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Current techniques employed in valuing multiple

employee stock options issued hy the same company

treat each option as being independent of the others

and do not reficct that the option values should be

determined simultaneously. In this article, we develop

a model to simultaneously value all employee options

issued by the same company and study the valuation

impact associated with i^í¡norin^^ (his simultaneity when

more conventional approaches to employee option val-

uation are used. ÍAIV/ÍJ ti set of ¡valuation examples,

we demonstrate that if each employee stock option is

issued on a small to moderate fraction ofaßrm's out-

standing shares, the standard Black-Scholes/bino-

mial and multiple employee option pricing models

give values that are not materially different from each

other. However, if employee options are issued on a

larger portion of outstanding shares, using the

Black-Scholes/binomial approach can result in val-

uation errors as great as 20% to 50%. Tlierefore, in

cases for which there is the potential for significant

equity dilution resultingfrom the exercise of employee

options, there can be a material difference between

option values computed via the multiple employee

option pricing model and those computed using more

standard option valuation methods.

M
odeling the effects of dilution
in the valuation of employee
stock options is not as simple as
it may seem. In a recent article,

Hull and White |20()4a] assumed that the per
share stock price after (employee) options are
issued is logiiornial while recognizing that

[a]n alternative, more theoretically
correct, assumption is that the value
of the stock plus all outstanding
employee stock options (as well as war-
rants and convertibles, if any) follows
geometric Brownian motion. This
assumption is consistent with Galai and
Schneller's [1978] approach. Unfortu-
nately, it is extremely difficult to extend
their work to the situation in which
more than one option issue is out-
standing (p. 118).

Extending the work of Galai and Schneller
[1978] and others, we take the "more theoret-
ically correct" approach, as suggested by Hull
and White, by assuming that the distribution of
the value of a company's common stock plus
outstanding employee options follows geo-
metric Brownian motion and develop a general
model for simultaneously valuing any number
of outstanding employee options.

Consider a company that has issued mul-
tiple employee options with maturities that
range over several years. When the nearby
option matures and the holders of the option
must decide whether or not to exercise, the
values of all the remaining options must be
factored into the exercise decision. The out-
come of this exercise decision, in turn, will
affect the exercise decisions, related payoffs,
and values of the remaining options. Thus, the
optimal exercise decisions, payoffs, and values
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of ail the options are interdependent and must be com-
puted jointly. While some authors have addressed the
problem of simultaneous option valuation for a firm that
has only two employee options outstanding (Darsinos and
Satchell |2()02|, Kapadia and Willette |20()2], Bodurtha
(2002], and Lim and Terry [2003]), the more general and
realistic case of simultaneously valuing the options of firms
that have issued more than two employee options has not
been examined.'

The problem ofjoint valuation also arises with other
types of ñnancial claims. For example, valuing multiple
warrants issued by the same company is directly analogous
to valuing multiple employee options, since warrants and
employee options are essentially the same except for
vesting features and marketability. Also, most firms that
borrow are likely to have numerous debt instruments out-
standing with different maturities and different terms.
Some instruments may be senior, others may be subor-
dinated, some may be callable or noncallable, and others
may be convertible to conmion stock or into other secu-
rities. As with multiple employee options, all debt instru-
ments of the same firm should be valued simultaneously,
since the potential disposition of each instrument should
affect the values of the others.- The simultaneous valua-
tion of multiple debt instruments represents a more com-
plex pricing problem, since the various debt instruments
issued by the same company are not likely to be as homo-
geneous in their structure and contractual features as
employee options and warrants.

In this article, we develop a model for simultaneously
valuing multiple employee options issued by the same
company and study the impact of ignoring this simul-
taneity in the pricing of each individual option. The
model as tormulated can accommodate any number of
employee options, although the practical limit to the
number of distinctly different options that the model can
handle, based on present desktop computing standards, is
around 30. While we focus on the valuation of employee
stock options, our method is general and can be applied
in other situations when there are multiple claims on
assets, such as convertible debt or warrants where the dis-
position of any one claim has a potentially dilutive effect
on common equity and the other outstanding securities.

Our work advances the literature of employee option
valuation in two distinct ways. First, it provides a method-
ology for valuing up to 30 employee options issued by
the same company within a reasonable amount of time.
This represents a significant advancement in relation to

previous models that have been limited to two outstanding
employee options.

The second contribution of our work is to show how
much difference it makes if one uses our model of employee
option pricing rather than a simpler Black-Scholes or stan-
dard binomial model that ignores the interdependence
among optimal exercise decisions and resulting option
values. In some situations, especially rhose that involve
options on a relatively small number of shares, there is very
little difference between the option prices of our model
and those using more conventional models. However, in
other situations the value differences can be large.

The remainder of this article is organized as follows.
In the next section, we summarize prior work on the simtxl-
taneous valuation of multiple employee options or war-
rants. The third section develops a two-period example of
the multiple employee option pricing model as applied to
the valuation of two employee options that have been issued
by the same firm and shows how the model can be gen-
eralized to value a larger number of options over a larger
number of time periods. In the fourth section, the model
is applied to some realistic valuation scenarios to deter-
mine the extent to which option values computed via the
model compare with those computed using more standard
methods. The last section provides concluding comments.

PRIOR WORK ON MULTIPLE EMPLOYEE
(OR WARRANT) VALUATION

Darsinos and Satchell [2002|, Bodurtha [2002|,
Kapadia and Willette [2002], and Lim and Terry [2003]
addressed the issue of the simultaneous valuation of mul-
tiple employee stock options or warrants. Only Darsinos
and Satchell formulated a model for valuing more than
two options simultaneously. However, both their model
and that of Bodurtha ignored that the conditional value
of an option depends on the values of options that mature
later. The models of Kapadia and Willette and Lim and
Terry assume lognormal returns to total equity and require
a search for the critical equity value at each option matu-
rity date that causes the maturing option to have non-
negative exercise value.' In contrast to these two models,
our methodology is cast in a path-dependent binotnial
framework and, therefore, can easily accommodate valu-
ation structures that might otherwise create path depen-
dencies that the other two models cannot easily handle
(e.g., nonproportional dividends, state- and time-depen-
dent volatility structures, and so forth).•*
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When pricing options with two different maturities,
the lognormal multiple employee option pricing inodels
of Kapadia and Willette and Lini and Terry require one to
evaluate cumulative bivariate normal probabilities. The
same models, if extended to the valuation of options with
three distinctly different maturities, vyould require that
cumulative trivariate normal probabilities be evaluated, and
so on. In addition, if extended versions of these models
were used to value tn options with different maturities,
one would need to solve iteratively and simultaneously for
2"i-i + 2"^- + ••• + 2"'-'" =̂  2™ - 1 unique values of total
equity, denoted as /4*, that will cause the exercise values of
expiring options to be zero. For an m = 10 option problem,
one would have to solve for 1,023 unique values of ^*.

Presently, numerical routines for directly evaluating
cumulative multivariate normal probabilities are available
for bivariate and trivariate normals only (see Genz [2004,
p. 151]). For multivariate normals of higher dimension,
m, methods involving numerical integration via Monte
Carlo simulation (Genz [1992]) or Simpson's Rule
(Schervish [1984, 19851) •*'*̂  generally employed. For
example, the multivariate normal routine in R, the pro-
gramming language of choice among academic statisti-
cians, is based on the Genz method.^ In testing the two
methods, Genz [1993] concluded that the practical limit
to lu using the Schervish method is six. Extrapolating
computational timings given by Genz [1993] to 2006
computing standards, we estimate the present day Hinit to
be ÍÍÍ = 8 for the Schervish method. The Genz [1992]
Monte Carlo method is much faster, but it produces dif-
ferent values each time a given cumulative multivariate
normal probability is evaluated. Therefore, the Genz
method would present significant computational prob-
lems when used in conjunction with iterative numerical
search for 2'" — 1 unique A* values, where m > 8.

Inspection of Lim and Terry's formulation as applied
to two options with different maturities indicates that four
bivariate normal probabilities must be evaluated along with
two univariate normal probabilities. Extending their
methodology to three options, one would have to eval-
uate two univariate normal probabilities, four bivariate
probabilities, and eight trivariate probabilities or, in gen-
eral, 2' univariates + 2" bivariates -f • • • + 2'" /)i-dimensional
multivariate normal probabilities.

Based on estimates of computation times that we
will provide upon request, we believe that it is infeasible
to implement the Kapadia and Willette |2002| and Lim
and Terry [2003] models for anything close to the problem

size that we analyze in this article. For example, we have
estimated a computation time of over 37 days for an 8-
option problem using the models of Kapadia and Wil-
lette and Lini and Terry. In estimating this computation
time, we have made assumptions most favorable to the
two models. By contrast, an 8-option version of the
pricing model summarized in Exhibit 3 takes only 0.0075
seconds of computation time.

MULTIPLE EMPLOYEE OPTION
PRICING MODEL

Employee options are complex financial instruments
whose proper valuation is complicated by the following
issues/fea tu res:

1. Employee options are not transferable and, therefore,
cannot be traded on an exchange or other orga-
nized market.''

2. Typically, employee options are issued with original
maturities of 10 years. Estimating equity volatility
over such a long period can be problematic,

3. The proper valuation of employee options should
reflect employee vesting and the termination of
employment prior to vesting.''

4. The presence of reload features (new option
issuances as others expire or are exercised) and
repricing features (potential changes to the terms of
an option over its life) can affect the estimation of
an option's fair value.

We do tiot wish to minimize the importance of
diese special features related to employee options and their
potential impact on valuation. However, we believe it is
important to begin the process of valuing employee
options by treating the options as if they were fully mar-
ketable securities, such as warrants, not subject to the spe-
cial valuation problems just listed, and then adjust these
values along the lines of Rubinstein [1995] to take account
of the special features. Therefore, our model might be
more properly thought of as a model for valuing multiple
warrants issued by the same company, rather than mul-
tiple employee options, recognizing that this should also
be the starting point, but not the ending point, for valuing
employee options.

We begin with the assumption that the value of a
company's total equity, including common stock and any
employee options that it has issued, follows a standard
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binomial approximation to a constant-volatility lognormal
distribution. The valuation of employee options within
this framework results in an implied distribution of
common per share stock values that is not lognormal and
whose volatility is a function of the level of the stock price
and of time.

The problem of valuing multiple options over mul-
tiple maturities is inherently path dependent, meaning
that the prices of options associated with a given value of
equity at any fliture date depends upon the prior pattern
of movements in equity value. For example, suppose a
company with $100 million in total equity today poten-
tially can reach a value of $120 million five years from
now. If the firm's equity value eventually reaches $120
million by first falling and then rising toward the end,
options with maturities less than five years are less likely
to have been exercised than if the firm's value reaches
SI 20 million by rising first and then falling. Therefore, the
number of shares outstanding when the firm's equity value
eventuaUy reaches $120 million will depend upon the
pattern of prior movements in equity value. This path-
dependency causes the pricing of employee options to be
computationally intensive. Using a conventional bino~
niial valuation structure, we have estimated that the com-
putation time required for a 30-period (and 30-option)
valuation problem is on the order of 130,000 years using
a 2-Gh2 Pentium 4 computer, and the storage require-
ments for such a problem would be well beyond the
capacity of modern-day computers." However, by
recasting the calculations in terms of the depth-first tech-
nique (Dennis [2001]) and employing pruning methods
for eliminating large portions of unnecessary or redundant
computations within the binomial tree, we are able to
eliminate the storage problem and reduce the computa-
tion time for a 30-period problem to approximately four
hours.

