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¡H the ('.vi.ffíííi; ¡iteratiire on harrier optiinis niuiii effort

¡las been exerted to ensure coinvr^ence tlmntj^h pladrij^

the barrier in close proximity to, or directly onto, tlie nodes

of lhe tree lattice. For a variety of barrier option types we

show that such a procedure may not he a necessary pre-

requisite to achievin^^ accurate option price approxinui-

tions. Usi>i^^ a trinomial tree model we show that willi a

suitable transition probability adjustment our "prohability

adjusted" model exhibits convergence to the barrier option

price. We study the convergence properties of several option

types, including exponential barrier options, single linear

time-varying barrier options, double linear time-varying

barrier options, and Bermuda options. For options whose

strike prices are close to the barrier we are able to obtahi

numerical results where other models and techniques typ-

ically fail. Furthermore, wv show thai il is possible to cal-

culate accurate option price approximations with minimal

effort for options with complicated barriers that defeat stan-

dard techtiiques. In no single case does our method require

a repositioning of the pricing lattice nodes.

M
ethods for pricing barrier options
consist of two approaches:
numerical based methods and
theoretical expressions based on

continuous-time models. In this article we use
a numerical technique with a suitable modifi-
cation of the transition probabilities of the
Kamrad and Ritchken [1991] trinomial tree to
price several types of barrier options.' In doing
so, we illustrate the convergence of our method
to the price, when available from an analytic
solution, of" the respective options.

For European and American put and call
options, lattice models are able to yield con-
vergence towards the option price given by a
continuous-time model. In the case of a plain-
vanilla option, convergence of the standard
binomial or trinomial tree to the analytic value
generally occurs within a few hundred time
steps, yet due to distribution and nonlinearity
errors a persistent inaccuracy in the price of the
option remains. If standard lattice methods are
used to price more complex option types such
as single constant barrier, multiple barrier, and
time-varying barrier options, they converge
so slowly and exhibit such large bias that their
use becomes impractical. This is an important
observation because due to their lower cost and
popularity in hedging fmancial and commodi-
ties positions, barrier and path-dependent
options are now commonplace across all
fmancial markets. Consequently, a need for
improved lattice pricing models exists partic-
ularly for the more complex option types.

To explain the upward bias that occurs
when pricing options using, for example,
the Cox-Ross-Rubinstein (CRR) binomial
model, Boyle and Lau [1994] studied what
happens to the price of a given option when
the distance of the barrier to a layer of nodes
in the binomial tree varies. They found that
the upward bias problem arises as a conse-
quence of the discretization of the nodes of
the binomial lattice. Specifically, the bias occurs
when the option barrier passes between two
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successive layers of nodes comprising the binomial tree
without coming close to a node. Numerically this is per-
ceived as a mispricing of the option that takes the form
of an upward bias (i.e., convergence to the continuous-
time price from above) added on to the option price. In
order to reduce this bias, Boyle and Lau [1994] proposed
to reposition the nodes in the binomial lattice such that
the barrier passes as close as possible to a given layer of
nodes in the binomial tree. With this modification,
increased convergence rates were achieved; in one case
Boyle and Lau report that convergence improved from
8Ü() steps in the binomial tree to just 21 steps. This vari-
ation in the distance of the barrier from a layer of nodes
manifests itself as an observable pattern in a plot of the
option price against the number of time steps of the bino-
mial lattice. One observes a series of alternating crests and
troughs in a plot of the option price versus the number of
time-divisions in the tree. Accurate approximations to the
continuous-time price occur at the troughs of the con-
vergence graph where the barrier lies in close proximity
to a given layer of the binomial lattice. Conversely, poor
price approximations occur at the crests.

It is known that the node-repositioning technique
of Boyle and Lau is unable to produce an approximation
to the option price when the initial underlying price lies
close to the barrier, when there are multiple barriers or
when the barrier is time-varying. Ritchken [1995] tries
to address these particular problems by employing a tri-
nomial lattice based upon the multinomial model of
Kanirad and Ritchken [199] [. Ritchken's method is also
based upon a repositioning of the lattice nodes, however
it differs from the method of Boyle and Lau in that
Ritchken positions the lattice using a stretch-factor so
that the barrier lies exactly upon a given level of the lat-
tice nodes. Thus, despite increasing the number of time-
divisions of the tree, there always exists a layer of nodes
that coincides with the barrier level resulting in a rapid
convergence to the continuous-time option price. While
exhibiting good convergence, Ritchken's method suffers
from three drawbacks. The first is that his method encoun-
ters difficulty converging to the continuous-time option
price {and in some cases fails to converge at all) when the
initial underlying price is very close to the barrier. The
second drawback is that if a parameter of the option
changes (maturity, volatility, etc.) then the entire lattice
must be repositioned before calculating the new option
price. Finally, Ritchken's method can only handle bar-
rier options with constant boundaries.

Another efficacious pricing model for pricing barrier
options is the adaptive mesh model (AMM) of Figlewski
and Gao [1999]. This technique works by grafting a fine
resolution lattice onto the coarse lattice of the well-known
trinomial tree and using smaller time and price incre-
ments to compute the fmer mesh. In the case of a bar-
rier option, the fine-resolution mesh can be grafted onto
the coarse lattice nodes in the vicinity of the barrier to
improve the price estimate. This has the effect of dra-
matically reducing the number of computations required
to pricf the option in comparison to a normal trinomial
tree model. It has the additional effect of implicitly deter-
mining the number of lattice levels required to achieve an
accurate price approximation. Furthermore, layers of finer
resolution mesh may be mutually overlaid to improve
accuracy. However, owing to the difficulties in COÎI-

structing a fine-resolution lattice, the AMM model
encounters problems with options possessing sloped linear
and nonlinear barriers. Consequently, it would be of
interest to develop a generalized lattice-pricing model
that can be readily applied to options with arbitrarily spec-
ified barrier types.

