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We establish simple analytical and itumerical methods
for propagating stochastic price processes backwards IM
time, step by step, to the ittitial value while satisfyit\\^ all
cross-sectional and seria! requiretnents. Tltis prores useful
in dealing with complex path-dependent options with
American triggers, where storing the history ofthe under-
lying can become computationally onerous. Examples
involving the Wiener, Ornsteitt-Uhlenbeck, Clark, and
Cox-Ingersoll-Ross processes illustrate our techniques.
Our "just-in-time" method, which can he thought of as
stochastic involution, extends the reach and accuracy of
Monte Carlo pricing techniqties.

T
he extension of Monte Carlo
pricing methods to American
options by Longstaff and Schwartz
|200]] has greatly simplified the

pricing of complex path-dependent options
with early exercise features. Given the wide-
spread use of such options in "all major finan-
cial markets including the equity, commodity,
foreign exchange, insurance, energy, sover-
eign, agency, municipal, mortgage, credit, real
estate, convertible, swap, and emerging mar-
kets (ibid.)," and the ease with which general
stochastic processes can be accommodated, the
least squares Monte Carlo (LSM) method has
been rapidly adopted by practitioners and aca-
demics alike.'

A practical difficulty that arises in appli-
cations of the LSM method is the need for
storing the underlying price process. For
example, a one-year vanilla American put option
evaluated with 50 time steps (early exercise

dates) and 100,000 paths requires at least 40
megabytes (MB) of storage, while a 30-year
interest rate product evaluated with a weekly
time step and a million paths requires more
than 12 gigabytes (GB) of storage, putting it
quite beyond the realm of any 32-bit oper-
ating system. By contrast, the binomial mediod
of Cox-Ross-Rubinstein [19971 requires a
mere 408 bytes to store the 5! terminal price
points for the vanilla put of our example. Ear-
lier price points required for the backward
pricing algorithm can be generated on the fly
and require even less by way of storage.^ This
"just-in-time" featnre ofthe CRR algorithm
is key to its speed and low storage require-
ments and invites imitation.'

Computational efficiency is not the only
or even the most important reason for seeking
to generate stochastic processes in reverse. Very
few price processes of interest to financial
economists can be generated (integrated)
exactly. The Wiener and Ornstein-Uhlenbeck
processes can be generated without approxi-
mation, but the Cox-Ingersoll-Ross process,
ofcentral importance in pricing fixed-income
products, can only be generated by approxi-
mations hke the stochastic Euler scheme. This
necessarily introduces errors of a non-statistical
character in Monte Carlo simulations of
option Viilues. Furthermore, these errors com-
pound into the fUture, where the value of any
option, by its very nature as a bet on the fliture,
resides. Yet, in many cases of interest, an
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analytical expression for the transition density exists, so
that the final distribution ofthe process can, in fact, be
generated with no errors other than sample size effects.
If one could use the final distribution as the itipttt and
work out the underlying stochastic process backwards as
one prices the option, three desirable objectives would
be achieved: 1) the backward option pricing algorithm
would be married to a backward price process algorithm,

2) storage requirements would be greatly reduced, and
3) statistical and systematic errors could be ameliorated
by the ability to "turn on the tap" for the number of
paths used in Monte Carlo simulations. This article shows
how to achieve these objectives.

To this end, we first show that the Wiener process
(and thus the lognormal price process) is easily gener-
ated in reverse/ We then extend our technique to the
Ornstein-Uhlenbeck process by expressing it as a subor-
dinated Wiener process with a deterministic driving
process. The next section takes up the important ques-
tion of whether more general stochastic processes like
the Cox-Ingersoll-Ross process can be reversed. We first
discuss the possibility of achieving reversal as in the case
ofthe Ornstein-Uhlenheck process, but with the use of
a stochastic driving process. Theoretical and practical dif-
ficulties inherent in this approach are examined, and it
is shown that, as a purely practical matter, the use of
pseudo-random numbers in digital simulations provides
a very simple technique for generating some processes
in reverse. A different approach—the theory of time-
reversed Ito difllisions—is used to obtain a diffusion equa-
tion for the reverse CIR process. We present examples,
applications, and numerical issues.

Finally, we anticipate some of our results to point
out when one can start with an arbitrary terminal, or
intermediate, stock price distribution and work back-
wards to the initial condition: 1) Working backwards
from an intermediate or terminal distribution is possible
in all cases where the algorithm for reversal can be
achieved analytically, i.e., for the Wiener, Ornstein-
Uhlenheck, and CIR processes considered in this work,
and also for the Ito diffusions we consider. 2) The numer-
ical technique developed for very general stochastic
processes requires that we first generate the process going
forward, storing only the random seeds used at every
time step, and the terminal distribution. When this process
is run in reverse using either the terminal distribution
(or a previously stored intermediate distribution) the use
of stored seeds dictates the involution ofthe process and

will generate only the original forward process in reverse.
Apart from sample size considerations, there are no other
limitations on the terminal distribution. One can use a ter-
niinal distribution that is smaD (even a single point), or very
large (millions of points), and work backwards to the
unique initial point from which the stochastic process
evolved.

GAUSSIAN PROCESSES

The Wiener Process

It is useful to recall the simple method by which
Brownian motion is generated in discrete time. Let z^,
z^, Zy... be mutually independent and identical Gaussian
random variables, z. ~ N(0, 1). Further, let ̂ p ^ j ' '^y-
be independent draws from z^. z,, 5^,... We can construct
a sample path COotthe Brownian process Ĥ  according to

The collection of all possible paths can be defined recur-
sively by

= 0, W. = (1)

As defined in Equation (1), the stochastic process H;'
is a discrete Wiener process because it satisfies ^ WQ— 0,
2) W- W- N(0 , . / - /), for all 0 < / <_/, and 3) non-
overlapping increments are independent, that is for all / <
j <k, Wf^- W and W - W. are independent. A fourtli
property, that of continuity, is meaningful only in contin-
uous tiine.^ These four properties arc necessary and suffi-
cient for a stochastic process to be a Wiener process.

The link between a Wiener process and a lognormal
price process with initial price S ,̂ volatility 0, drift fJ.,
and time step Ar is given by

S, =: S, X

or, equivalently, by

AC , ( — I, . i , :>,...

1 = 1,2,3,... (2b)
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where we have used the scaling property %/A7 W^ ^A,^->

and /. = A/ X ;. Note that the first factor on the RHS of
Equation (2) is the initial stock price S,,, the second factor
is a deterministic boost, atid the fmal factor is an expo-
nentiated Wiener process. Any lognormal price process
can be generated in this way once the appropriate Wiener
process is in hand. Since it suffices to deal with tht.̂  Wiener
process we shall work directly with H^in what follow.s.

A key property of a Wiener process is the unit
increase in cross-sectional variance as we advance one
unit in time step /. The reason for this can be seen in the
iterative defitiition of Win Equation (1): W_j andz. enter
into the expression for H^with equal weights, W._^ ~~ N{(),
( - 1), z. ~ JV(O, 1), and W_^ and z. are independent and,
therefore, uncorrelated. The variance of their sum must
equal the sum of their variances. Hence, W - N(0, i).
This motivates us to look for a similar construction, but
with weights chosen so that the resulting random variable
has an appropriately lower variance, allowing for the inter-
pretation that one is now moving in reverse. Thus, let X~
JV({), f), .Y — N(0, 1) be independent Gaussian random
variables, and let Y = aX+ bx. Y is obviously a mean zero
Gaussian random variable. We look for weights a, b such
that the variance of Vis reduced by 1, so y ~ iV(O, / - 1).
It is straightforward to show that V = (1 ~ Ui)X +
^J] — ]/i X works. We formahze this simple intuition in

Definition 1. For any positive integer n, let W he a
Gaussian ramioin variable such that Ĥ^ — N(0, n). Define W^
14^,..., JVj by the backward recursion

(3)

where J,, ^,,.,., ?̂  are Gaussian random variables such that z- -
N(0, 1), and s,, 21,,..., z^,^, H^ are muuially independent.