Ownership Structure, Partial Exercise,
and Premature Exercise

Two extremes characterize the potential ownership
structure of a company's outstanding employee options
and warrants. At the one extreme, a single individual owns
all the company's outstanding options. At the other
extreme, the options are held in small amounts by a large
number of competing individuals. As shown in Emanuel
119831, Consta nti ni des 11984], Constantin ides and Rosen-
thai [1984], and Cox and li^ubinstein [1985[, if a single

individual owns all oí a company's outstanding options,
a strategy of partial exercise may create more value than
a strategy of block exercise, that is, exercising all or none
of a given option issue. However, as shown by Constan-
tinides [1984] and Constantinides and Rosenthal [1984],
in a competitive equilibrium in which options are held
in small amounts by a large nuniber of competing indi-
viduals, option prices will be the same as those established
by a single owner who is constrained to a policy of block
exercise, in this article, we assume that the ownership
structure of employee options is sufficiently diverse that
the pricing of options is consistent with a block exercise
strategy of a single individual. As such, this rules out having
to consider pricing resulting from strategic gaming among
competing option holders.

Given the block exercise assumption, it can be shown
that in the presence of dividends, premature exercise of a
single option issue among the many that a company may have
issued is irrational if X/í)i/(í¡,, + «,))((! l+r['-l)/[l+r]')>í/iV,
where X^ is the strike price of the option that matures t
periods from today, n,̂  denotes the total number of shares
outstanding at the time of possible premature exercise, n
denotes the number of shares associated with the option
that matures at time t, r is the risk-free interest rate per
period, and diu is the dollar value of the dividend to be paid
immediately after the option is exercised. (A proof will be
provided upon request.) Except for the dilution term,
(«(/(«!, + iĵ )), this is consistent with the standard condi-
tion of premature exercise for exchange-traded call options.

The methodology for valuing multiple employee
options that we present in this article applies specifically
to situations for which dividends are expected to be suf-
ficiently low that it would not be rational for a given
option issue to be exercised prematurely. As such, Amer-
ican style options can be valued as if they are European.
In all the examples we present, dividends are assumed to
be zero.

General Framework of Valuation

Given the path-dependency in the pricing of
employee options, we employ the binomial model as the
basis for valuation. As is well documented, the binomial
model can be parameterized to provide appn^imate values
when no closed-form solutions exist for Black Scholes—
type option valuation problems. It is in that sense that the
binomial model is used here.
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In the multiple employee option pricing model, the
value of total equity, defined as the value of common
equity plus the value of all employee options prior to the
infusion of new equity capital from option exercise, is
assumed to follow a standard multiplicative binomial
process with constant up and down tlictors of u and d,
respectively. The company issues m employee options.
Option 1 expires at binomial Time t = \, Option 2 at
binomial Time í ~ 2, and so on. The strike prices of the
m options are X. = X,, X^ ... X , and the number of

r I I' 2 Id'

shares associated with each is n. — n^, «., ... n^^^. with /(¡̂
denoting the number of common shares originally out-
standing. If a company has issued no employee options for
a given maturity, the number of shares for that maturity
can be set to zero. Thus, having option expiration time
correspond precisely with binomial time is not as restric-
tive as it may seem.'' Also, if a company has issued options
with the same terms to more than one employee, for val-
uation purposes we treat that collection of options as a
single option issued to a single individual.

The key to valuing options via the multiple employee
option pricing model is simultaneously keeping track of
binomial-based increases and decreases in total equity value
and the many possible combinations of exercise decisions
for the m options issued by the firm. To facilitate this
process, let /̂  denote a binary index value applicable to
binomial Time t that indicates whether total equity
increases or decreases in value fh)m Time í - 1 to Time
/. A value of/̂  — 1 indicates an increase in the value of total
equity at Time f, and a value oij^ - 0 indicates a decrease
in value. Also, let k denote a binary index value that indi-
cates if the option that matures at Time t is exercised at
Time t. \ik^ = 1, option / is exercised, and iík^ — 0, option
Í is not exercised. Although we could present a detailed
mathematical formulation of an m-period model, we have
chosen, instead, to present a two-period example that is
easily generalized tor m periods.

Two-Period Example

A two-period exaniple is presented in Exhibit 1.
Before the specific details of the example are presented,
however, it is useful to consider the general structure of
Exhibit 1.

The structure of Exhibit 1 is that of a non-
recombining binomial tree. The first branch of the tree
indicates a potential change in the value of total equity as
of binomial Time 1. The upper portion of the initial

branch is associated with an increase in total equity value
0 | ~ 1 )' ''*"ci the lower portion is associated with a decrease
in the value of total equity (J^J =1)- Note that each value
oij^ is associated with two possible values of fep with
k. — 1 indicating that the option that matures at Time 1
is exercised, and k^ = 0 indicating that the same option
is not exercised. It is also important to note that passage
of time from Time í = 0 to Time / — 1 is implied by the
/'i index values, but no further passage of time is implied
by the values oí ky

At Time 1 there are four possible states, or
sequences of events, {_/'j = 0, k^ = 0 ) , {Jj = 0, k^ = \},
{J, — 1, /e, — 0}, and {J, = 1, /e, = 1 }. From each of
these sequences, the value of total equity can, again, go
up {J^ — 1) or down (J^ = 0), as of Time 2, and fi"om
each resulting up or down state. Option 2 can be exer-
cised (fc-, = 1) or not exercised (̂ 2 ~ í̂ )- Note that there
are 16 possible sequences of events as of Time 2, (jj =
0, k^ = 0,_/, = 0, fe, = 0}, 0", = 0, k^ = O,;, = 0, k^ =
! } • "•• {¡I ~ U 1^1 — li /T ~ 1' ^2 ~ ^^- "'"his general
structure, when extended to m binomial time periods,
results in 4'" possible sequences through Time m and a
total of 2 X 4"' — 1 states within the binomial tree. In the
two-period example, the total number of sequences
through Time 2 is 4'" = 4" = 16, and the total number
of states within the binomial tree is 2 X 4'" - 1 - 2 X 4^ -
1 = 3 1 .

In the example, a company has issued two employee
stock options. Option 1 matures at binomial Time 1 and
gives an employee the right to purchase 1 ,n()O,()Oü shares
of stock at $100 per share. Option 2 matures at binomial
Time 2 and gives an employee the right to purchase 500,000
shares of stock at $100 per share. Presently there are
10,000,000 shares of common stock outstanding, and the
total value of equity, including common equity and
employee options, is $1 billion. The value of total equity
follows a standard multiplicative binomial process with w =
1.2 and d = 0.9, and the risk-free rate of interest is 0.03
per binomial period. These parameters imply a risk-adjusted
probability associated with an increase in total equity value
o f ; r - (1 + r+ dy{u-d) = (1.03-0.9)/(l .2-0.9) = 0.433,
where r denotes the risk-free rate of interest per binomial
period.

In the model, the value of each option is deter-
mined recursively using the depth-first technique of
Dennis [2001]. To illustrate the valuation process, consider
the upper-most portion of Exhibit 1 as of Time 2, labeled
as state 1 {shown as 1 in the exhibit). This portion of the
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E X H I B I T 1
Two-Period Example of Multiple Employee Stock Option Pricing Model

k,= i

7

10,088,645

17,264,668

1.300,000.000
11,000.000

k, = 0

u
10,910,771

0

1,200.000,000

10,000.000

apton 2

option 1

comñion eíjuily

total equity

5,126.195
7,283,JS2

997,610,384

1,000,000,000

31

k ,= l

22

1,829,182

-9,257,198

1.000,000,000

11,000,000

j , = 0

30

1.602.712

0

option 2

option 1

k, = 0

29

1,602.712

0

900.000,000

10.000,000

option 2 /

/

¡7 = 1
3

option 2

option 1

20.000,000

\

k

k

1'
1

l~
2

1

0

20.000.000

1.610,000.000

11.500.000

G

1.560.000,000

11,000,000
lotai equtty
shares

optton2

option 1

total aquity

shsrss

¡ 2 - 1

Option 2

option 1

total aquity

25

optk]n2

option 1

total equrty

shares

Option 2 / ^

option

1,170,000.000

9

0

1.440.000,000

10,000,000

option 2

3.809,524

12

option 2 / 16

3,809,524

4,347,826

1.250,000,000

11.500.000

k, = 0

17

0

1.200.000,000

11,000,000

option 2 /

option 2 ,

3.809.S24

900,000,000

k, = 0

24

0

1.080,000,000

10,000,000

option 2

1^=0

27

0

810,000.000

10.000.000

option 2

total equity

optlon2

total equity

opBonï

total equity

optkm 2

total equity

option 2

total equity

Bharas

option 2

total equity

shares

totai equity

total equity

option 2

total equity

optk)n2

total equity

optton2

total equity

option 2

toial equity

shares

opton 2

total equity

•ptton 2

total equity

shares

Optron 2

total equity

option 2

total equity

Note: Option 1 matures at binomial lime I tuid option matures at time 2. Both options have a strike price oJ S100 per stutrv. Option 1 is for !. 000,000 shares
oJcommon skxh and option 2 is for 500,000 iharvs. There ¿¡re 10,000.000 shares ofsloch ori^i^inally outstanáin^. Total equityJoHows a standard multiplicative
binomial proa-ss with ii = 1.2 and t! = 0.9. The risk-free interest rate is 0.03 per hinoniiiil period.
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tree establishes the maturity value of Option 2 for sequence
{/'. = \, ii, = 1,7T ~ U T̂ ~ M' t̂ 'î  sequence for which
the value of total equity increases at Time 1 and Titne 2,
and Options 1 and 2 are both exercised. Note that it both
options are exercised, there will be «,| + n^ + n^ -
10,000,000 + 1,000,000 + 500,000 = 11,500,000 sh¡res
outstanding in State 1. Also, as shown in State 1, the value
of total equity is S 1,610,000,000, reflecting two increases
in equity value and the exercise of both options. The
SI ,610,000,000 total equity value is computed as follows.

Let A^ denote the value of total equity as of Time
/, with A^^ denoting the initial value of total equity, or SI
bilhon in this example. Then, the value of total equity as
of Time Í is given by A^ - A^_^u^'d^'''+ "fX,fe, for r = 1,2,
... m. This value reflects natural changes in equity value
as implied by the value sequence j ^ , /-,, ... j^^, plus the
infusion of new capital associated with exercise sequence
fep k^, ... h^^^. Any new capital obtained though the exer-
cise of options is assumed to be invested back into the
firm and to follow the same binomial process as previ-
ously existing equity capital.'" Noting that/'̂  = 1, fej — 1,

JT ~ 1, and î , — 1 in State 1, the value of total equity as
of Time 1 i s^ , = ^„MJ'^'- + »jX,/;, - S1,()OO,nO(),()OO x
1.2'X 0.9'-' + 1,000,000 X $100 X 1 =$1,200,000,000 +
$100,000,000 - $1.300,000,000, reflecting a natural
increase in total equity value from $1 billion to $1.2 bil-
lion plus the infusion of $100,000,000 in new equity cap-
ital from the exercise of Option 1. With $1.3 billion in
total equity value as of Time 1, the total value of equity,
as ot Time 2, becomes A-, — A^ll'^d^'•'^- + n.^X.yk^ —
$1,300,000,000 X 1.2' X 0.9'"' + 500,000 x $100 x 1 -
$1,560,000,000 + $50,000,000 ^ $1,610,000,000. This
value, when distributed among 11,500,000 shares, results
in a stock price of $1,610,000,000/11,500,000 - $140
per share. Therefore, when Option 2 is exercised, the
employee nets $140 - $100 ^ $40 per share in State 1.
Since the option is for 500,000 shares, the total value of
Opdon 2 in State 1 is 500,000 X $40 = $20,000,000.