Option pricing using lattice techniques can be
thought oí as a trade-of}~ between convergence rates and
having to reposition the nodes of the lattice in proximity
to the barrier. In the following, we propose a simple mod-
ification applicable to both the CRR binomial model
and the trinomial tree model. Specifically, we propose an
adjustment to the transition probabiHties that eliminates
the need to reposition the nodes of the lattice. Simulta-
neously, this approach yields significandy increased con-
vergence rates compared to alternative models. To calculate
the continuous-time option price we make use of a series
of analytical methods and empirical results available in the
barrier option pricing literature. We are thus able to com-
pare our calculations to a known value.

PRICING USING A TRINOMIAL LATTICE

Appealing to the standard assumptions of lattice-
based methods we assume that the price of the underlying
asset follows a geometric Brownian motion process. Under
this assumption the log-price drift is given by ü̂ ^ r-<S~H,
where r is the risk-free rate and O is the instantaneous
volatility at time i. The trinomial lattice for the under-
lying asset is first constructed using the up and down move-
ment probabilities that are given by
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M = exp((7v5f)

(1)

wherf (7 is tlie instantaneous volatility and Ôt is the size
of the titne-division of the lattice tree. Starting from a
known initial asset price, S,,, the underlying asset prices
for the up. middle, and down nodes at time f + 1 are
given by HS,,. S,,, and ÍÍS,,, respectively.

A complete two-step trinomial lattice for the under-
lying asset is shown in Exhibit 1. In the usual trinomial
lattice implementation, after the creation of the under-
lying tree the option tree is constructed as in Exhibit 2.

By working backwards through the option tree and
appropriately discounting the calculated option prices one
arrives at the lattice approximation to the option price.
In such a trinonii;ü tree, the option price evolves according
to a set of lattice-specific probabilities such that (working
backwards throut^h the tree) the discounted optioti price.
C. at time f is given by

E X H I B I T 1
Evolution of the Underlying Trinomial Tree

(2)

where p . y,. and u are the risk-neutral transition prob-
J ;( • tl ' I I I

abilities of the trinomial lattice, r is the risk-free rate, and
^i+l ,1' ^t+i ,11' '̂ "'•̂  ^f+i d^^^ ^^^ '^^ Option prices for the
up, middle, and down nodes of the lattice, respectively For
the purposes of our implementation we use the following
representation for the probabilities. Let

.rol (3)

(4)

then for the lattice probabilities we have:

uuS.

uS

dSo

/ / ^Acfs/Sr i \ / ^2Aö-JSi i \
(5)

M' - M) - e'^^^'{M-\))

(6)

(7)

ddS

P., = 1 - /'„

where A is a trinomial lattice-specific para-
meter.- It is clear that the greater the number
of time-divisions taken for the tree, the greater
the accuracy of the fmal approximation to the
true price. Traditionally, this method of pricing
options has been used extensively for pricing
European as well American plain-vanilla
options. The adjusted transition probability
method involves modifying these probabilities
in order to produce accurate price approxima-
tion for the case of barrier options. Further-
more, using the adjusted-probability method
it is also relatively simple to extend the proce-
dure to options with time-varying barriers as
well as more exotic types like the Bermuda
option. We now discuss the probability-adjusted
extension of the trinomial lattice method as
applied to path-dependent harrier options.
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E X H I B I T 2

The Optioti Price Trinomial Lattice Associated with the
Underlying Asset Tree

= C

THE PROBABILITY-ADJUSTED TRINOMIAL
TREE MODEL EOR AN OPTION WITH
A LINEAR TIME-VARYING BARRIER

A barrier option is a path-dependent option whose
payoff is determined by whether the price of the under-
lying asset has reached some pre-determined price level
negotiated at the time of the contract purchase. For
example, in the case of a down-and-out barrier option,^
the option payoff is set to zero when the underlying price
tails below the barrier. A barrier option like this can be
priced using the same trinomial tree method used to price
piain-vanilla options, however, the trinomial tree will
converge at an extremely slow rate to the true price of the
option. As discussed, it is possible to reposition the nodes
ot the lattice to increase convergence, but this becomes
difficult tor curved barriers. Compared to repositioning
techniques, the transition probability-adjustment method
provides a more intuitive way to increase the cotivergeiice
rate. The basic methodology has been used previously to
increase the convergence rates of Monte Carlo option

pricing algorithms. It is known that, dtit- to the dis-
cretized path along which the asset price evolves, it
is possible for the underlying asset price to breach
the option barrier without being detected by the
Monte Carlo simulation, as discussed in Genian and
Yor [1996]. One way to alleviate this problem is to
use the supremum of a Brownian bridge to calcu-
late the probability that the underlying asset price
touches the barrier for any given step of the simu-
lation. However, this method is not without its lim-
itations. As noted in Baldi, Caramellino, and Iovino
[1999], this technique cannot be effectively used to
price multiple barrier and time-varying barrier
options. Consequently, Baldi et al. derived a series
of approximations for the exit probability of a
Brownian bridge that can he used to price multiple
and time-varying barrier options. Although he used
these probabilities to improve upon Monte Carlo
calculations, our contribution is to demonstrate that
these probability apprtiximations can be used to price
options with single and multiple time-varying bar-
riers on a simple trinomial lattice.

We describe our techtiique in the case of a
down-and-out call option with a single linear time
varying barrier. The same procedure applies to every
type of barrier option, provided one knows the
appropriate probability adjustment. Consider an
option with a time-dependent, linear barrier. We

defme the barrier level L, (lower barrier at time t) using
the equation of a line and choosing a slope, m, and an
intercept, h, as in Equation (8)

"md

L, = nil + h (8)

Note that the special case of a knock-out option with
a constant barrier can be recovered by setting tn = 0 in
Equation (8). The situatioti for the time-varying barrier
is illustrated in Exhibit 3.