Proposition 1. For euery i = 0, 1,..., n the random
variable W defined by the backward recursion in (3) is Gaussian
lUid satisfies

(4)

first compute W^^ from W ~~ N{0, n) and 5, - N{0, 1)
to get

Proof: All proofs are shown in Appendix A.

Remark: Equation (3) sets up a backward recursion
for the random variables W^^, 14̂ , W^,..., Pl̂ |__, starting
from W^ — N((), »), where n is any positive integer. We

VV =\ 1 W +.\--z

W^^ and i^ being independent. Next, we compute W_.y
using PF J from the expression above and ^̂  ^ ̂  N(0, 1)

« - l
W

n-\
(5)

with H/, ^̂  and i^ , being mutually independent. The
iteration ends at I^,, which is easily seen to be ().'' Note
that while u can be any positive integer, the backward
recursion constructs I ĵ"relative to the choice ofthe ter-
minal time step n. .?p z,,..., ẑ , W^ are chosen to be mutu-
ally independent Gaussian random variables, which
implies, for example, that H[and z. are independent for
all )' — 1, 2, 3,. . . , /;. but that M-̂  and W^ are not indepen-
dent since H^ can be written as a linear combination of
the random variables z^, z^ z^ and W^.

Proposition 2. The stochastic process 14;',, W^,..., W
defined by the backward recursion in Equation (3) is a discrete
Wiener process. In particular, it satisfies:

i. W^^ = 0; the process starts at 0.

ii. W.- W:-N{{),]~i),Jorain)<i<J<n:all
marginals are normally distributed with mean zero
and variance equal to the time difference between the
relevant epochs.

iii. r<H.'(t̂  - W, W.- W.) = O,for all i < J < k< n:
all non-overlapping increments are independent.

We shall refer to the backward recursion algorithm for
a Wiener process as the "just-in-time" method. Exhibit 1
displays the results from simulating a path and its anti-
thetic complement backwards using the just-in-time
method. Matlab code tor implementing the just-in-time
method tor a Wiener process is provided in tbe appendix,
along with pseudo-code-like comments. The method is
exceedingly parsimonious, requiring only about six lines
of Matlab code for implementation. We also provide
Matlab code for calculating the value ofan American put
using tbe LSM method, with the stock price process
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E X H I B I T 1
Weiner Process

20 40 60
i (time step)

80 100

Note: Weitier Process: Two paths (1 + 1 atitilhclic) generated backwards by
the jusl-in-time method, hidmion ofthe antithetic path in Monte Carlo
simulations is, customary lo ensure that the cross-sectional means ofthe sim-
ulated Wiener process be zero in sample.

computed using the just-in-time method. We use
1,000,000 paths to obtain accuracy to four significant
places. Details may be looked up in the appendix.

Remark: For the relationship between the back-
ward recursion procedure in Equation (3) and a Brownian
bridge, see the remarks consequent upon Equation (20).

Remark: We apply the method outlined here in
the applications section to value a deep-out-of-the-money
American put and show that the LSM method can lead
to overestimation ofthe option value despite the fact that
the LSM method necessarily uses a suboptimal stopping
rule. The abihty to generate a very large number of paths
by the just-in-time method proves crucial in resolving
this anomaly. Readers may wish to peruse the applica-
tions section first for a practical application of the just-in-
time method, and then return to the intervening sections,
where we develop methods for reversing general stochastic
processes starting with the example of the Ornstein-
Uhlenbeck process.

The Ornstein-Uhlenbeck Process

The Ornstein-Uhlenbeck (OU) process

<^ I = -^ir. - O)dt + CJdw,, r 0 = r^ (6)

with V > 0 is a mean-reverting process used originally
in Vasicek [1977] to model the equilibrium short rate.
The OU process also fmds use in modeling commodity
prices and other economic variables that tend to fluc-
tuate around a long-term mean (e.g., Dixit and Pindyck
[1994]). rj can be solved for explicitly by making the trans-
formation y^ =e'^' (r̂  — 6) to get the simple SDE dy^ -
e''''dw, leading to

+6{\-e ) + <7e I e dw, (7)

r̂  is seen to be a normally distributed random variable. The
conditional mean ̂  and variance O"^ ot r can be computed
from Equation (7) with use ofthe elementary identity

^. X (8)

to get

+9{\-c ), a,=—{\-e

It is seen easily from Equation (9) that fi^—^6and fT̂- —>
a-/2vas t^><^: in the asymptotic limit, the OU process
becomes a constant variance Gaussian process fluctuating
about its long-term mean of 6. The rate at which the
asymptotic limit is approached is controlled by the "spring
constant" parameter K. We proceed to developing the
time-reversed OU process.

It proves convenient to rewrite Equation (7) in terms
of a time-changed Wiener process thus:

Proposition 3. The ltd integral
changed Wiener process according to

is a time-

2K (10)

Note that T(0) - 0, and that T(0 is a monotoni-
cally increasing function oft. Equation (10) allows us to
rewrite f, as
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Consider, now, the problem of generating the OU
process in reverse. We see fix>m the RHS of Equation (11)
that the first two terms of r̂  constitute a deterministic shift,
while the third term is proportional to a Wiener process
at time T{t). Given that we wish to generate f, in reverse
at times 0 < (̂  < f̂  < • • • < f̂̂ , we only need to generate (1 ,̂,
IV., HI'--- ' ^C i'̂  reverse, T= T(t), T. = t,, = 0. This can
be done by generalizing the unit-time-step backward recur-
sion defmed in Equation (3) to arbitrary time steps.

Definition 2. UHX T, <
1

••• <T, a n d let

Zy,..., z^, W he niuttially indcpetident Gaussian random vari-
ables normed by z^, z^,...,z^ - N ( 0 , 1), andy ^ ^ ^ ( ) ^ {
Define H ,̂ W W. ,..., W by the hackivara recursion

W. = ( = 1,2,..., n

(12)

Remark: We can recover the unit-time-step back-
ward recursion is Equation (3) trom the general expres-
sion in Equation (12) above by setting T. = i. Given W^ •~-

N(i),t ), we first compute WL from the prescription

above, next W^ from W , and so on until we reach
'fi-2 '•tt-]

W = 0. The recursive construction is vital to creating a
Wiener process, for it embeds the requirement of conti-
nuity in the limit of infinitesimal time step. To appreciate

this, consider the process X^ = ^/7^,, where the mutually
independent random variables z^ are normed by N(0, 1)

for all t. X| is distributed as /V(0, t) for all t, but it is not a

Wiener process. The non-recursive construction of X̂

fails to ensure continuity in the limit, so X^ fails to satisfy

the self-similar properties ofBrownian motion.

Proposit ion 4. The stochastic process \^{y W^ ,
H^ ,..., W defined by the backward recursion in Equation
(12) is a disaete Wiener process. In particular, it satisfies:

i. t^i = 0; the process starts at 0.
ii. W^^ - W^.^ ~ N(0, T- T).for alt 0 < i <J < n: all

marginals are Gaussian randotn variables with mean
zero and variance equal to the time difference between
the relevant epochs.

