot, K.A., Rorigues, A.P., 1995. Tests of conditional mean-variance
efficiency of the U.S. stock market. Journal of Empirical Finance 2, 3–18.

Fama, E.F., French, K.R., 1993. Common risk factors in the returns on bonds and stocks. Journal of
Financial Economics 33, 3–56.

Ferson, W.E., Foerster, S.R., 1994. Finite sample properties of the generalized method of moments in
tests of conditional asset pricing models. Journal of Financial Economics 36, 29–55.

Ferson, W.E., Harvey, C.R., 1999. Conditioning variables and the cross section of stock returns.
Journal of Finance 54, 1325–1360.

Ferson, W.E., Schadt, R.W., 1996. Measuring fund strategy and performance in changing economic
conditions. Journal of Finance 51, 425–461.

Ferson, W.E., Siegel, A.F., 1998. Stochastic discount factor bounds with conditioning information.
Working Paper, University of Washington.

Ferson, W.E., Kandel, S., Stambaugh, R.F., 1987. Tests of asset pricing with time-varying expected
risk premiums and market betas. Journal of Finance 42, 201–220.

Ghysels, E., 1998. On stable factor structures in the pricing of risk: Do time varying betas help or hurt?
Journal of Finance 53, 549–574.

Hansen, L.P., 1982. Large sample properties of generalized method of moments estimators. Economet-
rica 50, 1029–1054.

Hardle, W., 1990. Applied Nonparametric Regression. Cambridge Univ. Press, New York.¨
Hardle, W., Stoker, T.M., 1989. Investigating smooth multiple regression by the method of average¨

derivatives. Journal of the American Statistical Association 84, 986–995.
Harvey, C.R., 1989. Time-varying conditional covariances in tests of asset pricing models. Journal of

Financial Economics 24, 289–317.
Harvey, C.R., 1991. The specification of conditional expectations. Working Paper, Fuqua School of

Business, Duke University.
He, J., Kan, R., Ng, L., Zhang, C., 1996. Tests of the relations among marketwide factors, firm-specific

variables, and stock returns using a conditional asset pricing model. Journal of Finance 60,
1891–1908.

Hoeffding, W., 1948. A class of statistics with asymptotically normal distribution. Annals of Mathe-
matical Statistics 19, 293–325.

Ibragimov, I.A., Linnik, Y.V., 1971. Independent and Stationary Sequences of Random Variables.
Wolters-Noordhoff, Groningen, Netherlands.

Jagannathan, R., Wang, Z., 1996. The conditional CAPM and the cross-section of expected returns.
Journal of Finance 51, 3–53.



( )K.Q. WangrJournal of Empirical Finance 9 2002 133–169 169

Khashimov, S.A., 1993. The central limit theorem for generalizedU-statistics for weakly dependent
vectors. Theory of Probability and Applications 38, 456–469.

Lee, B., 1992. A heteroskedasticity test robust to conditional mean misspecification. Econometrica 60,
159–171.

Lintner, J., 1965. The valuation of risky assets and the selection of risky investments in stock portfolios
and capital budgets. Review of Economics and Statistics 47, 13–37.

McLeish, D.L., 1975. A maximal inequality and dependent strong laws. Annals of Probability 3,
829–839.

Pagan, A., Schwert, G.W., 1990. Alternative models for conditional stock volatility. Journal of
Econometrics 45, 267–290.

Politis, D., Romano, J., 1994. The stationary bootstrap. Journal of the American Statistical Association
89, 1303–1313.

Powell, J.L., Stock, J.H., Stoker, T.M., 1989. Semiparametric estimation of index coefficients.
Econometrica 57, 1403–1430.

Pritsker, M., 1998. Nonparametric density estimation and tests of continuous time interest rate models.
Review of Financial Studies 11, 449–487.

Robinson, P.M., 1989. Hypothesis testing in semiparametric and nonparametric models for econometric
time series. Review of Economic Studies 56, 511–534.

Schucany, W.R., Summers, J.P., 1977. Improvement of kernel-type density estimators. Journal of the
American Statistical Association 72, 420–423.

Shanken, J., 1990. Intertemporal asset pricing: an empirical investigation. Journal of Econometrics 45,
99–120.

Sharpe, W.F., 1964. Capital asset prices: a theory of market equilibrium under conditions of risk.
Journal of Finance 19, 425–442.

Silverman, B.W., 1986. Density Estimation for Statistics and Data Analysis. Chapman & Hall, London.
Wang, K.Q., 1998. Tests of conditional asset pricing models: a new approach. Ph.D. dissertation.

Graduate School of Business, University of Chicago.
White, H., 2000. A reality check for data snooping. Econometrica 68, 1097–1126.
White, H., Domowitz, I., 1984. Nonlinear regressions with dependent observations. Econometrica 52,

143–161.
Yoshihara, K., 1976. Limiting behavior of U-statistics for stationary absolutely regular processes. Z.

Wahrscheinlichkeitstheorie verw. Gebiete 35, 237–252.
Yoshihara, K., 1990. Limiting behavior of generalized quardratic forms generated by absolute regular

sequences. Yokohama Mathematical Journal 37, 109–123.