The lattice of Exhibit 3 is indexed by the time
division ot ^ T/ii, where Tis the option maturity and
n is the number of divisions of the tree. Exhibit 4 shows
a trinomial lattice with a time-varying linear barrier
overlaid with two possible price paths labeled Diffusion
Path I (DPI) and Diffusion Path 2 (DP2). These paths
represent possible underlying price trajectories between
times t and t = of on the lattice. It can be seen that both
DPI and DP2 breach the barrier between adjacent node

WINTER 201 >S
THF JOURNAL OK DnuvATivrs 3 9



E X H I B I T 3
The Trinomial Lattice for an Option with a Linear Time-Varying
Barrier

LlS

dS

Barrier

= exp —

layers ofthe lattice and thus represent situations in which
the option payoff shotild be set to zero.

Paths such as these are analogous to the Monte
Carlo paths that break the barrier yet remain undetected
by the calculation. Because the trinomial lattice only
approximates a continu o tis-time diffusion, diSlision paths
1 and 2 are possible iti continuous time but are not well
approximated by the discretized nature of the lattice.
Similarly, the trinomial lattice will possess paths hke
those indicated yet the stock price can end up above
the barrier at the next time step ofthe tree. In such
cases the crossing of the barrier is not detected. To
account for this effect it is necessary' to motiify the option
price calculation in order to reduce the expected payoff
ofthe option hy the total probahilit>- of all such possible
diffusion paths. The probabilities of these diffusion paths
are related to the exit probabilities calculated by Baldi
etal. [1999].

We model a diffusion path ofthe logarithm ofthe
stock price between lattice time-divisions as a Brownian
bridge. A Browuian bridge is a stochastic process in
continuous-time whose probability distribution is given

by the conditional distribution of a Weiner
process. In particular, the starting and ending
points ofthe process are known quantities.
Mathematically, a Brownian bridge is an R"-
valued GaussiaJi process (S )̂(| <,< •/• for which we
can define ati exit probability, p. Let p, ' be
the probability that Ŝ  breaches the linear bar-
rier, I (with (• - L for the lower barrier and i =
L' for the upper barrier), in the lattice time
interval [f, f+&). More formally, it is the prob-
ability that the barrier is breached by a
Brownian bridge that starts at log(Sj) at time t
and is conditional on it reaching log(S^^¿,) at
time / + of. In order to correct for the possi-
bility that the diffusion path breaches the bar^
rier we subtract this probability from unity so
that we obtain the probability that the diffu-
sion path does not breach the barrier in the
interval {t,t + 5t). The correction is thereby
obtained by intiltiplying the usual trinomial
lattice probabilities by (1 - pf). This is what
we imply by the phrase "transition probability
adjustment."

We illustrate the method using a barrier
option with a barrier defined as in Equation (8).
Using the subscript L to denote a lower (i.e.,
down-and-out) barrier, the exit probability for

tliis type of barrier is given by Baldi et al. [1999] as;

udS,

2 is "i
L,.

in

h -I- tuÔt

where Sj is the asset price at the current lattice node,
Sr .̂ 5, is the asset price at the next lattice node, and L.̂ -
is the barrier level at the current node. The numerical
procedure involves correcting the lattice probabilities for
the diffusion paths in the following manner. First we
price the underlying tree using the normal trinomial
tree method. At each node ofthe lattice we also calcu-
late the level of the barrier associated with that partic-
ular node using the equation for the barrier, in this case
Equation (8). Subsequently, we work backwards through
the option tree correcting for the exit probabilities, or
rather we adjust the transition probabilities. At each node
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E X H I B I T 4
Trinomial Lattice with Diffusion Paths That Traverse the Barrier between Lattice Nodes

uS

Diffusion path 1

Diffusion path 2

Barrier

ddS

in the trinomial lattice there are three adjustments to
perform for the "up," "mid," and "down" transitions.
The calculation of the option price at a given node is
shown in Equation (10).

(10)

where C(S .̂ ) is the call option price corresponding

to the node at which the barrier level is L-^ .
After iterating through the tree in this manner and

performing the necessary adjusttnents we arrive at the
final approxitnation to the option price.

OPTIONS WITH A SINGLE LINEAR TIME-
VARYING BARRIER

To start with, we consider the special case of a single
constant barrier option (by setting w — T) in Equation (8)).

We study the behavior of the probability-adjustment
method when the stock price approaches the barrier.
Under these circumstances many lattice-based option val-
uation techniques have difficulty prodticing an approxi-
mation to the option price. In the case of thf standard
binomial tree, convergence is so slow that even after 5,000
time-divisions, there is significant difierence between the
approxiniate and analytical values. Even Ritchken's
"stretched" trinomial tree method encounters difficulty
in pricing a down-and-out call when the stock price
approaches the barrier. For example, see Exliibit 5.
Ritchken's method first encounters difficulty at 500 time-
divisions and a stock price of 91,0. Furthermore, when
the initial stock price is very close to the barrier, even as
many as 5,000 iterations are unable to provide an approx-
imation to the option price.