Hi. coi'{lV — W , W - W) — 0, for all i < j <k < n:
all non-overlapping increments are independent.

Exhibit 2 displays an O U path and its antithetic
complement generated backwards by the just-in-time
method.

Remark: The extension ofthe methods developed
above for Gaussian processes to more than one dimension
(multiple Wiener or O U processes) is straightforward.
Given a stochastic process driven by more than one Wiener
process, the essential step is to first express the stochastic
process in terms of independent Wiener processes. This
is easily accomplished (with use ofthe associated variance-
covariance matrix for the underlying Wiener processes) by
Gramm-^Schmidt orthonormalization.

GENERAL PROCESSES

Subordinated Processes

The treatment ofthe Ornstein-Uhlenbeck process
in the preceding section indicates one possible way in
which an arbitrary price process may be generated in
reverse. It is well known that the log of any price process
must be a semi-martingale in order to satisfy the "no arbi-
trage" requirement (Delbaen and Schachermayer [1994])
and also that any continuous semi-martingale can be
expressed as a Wiener process evaluated at a stochastic
clock time T(/) (Monroe [1978]), where f is the calendar time.

E X H I B I T 2
Ornstein-Uhlenbeck Process

40 60
t (100 slaps = 3 years)

100

Note: Two paths (1 + I antithetic) over 100 time steps generated backuwds by

the itist-iti-time method for the parameter set r^^ — —f). 5, 6 ~ 0.25. k = 1, O

= 0.3. Note the forward movement toward the long tenn mean 6 - 0.25.
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The OU process is a simple example of a subordinated
Wiener process, with, in this case, a deterministic directing
process T(t) given in (10).̂  More generally, if Af repre-
sents the ticking ofthe calendar clock, AT{{) will be drawn
from a positive-valued distribution and will proxy for the
evolution of economic time.** The rationale for this view
is expressed compellingly in Clark [1973]: "The diffl-rent
evolution of price series on different days is due to the fact
that information is available to traders at a varying rate.
On days when no new information is available, trading
is slow, and the price process evolves slowly. On days when
new information violates old expectations, trading is brisk,
and the price process evolves much faster."

Our scheme for reversing the price process as in the
Ornstein-Uhlenbeck case in the preceding section requires
that we work out a method for inverting the directing process.
It appears likely that this would entail explicit use of condi-
tional distributions, an eventuality we were able to avoid in
reversing the Wiener and Ornstein-Ulilenbeck processes.

Example. Let f = 0, 1, 2,... be the calendar clock
(Ar =1), and let the increments n^ ofthe directing process
N^ be drawn fixjm a Poisson distribution with an arrival
rate of A per unit time. N^ is a Poisson random walk, with
N̂  — N _̂| + ii^, t — 1, 2, 3,..., where n^ is independent of
N^_l, and

ml

If along some path we realize the value n at epoch t, we may
infer that N^_^ = H - / and n^ ^ i, i = 0, 1,2,..., n. In order
to recede by one step we would have to draw from the dis-
tribution of Kj conditioned on the fact that N^ = n and sub-
tract the draw from n. It is easily shown that

^, = n] =
P{N, _ , = „ - / , . , = / )

( = 0 1 •>

where we have used the independence of N^ ^ and n .
Now, given a sample of N̂  ~ Poisson(/lr) at epoch /, we
would reverse each realization one step by drawing
from the appropriate conditional distribution of M and

subtracting the draw. This would be computationally
expensive without access to a vector processor. By con-
trast, the forward generation process involves only inde-
pendent Poisson random variables and can therefore be
accomplished in "one fell swoop."

The example above is relevant to a model consid-
ered in Geman, Madan, and Yor 12001], wherein the log
price process is the difference of independent up and
down moves distributed identically as compound Poisson
processes with reflected normal shocks. In this particular
model, the log price process may be written as \oQ{p/p^) ~
CTPy^,j,j, N{t) = N^{t) + JV,(/). where N|(r), N^it) are inde-
pendent and identical simple Poisson processes with arrival
rate A per unit time. Since Poisson distributions are closed
under convolution, N{t) is also a Poisson process, with
arrival rate 2X per unit time, and we can use the condi-
tional distribution in Equation (13) to generate the log
price process in reverse. In general, we must be prepared
to reverse subordinators from the class of infinitely divis-
ible distributions. Geman Madan, and Yor [2001], Geman
[2002], and Carr, Geman, Madan, and Yor [2003] pro-
vide many examples of such subordinators,"* with condi-
tional distributions that are costly to compute. This raises
the question of whether it is practical to reverse a price
process through its subordinator.

It turns out that there is a simple trick by which we
can invert any stochastic process that is made up of inde-
pendent and homogeneous increments. Some processes
with non-homogeneous increments such as the Cox-
Ingersoll-Ross (CIR) process can also be generated in
reverse by this technique. Recall that the random num-
bers generated in a digital simulation are, in fact, pseudo-
random, that is they can be regenerated if the seed is
known. The trick is to first generate the process forward
and to store only the seed at each time step. Having arrived
at the final distribution, we then use the stored seeds to
generate tbe process in reverse. The storage required
depends only on the number of time steps, and not on
the number of paths generated, which effectively decou-
ples the number of paths from the number of time steps.
The storage required for a single seed is 2 bytes, so a thou-
sand steps require a mere 2 KB of seed storage, no matter
how many paths are generated.

Example. Consider the lognormal-normal process
in Clark [1973]. The increments AT{t) ofthe subordi-
nator are distributed lognormally
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Ar(r) 1

27ta,x
-exp , .x>0

and the log price process increments AY{t) are given by

where Z{t) - A/{0, C-r), so that

exp

X exp
2(7,

dV. -°o< y <

The expression above is analytically intractable, and we
would be hard-pressed to reverse the process using con-
ditional distributions at every step. Instead, we do the
tollowing: Forward: 1) store the current seed. 2) Draw,
say, one million numbers from a lognormal distribution
with parameters H and 0^.'" 3) Store the seed again, and
4) draw one million numbers From N(0, O^) (0.047 sec-
onds). 5) Compute AY{i) = yj AT{i) Z{i). 6) Add to the
preceding value Y{i - I). 7) Repeat for 100, or 1000, or
10,000 time steps, as desired. Note that only the new
cross-sectional distribution at each time step is saved, not
the history ofthe process. There are two seed processes
in this example, one for AT{t) and one for Z{t). Reverse:
Use the saved seeds in reverse order to generate the pre-
ceding increment, and subtract trom the current cross-
sectional distribution at each step. These are fast and simple
operations. The Longstaff-Schwartz LSM pricing algo-
rithm is easily inserted into the reverse generation algo-
rithm. Exhibit 3 displays two paths generated by the
forward-backward algorithm for the lognormal-normal
subordinated process in Clark [1973].

Remark: The forward-backward technique will
reverse only the final distribution generated by the forward
process and no other. If the increments are not time-homo-
geneous, as happens in the CIR process, the reverse process
requires us to solve for the values ofthe process one step
before. In the case ofthe CIR process this is a simple qua-
dratic equation with all solutions lying on a single branch.
The reversion is therefore easily accomplished. A more

complicated SDE can require solving a transcendental
equation at every time step going backwards. This is nei-
ther practical nor desirable, nor do we recommend it, A
more elegant method exists in the case of Ito diffusions,
as the next section shows.