In State 2, the value of Option 2 is computed for
the sequence {j^ = \, k^ = 1,_/T = 1, and k., = 0}. Since
h. = 1 and fe, = 0, the entries for State 2 reflect that
Option 1 is exercised, but Option 2 is not exercised.
Therefore, the value of Option 2 in State 2 is $0.

The value of Option 2 as shown in State 3 reflects
the optimal exercise decision with respect to Option 2,
given that the value of total equity increases twice and
Option 1 is exercised at Time 1. Inasmuch as the
$20,000,000 obtained from exercising Option 2 exceeds

$0, the value associated with not exercising, the relevant
value of Option 2 in State 3 is its exercise value of
$20,000,000. Similarly, the $3,043,478 value of Option 2
in State 6 reflects the optimal exercise decision for Option
2, given that the value of total equity increases at Time 1
(J. = 1), Option 1 is exercised at Time 1 {k^ = 1), and the
value of total equity decreases at Time 2 (_/, = 0).

Next, consider States 8 and 9. Since both states are
part of the branch that evolves from State 14, a state for
which fcj = 0, both are associated with Option 1 noi being
exercised. The value of Option 2 in State 8 reflects that
Option 1 is not exercised at Time 1, but that Option 2 is
exercised at Time 2. Under these circumstances, the total
value of equity is $1,490,000,000, and there are 10,500,000
shares of stock outstanding, resulting in a stock price of
$ 1,490,000,000/10,500,000 - $141.904 per share. There-
fore, the net value of exercising Option 2 is $141.904 —
$100 = $41.904 per share or $41.904 x 500,000 =
$20,952,380 total. The value of Option 2 in State 9 reflects
that Option 2 is not exercised. Therefore, the value of
Option 2 in State 9 is $0. The $20,952,380 value for
Option 2 in State 10 reflects that if Option 1 is not exer-
cised (fe, = 0), it will be optimal to exercise Option 2,
since $20,952,380 > $0. Similarly, the 3,809,524 value of
Option 2 in State 13 reflects that it is optimal to exercise
Option 2 in this state.

Now consider the entries for State 7. Since /, = 1
and ¿'j - 1, this state is associated with an increase in
equity value for the first binomial period and Option 1
being exercised. In this state, the relevant up-state value
of Option 2 is $20,000,000 and the relevant down-state
value is $3,043,478. Tberefore, in State 7, the value of
Option 2 is [$20,000,000(0.433) + $3,043,478(1 -
0.433)]/1.03 = $10,088,645. Similarly, the entries for
State 14 show that if Option 1 is not exercised {k^ = 0),
the value of Option 2 is [$20,952,380(0.433) + $3,809,524
(1 - 0.433)]/l .03 = $10,910,711.

We now turn to the valuation of Option 1. In State
7, a state for which Option 1 is exercised, the total value
of equity is $1.3 billion, reflecting a natural increase in total
equity value from $1 billion to $1.2 billion, plus
$100,000,000 received from the exercise of Option 1. Of
this $1.3 billion, $10,088,645 is the value of Option 2, which
leaves $1,300,000,000 - $10,088,645 = $1,289,911,355 of
value for common stock and Option 1. Upon the exercise
of Option 1, there will be 10,000,000 + 1,000,000 =
11,000,000 shares outstanding, resulting in a stock price
of$l,289,911,355/11,000,000 = $117.264 per share.
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Therefore, the nee value of exercising Option 1 is
$117,264 - $100 = $17,264 per share or $17,264 X
1,000,000 = $17,264,668 for all 1,000,000 shares.

In State 14, Option I has a value of $0, since State
14 is a state for which Option 1 is not exercised. Inasmuch
as exercising creates greater value than not exercising, the
relevant value of Option 1 in the initial up state {/j = 1)
is $17,264,668, and the corresponding value of Option 2
is $10,088,645. These values are shown in State 15.

Option values in the lower portion of Exhibit 1,
branching from State 30, are determined in similar fashion.
This same valuation process leads to values of $0 and
$1,602,712 in State 30 for Options 1 and 2, respectively.
The initial $7,263,452 value of Option 1, shown in State
31, reflects an up-state value of $17,264,668 and a down-
state value of $0, while the initial $5,126,165 value of
Option 2 reflects up- and down-state values of
$10,088,645 and $1,602,712, respectively.

Generalization and Computational
Considerations

The valuation model described above can be gen-
eralized for ni options and m periods. Although the model
is inherently path dependent, and the number of calcu-
lations required is on the order of 4'", we have developed
two "pruning" techniques that substantially reduce the
model's computational requirements. With pruning, the
computation time required for a 30-option (year) model
using a 2-Ghz Pentium 4 computer is three to four hours.
Therefore, we consider 30 options {and 30 periods) to be
the practical limit of our model under present computing
standards. A detailed description of the in-period valua-
tion procedure and associated pruning methods is pro-
vided in Appendix A. In addition. Appendix B describes
how model computations can be carried out when the
time interval associated with each binomial period is rel-
atively short and options do not expire at the end of each
period. For example, each binomial period might repre-
sent one month, but each successive option maturity date
might be one year, or 12 binomial periods, apart. Applying
pruning to the methodolog)' described in Appendix B, and
also recognizing that the binomial tree recombincs at all
times except for the period immediately following each
option maturity, we show that the model can easily accom-
modate the valuation of 10 options within a 50-period
binomial tree (24 minutes of computation time) or r
options within a 100-period tree (4.6 minutes of com-
putation time).

APPLICATION OF MULTIPLE EMPLOYEE
OPTION PRICING MODEL TO REALISTIC
VALUATION SCENARIOS

Example Setup

According to Henry 12002], on average, the 200
largest U.S. companies grant options on approximately
3% of outstanding shares each year. Henry also reports an
average annual grant of 1.9% for companies in the S&P
Index and grants of over 10% for some high-tech com-
panies, including a 16.5% average annual grant by Siebel
Systems. Based on these figures, the multiple employee
option pricing model is evaluated for annual option grants
of 15% and 3% of the current number of shares outstanding.

The multiple employee option pricing model also
requires an estimate of the volatility of a firm s returns to
total equity which, in turn, is reflected in the values of li
and d. Although there are various ways u and d can be
expressed in terms ot volatility, we assume u = c •
and d = e • , where r is the risk-free rate of
interest per year with annual compounding and CT is an
estimate of the standard deviation of the annual loga-
rithmic return to total equity." A standard deviation of
0.30 is often used as an estimate of volatility for a typical
NYSE stock and 0.60 appears to be a reasonable estimate
of volatility for the stock of a high-tech firm.'^ For each
valuation scenario, the company is assumed to have issued
options with maturities of 1 to 10 years inclusively. Inas-
much as most employee options are issued with an initial
maturity of 10 years, the 10-year option is assumed to be
newly issued, and the remaining options with maturities
of 1 to 9 years are assumed to have been issued in past
years.

In valuing the various employee options, we assume
three distinctly different strike price patterns, using the
parameter (X to characterize a given pattern. In general,
the newly issued option with a maturity of m years is
assumed to be issued at the money (approximately) at a
strike price of X̂ .̂ A previously issued option with a cur-
rent maturity of f years has an exercise price of X /a'"''.
We let a take on values of 1.1, 1 .f), and 1 /1.1. When a =
1.1, all previously issued options are in the money, with
each strike price being 10% lower than that of the option
issued a year later. When a = 1.0, the newly issued option
and all options issued in the past are assumed to have the
same strike price. When a = 1/1.1, all previously issued
options are out of the money, with each strike price being
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10% higher than that of the option issued a year later. For
each scenario, an initial strike price is computed itera-
tively such that the strike price equals tbe initial (Time 0)
theoretical stock price rounded to the nearest dollar.'̂

Obviously, there are an infinite number ot possible
strike price patterns for employee options with maturi-
ties ranging from 1 to 10 years, and we cannot possibly
evaluate them all. However, we feel that the option values
computed for these three scenarios capture many of the
important pricing relationships that one might observe
in company-specific patterns actually observed in practice.

For each scenario, the initial value of total equity is
$1 billion, and there are 10,000,000 shares of common
stock outstanding. The risk-free rate of interest, r, is 0.(15
per year compounded annually and each binomial period
represents one full year.

Exhibits 2 to 4 summarize valuation results for the
multiple employee option pricing model, assuming a
volatility for total equity of 0.3*.). The three exhibits are
identical in structure and underlying assumptions, but
they differ by the strike price patterns of options issued
in past years. In Exhibit 2, a — 1.1, implying that all out-
standing options are in the money, with the longer-term
options being more in the money than the shorter-term
options. In Exhibit 3, Ot — 1, implying that all outstanding
options were issued with the same strike price. In Exhibit
4, a = 1/1.1, which implies that all outstanding options
are out of the money. In the remainder of this section, we
focus on the entries in Exhibit 3, but the conclusions
reached apply to the strike price scenarios summarized in
Exhibits 2 and 4 as well. If anything, the pricing errors
from ignoring that all option exercise decisions must be
determined jointly for the in-the-money and out-of-the
nioney exercise patterns of Exhibits 2 and 4 are smaller
than those documented in detail for Exhibit 3.

As in Exhibit 1, the entries in Exhibits 2 to 4 are
based on a simple binomial model in which there is only
1 binomial period per year. Later, we show that trans-
forming the option values in Exhibits 2 to 4 to control-
variate equivalents results in approximately the same values
as those obtained using the control-variate technique with
5 binomial periods per year. Although we would hke to
apply the control-variate technique in a binomial setting
with a larger number of time periods, we estimate that it
would take over three months of computation time to
repeat the control-variate analysis using 10 binomial
periods per year.

As in the example illustrated in Exhibit 1, the ini-
tial value of total equity is $1 biUion in all versions of
Exhibit 2, and there are 10,000,000 shares of stock out-
standing. Values in Panel A of Exhibit 3 are computed as
if each opdon has a strike price of $68 and is for 1,500,000
shares, or 15% of outstanding shares. Values in Panel B are
based on each option being issued on 300,000 shares with
a strike price of $91. In both panels, the same strike price
applies to al! 10 options and is selected to equal the the-
oretical stock price rounded to the nearest dollar.