Conversely, because the probability-adjustment
technique is based on tbe lattice niettiod with no node
repositioning, we are always able to produce an approx-
itnation to the option price regardless of the stock price
to barrier distance. Exhibit 5 presents our option price
approximations in comparison to those of Ritchken's as

WINTER 2008 THEJOURNAI tir DEiiiv.̂ nvEs 4 1



E X H I B I T 5

Behavior of the Down-and-Out Call Option Price When the Stock Price Is Close to the Barrier

Stock Price

94.0

93.0

92.0

91.S

91.0

90.5

90.4

90.3

500

4.849/4.723

(4.863)

3.667/3.610

(3.700)

2.45/2.526

(2.504)

1.8/1.726

(1.894)

1.222/1.333

-

0.716/0.669

-

0.561/0.521

-

0.409/0,380

1000

4,814/4,839

(4.864)

3.601/3.634

(3.701)

2.509/2.398

(2.506)

1,799/1,930

(1.894)

1,176/1.155

(1.274)

0.707/0.695

-

0.576/0.544

-

0,424/0,393

Number of Time Steps in theiVee

2000

4.866/4.811

(4,864)

3,697/3,722

(3.702)

2,487/2.425

(2.506)

1.868/1.850

(1.895)

1.239/1.286

(1.274)

0.614/0,672

-

0.549/0.558

-

0.433/0.412

3000

4.840/4.880

(4,864)

3,641/3,708

(3.701)

2,507/2.497

(2.506)

1.885/1.877

(1.895)

1.221/1.248

(1.275)

0.57/0.612

-

0,498/0.542

-

0.423/0.419

4000

4.839/4.845

(4.864)

3.649/3.717

(3.701)

2.488/2.502

(2.506)

1.836/1.863

(1,895)

1.275/1,217

(1,275)

0.593/0.580

(0.642)

0.462/0.512

-

0.403/0.418

5000

4.82/4,833

(4,864)

3.654/3.703

(3.702)

2,454/2,464

(2.506)

1.893/1,907

(1.895)

i.224/1.272

(1.274)

0,626/0.590

(0.642)

0.458/0.480

(0.515)

0.381/0.410

Analytic Price

4.864

3.702

2.506

1.895

1.274

0,642

0.515

0.387

90.2 0.263/0.248 0,271/0,252 0,281/0.260 0.287/0.267 0.289/0.273 0.288/0.276 0.258

90.1 0.127/0.122 0.129/0.122 0.13 I/O. 123 0,129/0,124 0.135/0.126 0,137/0.127 0.129

90.05 0,063/0,061 0.063/0,061 0.064/0.061 0,064/0.061 0.064/0.061 0.065/0,061 0.065

90.01 0.012/0.012 0.012/0,012 0.012/0.012 0.012/0.0Î2 0.012/0.012 0.012/0.012 0.013

Note: 77u' hst cohmti wntaiiis the price of the doiim-tiiid-out aill optioti ii.(i/(i; ,w aualylical soliitioi}. Tlie prices are displayai as adjusted hinomial
price/adjusted trinomial price. Prices in Imckvts are those ¿iveii in Rilchkeii II99SJ. Pria-f in dial ted by "-" mere unable to be ampnled usin;^ the node
repositioning method of Ritchken; thai ¡s, the ittimber of partitions used were insiißcient to produce an approximation to the ¡nialytical pria:

the stock price approaches the barrier. At a stock value
of 90.3, Ritchken's tnethod is unable to produce an
approxiniation to the price in 5000 divisions or less. Con-
versely, we obtain an approxiniation with 500 time-divi-
sions. Furthermore, we are able to obtain price
approximations when the stock price is extremely close
to the barrier. Additionally, the quality of the approxi-
mation improves with decreasing distance between the
stock price and barrier and, in the extreme case of a stock
price of 90.01, we have very good agreement betw^een

our approximation and the analytical price for the adjusted
trinomial model.

We now turn to the general case of a linear time
varying barrier. To provide a numerical example we select
some values for the slope and intercept of the barrier
equation (8). We set S,, = 100, K - 100, CT= 25%, r = 10%,
f - 1, in = 10, and /) = 95. In Exhibit 6 we plot the
convergence curve for tbe linear barrier option with the
parameters specified above.

It is clear that the convergence of the adjusted tree
is considerably faster than that of the normal (unadjusted)

4 2 B,MíRiEa OPTION FRICING USINC AIÍJUSTFD TRANSITION PROUAHILLTIES WiNTRR 20(18



E X H I B I T 6

Convergence Plot for the Single Linear Time-Varying Barrier Option

8

7,5 •

6.5

5,5

—•— Unadjusted price

- -•- - Adjusted price

Number of Steps in Tree

Note: Option parameiers arc S^,= 100. K= 100. f J = 2.5%. r - 10%, /, - lO.imll^,^ 95.

trinomial tree. Furtbermore, the small fluctuations vis-
ible in the crests of tbe unadjusted curve are almost nonex-
istent in the adjusted price curve. Unfortunately, for this
case we do not possess an analytical solution with which
we can compare our results.

OPTIONS WITH TWO LINEAR TIME-
DEPENDENT BARRIERS

Extending the example above, we now add an addi-
tional upper barrier, resulting in an option with two
linear time-dependent barriers. Unlike the single barrier
case, the probability adjustment must now account for
hotb the upper and lower barriers. The appropriate exit
probabilities for the upper, V^, and lower, L̂ , barriers
were calculated by Baldi et al. |1999] and are given in
Equation (II).

- — In
(7"

Ü,.

=: exp

X
èi

V '" J

L.,

m

V V ' " •«• y
b 4- III Ôt

"I'l"' "IW j

-I-
h, -h m, St

¡mm imiiT

(11)
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where the previous variable definition.s stiil apply and U
and L are the values of the upper and lower barriers at time
Ot, respectively. To price the double barrier option, the
underlying tree is first constructed. For each time divi-
sion ofthe lattice we calculate the level of both the upper
and lower barriers using the equations that define the
barrier. Once this is completed we can continue to price
the option by calculating the oprion payoffs at maturity.
These are calculated at the last time division of the lat-
tice. We then work backwards through the tree calcu-
lating the option price at each given node using a slightly
modified version ot Equation (10) for the price of the
option. If, at a given node, the underlying price is either
above i^/or below Lwe set the option value to zero, since
the asset price has breached the barrier. Equation (12)
gives the probability adjustment, p, for the double bar-
rier option case. The adjustment is a linear conibniation
of the exit probabilities defined in Equation {11) for the
upper and lower transitions:

(12)

For the double time-varying barrier option it suffices
to multiply the trinomial lattice probability by Equation
(12) in order to effect the probability adjustment. To
provide a numerical example, we choose the following set
of parameters to describe the option: S,, = 100, K= 100,
(T - 25%, r = 10%, r = 1. tn, - -22, b, = 92,

' hni'er ' lower

m ^̂  - 35. and Í' , . — 105. Exhibit 7 shows the coti-
vergence curves for the double linear time-varying bar-
rier option.