Time-Reversed Ito Diffusion

We turn, now, to a technique that appears to have
attracted little attention in the finance literature—the time-
reversal ot Ito ditfusion. The problem arises naturally in
the quantum theory of measurement (Schrodiiiger 11931]),
in signal processing (Ljung and Kailath |1976]), and in
population diffusion models (Nagasawa [1980|). We state
a version ol: the result which applies to one-dimensional
nonlinear diffusions.

Theorem: (Anderson [1982], Haussmann and
Pardoux 11986]): If{X- 0 < f < V } is a diffusion
in W such that X^ is a strong solution of

dX, = M{t. X)dt

w'here ir̂  is a \-dimensional Wiener process in R ' , then the

rime-reversed process X^ = X.j._^ is also Markov and is a weak

solution of

E X H I B I T 3

Two Paths Generated by the Forward-Backward
Method

4 6
t (time steps)

Note: Two ptithsjor the lon^uorimd-norinal process in Clark (}973) geticraicd

hy tlif Ihni'iird'lhii-kiiwtl method over ten time steps. Dots represent Jorxmui

^emtatioi] ami circles hackward generation. Paths have been connected for ease

of viewing. Tin- parameters correspond fo / i = /, (Tj = /, O", - /, and At-1.
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dX^=fi{t,X,)dt + (J{t,X,)dw^, X,, = X., (14a)

where u'̂ is a 1-dimensional Wiener process in W which ii inde-
pendent ofXy = X.p wih

a \o-ir~t,x)p (x)]

(T

t

T{T -
2; / <- i (17)

Combining the definition of Y above with Equations
(16) and (17) we get

6{t,x) = O{T- t,x)

and where p^ix) is the law of X^ at time t.

{He)

Note that pl^x) will depend on the initial condition X,, — x^y
These equations are best examined with the aid of a simple
example.

Example: We shall use the time-reversal theorem
above to solve for the backward Wiener process treated
in the prior section on Wiener processes. We note that
the results presented in the previous section, Gaussian
Processes, were obtained by the simple considerations
contained therein and not from the analysis which now
follows. The SDE for a Wiener process is dX^ — rfu',, X,̂
= 0, and its transition density relative to the initial con-
dition is p,{x) = e'''^'^' I -Jzm . Using /V = 0, (T = 1, and
applying Equation (14) we get for the time-reversed
process J^,

dX.=-
X.

T-t
•dt X.. = w (15)

Note that w-j- represents the terminal cross-sectional dis-
tribution ofthe forward process X.^, and is independent
of lij in Equation (15) by stipulation. To recover the result
in Proposition 4, define a new process Y^ = X^/{T— t), 0
< f < r , so that dY^ = dw/(T- t) and

T
(16)

where X̂^ — X.̂ . — WÂ., W^, r > 0, is another Wiener process,
independent of û .̂, (see the proof of Proposition 3) and

X. - X

(18)

where û p,r, ~ N(0, <p{t))'' JW) •^, with Z- N(0, 1), and
X^ = Xj., Z mutually independent. Finally, since X —
X.̂ ._,, 0 < f < r , we get

(19)T

Equation (19) is essentially identical to the back-
ward recursion in Equation (12). Since t is arbitrary except
in that U < f < T, we can make the substitution t —> T - /
to rewrite Equation (19) in the more familiar form

(20)

and use it recursively going backwards.

Remark : A Brownian bridge (Karatzas and Shreve
[1996[, pp. 358-360) is defined as

b-X
dX= '-dt + dw. {)<(<T, X=a

T-t

and can be thought of as Brownian motion conditioned to
start at X,, = a and end at X^ = b. The SDE of a Brownian
bridge differs from the time-reversed SDE of a Wiener
process in (15) in that a and h represent single points. If we
set the final point /; to 0 and allow the initial value a to
vary over w-j^ we arrive at the time-reversed process in
Equation (15). In this sense, the time-reversal of a Wiener
process is a Brownian bridge.
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We take up the non-trivial example of the time-
reversed Cox-Ingersoll-Ross process in the next section.

APPLICATIONS

The abihty to generate a stochastic process in
reverse decouples the number of paths fham the number
of time steps in Monte Carlo simulations. This proves
valuable in many ways. First, it can reduce storage
requirements dramatically: memory management is an
exponentially more costly affair in units of computa-
tional time, so, even when one has the luxury of unlim-
ited memory, a small memory footprint is to be
preferred. In addition, the ability to increase the number
of paths used in Monte Carlo simulations can be essen-
tial for accurate estimation of option values and hedging
requirements close to complex barriers and near expira-
tion. Options written on baskets of assets require multi-
factor simulations, which can quickly become infeasible
if a large number of paths is desired. String models (Santa-
Clara and Sornette [20011) for interest rates, for example,
can require as many as 20 independent factors. Or con-
sider a continuously (de)activating FX corridor option, as
in Geman [2001]. Unlike an equity corridor option,
which is priced using daily settlements, the FX option
can activate or deactivate at any time. Geman [2001 ] pro-
vides an analytical technique using a lognormal process
forthe underlying. This, although useful, ignores the tact
that on smdl time scales like a few minutes, the FX process
is not lognormal at all but likely a subordinated process.
The just-in-time method is ideally suited to exploring
the values of options on very fine time scales. These and
other studies will be presented in a subsequent work. In
what follows, we consider two applications that illustrate
use of the just-in-time method.

Deep-Out-of-the-Money American Put

We use the power ot the just-in-time method to
liiglilight a property ofthe Longs taff-Schwartz LSM pricing
technique that is not, perhaps, sufficiently appreciated-that
it is possible to overestimate an option's value in certain
circumstances despite the fact that the LSM method nec-
essarily uses a sitb-opiimal stopping rule. We use the familiar
American put on a non-dividend-paying stock to illus-
trate this point.

To recapitulate, the central difficulty in calculating
che value of any option which allows for early exercise

is to compute its continuation value at times prior to
expiration. Optimal exercise consists of comparing the
continuation value with the value of immediate exercise
and following the more profitable course. At any time
prior to expiration there is, therefore, a value ofthe under-
lying below which (for a put) early exercise is optimal, and
there is a unique early exercise policy which optimizes the
value ofthe option. Any other policy is sub-optimal (e.g.,
DufFie 11996) pp. 172-78) unless one has inadvertently
built some degree offoresi^i^ht into the early exercise policy
(stopping rule) in a simulation.

To see how this can happen, consider the LSM
method for calculating an option's continuation value. At
any time prior to expiration, we regress the value ofthe
underiying for in-the-money paths alone against future
payoffs on these paths. It can be shown (Carriere 11996],
Longstaff and Schwartz |2001]) that in the limit as the
number of paths goes to infinity and the time step goes
to zero, the regression correctly calculates the continua-
tion value of the option conditional on the value of the
underlying and the tinie to expiration.'- The key to cor-
rect implementation ofthe LSM method lies in this step-
wise regression, which, in turn, depends on 1) the
flinctional relationship posited between the underlying and
future payoffs in the regression model and 2) the number
of in-the-money paths upon which the continuation value
is estimated. It is here that one can go wrong, either by
using too many basis functions in an attempt to capture
the convexity ofthe option s continuation value (overfit-
ting) or, more subtly, by failing to realize that when one
hits a patch where there are only a few in-the-money
paths, the regression can bias au option's value upward.'-^