Consider the third column of Panel A of Exhibit 3
which shows option values computed using the multiple
option pricing model. The sum of the option values in
this column is $321,301,625. Since the total value of
equity is $1 billion, the theoretical value of common stock
computed via the multiple employee option pricing model
is $1,000,000,000-1321,301,625 = $678, 698,375. With
10,000,000 shares of stock initially outstanding, the stock
price per share is $678,698,375/10,000,000 = $67.870.
The $67.870 stock price is approximately equal to the
$68 common strike price assumed in the computation of
option values. Thus, the new 10-year option would be
issued approximately at the money.

If the multiple employee option pricing model is
formulated properly, it should produce option values iden-
tical to the values of exchange-traded options whose values
are determined directly from the imphed distribution of
underlying stock prices (see Cox and Rubinstein [1985,
p. 395], Galai and Schneller [1978, p. 1336], and Hull
and White [20()4a, p. 117]). Exhibit 5 illustrates the equiv-
alence of the two pricing methods for the option that
matures at Time 3. (With a non-recombining binomial
tree, this is the longest-term option among the 10 whose
time- and state-dependent values can be represented
w îthin a single-page exhibit.) Throughout the tree the
stock price per share reflects the simultaneous pricing of
all 10 options and their associated optimal exercise strate-
gies. Option prices at Time 3 reflect the optimal exercise
of a three-period exchange-traded option with a strike
price of $68. Option prices at Times 0 through 2 are
computed using the standard binomial model, assuming
a risk-free interest rate of 5% per binomial period and a
risk-adjusted probability associated with an increase in
the stock price of 0.50113.'"' The initial option price is
$15.086, equivalent to the $22,628,678 value for the 3-
year employee option shown in the third column of
Exhibit 3 (Panel A) divided by the 1,500,000 shares on
which the employee option is issued.
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E X H I B I T 2

Comparison of Option Values Computed via Multiple Employee Option Pricing Model and Standard Binomial
Model with ÍT=0 .3

PanelA: Shares per option = l.,500,000; strike price of newly issued option = $56; strike price factor = 1.1

Option
maturity (/)

1
2
3
4
5
6
7
8
9

10

Strike

23.749
26.124
28.737
31.611
34.772
38.249
42.074
46.281
50.909
56.000

Cumulative
Logarithmic Returns to

Common Equity
Mean Std. Dev.

(1) (2)
0.02409 0.22092
0,02344 0.22386
0,02270 0.22721
0,02181 0.23111
0,02083 0.23537
0.01978 0.23981
0.01869 0.24441
0.01757 0.24901
0.01646 0,25348
0.01537 0.25779
Total Option Value
Common Equity Value

Total Equity Value

Stock Price

Option Value
Computed Using
Multiple Option
Pricing Model

(3)
49,764,855
48,149,245
46,456.701
45,202.949
44,007,627
42,769,576
42,303.132
41,666,880
40,934,768
40,793,171

442,048,904
557,951,096

1,000,000,000

55.795

Panel B: Shares per option = 300,000; strike price of newly issued option

Option
maturity (i)

1
2
3
4
5
6
7
8
9

10

Strike
36,472
40,120
44,132
48.545
53,399
58.739
64.613
71.074
78.182
86.000

Cumulative
Logarithmic Returns to

Common Equity
Mean Std. Dev.

(1) (2)
0.01167 0.27190
0.01139 0.27296
0.01103 0.27428
0.01063 0.27577
0.01020 0.27737
0.00975 0.27899
0.00931 0.28059
0.00888 0.28217
0.00846 0.28369
0.00805 0.28515

Total Option Value
Common Equity Value
Total Equity Value

Stock Price

Option Value
Computed Using
Multiple Option
Pricing Model

(3)
15,382,810
14,886,587
14.522,170
14,109,624
13.979,061
13.715.298
13.464,334
13.465,636
13,250,308
13,107,697

139,883,524
860.116,476

1,000.000,000

86.012

Standard Binomial Option Vaiue
Computed with Common Stock Volatility of:

1-year

(4)
49,764,855
48,149,245
46,456,701
45,158,975
43,756,699
42,451,139
41,629,920
40,359,430
39.420,724
38,835,325

435,983,011
557,951,096

993,934.107

55,795

i-years

(5)
49,764,855
48,149,245
46,456,701
45,254,194
44,161,518
42.761,831
42,443,759
41,935,054
40,825.840
41,012,235

442,765,233
557,951,096

1,000,716,329

55.795

= $86; strike price factor = 1.1

10-years
(6)

49,764,855
48.149,245
46,740,453
45.483,910
44.757,143
43.465,424
42.873.833
42,402,180
41.147,069
41,012,235

445,796,345
557,951,096

1,003,747,442

55.795

Standard Binomial Option Value
Computed with Common Stock Volatility of:
1-year

(4)
15.382.810
14,886.587
14,518.928
14,099.900
13,946,039
13,640,061
13.389.864
13,330.469
13,033,332
12,912,920

139,140.910
860,116,476
999,257,386

86.012

/-years
(5)

15,382.810
14,886.587
14,530.091
14,109,277
13,986.692
13,738,888
13,468.514
13,485,861
13,286,688
13,121,317

139,996.726
860,116,476

1,000,113,202

86,012

10-years
(6)

15,382,810
14.886,587
14,581,383
14,130.443
14,042,742
13.823,937
13,507,862
13,529.741
13,317,540
13,121,317

140.324.363
860.116,476

1,000,440,838

86,012

Nalc: 77ic risk-ßcc rale is 5% <> year, and et¡d¡ binomi,ií period rqircsfitls oneJiill )TJf, Vali<Ci ofti ,md d for the iiiulliple oplion pridiii^ model, af applied fo tola!

equity are computed as u = exp(hl1.05¡ - JlOJ'j + 0.3¡ and d = exp(lnl 1.051 - JIO..t~] - 0.3}, rcspeühvly. Vtere are 10.000,000 shares of stock miiiaHy

outstanding. For the standard bimmial values computed iisirifi I > l-year wlalitity, the values ofu and d luc computed ai u ^ exp(lti¡í.05¡- ic r ' + O", i and

á = exp(]n¡1.05}- 2<^„„-' <^¡aJ' "''"''•'' ^„m '* ll'e standard det'iation of the cumulaíire annual loiitirithniic return lo conntioti equity. For the standard binomial

values computed using 1-year uotatHity, u and d are the ratios of the value ofcomtmn equity in the iinmediote up and down slates, respectively, to the initial value of

common equity.
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E X H I B I T 3
Comparison of Option Values Computed via Multiple Eniployee Option Pricing Model and Standard Binomial
Model with ÍT=0 .3

PanelA: Shares per option = 1,500,000; strike price of newly issued option = $68; strike price factor = 1.0

Option
maturity (f)

1
2
3
4
5
6
7
8
9

10

Strike

68.000
68.000
68.000
68.000
68.000
68.000
68.000
68.000
68.000
68.000

Cumulative
Logarithmic Returns
to Common Equity
Mean Std. Dev.

(1) (2)
0.02777 0.20352
0.02657 0,20933
0.02528 0.21546
0.02407 0,22105
0.02282 0,22668
0.02I6I 0.23202
0.02038 0.23733
0.01916 0.24245
0.01795 0.24748
0.01675 0,25234
Total Option Value
Common Equity Value
Total Equity Value

Stock Price

Option Value
Computed Using
Multiple Option
Pricing Model

(3)

12,550,415
16,387,936
22,628,678
26,739,017
31,146,453
35,252,486
38,770,062
42,679,984
45,833,374
49,313,220

321,301,625
678,698,375

1,000,000,000
67.870

Standard Binomial Option Value
Computed with Common Stock Volatility of:

1-year
(4)

12,550,415
16,142,578
21,978,515
25,898,185
29,615,468
33,655,471
36,166,052
40,225,761
42,653,389
45,939,974

304,825,808
678,698,375
983,524,183

67.870

/-years
(5)

12,550,415
16,379,128
22,807,521
26,873,677
31,527,288
35,511.241
39,246,693
42,994,484
46,164,569
49,587,432

323,642,447
678,698,375

1,002,340,822
67.870

10-years
(6)

14,908,556
17,976,473
25,332,204
28,506,089
33,590,375
36,746,217
40,563,490
43,644,822
46,610,729
49,587,432

337,466,388
678,698,375

1,016,164,763

67.870

Panel B: Shares per option = 300,000; strike price of newly issued option = $91; strike price factor = 1.0

Option
maturity (/)

1
2
3
4
5
6
7
8
9

10

Strike

91.000
91.000
91.000
91.000
91.000
91.000
91.000
91.000
91.000
91.000

Cumulative
Logarithmic Returns
to Common Equity
Mean Std. Dev.

(1) (2)
0,01226 0.26969
0.01168 0.27187
0.01115 0.27386
0.01065 0.27572
0,01016 0.27749
0,00970 0.27918
0,00926 0.28080
0.00883 0.28235
0.00841 0.28384
0,00802 0.28527
Total Option Value
Common Equity Value
Total Equity Value

Stock Price

Option Value
Computed Using
Multiple Option
Pricing Model

(3)

4,166,105
4,948,255
7.094,511
7,881,627
9,425.560

10,180,987
11,401,730
12,108,726
13,120,766
13,769,170
94,097,438

905,902.562
1,000,000,000

90.590

Standard Binomial Option Value
Computed with Common Stock Volatility of:
1-year

(4)

4,166,105
4,911,651
7,040,534
7,795,679
9,300,153

10,039,146
11,197,157
11.909,163
12,834,400
13,514,204
92.708,192

905,902,562
998,610,754

90.590

/-years
(5)

4,166,105
4,933,620
7,113,829
7,875,109
9,458,619

10,181,726
11,440,528
12,112.833
13,156,391
13,773,197
94,211,957

905,902,562
1,000,114,519

90.590

10-years
(6)

4,362,230
5,055,253
7,312,754
7,994,975
9,615.024

10,269.642
11,537,085
12,157,974
13,188,278
13,773,197
95,266.412

905,902,562
1,001,168,974

90.590

Note: Tlie risk-free rate is 5% a year, and each binomial period represents one ßill year, l^lues ofu and dfor the multiple option pricing model, as applied to total

equity are computed as u - e.xp(ln[1.05] - ~¡fO3'} + 0.3) and d = exp(ln¡i.05¡- jjO.3-j- 0.3), respectively. Tliere arc 10,000,000 shares of stock initially

outstanding. For the standard binomial values computed using t > l-year uolatiUty, the vahies ofu and d are computed as u = exp(ln¡í.05¡ - 'h& + O" J (>»d

d — exp(tii[1.05]- JO^,-„„~ ^,O„)' ^here íT^^ is the standard deviation of tile cumulative antnial logarithmic return to common equity. For the standard binomial

values computed using l-year uolatility, u and d are the ratios of the value of common equity in the immediate up and down states, respectively, to the initial value of

common equity.
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Potential Pricing Error Using Standard
Option Pricing Models to Value Multiple
Employee Stock Options

In contrast to the multiple employee option pricing
model, both the Black-Scholes and standard binomial
models are designed to value single options issued on an
underlying asset whose returns are assumed to follow a log-
normal distribution. It is interesting to consider how much
error is introduced into option valuation when the mul-
tiple employee option pricing model ought to be used to
simultaneously value all options issued by the same com-
pany, but a simpler standard binomial (or Black-Scholes)
approach to valuation is used instead. Inasmuch as the
multiple employee option pricing model is based on bino-
mial pricing, potential error should be measured in rela-
tion to the standard binomial model rather than to the
Black-Scholes mode!. Otherwise, the usual sni;tll difFer-
ences between standard binomial prices and Black—Scholes
prices would get reflected in the errors.'"'