We do not have an analytical value for the double
time-varying barrier option either, yet it is clear that the
plot converges to a constant value. The convergence is
relatively stable after 1,000 time-divisions of the lattice
and convergence is near-monotonic. The plot exhibits
almost no periodical fluctuations in approaching a constant
value tor the option price. Notahly, the unadjusted curve

E X H I B I T 7
Convergence Plot for the Double Linear Barrier Option

1.7

1.5 •

1.3

1.1

0.9 •

0.7 •

0.5

— Unadjusted price

• - Adjusted price

Number of Steps in Tree

Note: Option pannuctcri .irc S,,= IOO,K^ WÜ,a^ 25%.r= 10%, I, = -22, l,,= 92, u¡ = 35 and u^= 105.
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converges much more slowly to, presumably, the same
value. However, an analytical or independent empirical
result is needed to confirm the accuracy of our calculation.

To judge the goodness of our method, we can con-
sider the special case of a knock-out option with double
constant barriers. Although there is no analytic formula
available, this t̂ 'pe of option has been widely investigated
in the option pricing literature. Therefore, we can com-
pare our results with other numerical approximations.
The data presented in Exhibit 8 are taken from Pelsser
[2000]. It is clear from the exhibit the probability-adjusted
method is in good agreement with the values obtained
using other methods in the existing barrier option pricing
literature. Specifically we consider the Kunitomo and
Ikeda 11992|, finite difference and Pelsser [2000] methods.
We conclude that for short-term maturity options, the
model demonstrates accurate approximations to the option
price within 2000 time-divisions ofthe lattice. Further-
more, these results do not diÛer significantly from those
calculated using 1,000 divisions ofthe tree.

OPTIONS WITH EXPONENTIAL BARRIERS

We now turn our attention to the case of a barrier
option with a time-varying exponential barrier. The

probability adjustment is again given by Baldi et al. [1999]
and is defined in Equation (13). This gives the exit prob-
ability in terms ofthe option parameters. As in the linear
case, the barrier is characterized by its slope, m, inter-
cept, b, and current lattice time- step, T^^:

L^ = exp(iijf-l-/j)

T h e probability correction is given by:

2

X — m (13)

The parameters for the calculation are: À',, — 95,
K = 100, a = 25%, r = 10%, T - 1 year, exponential
barrier slope - 0.05, exponential barrier intercept = 90.
The analytical value is 5.4861.

E X H I B I T 8
Comparison of the Adjusted Method (binomial/trinomial) with Values from Pelsser [2000]

Vol

fT=^0.2

íT=0.3

(7=0.4

U

1500

1200

1050

1500

1200

1050

1500

1200

1050

L

500

800

950

500

800

950

500

800

950

KI

25.12

24.76

2.15

36.58

29.45

0.27

47.85

25.84

0.02

Ana

25.12

24.76

2.15

36.58

29.45

0.27

47.85

25.84

0.02

FD

24.57

24.69

2.15

36.04

29.40

0.27

47.31

25.82

0.01

Approx 1

25.12/25.12

24.77/24.76

2.14/2.15

36.59/36.58

29.42/29.40

0.27/0.26

47.86/47.85

25.85/25.88

0.01/0.01

Approx 2

25.12/25.12

24.76/24.76

2.15/2.15

36.59/36.58

29.42/29.46

0.26/0.27

47.85/47.84

25.83/25.86

0.01/0.01

Note: VIC option parameters used are S,, - 1000, K ^ 1000, r ^ 5%, and T= 1/¡2. "Appro.\ 1" is aikulated for 1.000 time-diuisiani of the adjusfcd
tree, and "Approx 2" is calculated usin^ 2,000 time-divisions oftlic adjusted tree. Column "1.1" giivs the upper harrier while column "L" j;ii'cs the lower
barrier. "KI" is calculated «.ÍÍ/;I,' the method of Kunitomo und ¡keda II992J: "Atia" are the results of Pelsser [2000]; "FD" is the finite difference cakulaiion
based on a 1,000 hy l.OOO^^rid.
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Having specified the barrier and the parameters of the
option we calculated the option price approximation for
all time-divisions from 1 to 1,000 using the aforemen-
tioned procedure. The results are plotted in Exhibit 9.

Because the expotiential barrier option is priced
using the same numerical technique that was applied to
the single barrier option, calculation times remain con-
sistent and take approximately 4 seconds. After approxi-
mately 60Ü time-divisions of the tree, we note the
decreased oscillations of the probability-adjusted model
compared to that of the trinomial tree model. Conver-
gence towards the analytical value of 5.4861 is also con-̂
siderably taster. To judge the peribrmance of our model
for the exponential barrier option against another model,
we compare our results to the empirical results published
by Costabile |2()02|. The results are shown in Exhibit 10.
Usually, Costabile's method converges slightly faster than
the adjusted-probability technique due to the fact that he

is repositioning the nodes of his lattice whereas our
method does not. As mentioned, we know that methods
based on lattice manipulation exhibit faster convergence.
Nonetlieless, Costabile s method is specific to single expo-
nential barrier options only, yet the adjusted method can
handle a multitude of barrier types and is not restricted
to a particular option type.

APPLICATION TO BERMUDA OPTIONS

A Bermuda option is a discretely monitored barrier
option whose payoff is zero if the underlying price is
below the barrier at some discretely nionitored time, f.
Exhibit 11 shows the diffusion paths that must be con-
sidered in order to apply the transition probability-
adjustment method.