The first peril, that of overfitting, can be avoided
by examining the regression at a few, or even every, time
step: oscillations in the fitted curve would indicate the
need for reducing the number of basis functions or the
degree ofthe polynomiiil used in the regression. An oscil-
latory fit would indicate that one has built foresight into
the simulation stopping rule—instead of basing early
exercise decisions on the average of future payoffs, the
simulation stopping rule "knows" that on particular paths
the future is better than the present, even when the pre-
sent is paying off handsomely. The second peril is more
difficult to guard against since a quadratic regression is the
least one can do in trying to capture an option's con-
vexity, and a quartic is by no means extravagant. Nonethe-
less, this can lead to systematic overestimation of an
option's value.
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A deep-out-of-the-nioney American put illustrates
this point. Consider a put on a non-dividend-paying stock
with initial price Ŝ , = SI 00, annualized volatility of returns
(7 = 40%, and a risk-free rate r.= 5%. The put's strike and
time-to-expiration are K = $20 and T - 3 years. With
these parameters, only about 1.4% of paths are in the money
at expiration. The put's Black-Scholes European value is
4.84 cents, while a binomial tree calculation (10,000 time
steps over 3 years) gives an American value of 5.00 cents.
We value this put using the Longstaff-Schwartz LSM
method with a fourth-order polynomial least squares
regression. Paths are generated backwards by the just-in-
time method discussed earlier. The time step is one trading
day, with 252 trading days in a year. Exhibit 4 displays the
value ofthe put as a function ofthe number of paths used.
Tv̂ ô things stand out: First, a relatively high number of
paths, beyond a reasonable memory limit (about 800 MB
for Matlab) if all paths are to be stored, is required to
obtain a consistent estimate ofthe value. Second, there is
a systematic upward bias to the valuation when the number
of paths used is low. At first sight this is puzzling since
the correct American value requires use ofthe unique
optimal stopping rule—any departure from the optimal
exercise boundary should underestimate the put value. What
is happening, however, is that for low path counts there
are so few in-the-money paths at intermediate times that
the basis set is perfectly forecasting future prices. As we
increase the number of paths the systematic upward bias
deceases significantly, and at high path counts (over a mil-
lion) the LSM method slightly underestimates the true
value, as it should.

For this relatively simple example, generating paths
forward and storing them is still feasible up to a point.
More complex options with multiple factors, complex
barriers, many triggers, underlying values close to bar-
riers, or very long (and very short) times to expiration
cannot be handled easily, if at all, by the usual forward
propagation and storage route, nor does one usually have
the luxury of a lattice-based method against which Monte
Carlo results can be examined for any systematic bias.
The Monte Carlo method of Longstaff-Schwartz [2001]
is simple, intuitive, and flexible. It is the preferred route
for practitioners and even academics as lattice models can
be very difiicult to work out, specially when the under-
lying process is not lognormal or when two or more
underlying processes are involved. The just-in-time
method proves invaluable in these cases to bring Monte
Carlo studies to a satisfactory conclusion.

E X H I B I T 4
Valuation of a Deep-out-of-the-Money Put as a Func-
tion of Path Count Using the Longstaff-Schwartz
LSM Method for Ŝ  = $100, a = 40%, r̂ . = 5%, K = $20,
and T = 3 years

5,8

5,6

5.2

• European BS
• American Binomial
© LSM method

10* 10' 10°

Note: TItc error hiirs represent one standard error in the iiWiiii. The iiiiiiiher

of mm is decreased in proportion to the number of paths used per run.

The Cox-lngersoll-Ross Process

The Cox-Ingersoll-Ross process

is an equilibrium interest rate model that is fimdamental
to tlie pricing of fixed income products. It can be shown
(e.g., Ikeda and Wantanabe [1981]) that for K, Be R and
O 0, the CIR process has a unique strong solution on
[0,°o) for every X^^ ~ r,,, and that for r̂ j > 0, 0 > 0, the
solution X^ > 0. Like the Ornstein-Uhlenbeck process in
Equation (6), the CIR process is a mean-reverting process
when ^ > 0, with the desirable property of being non-
negative when r,-, > 0, ^ > 0. We shall assume throughout
this work that A", 6, and (7 > 0. The absolute value in
Equation (21) can therefore be dropped. The purpose of
this section is to apply the time-reversal theorem to this
non-trivial example, to implement the time-reversed CIR
process numerically, and to examine the quahty ofthe
sample time-reversed CIR process thus generated. Code
for the implementation is available on request.

The transition density of the CIR process with
Xjj - r̂ j may be written as (Going-Jaeschke [ 1998], Ch. 3)
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2K e'" X

exp
2K r. + ex KII2

(22)

where U=2K6/(T^- l,3nd/,() is a modified Bessel func-
don of the first kind. Defining the time-reversed process
^, = ^r-i' 0 < r < T, JX(, = X^, we apply the time-reversal
theorem in Equation (14) to get (after some algebra)

where li^ is a Wiener process independent of X^ - X^ and

4K e"^

" " - 1
(24)

Hint. The calculations required for the time-
reversed CIR process are made much simpler by writing
the second term on the right of Equation (14b) as

(x)

Remark. The numerical behavior of the drift term
in Equation (23) can be awkward when t —> T~, although
the hmit is perfectly well behaved. Indeed, we note from
Equation (24) that y/"̂  —>•>= when ( —» T~. The asymptotic
behavior (Gradshtcyn and Ryzhik [1965], p. 962) of a
modified Bessel function of the first kind is given by

o\ ~

and is seen to be independent of u to leading order, so

as ( —> T , and, therefore (see Equation (23)),

because X̂  —¥ r^^ when f —> T . In Matiab simulations
with one time step for each trading day (with 252 trading
days in a year) over 20 years (5040 time steps), the last
tliree tiine steps, when X^ -^r^^, can blow up unless numer-
ical precautions are implemented. The simple expedient
of setting the ratio of Bessel functions to 1 when y/ > 700
rectifies tbe problem. Note that this correction is neces-
sarily code and platform dependent, so the expedient
must be tailored to one's circumstances.'"'

We implement the time-reversed CIR process
using tbe strong order 1.0 Platen scheme (see, e.g.,
Kloeden |20011; details of tbe Platen scheme are pro-
vided in the appendix) rather than a simple stochastic
Euler scheme. Recall that the Platen scheme is an
implicit scheme, and therefore, derivative-free. This is

E X H I B I T 5
Two Paths Generated Backwards Over 20 Years

1000 2000 3000 4000
I {5040 time steps = 20 years)

5000

Noles: Tuv pjiln (1+ I anlilhak) for the CIR process ^a\cratcd backwards
by the ritne-reivrsal method over 252 X2O= 5040 time steps (20 years)
using the strong order 1.0 Platen scheme. Tlie anmialized parameters corre-
spond to r,i= 0.03. e= 0.06, K= 0.25, ando= O.U.
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not essential, but is desirable given the complexity of
the drift tenii in Equation (23). Even greater numerical
accuracy can be obtained by using the strong order 1.5
Milstein scheme. Exhibit 5 di.sp!ays two paths generated
backwards over 20 years for a representative parameter set.

To illustrate the use of a time-reversed CIR process,
we consider the LSM valuation of a bond with embedded
options. Specifically, let this bond be a fully and contin-
uously amortizing 30-year fixed-rate, fixed-payment
mortgage. The homeowner typically hold.s two Amer-
ican-style options: 1) the right to prepay the mortgage,
i.e., call the mortgage in exchange for the unpaid prin-
cipal, and 2) the right to default on the mortgage, i.e.,
put the mortgage to the lender in exchange for the
house.'^ The prepayment option increases in value as
interest rates drop relative to the original coupon because
the borrower can refinance the mortgage at a lower rate.
The default option is in-the-money when house values
drop to a point where the owners equity is sufficiently
negative.'*^ A mortgage valuation clearly has the poten-
tial for being memory intensive in a forward implemen-
tation of LSM. The natural choice of time-step is monthly,
and there are at least two underlying stochastic processes—
interest rate and house price. Practitioners generally use
multiple-factor term structure models, which exacer-
bates the problem further.