The stanciard binomial option pricing model requires
an estimate of the volatility of the underlying stocks
returns over the option's life. The model can accommo-
date situations for which volatility is a deterministic func-
tion of time. If the options to be valued are of the
American type, the branching structure of the binomial
tree should reflect the anticipated period-by-period
volatility structure. However, if options are of the Euro-
pean type, or if they are American options that can be
valued as if they are European, one can employ a single
"average" volatility when constructing the binomial tree
that takes account of the expected time-dependent
volatility structure."' Since we assume that dividends are
zero, and, therefore, all employee options are valued as if
they are European, standard binomial option prices com-
puted with rime-dependent volatilities are computed using
single average volatiHties.

Estimating volatility is the key to computing an
option's fair value. However, for the purposes of esti-
mating the error from using a standard binomial approach
to employee option valuation when it is otherwise cor-
rect to use the multiple employee option pricing model,
we compute standard binomial option prices assuming
that one can estimate the "average" of the time- and state-
dependent voladlity of the underlying stock s returns with
perfect precision. Obviously, this represents a best-case
scenario. Therefore, the pricing error resulting from this
scenario would represent the minimum pricing error.

since it is unlikely that one would be able to estimate the
time-dependent volatihty structure of stock returns with
such precision. Consider Exhibit 6. As in Exhibit 5, this
exhibit shows how the price of the underlying stock will
evolve over the first three years if the stock price is
expected to reflect the employee option values shown in
the third column of Exhibit 3, Panel A. In addition, the
exhibit shows the logarithnuc return associated with each
stock price starting at Time 1.

The means, variances, and standard deviations shown
at the bottom of the exhibit are incremental means, vari-
ances, and standard deviations computed for each specific
time period, assuming up and down stock returns are equally
likely to occur. For example, the Time 1 mean return of
0.02777 is computed as i(().23129)+ i(-{).17575) = 0.02777,
the Time 2 mean return is computed as i(ü.23944) + i
(-0.18818) + i (0.24129) + i {-(). 19104) - 0.02538 and so
on. Using the average of the incremental means for Periods
1 and 2, the mean return per period over the flrst two
periods is (0.02777 + 0.02538)/2 = 0.02657. For the first
three periods, the mean return per period is (0.02777 +
0.02538 + 0.02269)/3 = 0.02528, etc. Note that these two-
and three-period mean returns are the same as the cumula-
tive means shown in the first column of Exhibit 3, Panel A.

Incremental return variances and standard devi-
ations shown at tbe bottom of Exhibit 6 and cumula-
tive standard deviations shown in the second column
of Exhibit 3 are computed in similar fashion. For
example, the three-period cumulative standard devia-
tion shown in Exhibit 3, Panel A, is computed as
V(0.04142 + 0.04622 + 0.05162) / 3 = 0.21546. Note,

in particular, that the standard deviations of the cumu-
lative logarithmic return to common equity, shown in
both panels of Exhibit 3, are increasing functions of
time, although there is not a great deal of difference
among the various time-dependent standard deviation
values.'^

Witb this as background, suppose one were inter-
ested in pricing the 10-year oprion but did not have access
to the multiple employee option pricing model and used
the standard binomial model instead. For the purposes of
pricing the 10-year option, assume that one knows that
the 1 (l-year cumulative standard deviation of equity
returns will be 0.25234 as shown in the second column
of Exhibit 3, Panel A. According to the binomial model.
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E X H I B I T 4

Comparison of Option Values Computed via Multiple Employee Option Pricing Model and Standard Binomial
Model with a =0.3

Panel A; Stiargs per option = 1,500,000; strike price of newly issned option = $78; strikejp̂ rice factor = 1/1.1

Option
Maturity (/)

1
2
3
4
5
6
7
8
9
10

Strike
183.920
167.200
152.000
138.182
125.620
114.200
103.818
94.380
85.800
78.000

Cumulative
Logarithmic Returns

to
Common Equity

Mean Std. Dev.
(1) (2)

0.02092 0.23493
0.02065 0.23611
0.02036 0.23735
0.01998 0.23898
0.01955 0.24078
0.01902 0.24302
0.01835 0.24580
0.01754 0.24911
0.01663 0.25278
0.01564 0.25674

Total Option Value
Common Equity Value
Total Equity Value

Option Value
Computed Using
Multiple Option
Pricing Model

Í3)
0
0

2,102,768
5,726,054

14,342,211
23,215,616
31,469,746
39,490,238
49,036,186
56,998,582

222,381,400
777,618,600

1,000,000,000

Standard Binomial Option Value
Computed with Common Stock Volatility of:

1-year
(4)

0
0

2,533,766
6,086,509

14,788,774
23,247,269
30,858,154
38,661,044
47,727,744
55,348,903

219,252,163
777,618,600
996,870,763

i-years
(5)

0
0

2,698,584
6,286,046

15,361,988
24,174,302
31,977,342
40,412,916
49,624,226
57,105,150

227.640,553
777,618,600

1,005,259,153

10-years
(6)

0
0

3,928,882
7,307,395

16,956,827
25,722,526
33,057,778
41,355,931
50,034,443
57,105,150

235,468,931
777,618,600

1,013,087,531

Stock Price 77.762 77.762 77.762 77.762

Panel B: Shares per option = 300,000; strike price of newly issued option = $94; strike price factor = 1/1.1
Cumulative

Option
Maturity (/)

!
2
3
4
5
6
7
8
9
10

Strike
221.647
201.497
183.179
166.527
151.388
137.625
125.114
113.740
103.400
94.000

Logarithmic Returns
to

Common Equity
Mean Std. Dev.

-__ÍD_. ,12).
0.00921 0.28098
0.00906 0.28151
0.00891 0.28205
0.00873 0.28271
0.00852 0.28346
0.00829 0.28429
0.00803 0.28521
0.00776 0.28619
0.00747 0.28722
0.00717 0.28828

Total Option Value
Common Equity Value
Total Equity Value

Stock Price

Option Value

Computed Using
Multiple Option
Pncing Model

(3)
0
0

1,290,872
2,324,297
4,660,273
6,891,440
8,624,413

10,777,439
12,791,689
14,351,280

61,711,704
938,288,296

1,000,000,000

93.829

Standard Binomial Option Value
Computed with Common Stock Volatility of:

1-year
(4)

0
0

1,334,060
2,332,498
4,691,755
6,869,590
8,547,590

10,700,010
12,671,051
14,221.376

61,367,930
938,288,296
999,656,226

93.829

i-years
(5)

0
0

1.351,833
2,375,228
4,751,652
6,958,247
8,644.274

10,847,736
12,815,726
14,344,062

62,088,757
938,288,296

1,000,377,053

93,829

10-years
(6)

0
0

1,450,834
2,502,159
4,869,895
7,063,435
8,711,849

10,907,047
12,839,993
14,344,062

62,689,273
938,288,296

1,000,977,569

93.829

Noic: Ttie risk-free rale is 5% a yecjr. tiiid each hinomial period représenla ortffiill year. Vahia of ii ana d for llw muUipk option pricing model, as applied to

loial equity are compulcd as ¡I = expflnj lA)5j - JlUß-j + O.J) and d ^ e.\p(ln¡l.05¡ - j ¡0.3^] - 0.3), rctpcctiwly. There arc 10,000,000 shares of stock

initially outstatidinfi. For the standard binomial mhes computed iisin^ t > 1-year folatility, the mlues ofu and d are computed as u — exp(ln[1.05} — 4ö^

^loiJ ^"^ '^ ~ ^^'pO"l ' • 051 — 7 O ĵ„„ — ^ceij' "•''"''''* ^n,,,, '-̂  ''"' standard deviation of the cuinulatiiv annual logarithmic return to common equity. For the

standard binomial ualues computed using i-year volalility, u and d are the ratios of the value of common equity in the immediate up and doum states, respec-

tively, to the initial value ofcomtnon equity.
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E X H I B I T 5

Pricing the Three-Period Option Using Distribution of Stock Prices Implied by Multiple Employee Option
Pricing Model

stock = 85.531
option = 26.108

stock = 108.670
option = 43.908

stock = 70.859
opt ion- 10.844

stock = 67.870
option = 15.086

stock = 139.967
option = 71.967

stock = 88.123
option = 20.123

stock = 90.722
option = 22.722

stock = 58.008
option = 0.000

stock = 56.931
option = 5.525

stock = 72.467
option = 11.577

stock = 47.031
option = 0.000

t = 0 t = l t = 2

stock = 92.256
option = 24.256

stock = 59.851
option= 0.000

stock = 60.839
option = 0.000

stock = 37.874
option = 0.000

t = 3

Note: The option's strike price is $68, the risk-free rate /,( 5 % per hinomial period, ami the risk-adjusted prohability lusodiued with an increase in the stock
priceßom orte hinomial period to the next is 0.501 !3.
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E X H I B I T 6
Evolution of Stock Price, Logarithmic Stock Return, and Volatility over Three Binomial Periods

stock = 67.870

stock ^139.967
return = 0.25309

stock = 108.670
return = 0.23944

stock = 88.123
return = -0.20958

stock = 85.531
return = 0.23129

stock = 90.722
return =0.24710

stock = 70.859
return = -0.18818

stock = 58.008
return = -0.20011

stock = 92.256
return = 0.24144

stock = 72.467
return = 0.24129

stock = 56.931
return = -0.17575

std = 0.21617

stock = 47.031
return = -0.19104

stock = 59.851
return = -0.19127

stock = 60.839
return = 0.25743

std = 0.23698

stock ^37.874
return = -0.21654

t = 0

Mean
Variance

Std

t = l

0.02777
0.04142
0.20352

0.02538
0.04622
0.21499

t = 3

0.02269
0.05162
0.22721

e: Stock prices and logarithmic returns are shown for the first 3 of the W binomial periods associated mth the valuation of Í0 options using the multiple option

pricing model, as summarized iti panel A if Exhibit 3. Tlw means, variances, and standard deviations shown at the bottom of the exhibit are computed incrementally.

For example, the standard deviation (std) of 0.22731, shown in the summary section at the bottom of the exhibit for Time 3 is computed using Time 3 returns only

under the assumption that up and down binomial outcomes are equally likely. This implies a probability ofO. 12.'} a.'isociated with each outcome at Time 3. Tlie shaded

standard da'iations witliin the exhibit are one-period standard deviations associated with adjacent up and down states only. For example, the shaded standard deviation

of 0.21617 at time 2 is the standard deviation associated with a 0.5 probability of a 0.24219 return and a 0.5 probability of a -0.19104 return.
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the price of a single 10-year call option oti a stock worth
S67.87Ü per share with an expected volatility of 0.25234
per year is S33.058 per share,'" Since the lO-year option
is for I,5()Ü,O()O shares, the total standard binomial-based
value of the 10-year option is $33.058 X 1.500,000 =
$49.587,432. This is the value shown for the 10-year
option in the fifth and sixth coltnnns of Exhibit 3. Panel
A. Note that there is almost no difference between this
value and the theoretically correct value of $49,313.220
computed using the multiple option pricing model. Note
also that there is very litde difference between the theo-
retically correct values of all the options, as shown in the
third column, and the values, as shown in the fifth column,
computed via the standird binomial model using a maturity-
specific time-dependent estimate of volatility.'''