We can see two possible types of diffusion paths
for the underlying price; a safe path and a knock-out

E X H I B I T 9
Results of the Convergence Calculation for an Exponential Barrier Option

8

7.5 -

—•—Unadjusted price
--••-Adjusted price
-—-Analytic price

-VÓ

Number of Steps in Tree

Nolc: Paraniacrs for the calculation are S,, - 95, K - 100, (7- 25%, r — ¡0%. T — I /Ciir, cxpanetuitil barrier slope — 0.05, expoiwniial barrier
intercept- 90. Tlw ariatytical ualue is 5.486Í.
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E X H I B I T 1 0

The Adjusted-Probability Method Compared with the Extended Cox-Ross-Rubinstein Method of Costabile [2002]

Slope = m = -0.1 Slope = m = 0.1

Tree Lvls. Costabile Adjusted Tree Lvis. Costabile Adjusted

17

11

181

327

515

2100

4754

Analytic

7.002

6.958

6.920

6.910

6.912

6.902

6.900

6.896

6.631

6.753

6.787

6.786

6.802

6.868

6.889

24

92

203

356

552

2174

4865

Anaiytie

5.020

4.949

4.934

4.934

4.932

4.929

4.929

4.928

5.400

4.985

4.876

4.877

4.912

4.915

4.918

E X H I B I T 1 1
The Two Types of Possible Diffusion Paths

Knock-out paths

Safe paths

Date t discrete
Knock-oul Barrier
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path. Along the safe Liiffusion paths, the tmderîying price
(even though discretely inciüitored) never Kills bek>w the
b.irrier in continuous-time, yet in discrete time it appears
to be a knock-out path. Looking now at the discretely
inoiiitDied knock-out p.uhs. the priée ot the underlying
asset actually does tall below the haiTÍer tor some mon-
itored time f'. At this particular instant the option does.
in tact, knock-out, whieh resuks ni A payoíí ot zero. In
.ipplying the transition probability method the situations
tor both s.ite type p.itlis and knock-out type patlis must
be handled in order to achieve convergence to a fixed
pi-ice. This is the basi.s ot our method m ttie Bermuda
option case. I

The method for pricing a Bermuda option under
transition probabilit)- adjustment proceeds as follows. First
the underlying tree is constructed in the usual manner.
We then determine the monitornig tVequency ot the
option, riiis nujnitoring frequency provides us with a
discrete set of times, {f* ¡, at which we determine whether
tlie harrier has or has not been breached. When these
nionitoi-ing dates lie between the time partitions ot the
lattice we adjust the lattice pnihabilities. This situation is
illustrated in Exhibit 12. In the downward transition troni
N, to .S,^, ,. the probability- tbat the tiption expires is equal
to the probabilitTy' that a Brownian bridge between S^ and
.S_ I . tails, at time f*, below the barrier. A complication
arises w hen the barrier coincides with a time partition
of the lattice as shown m E.xhibit 13.

In this case, the exit probabilities cannot be calcu-
lated and the method suifers from discretization error.
For the purpose of illustration, let the barrier level of
Exhibit 1 1 be 'J5. the initial asset price. .Ŝ  = I'll), and
.S\̂  , - 9(1. In this scenario we would haw to calculate
the probability that the ditïusion process tails below 'Í5 at
time r having started at Ŝ  and ended at S^^^ j . However,
this pntbabilit\- equals iinit\^ wlien the barrier exceeds 90.
lhe underlying problem is that the option payoffon the
trinoiiiial tree is unatîected by the level of the barrier.
Using the above example, the pa\'otî ot the option would
be calculated as:

(14)

Equation (14) produces the same result tor the price
of the option. <-. e\en it the barrier was plaeed at *'O.i)l
since C" , I , wotild still be zero. This result manitests itselt
as a large bias in the approximation to the option price.

E X H I B I T 1 2
When the Discrete Monitoring Times, t', Lie between
the Lattice Nodes, the Probability Correction is
Applied

Dale t discrete
K.nock-out Barrier

E X H I B I T 1 3
A Complication Arises when the Barrier and a Layer
of Lattice Nodes Coincide at a Discrete Monitoring
Time, t*

I);ile t discrete
Knock-oul Harrier
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Ti> avoid this discretization problem we ean restrict
tlie foniputiitioi! of the tniiomi.il tree, only to a number
of steps sucii that the [attiec time division does not coineide
witli barrier monitoring tnnes. As a general guidflmc, in
practice it is best to avoid choosing multiples of the prime
factors of che monitoring treLjiR-ncy in order to eliminate
this problem. Thus, it tlic mi>nitoring frequency, r. is
selecccJ to be weekly and we assume 50 weeks in a year,
it siithces to select a ntiinber of steps sucli as ¡ 51. 5?i, 57.
5"J,.,, [. Since the prime factors of 50 are 2 and 5. we do
not ct)mpute the trinomial tree for steps that are nuilti-
jiles i>f 2 and 5.

The pricing of tlie Hermuda option is not signifî-
caiuly tlifferent from the single linear barrier case, the
main diflerence being that a slight amount of additional
ertiirt IS reqmred lo accomit for the discrete monitoring
times as previously disctissed. The probability adjustment
IS given by the ciimtilative normal distribution, which
is che probability distributiofi of a Browiium bridge
[between two snccessi\-e points of tbe lattice. For tbe
Weiiier process { IPj^ that starts at l\'{t^) = log(Sj) - ii
and ends at \V{t-,) — log(.S^_^) - /'. its distribtition in time
r e {t., t^) IS normal with mean:

U -I
(15)

and variance

(16)

Tlie exit probability ad)ustment tor the Bermuda
option is therefore the cumulative normal distribution with
mean, ßJ. anJ variance. (J-. as definetl in Equations (15)
and (If)). The distribution futietion is e\aluated at the log
price of the underlying asset at the current lattice node.
The option price is then calculaced using the criiiomial
lattice and the procedure descri[ied tor the previous option
types. To illustrate, we provitle several numerical exam-
ples and compare the results Co existing techniques for
Bernuula options m the liteniture.