Here, we choose the aforementioned single-factor
CIR process, r̂ , parameterized as in Pearson and Sun [1994],
and a log-normal house price process, H^, with a fixed drift;
of 4% and volatility of 10%.'̂  Our other parameter choices
are governed by the desire to have the options relatively
deep-out-of-the-money (DOTM). This corresponds to
the American put considered earlier, where many simu-
lation paths were needed for accurate valuation ofthe
option. A low initial short rate of 2% (implying generally
rising rates early on) and a prepayment fee of 5% ofthe
outstanding balance reduces the call option value. While
our choice ofthe initial loan-to-value ratio of 95% is quite
high, the 30% default cost chosen ensures that the put
option is also relatively DOTM. A positive correlation of
0.7 between the interest rate and house price process also
reduces the value ofthe default put. The mortgage coupon
rate is chosen by iteration as the one that sets the mort-
gage market value at f — 0 equal to the initial principal
amount.'" Exhibit 6 shows the value ofthe embedded
options (per $1,000 of initial loan amount) as a function
of N̂ ^̂ ĵ ,̂ the number of paths used in the simulation.
The processes H and r^ are generated in reverse, using

E X H I B I T 6
The Value of Embedded Options as Functions
of the Number of Paths

1 :

0 •

10"

Note: The I - 0 value ofthe prepaymeni call (douti Iriangle} and dcfaull
put (up triatigk) per $1,000 ofiniiitil loan for the nwrt};age described in the
te.xt, as a fiiiiclioti ofthe tiumhcr of paths used in ihc fimulation. The hori-
zontal lines show the respective option values ifpcrtirljorcsiglii is possible
ahnji each palh.

Equations (3) and (23) respectively.''' The basis functions
used to estimate the expected continuation values is the
monomial set with a highest combined power of 3, i.e.,
{(r/r,,)'(H/H,-|)'}, 0 < / +./'< \ , , i , = 3. Downward-pointing
triangles correspond to the prepayment call value, while
upward-pointing triangles refer to the default put value.
As in our DOTM American put example, we see that
for low path multiplicity the least squares method over-
estimates the option value, as inferred fî oin the value at
large N ^̂ ^̂ . In fact, the horizontal lines in Exhibit 6 are
the expected present value ofthe embedded options if
the borrower vfere somehow able to exercise at the max-
imum present value payoff along each path, i.e., with
"perfect foresight." Using a low number of paths in the
Monte Carlo valuation reproduces this "perfect fore-
sight" option value because with ten basis functions and
very few in-the-money (ITM) paths, one is no longer
computing the expected continuation value in a least
squares sense. The "true" option value is only correctly
estimated once the ITM path multiplicity is significantly
larger than the number of degrees of freedom ofthe basis
set. In our simple example, this happens once N ^^^
exceeds 10,000 for the call, and about 100,000 for the
put. For more general multi-factor interest rate models,
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a forward least squares implementation with complete
storage of all paths would be constrained by memory
management issues, and would likely be hard pressed to
produce reliable estimates.

CONCLUSION

American options valuation by the least squares
Monte Carlo method of Longstaff and Schwartz |200I|
is a valuable tool for practitioners and academics alike. Its
utility lies in the ease with which the LSM method can
accommodate general stochastic processes and complex
exercise policies. Its limitation arises from the need for
storing the underlying process over the lifetime ofthe
option being evaluated, especially when a very long life,
a very fme time step, a complex exercise boundary close
to expiration, or any combination ofthese properties
comes into play. Accurate simulation can require a high
density of paths and a very fine time step, leading to storage
and memory management requirements that can rapidly
become infeasible. In this article, we demonstrate that it
is possible to start with the fmal distribution ofthe under-
lying process(es) and to generate prior realizations in
reverse such that all serial and cross-sectional requirements
are satisfied. In the '"just-in-time" least squares options
valuation method, the state-of-the-world realizations are
generated by samphng the final distribution at expiration
and proceeding in reverse to the initial condition, dis-
carding future realizations as one proceeds backward when
they are no longer needed for the pricing algorithm.

There is a simple intuition for why stochastic
processes can be generated in reverse. Given a price point
of some price process, it is, naturally, impossible to recon-
struct the path (history) ofthe asset—an infinite number
of paths can reach that price point from the past. How-
ever, the entire r̂ocesi", which includes every possible path, can
always be reconstructed given sufficient information about
the underlying process and the distribution of prices at
some future time, provided that the associated stochastic
differential equation generates a unique solution going
forward.

As pointed out earlier, the just-in-time method does
not offer an advantage if the entire history of price paths
is required. This is the case for some variants of Asian
options, where the strike can be the average over the entire
history ofthe path or the strike may be fixed but the payoff
is the difference between the fixed strike and the average
stock price, the average being calculated over the entire

stock price history. In these cases, the storage requirement
is the same for both the usual Monte Carlo method and
the just-in-time method. This is one limitation on the
use ofthe reverse Monte Carlo method. A second limi-
tation arises when one uses the numerical trick employed
in the subordinated processes section to reverse general
processes. The seed storage method cannot be used to
reverse the underlying stochastic process from an arbi-
trary terminal distribution. Apart from these limitations,
the just-in-time method is very general and flexible and
can be used to extend the reach and accuracy of many
Monte Carlo simulations.

In conclusion, we have successfully married the
backward valuation technique required for option pricing
with a backward generation technique for many price
processes of interest to financial economists and practi-
tioners. The just-in-time method, which can be thought
of as stochastic iiwolution, extends the reach and accuracy
of Monte Carlo techniques beyond what has hitherto
been possible and should prove useful in investigating the
properties ot options on very fine time scales, options
written on single or multiple assets with complex Amer-
ican triggers, long-lived options, or any combination of
these properties.

A P P E N D I X A

PROOFS

The following stipulation holds throughout this work:
^p z^,..., z^, W^^ are mutually independent Gaussian random
variables such that z^,z^,...,z^,'' N((\ 1), and W~ N((), n). Also,
we make frequent use of an elementary equivalence: two
Gaussian random variables are independent if and only if they
arc uncorrelated. This implies that three or more Gaussian
random variables are mutually independent it" and only if they
are pairwise uncorrelated. Proofs of the independence of
Gaussian random variables will, accordingly, reduce to estab-
lishing that their covariance goes to zero.

Proof of Proposition 1. We proceed by backward
induction. Assume that for some / < n, W. - N((), i). From the
recursion defined in Equation (3) we infer that W is a liticar
polynomial in z.^^, 5.+,,..., 2,, W^^ alone, that is, W, has no
dependence on z.. Therefore, Wand z. are independent. Now,
since

= I - - \lV.
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is the sum of two mean zero Gaussian random variables, it is
itself a mean zero Gaussian random variable. Furthermore, since
H^and £. are independent their covariance is zero, so

\ - - \ x \ = i-

Thus, W._^ - N((), I - 1). Since Wf- iV((), i - 1) => fl^,
i-l) and since the proposition clearly holds for the case / = n
because W - /V{0, ii) is true by stipulation, we have

W.-NiO, /), / = 0, 1,..., n (Al)

Before proceeding to Proposition 2 we state and prove

Lemma 1. Let 0 < / < / < n. and ]^t W, W be con-
structed from W by the recursion defined in Equation (3). Then,

cov(Hf ,H;-) - min(/,7) = I (A2)

Proof o f Lemma t . Let ( ) < ( ' < / < n. When / - /,
Proposition 1 telh us that var(P^) = i, / = 0, 1,..., n. Now con-
sider the case / <j. From the recursion relationship in Equa-
tion (3) we write

1

, •+ ]

(•-t-l
- X

- y

I-l-l

i + 2

I + l

/+1 \ , + 2 " / + ! '

/ + ! ( + 2 /

+ linear polynomial in {z^^^jZ-^^

= —W+ linear polynomial in {5.^^,;

wbile, by the same recursive expansion

W = linear polynominal in (5.^.,

..,z.}

{A3)

{A4)

From the mutual independence of 5',, z-,,...z^, W^ we infer that
the covariance of W with the linear polynomial term in { z._^_..,
5+1. • • •. S.,) on the RHS of (A3) is zero. Combining Equations
(A3) and (A4) leads to

COY {IV., W.) = COV — W + linear polynomial in

since, from Equation (Al),

Proof of Proposition 2.