Potential Pricing Error Using the
Incorrect Volatility Estimate
in Standard Option Pricing Models

For the options with maturities of 1 to 9 years, there
is veiy litde difference between their theoretically cor-
rect values computed via the multiple employee option
pricing model and the standard binomial option values
shown in the fifth column of Exhibit 3, Panel A. Note,
however, that the standard binomial values in the fifth
column are computed using maturity-specific "average"
volatilities which differ shghtly for each maturity and are
assumed to be known in advance. If, instead, one were
to estimate a 10-year volatility and employ this volatility
when valuing all 10 options, as shown in the sixth column,
more error would be introduced into the values of the 1-
to 9-year options. For example, the values for the 5-year
option in the third and sixth columns of Panel A differ
by almost 8%. Although it is unhkely that anyone who is
charged with valuing employee options would be able to
precisely estimate the 10-year (or comparable) volatility
implied by the multiple employee option pricing model,
it is even less hkely that one would be able to precisely
estimate time- or maturity-specific volatilities for each of
the next 10 years without actually using our model, or
something like it. Thus, from a practical standpoint, the
standard binomial values shown in the sixth column, all
of which are computed using the 10-year volatility, may
be as relevant as those computed using maturity-specific
volatility.

It is also useful to consider how much error would
be produced using standard binomial-based valuation if

one were able to precisely estimate the stock's immediate
instantaneous volatility, and for the purposes of valuing
employee options, assumed that this volatility wotild
remain constant over the hfe of each option. In the bino-
mial model, "instantaneous" is one binomial period, and
in the context of the option values summarized in Exhibit 3,
one binomial period is one year. If one were using a recent
history of realized returns to estimate a stock's volatility,
and the statistical procedure employed was able to capture
tbe potentially changing volatility structure of stock reUirns
over time (such as a model within the GARCH family),
the volatility estimate evolving from such a procedure
would be an estimate of short-term (immediate) volatility
rather than long-term volatility. Therefore, binomial values
computed using a one-year (constant) stock volatility
would be most relevant when the volatility estimate is
based on a recent history of stock returns. Standard bino-
mial option values computed using an estimate of 1 -year
stock return volatility are shown in the fourth column of
Exhibit 3.

As shown in the fourth column of the first row of
Exhibit 3. Panel A, if the option that expires at Time 1
is valued as an option on common equity using the stan-
dard binomial approach, the option value is $12,550,415.
the same as the $12,550,415 value for the same option
computed via the multiple employee option pricing
model. Therefore, this option can be valued via the stan-
dard binomial model as an option on common equity.
ignoritig the presence of the other options, without intro-
ducing any error into the valuation process.

The remaining entries in the fourth column repre-
sent standard binomial option values computed under the
assumption that the equity volatility calculated for the
first year remains constant for the next 10 years. Note
that the remaining standard binomial option values are all
somewhat lower than those computed via the multiple
employee option pricing model, and some might view
the differences as material. For example, when the 1-year
volatility of common equity is used in connection with
the standard binomial model, the value of the lO-year
option of $45,939,974 compared with a theoretically cor-
rect value is $49,313,220, a difference of almost 7%. Cor-
responding differences are somewhat less for the
shorter-term options. Nevertheless, these differences
highlight the importance of using a maturity-specific
volatility in connection with standard binomial pricing
(or a valuation model such as ours) rather than an estimate

FALL 2Ü08 THE JOURNAL OH DERIVATIVES 5 9



that reflects the anticipated near-term volatihty charac-
teristics of the underlying stock.

Pricing Error when Options
Are Less Dilutive

Thus far we have focused our attention oti Panel A
of Exhibit 3, which is based on each option being issued
for 1,5(10,000 new shares when there are 10,000,000 shares
of stock outstanding, a scenario that is close to the outer
limit of potential dilution as reported by Henry [20021.
hi Panel B, each option is issued tor only 300,000 shares,
or 3% of outstanding shares, which represents the average
of option grants as reported by Henry among the 200
largest U.S. companies. Thus, the analysis as summarized
in Panel B is likely to be more applicable to a typical large
company.

One can see that the differences between theoreti-
cally correct option values shown in the third column of
Panel B, and those in the fourth through sixth columns
computed using the standard binomial model with various
volatility estimates implied by the multiple employee option
pricing model, are not large. Regardless of the options
maturity, little error would be made by using either 1- or
10-year volatility in connection with the standard bino-
mial model or, by implication, a volatility estimate applic-
able to any period of time between 1 and lU years.

Pricing Error as a Function of Underlying
Firm Volatility and Strike Price Patterns

Consider the graph in the middle panel of Exhibit 7
titled "Strike Price Pattern: a = 1 (At-the-Money)." This
graph shows how the pricing error associated with stan-
dard binomial pricing for the same 10-year option in
Panel A of Exhibit 3 relates to the volatility of the firm's
total equity. As in Panel A of Exhibit 3, the firm, with
10,000,000 outstanding shares, has issued 10 options, with
successive maturities of 1 to 10 years, and each option is
for 1,500,000 shares. Also, all 10 options have identical
strike prices equal to the initial stock price rounded to the
nearest dollar. The dotted line shows percentage pricing
error as a funcrion of total equity volatility when the 10-
year option is evaluated with the standard binomial model
using a volatihty estimate equal to the lO-year "average"
volatility of common equity computed from the multiple
option pricing model. The solid hne shows percentage
pricing error when the 10-year option is evaluated with

the standard binomial model using a volatility estimate
equal to the 1-year volatility of common equity.

It is interesting to note that the error associated with
using 1 -year volatility in connection with a standard bino-
mial model is at its maximum for a total equity volatility
of approximately 0.45. At extremely high and low levels
of volatility, the errors appear to converge to zero. Errors
associated with using 10-year volatility in connection with
the standard binomial model appear to oscillate between
0% and 2%. The oscillation most likely reflects the coarse-
ness of the binomial time interval (a full year) assumed m
valuing each of the 10 options.

The graph in the upper panel of Exhibit 7 reflects
an in-the-money scenario for options issued in the past
(a — 1.1), and the graph in the lower panel reflects an out-
of-the-money scenario {a - 1.1/1).

The graph in the upper panel shows an error pattern
associated with using the 10-year average volatility in con-
nection with the standard binomial model that is some-
what lower than that for at-the-money options. By contrast,
the graph in the lower panel, reflecting previously issued
options being out of the money, shows an error pattern
associated with using the 10-year average volatihty in con-
nection with the standard binomial model that is similar
to that in the middle panel for at-the-nioney options, but
generally higher than that for in-the-money options. But
in all three graphs, the error never exceeds 2%.

The errors associated with using 1-year volatility in
connection with the standard binomial model are similar
for both at-the-money options in the middle panel and
in-the-money options in the upper panel, but somewhat
lower for out-of-the money options in the lower panel.
Regardless of the strike price patterns and the volatility
of total equity, these errors never exceed 8%.

Exhibit 8, similar in structure to Exhibit 7, sum-
marizes percentage pricing errors for the 5-year option
as a function of total equity volatility and the same strike
price patterns. In this exhibit, three plots of pricing errors
are presented in each of the three panels. One plot shows
the error assuming that the 5-year option is priced using
the standard binomial model with a volatility estimate
equal to the 10-year "average" volatility for common
equity implied by the multiple employee option pricing
model. A second plot shows the pricing error assuming
that the 5-year "average" volatility is used in connection
with the standard binomial model, and a third plot shows
the pricing error assuming that 1-year common equity
volatility is used.
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E X H I B I T 7
Percentage Error Relative to Multiple Employee
Option Pricing Model in Pricing Newly Issued
10-Year Employee Stock Option with Standard
Binomial Model

S l t i k i n g P t i u i P a l l e n i ; a- \.] ( in - thc-Money)
Mi i

O.U HI 0.1 Oí

\tilalility oribtal Equity

SlnLmg Pritc EWlcrn: a - I (AI-lhe-Money)

00 o :
\blalili(y orTdlal FquiTy (17)

ms Pnce l-aiicm. c. = l / l . l (Oui-01-1 he-Money)

0.0 0.1 B.t Bt

\blBlilily of Toul Equity ( ti

Noie: In each graph, tbe risk-free rale is 5% a year, and each binomial period
represents otiefuli year. Values ofu and dfor ¡he multiple option pricing model,
us applied to total equity, are computed as u = expilnj 1.05] - '^ [0.3~'] + 0.3)
iitidd =exp(\n¡l.05¡- j{0.3'! - 0.3). respectively. Uerc are 10.000,000
shares of sioik inilially outstanding, the company has issued 10 employee
options with successive iiiiiiurities of I to 10 years, and each option is for
i,500,000 shares. The strike price for the newly issued ÏO-year option is
iklermincd iteratively to equal the current stock price per share rounded to the
nearest dollar, llic strike price for the option maturing in t years equals the
strike price of the 10-year option divided by a'""'. Rir the standard binomial
values coinputed using lO-year volatility, the values ofu and d arc computed
as u ^ expiln¡l.05¡- -,&^^^^_^ + <X.j and d - cxp{ln¡l.05¡ - jCr'^.„„-
<y„.,„). where a,_^^^^ is the standard deviation of the cumulative annual loga-
rithmic return to common eqnity. For the statuiard binomial values computed
using 1-year volatility, u anil d are the ratios of the value of common equity
in the immediate up and dowtj states, respeaively, to the initial value of common
equity.

E X H I B I T 8
Percentage Error Relative to Multiple Employee
Option Pricing Model in Pricing 5-Year Employee
Stock Option with Standard Binomial Model

a = 1 (Ai-the-Money)

— Using TO-ye«r«>lfllilily
-—Usiüg 5-yïBr volatilily
— Using 1 -year volEtilily

Vdaiiiity of Total Equity

S i n k i n g Price P m i e m : a^Ul I l O u l - o f - l h o - M o n e y )

Note: III each graph, the risk-free rate is 5% a year, and cacli binomial period
represents one full year. Values ofu and dfor the multiple option pricing model,
as applied to total equity, are computed as u - exp(ln¡í.05l- \¡O.yi + 0.3}
anda =exp(ln¡l.05¡- -J0.3'¡- 0.3), respectively. There arc 10.000.000
shares oJ stock initially outstanding, the company has issued 10 employee
options with successii'v maturities of I to 10 years, and each option is for
1,500.000 shares, Ttie strike price for the newly issued 10-year option is
determined iteratively to equal the current stock price per share rounded to the
nearest dollar. The strike price for the option maturing in t years equals the
strike price of the 10-year option divided by a'""'. For the standard binomial
{•allies computed using 5- ami 10~year volatility, the values ofu and d are com-
puted as u = exp(lii¡ 1.051 - 7 o"^^^^^^ + (J.̂ , J and d = expénf 1.05¡ - 7 ö*'̂

- cr.„,J, where (T.̂^̂^ is the standard deviation of the cumulatii'e annual loga-
rithmic return to common equity. For the standard binoniiiil values computed
using 1-year volatility. 11 and d are the ratios of the value ofcomition equity
in the immediate up and doivn states, respectively, to the initial value of common
equity.
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Generally, for each strike price pattern, the pricing
error for the 5-year option associated with the use of
10-year volatility is substantially higher than the corre-
sponding pricing error for the 10-year option as illus-
trated in Exhibit 7. The greatest pricing error is shown
for the out-of-the-money strike price pattern in the
lower panel of Exhibit 8 and can be on the order of 20%
to 50%. Even if one employed the 5-year volatility when
pricing the 5-year option, the plot in the lower panel
shows a pricing error on the order of 10% to 20%. The
plot in the lower panel also show ŝ a similar, but slightly
lower, error if 1-year volatility is used.