Broadie. Glasserman. and Kou [19^7) derive a
continuit\' correction for discretely monitored barrier
options tismg the Reimann zeta function. This allows
tbem to price a Hermuda option accurately, yeC cbeir

E X H I B I T 1 4

Broadie et al. [1997] versus the Adjusted Transition Probability Method for a Down-and-Oul Call Bermuda-
Style Option

Barrier

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

Continuous
Barrier

6.308
6.283
6.244
6.185
6.099
5.977
5.808
5.579
5.277
4.888
4.398
3.792
3.060
2.189
1.171

Corrected
Continuous

6.322
6.306
6.281
6.242
6.184
6.098
5.977
5.SIÜ
5.585
5.288
4.907
4.428
3.836
3.121
2.271

Probability
Adjusted

6.322
6.306
6.281
6.242
6.184
6.097
5.976
5.811
5.583
5.283
4.905
4.430
3.841
3.131
2.337

True Price

6.322
6.306
6.281
6.242
6.184
6.098
5.977
5.810
5.584
5.288
4.907
4.427
3-834
3.126
2.337

Broadie
Rel. Err. (%)

0
0
0
0
Ü

0
0
0
Ü.02
0
0
0.02
0.05

-0.16
-2.82

.Adj. Rcl
Err. (%)

0
0
0
0
0

-0.02
-0.02
0.02

-0.02
-0,09
-0.04
0.07
0.18
0.16
0

iViifi.- riir option parameh-ri. iirc .S,, = HH}, K - iOO. <T- 30%, r - ¡0%, and 7 - i).2. 'ill, iiuiiilh

i\irtlio/l is 5(1 in'ith 7 ' = 0.21. .vid ¡or lln- iidjn.^tcd inftitod ihi^- tnmsLitfs into 250 ú)i!ni,i! iiioiiilorin',; poi
linns ¡or llu •oncacä
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method breaks down when the underlying price is close
to the barrier or the barrier is time varying. A comparison
between the adjusted transition probability method with
the continuity correction method is given in Exhibit 14.

The exhibit shows the results of the adjusted-
probability method compared to the values published in
Broadie et al. [1997] for the corrected continuous pricing
method- The option panuneters are S^^ = 1(10, K — 100,
<J= 30%, r= 10%, and T= 0.2. The number of niotii-
toruig times for the corrected continuous method is 50
(with T= 0.2), and for the adjusted method this translates
into 250 annual monitoring points. These values corre-
spond to daily monitoring ot the option by assuming 250
trading dates per year. Values ofthe true price are taken
from Broadie et al. and are calculated using a specialized
trinomial tree, as described in Broadie, Glassertnan, and
Kou [1999]. Botb pricing methods perform well, but when
the underlying price is close to the barrier, the proba-
bility-adjusted method has a mucb smaller value for the

relative error, illustrating its ability to accurately price
options for which the initial underlying asset price is close
to tbe option barrier.

Naturally, we can reduce tbe monitoring frequency
and therefore redtice the number ot probability adjust-
ments in the trinomial lattice. In doing so we can com-
pare the adjusted model to additional results by Broadie
et ai. [1997J. Exhibit 15 shows tbe comparison of the
model results for reduced monitoring frequency (the other
parameters are equal to the previous example).

The increased accuracy ofthe transition probability-
adjusted trinomial tree over the corrected-continuous
method is immediately evident when the underlying asset
price is close to tbe barrier. Tbe increase in tbe relative
error ot tbe corrected-continuous model in tbe m = 25
case is pronounced even several price units away from the
barrier.

To provide a graphical depiction ofthe convergence
properties ofthe probability-adjusted method apphed to

E X H I B I T 1 5
The Adjusted-Probability Method versus the Corrected-Contitiuous Method for Reduced Monitoring Frequency

m= 125

m - 2 5

Barrier

85
87
89

91

93

95

97

99

85

87

89

91
93
95
97
99

Corrected
Continuous

6.327
6.293
6.210
6.033
5.688
5.084
4.113
2.673

6.337
6.323
6.284
6.194
6.004
5.646
5.028
4.050

Adjusted
Tree

6.326
6.292
6.210
6.031
5.686
5.080
4.119
2.813

6.336
6.321
6.280
6.187
5.999
5.670
5.167
4.489

True

6.326
6.292
6.210
6.032
5.688
5.081
4.116
2.813

6.337
6.321
6.281
6.187
6.000
5.671
5.167
4.489

Cor. Cont.
Rel. Err.(%)

0.02
0.02
0.00
0.02
0.00
0.06

-0.07
^ . 9 8

0.00
0.03
0.05
0.11
0.07

-0.44
-2.69
-9.78

Adj. Tri.
Rel. Err.(%)

0.01
0.01
0.00

-0.01
-0.03
-0.02

0.09
0.00

0.00
0.01
0.00
0.00

-0.01
0.00
0.01
0.01

Note: Tlie option p.irameurs ,irc S^, = 100. K - 100. O = .U)%. r = 10%. and T = 0.2.
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E X H I B I T 1 6
Convergence Plots

6.8

Q.
O

6.7

6.6

6.5

6.4

3.2

3.1
cu
o.
c 3

Q.

o 2.9

2.8

Panel A

I ^ r

200 400 600 800
Number of steps

Panel C

1000

O 200 400 600 800 1000
Number of steps

Q.