1. Setting r - 1 in the recursive definition of Ĥ _, in

(3) leads to 1% = 0.

2. Let 0 < i <j < n. Since W- N(0, i), W- N{OJ) are

tnean zero Gaussian random variables (see Proposi-

tion 1), so is W- Wa mean zero Gaussian random

variable. Also

var(H^-fl^) = var(W )̂ + var(l^) - 2cov(I-^,Hf)

-j + i- 2min(_/,/) = j - i

wbere we have used Equation (A2).

3. Let 0 < i^J^ k < n. Independence ofthe non-over-

lapping increments W^^— W. and W,~W.is most

easily established by calculating their covariance,

which must be zero. Thus

/ , H

-co\{W

= 0

where we liave repeatedly used Equation (A2).

Proof of Proposition 3. Tbis is a standard exercise and
is worked out in many places. We sketch out a proof bere. Let

jXt) be such tbat^O is continuous on [0,°°) and_/(/) ^ 0 almost
everywhere. Then J,, f\s)df is a monotonicalJy increasing func-
tion of/, so the map (p:l —> rdefined below is invertible

(A5)

Now define

^{s-)(lw, (A6)

Since r(()) = 0 from Equation (A5), we have fix)m Equation (A6)

Ŵ^ = 0 (A7)

Futher, assuming T^< T, and, thus, f. < r, along with use of
Equation (A6),
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(A8)

so W.- W. is a mean zero Gaussian random variable (it is the
sum ofinfinitesim.il mean zero Gaussian random variables).
The variance of W - W follows from Equarion (A8) and the
identity in Equation (8)

(A9)

and let A- =t^_,_^ - r.. The Platen scheme, which is an implicit
scheme consistent with Ito calculus, provides that

= X, ,X

where

Next, we can write T, =X - - A

(AlO)

so that

cov ^ ,W^ ) = j ' f-(s)ds - r ^ n i i n (T , r ^ ) ( A l l )

The second term on the RHS of Equation (AlO) does
not contribute to the covariance since it is independent
of the first term. Note that we have again used the iden-
tity Equation (8). Equation (All) suffices to prove that for
all ( ) < r < r < r

(A12)

Thus we have established that the process W^^^^ is 1) 0 at r = 0,
2) has mean zero marginals with variance equal to the differ-
ence Ar between the relevant epochs, and 3) iias independent
non-overlapping increments. This establishes that H-̂ ,, is a Wiener
process in the transformed time f. Finally, f{t) = r**' obviously
satisfies the technical requirements mentioned earlier, and

= J : 2K

so the desired result obtains.

Proof of Proposition 4. The proof follows exactly
along the lines of Proposition 2.

Strong Order 1.0 Platen Scheme. Let 0 = f,, < f, • • • <
1^^ - 7'be the times at which we wish to compute X^, given that

Details of the Platen scheme and other numerical inte-
gration schemes consistent with Ito calculus may be found in
Kloeden [2001].

Matlab/Pseudo-code for Generating a Wiener
Process in Reverse: Given below is Matlah code for gener-
ating a Wiener process in reverse. The accompanying comments
serve as pseudo-code.

% Generate M Brownian motion
% (Wiener Process) paths
% in reverse over n steps.

M =
n =

2 00;
10 0;

% number
% number

of
of

paths
steps

Generate terminal distribution:
the volatility of a standard
normal distribution, N(0, 1 ) , is
one, and scales with the square root
of the number of steps; we make M
independent draws form N(0, 1 ) , and
multiply by sqrt(n) to get the
correct terminal volatility.

= sqrt(n)*randn(M, 1 ) ;

% iterate backwards
%
for i=n: -1:1

W(:,i) = (l-l/i)*W(:
sqrt(1-1/i)*randn(M,1);

end

% Matiab numbers array elements form
% 1, rather than 0 as in C/C++,
% so the first colum or W corresponds

SUMMER 2ii(»s THE JOURNAL OF DERIVATIVES 4 3



to t ^ 0.

plot{W

% in-the-money paths

% display paths

SO
K
rf
sig
T
n

=
=

=
=
=

1;
1;
0.05;

0.40;

1;

floor{252*T) ;

dT - T/n;

Matiab code for an American put using reverse Monte
Carlo in the LSM Algoritm:

% clear the stack and screen

clear;clc

% initialize

% we assume 252 tradding days/year

% ... is Matiab syntax for

% "continues on next line"

% initial stock price
% strike price
% annualized riskfree rate
% annualized volatility
% option life

% number of steps in T yrs;
% step size

M = 1000000; % number of paths

% -> generate terminal distribution
% half the final distribution
Zl = sqrt(n)*randn(M/2,1);
% antithetize
Send = exp(sig*sqrt(dT)*[Zl;-Zl] ) ;
% martingalize and boost
Send = Send/mean(Send)*SO*exp(rf*T);

% -> European value
EVend = max(O,K-Send);
EValue = mean(EVend)*exp(-rf*T);

% -> American value: LSM method begins
tEx = T;
nl = n;
for j=n-l:-l:l

%
tEx = tEx-dT;
% generate prior step distribution
Zb - (1-1/nl)*...
Zl+sqrt(1-1/nl)*randn(M/2,1);
Sj ^ exp(sig*sqrt(dT)*[Zb;-Zb]);
Sj = Sj/mean(Sj)*SO*exp(rf*tEx);
%
EVend = EVend*exp(-rf*dT);
% early exercise values
EVj = max(O,K-Sj);

Itm =
X

X

Y
b
CVj

EVj > 0;
Sj(itm);

[ones (length (x) , 1)...

"3 X."4];
EVend(itm);
regress(y, X);
zeros(M,1);

% continuation values

CVj(itm) = X*b;
% early exercise

ee
EVj(~ee) =

EVend(ee)=

EVend

nl
Zl

EVj > CVj;
0;
0;
EVend+EVj;
nl-1;
Zb;

end

% American put value
AValue = mean(EVend)*exp(-rf*dT)
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'In Longstaff and Schwartz [2001], the authors illustrate
the flexibility and power of their least squares Monte Carlo
method by using it to value a sequence of increasingly more
complex contingent claims, starting with a vanilla American
put (which is, of course, more easily Iiandled using a binoinial
tree) and ending with a deferred American swaption in a 20
factor interest rate string model. Finite difference techniques and
tree (lattice) methods can quickly become formidably difficult
to implement as the number of stochastic factors increases, if
this can be done at all. The use of non-Iognormal processes
adds to the already considerable difficulty.