Hull and White [2004bl took issue with the IFRS 2
and FASB proposals, which have now become SFAS
123R, that require companies to compute an options fair
value at the time of issuance and then recognize an expense
year-by-year over the option's vesting period without
making any further adjustments to the options fair value
over time. They propose that the option's fair value be
expensed in its entirety at the time of issuance and that
changes in the option's fair value also be recognized and
expensed over the option's lifetime.

In the context ot the present analysis, the 10-year
option represents a newly issued option, and tlie remaining
options with maturities ranging from 1 to 9 years would
have been issued in past years. The analysis summarized
in Exhibit 7 indicates that there is not likely to be a great
deal of error from using standard binomial pricing methods
to price a newly issued option. However, the analysis
summarized in Exhibit 8 indicates that the use of standard
binomial pricing methods could result in substantial error
as an option is repriced through time, especially if the
future value of the stock causes the option to become out
of the money prior to maturity.

Valuation of Multiple Options Using
the Control-Variate Technique

The control-variate technique is often used to value
options in a lognormal, Black-Scholes-type setting when
the features of the option or options do not lend them-
selves to closed-form solutions. The basic idea is to use
the Black-Scholes model to obtain the "bulk" of the
option value and then use the binomial or similar numer-
ical method to approximate the incremental value asso-
ciated with the feature that prevents a closed-form solution
from being obtained. This incremental value is then added
to the Black—Scholes value to obtain a fmal numerical

option value. Often, the incremental value can be com-
puted using substantially fewer time steps than would be
required if the same numerical method were used alone
to value the option.

We compare control-variate prices for the same
employee options evaluated in Exhibits 2 to 4 using both
1 binomial period per year, the same pricing structure
assumed in the various versions of Exhibit 2, and 5 bino-
mial periods per year (using the binomial pricing method-
ology described in Appendix B). Thus, at one extreme, the
10-year options are evaluated using a total of 10 and 50
binomial periods, respectively, while at the other extreme,
the 1-year options are evaluated with only 1 and 5 bino-
mial periods, respectively. In each case, binomial values are
computed using up and down factors for common equity,
tl and (Í, equal to the ratio ot the value ot common equity
in the immediate up and dou-n states, respectively, to the
initial value of common equity. All Black-Scholes values that
comprise the control-variate values are computed with the
annuiilized volatility associated with the respective values
of N and d for common equity. Exhibit 9 summarizes the
results.

Exhibit 9 is divided into six sections. In each section,
the computation time required to evaluate the complete
set of options using 5 binomial periods per year (y = 5)
is approximately 24 minutes. Computation times appear
to increase by a factor of 4 (approximately) as y is increased
by 1 unit. Thus, we estimate that it would take approxi-
mately 24,756 minutes, or 17 days per section, if the
number of periods per year were increased to 10.

With just a few exceptions, there is very little dif-
ference between the control-variate values associated with
any of the exercise patterns using 1 and rbinomial periods
per year. Stated differently, the difference between option
values computed via the multiple option pricing model
and corresponding standard binomial values does not
depend a great deal on whether 1 or 5 binomial periods
per year are employed in the computations. There are
four exceptions where there appear to be large percentage
differences (1.579% to 27.646%) in the pricing of indi-
vidual options, but these are options for which the dollar
value is quite small and, therefore, the dollar difference is
also relatively small. Thus, we conclude that the basic
story, based on the multiple employee option pricing
model being evaluated using 1 binomial period per year,
is sound and would not change to any significant extent
if a larger number of binomial periods were used.
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Before concluding, we acknowledge that the model
does not incorporate the efîect of potential future
employee option issuances on the values of outstanding
employee options. Although we have attempted to address
this issue in our work, it is extremely complex, and we
do not feel that we are in a position to formally address
this issue here. However, it is clear that the distribution
of a company's future stock price per share should be the
same, whether the company gives fliture compensation in
the form of cash or in the form of equity with equal value
to what would otherwise be paid out in cash. Therefore,
a policy of compensating employees in the future with
new equity shares in lieu of cash should have no impact
on the values of outstanding employee options. Since very
long-term options are asymptotically the same as equity,
it is reasonable to expect the effect of future issuances of
long-term options to be relatively small. However, we are
unable to actually quantify the valuation effects of issuing
future finite-life employee options and leave this to future
research.

SUMMARY AND CONCLUSION

Current methods recommended for valuing employee
stock options issued by the same company treat each option
as being independent of the others and do not reflect that
the options should be valued simultaneously. In this article,
we develop a model to simultaneously value all employee
options issued by the same firm and study the valuation
impact associated with ignoring this simultaneity when
more conventional approaches to employee option valua-
tion are used. The problem of simultaneously valuing mul-
tiple employee stock options is inherently path dependent
and, therefore, computationally intensive. Even though the
valuation model is path dependent, and the number of
computations required after t binomial periods increases
exponentially at a rate of 4', our computational method
enables us to simultaneously value up to 30 employee
options with different maturity dates, using a desktop PC.

We demonstrate that if each employee stock option
is issued on a small-to-moderate fraction (3%) of a firm's
outstanding shares, the standard binomial model and
multiple option model give values that are not materi-
ally difTerent from each other. However, if employee
options are issued on a large portion of outstanding
shares (15'X)), using the standard Black—Scholes/bino-
mial approach can result in valuation errors as great as
20% to 50%. Therefore, in cases for which there is the

potential for significant equity dilution resulting frotn the
exercise of employee options, there can be a material dif-
ference between option values computed via the mul-
tiple employee option pricing model and those computed
using more standard option valuation methods.

The methodology developed in this article can serve
as a starting point for simultaneously valuing multiple debt
issues of the same company. The simultaneous valuation
of multiple debt instruments is more complex than the
simultaneous valuation of multiple employee options,
since the various debt instruments issued by the same
company are not likely to be as homogeneous in their
structure and contractual features. This is an interesting
and potentially important valuation problem that others
may want to address in the future.

A P P E N D I X A

VALUATION OF m OPTIONS
OVER m BINOMIAL PERIODS

The two-period valuation procedure is easily gen-
eralized for //; options expiring at the end of m successive
binomial periods. Note that in the two-period illustration,
computations are carried out in the same order as the
states are numbered in ExJiibit 1. This method of ordering
the computations is referred to as the depth-first tech-
nique. Using this technique for a generalized m-period
problem, only 4'" computer memory locations are needed
to store intermediate option values. By contrast, if all the
option and equity values in the final column of Exhibit 1
are computed first, followed by the calculation of values
in the next-to-last colunui, and so on, 2 X 4'" — 1 com-
puter memory locations are required. Although the depth-
first technique solves the computer memory problem
associated with path-dependent valuation, it does not
reduce the number of required computations. With either
method, computations are required.^" This implies that
an m + 1-option (period) problem will take approximately
four times the computational time of an m-option
problem. To put this into a practical perspective, if it takes
one minute to compute option values for an m-option
problem, it would take over a full day to compute values
for an m + 6-optÍon problem.

It is possible to reduce the number of computations
required by pruning portions of the binomial tree once
it becomes evident that those portions will not enter into
the final option solution values. We employ two pruning
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methods that significantly reduce the computational
requirements of the model.

Consider States 7 and 14 in Exhibit 1. Values of
both options in State 7 are associated with Option 1 being
exercised (fc, = 1), while values in State 14 are associated
with Option 1 not being exercised (k^ = 0). In this par-
ticular example, the exercise value of Option 1, as shown
in State 7, is positive. Therefore, once option values in
State 7 have been computed, it is clear that Option 1 will
be exercised, and it is not necessary to carry out the cal-
culations branching fi-om State 14. Thus, we "prune" the
portion of the tree branching from State 14 and similar
states, since these branches of the binomial tree are not
needed in the calculations.

The second round of pruning can be illustrated by
considering State 22. Before the calculations branching
from State 22 (and others like it) are made, for pruning
purposes the exercise value of Option 1 (or the option
expiring in that state) is calculated under the assump-
tion that the values of all non-expiring options (Option
2, in the example) are zero. If the exercise value of
Option 1, calculated in this fashion, is negative, it will
be potentially even more negative if the proper values
of the non-expiring options are used when calculating
exercise value of Option 1. Thus, even without car-
rying out the detailed calculations of option values in
the portion of the binomial tree branching from State
22, if the value of Option 1 calculated in this fashion is
negative, it is clear that Option 1 will not be exercised,
and one can skip directly to the calculation of option
values branching from State 29.

Without pruning, the calculations required for a 20-
option (period) model would be projected to take 51 days
using a 2-Ghz Pentium 4 computer. This projection is based
on a lO-option model taking 4.23 seconds of computation
time, with computation time increasing by a factor of 4 for
each additional option. With pruning, computation time
for a 20-opdon model takes only 11.9 seconds. In addi-
tion, computation times with pruning for 21-option and
22-option niodels are 23.9 seconds and 47.1 seconds, respec-
tively.'' Based on these results, it appears that computation
time with pruning increases approximately by a factor of 2
per option. The computation time required for a 30-option
model is three to four hours. Therefore, we consider 30
options to be the practical limit of our model under pre-
sent computing standards.

A P P E N D I X B

VALUATION WHEN OPTIONS DO NOT
MATURE AT THE END OF EACH BINOMIAL
PERIOD

The model, as formulated, assumes the firm has
issued ÍÍJ options, with Options 1 through iii expiring at
binomial Times 1 though m, inclusively. If one or more
of the m binomial times are not associated with the matu-
rity of an option, the model can easily accommodate this
situation by specifying that the number of shares associ-
ated with options maturing at these times is zero. For
example, suppose a firm has issued 1-, 3-, 4-, and 5-year
options, each with 300,000 shares outstanding, but has
issued no 2-year option. Then the model, as formulated,
can accommodate this situation by assuming n^ — n^ =
"4 ~ "5 ~ 300,000 and tu = 0. Although this method will
produce correct option values, it may be computation-
ally inefficient if the number of binomial periods is sig-
nificantly greater than the number of actual options.

Consider the situation in which a firm has issued m
options, each of which expires at the end of the next m
years, but each year is partitioned into y binomial time
periods. Therefore, at the end oí the ßrst y- 1 binomial
periods of each year, there is no expiring option. Also,
during the last y - 1 periods of each year, the binomial
valuation process will not be path dependent."