O

3.6

3.5

3.4

3.3

3.2

Panel B

200 400 600 800
Number of steps

Panel D

1000

20 40 60 80
Number of steps

100

Note: PdiK-ls A Í/IR'MI;/¡ C .(/(cir coiwaj^eiicc plots for variotii jliirf//ix' harrier Ifi'ch ii'iib weekly iiuniiioriii^^. Tlie piinmicicri tire lakeii frotn E.\hihii 2 in Diiiin
ctal ¡2003}: .S,, - ¡00. K= 100, íT= 20%, 'r= 10%, T= 0.5 and À= ¡.2. Panel D shows a amparison with the method of Abn cl al. [1999f Tlie
pimimerers for tbis cakitlimon are taken tú be S^ = 40, K = 40, (J- 4t)%, r- 4.88%, T— Í, L= 35. tvid a sinf<le moniloriim limc at T= 1/2.

a Bermuda option, Exhibit \6 shows a series of conver-
gence plots for various barrier levels.

Panels A through C show convergence graphs for
barrier levels, L, of 95, 99.5, and 99.9, respectively with
weekly barrier monitoring. The remaining parameters
are taken from Exhibit 2 in Duan. Dudley, Gauthier, and
Simonato 12003]; S,, - 100, K - 100, <7= 20%, r - 10%,
T= 0.5, and A = 1.2. Panels A through C clearly show
the convergence of the probability-adjusted method to
the analytic price, which is shown on the plots as a straight
line. Fluctuations about the true price are stiiall and in
most cases are within less than one-tenth of a utiit of the
option price. Some oscillations of increasing period do
remain, however. Panel D shows the convergence plot
for Example 1, as published in Ahn, Figlewski, and Gao

[1999]. The parameters for this calculation are taken to
be S,, - 40, K - 40, (T= 40%), r= 4.88%, T - 1, t = 35,
and a sitiglc monitoring titiie at T — 1 /2. The convergence
to the true price iti tliis case is near-monotonic and occurs
rapidly. There are no noticeable oscillations in this par-
ticular case. Combined, Panels A through D illustrate the
flexibility ot the method for pricing options of various
maturities and various barrier levels—including barrier
levels that are very close to the initial underlying asset
price.

NUMERICAL PERFORMANCE

All calculations were implemented in the C++ pro-
gramming language. Exhibit 17 shows the CPU time in
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E X H I B I T 1 7
CPU Times for the Underlying Asset Lattice and the Option Price Tree

so

45

—•— Option tree CPU time

CPU Time

--—Underlying tree CPU time

1200

J 1000

• 800

600 E

• • 4 0 0

• • 2 0 0

1000 2000 3000 4000 5000 6000

Number of lattice levels

7000 8000 9000 10000

seconds spent on the adjusted trinomial option tree and
the CPU time in microseconds spent on the adjusted tri-
nomial underlying tree. Also shown is the total combined
CPU time of the calculation. All cotnputations were per-
formed on a 1.83 GHz CPU with 2 GB of RAM.

The CPU time spent on the underlying tree is neg-
ligible and on the order of microseconds. Consequently,
it is evident that the bulk of the CPU time is spent on
generating the option tree. In fact, total calculation time
and CPU optioti tree time are indistinguishable on the
exhibit. Calculation time increases rapidly after 4,000 lat-
tice levels, and at 10,000 lattice levels the calculation time
is approximately 47 seconds. A typical calculation for 1,000
lattice divisions and a time-varying barrier requires approx-
imately 4 seconds.

CONCLUSION

In this article we have presented a generalized method
for pricing numerous types of barrier options that is based
on a simple modificadon ot the trinoniial tree model. With
minimal effort, the calailations can readily be implemented
on a binomial lattice with httle to no change in accuracy.

This also has the effect of decreasing calculation time owing
to the reduced number of lattice paths. Additionally, the
model can be applied to any option as long as the exit
probability can be calculated (or approximated) in a closed
form. Our results for time-varying barrier options are
promising and demonstrate good convergence properties
towards the contmuous-time price of the option. More
speciftcally, we have shown tbat it is possible to produce
option price approximatiotis even when the initial under-
lying price is very close to the barrier, a result that is often
difficult to obtain using alternative models in the htera-
ture. Furthermore, the model produces accurate price
approximations for options with short maturity.

We have applied the transition probability method
to several types of time-varying barrier options including
those with exponential, single linear, and double linear
barriers. A lack of closed-form option valuation equations
for some option types renders it difficult to precisely gauge
the accuracy of our approximations in the case of the single
linear and double linear time-varying barriers. Nonethe-
less, the price appears to converge to a fixed value based
on the convergence plots. The accuracy of the option price
approximations produced by the model dominates that of
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the Kamrad and Ritchken model while avoiding any repo-
sitioning of the lattice nodes. This makes it expedient and
simple to implement eveti for complex option types.

Application of the model to discretely tnonitored
Bermuda options also produces good results with no loss in
pricing accuracy when the barrier level is close to the tmder-
lying asset price. Given its straightforward implementation,
the model outpertorms more complicated pricing models
and convergence to the true price is near to monotonie, a
desirable property for an asset pricing model.

While no single lattice-based pricing model can be
used to estimate option prices with arbitrary accuracy, a
given model selected fix)m the literature can be used either
as a general purpose pricing model or as a specialized pricing
model tailored to a specific option. What is important is
that the practitioner understand the advantages and short-
cotnings of any particular option pricing model.

ENDNOTES

The authors thank Stephen Figlewski, the editor, for
valuable comments and the FinRisk Swiss National Science
Foundation for its financial support.

'Although we implement the transition probability-
adjusted model on a trinomial tree, the model can easily be
implemented on the standard binomial lattice with slightly less
effort. In Exhibit S and Exhibit 8 we show results for both models.

-?i> 1. The special case of A = 1 makes the trinomial
tree collapse into a binomial tree.

În the case of a down-and-in call option, the value of
the call option is set to zero if the underlying price does not
touch the barrier.
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