Computationally, it is inefficient to value the firm's
m options in the last y - 1 binomial periods using a path-
dependent valuation structure. Therefore, we modify our
valuation procedure to employ a recombining binomial tree
structure for the last y - 1 binonual periods between option
maturity dates and to use a non-recombining structure only
for the first of the y periods between maturities. With this
modified structure, the number of paths after nt X y bino-
mial periods is (2[y + 1])'", and the total number of states
within the binomial tree is (([2(y-I- 1)]'"- l)/(2y-I- l))(|y +
1] [y "*• 21/2) -f- (2[y -I- I])'".""* However, as in the previous
specification, pruning can significantly reduce the number
of states for which computations are required.

Consider a situation in which 4 options maturing
in 1,2, 3, and 4 years, respectively, are valued using 5
binomial time periods per year. Therefore, MI = 4 and
y - 5, and the options are valued using a 20-period
binomial tree. If a non-recombining valuation structure
is employed for each of the 20 binomial periods, the
total number of states within the binomial tree would
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be 2 X 4-" — \ ~ 2.20 X lO'-̂  before pruning. However,
using a recombining structure during the last 4 binomial
periods betv '̂een each maturity reduces the total number of
states before pruning to ({[2(5 + 1)]'' - l)/(2 X 5 + 1))([5 +
11[5 + 21/2) + (2[5 + 1])' - 60,321.'"

Exhibit 10 shows computation times and illustrates
model precision when additional binomial time intervals
are included between option expirations. As in Exhibits
2 to 4, the volatility of total equity returns is assumed to
be 0.30 per year, the risk-fi-ee interest rate is 5% a year, and
the firm is assumed to have issued 10 employee options,
the first of which expires at the end of Year 1, the second
at the end of Year 2, and so on. Three sets of option values
are computed. In the first set, each option is for 300,000
shares and the strike price of each option is $91. In the
second set, the number of shares and strike price are
1,500,000 and S68, respectively In the third set, the
number of shares and strike price are 3,000,000 and $53.

The first row of stock values shown in Exhibit 10
corresponds to those shown in the last row of Exhibit 3.
As in Exhibit 3, option values in this row reflect that each
binomial period represents a full year and that an option
matures at the end of each year. As such, m ~ U), )' — 1,
and there are a total of 10 binomial periods employed in
the calculations.

In the second row. m = 10 and y = 2, resulting in a
total of 20 binomial periods. Note that the option values
in this row correspond very closely to those in the first
row. Moreover, this same pattern is seen in the rows for
which y = 3, y — 4, and y — 5. Although the option values
are calculated with greater precision in these rows, the
resulting stock prices per share are very close to those
shown in the first row.

Computation times shown in Exhibit 10 are for the
option prices in the first column only and are somewhat
lower than those required for the options whose prices are
shown in the other two columns. The computation time
for the 50-^period model shown in the last row is 1,451.5
seconds, or approximately 24 minutes, indicating that
pricing li) options within a 50-period binomial tree is
quite feasible.

Exhibit 11 shows computation times assuming the
final option being valued expires in 100 binomial periods,
with the 100 periods being divided into m — 1, 2, 4, and
5 years. All computation times reflect that the strike price
of each outstanding option is $91, that each option is for
300,000 shares, and that all expiration dates are exactly
1 year apart.
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E X H I B I T 1 1

Computation Times for 100-Period Model with
Modification to Reflect Recombining Binomial
Trees between Option Expirations

Options

1
2
4
5

Periods
Per Year

(y)
100
50
25
20

Total
Periods
(mxy)

100
100
100
100

Time
(seconds)

0.0
0.0

36.9
272.1

Note: Each option has a strike price of $9 Í and is issued on 300,000 shares

of stock. The risk-free rate is 5% a year, or 1 + r = 1.05^'*, and there

are 10,000,000 shares of stock initially outstanding. Values of u and d

for the multiple option pricing model, as applied to total equity, are com-

puted as u = exp(tn{L05!/y - \¡0.3-/y¡ + 0.3/yfy ) and d =

exp(tn[1.05j/y - j¡0.3'/y¡ - 0.3/y¡y ) , respectively, where y is the

iitimber of binomial periods per year. Computation times are for options

on 300,000 shares with a strike price of $91. The m options mature at

the end of years 1 through m, inclusively. Tlierefore, m also represents the

number oj years until the expiration of the lost option.

Note that the longest computation time is 277.9
seconds (or 4.6 iTiinutes) for 5 options spread over 100
binomial periods, with 20 binomial periods included
between each expiration. These results indicate that it is
feasible to use 100 binomial periods in the calculation of
up to five interdependent employee option prices.

ENDNOTES

The authors wish to thank Nikiinj Kapadia, Wayne
Liindsman, Mark Lanti, Tom O'Brien. Richard Sansing, Joel
Vandcn, participants at the finance workshop at the University
of Connecticut and, especially, the editor, Stephen Figlewski,
for helpful comments.

'Darsinos and Satchell |2002] actually formulated their
model for more th.Tn two options, but they provided exam-
ples for two options only. As will be discussed in the next
section, however, their model ignores that the conditional
value of an option depends on the values of options that
mature later.

-Barth. Landsman, and Rendleman [1998, 20Ü0J dis-
cussed the problem of simultaneously valuing multiple debt
instruments in greater detail and proposed a heuristic procedure
tor valuing each instrument individually, given the presence of
the other instruments.

'Although unstated, we suspect that the computational
complexity of this search procedure is what causes the authors
to limit their analyses to only two options of different maturity.

^Certain path-dependent .structures may prevent us from
using the specific pruning techniques for reducing computa-
tion time, v '̂hich are described later in the article.

'See http://www.r-project.org.
''From an accounting standpoint, Bodie, Kaplan, and

Merton [2003, p. 65] argued that an options lack of liquidity
to its holder makes no difference in what it costs the issuer
unless the issuer is able to benefit from the lack of liquidity.

'Drawing on the work of Rubinstein |199.S], Hull and
White [2004] concluded that any potential correlation hctween
employee exit rates and the level of stock prices should have little
impact on option values and can probably be ignored. In con-
trast, Bodie, Kaplan, and Merton [2003] argued that a model
which properly reflects the correlation between employee for-
feitures and the level of the stock price is likely to result in
higher option values in relation to a model that ignores the
correlation.

"The 130,0()()-year estimate assumes that computations
would not be slowed by the use of virtual memory for storing
intermediate option values.

"Later, we show how the computational requirements of
the model can be reduced substantially when there are points
in binomial time when options do not mature. But in its most
general form, the model can accommodate gaps in option matu-
rity times hy simply assuming that the number of options issued
for a particular maturity is zero.

'"This is the same assumption made by Cox and Rubin-
stein [ ! 985, p. 397| in their game-theoretic approach to optimal
exercise strategy when a company has two warrants held by a
single individual or by two competing individuals.

' ' Frequently, users of the binomial model assume a mean
logarithmic return of zero when computing up and down
factors. However, it can be shown that binomial option values
converge most rapidly to corresponding Black-Scholes values
when the mean return equals the continuously compounded
risk-free rate per binomial period, or hi(l + r), minus half
the variance of the logarithmic return per binomial period (see
Rendleman and Bartter [1979, p. 11011) which results in »
= exp{hi[1 + r] - i(T- +(T) and d = exp(ln|l + r\ - ic7'~ ~
a), as specified above. With this specification, the expected
instantaneous return to total equity equals the risk-free rate
and all securities whose values depend upon the return to
total equity are priced as if investors are risk neutral. Also, it
should be noted that the assumption of a zero mean can result
in the irrational set of binomial parameters 1 + r > tt > d \í
ln(l + r) > cr.

'-As of May 2002, 86 of 2,406 historical volatilities pub-
lished hy the CBOE exceeded 1.00 (100%) and .504 of 2,406
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exceeded (Í..S(). The CBOE numbers reflect volatility computed
with daily returns over a single tiionth, and it is unlikely that
volatility of this high .i magnitude would continue over the long
term. In addition, there are well-known statistical problems
associated with using daily returns for estimating the standard
deviation of stock returns (see, for example, lîtume and Stam-
baugh [1983]). Nevertheless, as a back-of-the-cnvclope esti-
mate, it would seem reasonable to expect some high-tech
companies to have long-term equity volatilities on the order of
60% a year.

'^The model produces an initial value for each of the 10
options and an initial value of common equity. I dividing the
initial value of common equity by the number of shares out-
standing produces an initial stock price per share. If this price,
rounded to the nearest dollar, does not equal the initial strike
price, a new initial strike price is assumed, and each option
value and the initial stock price are recomputed. This process
is continued until the initial stock price, rounded to the nearest
dollar, equals the initial strike price.

'^Binomial up and down factors for total equity are

« = expC|ln(I + r)] - Í{(T') + a) = exp([ln(LÜ5)] - Í(0.3-) +

0.3) = 1.35498 and d = exp(]n[] + r] - i t r ' - a) = 0.74363.

The risk-adjusted probability is 71= (1 + r - d)/{H - d) = (1.05 -

().74363)/(1.35498-0.74363) =0.50113,
'''As is well known and documented in Cox, Ross, and

Rubinstein [1979] and Rendleman and Barttcr [1979], as the
number of binomial time intervals over the life of an option
becomes infinitely large, standard binomial option values con-
verge to Black—Scholes values. However, in practical applica-
tions of the binomial model in which the number of binomial
periods used might be on the order of 100 to 500, depending
upon the nature of the problem, there will be small differences
between standard binomial and Black-Scholes option values.

"'More specifically, the square root of the average of the
time-dependent variance of stock returns would be used as the
standard deviation estimate in the Black-Scholes (or binomial)
model (see Merton [1973]).

"The calculation of the underlying stock's time- and state-
dependent volatility structure requires that all stock values within
the binomial tree be stored. Therefore, if employee oprion prices,
and the initial value of conunon equity, are computed using the
depth-first technique with pnining, it will be impossible to recover
the volatility structure of common equity. This implies that it will
be computationally infeasiblo to recover the volatility structure
of stock returns for valuation problems of large scale.

'**For the purposes of computing standard binomial option
prices, the values of H and d are computed as ii = exp(ln[l .05] -
^(7- +0" ) andi/= exp(lnfl.O5]-icT- - (T ), where íT

¡oni com' t^V I J - fu,H c o i n ' ' com

is the standard deviation of the cumulative annual logarithmic
return to common equity.

'""For the standard binomial values computed f > 1-
year volatility, the values off* and d are computed as u —
exp(|ln(l + r)\ - Í(íT^.,,J + ffj and d = exp(lnI1.05] - i
(a' ) - G ), where C is the standard deviation of the
V iiim' com'' coin

cumulative annual logarithmic return to common equity.
For the standard binomial values computed using 1-year
volatility, ÍÍ and d are the ratios of the value of common
equity in the immediate up and down states, respectively, to
the initial value of common equity.

3>2 x 4'" - ] is the total number of states m the binomial
tree after m periods.

-'Computation time with pruning for a given number
of binomial periods depends upon the terms of the options
being evaluated. The computation times reported here are for
the types of options whose values are summarized later in
Exhibit 3 and Exhibit 10.

"If an option expires at the end of a particular binomial
period, it creates a path dependency at the end of the next
binomial period only. Therefore, the remaining y — 1 periods
will not be path dependent.

•'̂ The derivation of this quantity will be made available
upon request.

-"•Note it is impossible to determine the number of rel-
evant binomial states with pruning, as the number of states
reduced by pruning will be determined by the specific struc-
ture of the valuation problem.
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