^While 64-bit operating systems and computers with many
gigabytes of random access memory are becoming increasingly
more common, it should be borne in mind that managing large
amounts of memory is very costly in units of computational
time. Code written to use the smallest memory footprint pos-
sible executes exponentially faster.

•'The usefulness of "just-in-time" Monte Carlo can be
brought out by an example. A popular style of investment in
private equity markets is structured thus: An investment house
provides a sum of capital to a publicly traded company. In return,
it is allowed to purchase, at a time of its choosing, a variable
number of shares at an average price. The average price is com-
puted over, say, a 30-day moving window. Additional triggers
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might apply. For example, the average price can be the smaller
of the moving window average and the smallest 10-day average
within the moving window, or the smallest of the moving
window aver.ige and the average of the first 3 trading days and
the last 3 trading days of the vraidow. In principle, the LSM algo-
rithm easily deals with the complex American triggers built
into this option. In practice, the algorithm needs a large number
of paths in order to compute conditional expectations correctly
from crosssectional data. In addition, these private equity options
can he very long-lived, exceeding 10 years. Some can even be
perpetuities. Accurate simulation of the option value again
requires a large number of paths. Storing a niiliion paths with a
daily dmc step over, say, 14 years is not practicable (storage =
14 years X 252 trading days/year X 1 million paths x K
bytes/number > 28 GI3). However, since at any point in the
backward pricing algorithm all one needs is the price history
for the last 30 days, the just-in-time method makes it possible
to simulate the American option value accurately by allowing
for the use of a very large number of paths, even a million
(storage > 240 MB). It should be noted that the just-in-tmic
method provides no particular advantage in those cases where
the entire history of the price path is required.

••Needless to say, this cannot he done by the naive expe-
dient of sampling a return distribution of volatility' V"(7 at time
step n, and so on. The resulting process would not be Brownian.

'Continuity can be inferred in the appropriate limit from
the recursive construction ofW from W , . The limit is effected
with use ot the selt-similar scaling property yJAlPV. '"W. . of a
Wiener process.

"•As we move backwards, ri reduces by 1 each step until we
reach n = 2. It is easily seen from Equation (5) that for n = 2, the
LHS is W^ , while the RHS is zero. Thus, all paths terminate at
zero, as they should.

'If a process can be written as Y^ = X^.., where X ,̂ ti > (I
is any stochastic process and T{t) is an increasing process with
non-negative, homogeneous, and independent increments. V'̂
is said tn be subordinated to the process A' , and T{l) is called
the directing process (Feller [1984]), or the suhordinator. ,\^
and T{I) are taken to be independent processes. T{l) is variously
called the business time, economic time, or transaction time in
the finance literature.

"̂ See the seminal papers by 1) Mandelbrot [1963], who
models variations in cotton futures prices as an a-stable distribu-
tion with infinite variance, and 2) Clark 11973[, who examines
the same variation in cotton flitures prices as a finite-variance sub-
ordinated process. Mandelbrot's use of an a-stable distribution
to model price increments is equivalent to the use of an -S.-stable
subordinator, although he does not take this point oi view.

''The related and important question of the correct proxy
for the economic clock is examined in a number of works.
KarpotT [1987] is an early survey of the relationship between
trading volume and price changes. Jones, Kaul, and Lipson

[1994] argue that price changes are driven by the number of
trades and "not their size." Ane and Geman [2000] concur that
tbe cumulated number of trades is the better proxy, volume
having negligible explanatory power when conditioned on the
number of trades, in this interesting paper, Ane and Geman
[2000] study high frequency returns of Cisco and Intel stock.
The subordinator is proxied by the cumulated number of trades
and modeled by its first four moments. CJiven the remarkable
fit to normality of Cisco and Intel returns consequent upon
subordination, tbe work of Ane and CJeman 12000] suggests
that high frequency asset price dynamics may credibly be viewed
as a subordinated Wiener process with cumulated number of
trades as the subordinator.

"This is a fast operation in Matiab, taking only about
0.313 seconds for a million draws from a lognorTnal distribu-
tion on a 2.8 GHz Xeon running Matkb in interpreted mode.
Compiled code would be faster.

"See Haussmann and Pardoux [1986] for the rf-dimen-
sional version of this result, and for technical restrictions on
the coefficients //: [0,T] X M'' ^ E ' ' , and O: [0,r] x IR-'-^R-'
®R' of the process A'̂ , and its hw pj^x), when w^ is an /-dimen-
sional Wiener process in R'.

'^Note that the regression provides the option's continu-
(Uioti value at each time step conditional on the value of the
underlying and the time-to-expiration, not the option value
itself The option value is computed from the early exercise
boundary value implied at each time step.

'Mt is sometimes observed, by way of objection to the
just-in-time method, that the least squares Monte Carlo tech-
nique requires, at any particular time step, use of all future cash
flows relative to that time step. If true, this would imply that as
one moves backwards in the pricing algorithm, an increasingly
larger fraction of the complete cash flow matrix would need to
be stored, thus nullifying the usefulness of the just-in-time
method. This observation is not correct. The LSM method
generates a stopping rule as one proceeds backwards. In the
case of a vanilla put, for example, it generates, at each time
step r, the optimal exercise boundary value at t. Computation
of the stopping rule at time I— 1 requires knowledge of the
stopping rule only at times r, t + 1,..., T, and of all cash flows
at f — 1, but not details of cash flows along every path at each
future time step. This is nicely illustrated in the example pro-
vided in Longstaff and Schwartz [2()0lJ, Section 1, pp. 115-120.

"̂"Using the inbuilt Bessel functions in Matiab R13, the
ratio of Bessel functions. I '.-i (V,) + l-JV,)] / ^ A. (V,) equals
0.999286 (six significant places) when \f/^ = 700, but blows up
for larger values of I// . The value of î  corresponds to the para-
meter set used in generating Exhibit 5 (i' = 1.47934). Com-
parison with output from Mathematica 5.1, which can compute
to arbitrary precision, yields 0.999288 (6 significant places) for the
same values of i' and^^, indicating that the Matiab R13 result
is accurate to 5 significant places. Mathematica returns 0.999950
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(6 significant places) for p as before, and y/^ = IO"*. while Matlab
returns NaN. The error introduced by approximating the ratio
of Bessel fijnctions by 1 when w > 700 is, therefore, very small,
and, in any case, swamped by sample size effects. This issue is
of no particuiar concern if the code is implemented in Math-
ematica, or if special purpose code is written for modified Bessel
functions ofthe first kind for use with Matlab. Users of C or
C*"* may wish to keep these considerations in mind.

'•̂ See Hendershott and van Order [19H7| for a review of
early work pricing mortgages as risk-free debt with embedded
contingent claims. As is customary, we assume that the mort-
gage is non-recourse, so that the lender is not entitled to seize
other assets ofthe borrower.

"in principle, the borrower minimizes the uiortgage debt
by optimally exercising tbe call or put ("rational" exercise),
subject to the payment of a fee. These fees involve not only
financial payments (refinancing or lower credit scores), but also
non-fmancial costs (effort) and are generally found to be quite
large. For an illustration of empirical work on mortgage pricing
sec, for example, Stanton [1995]. In practice, mortgage values
are also aiFected by "exogenous" termination, such as reloca-
tion, unemployment, etc. Our expositional calculation here
ignores such events, though they may be incorporated using an
empirical external hazard.

'̂ In principle, the drift should be given by the risk-free
rate, less a maintenance adjusted dividend flow.

"*With our parameters, we fmd a spread of 4.4% over the
initial CIR rate, the bulk of which arises from the rising term
structure. Longstaff [2002] has pointed out that the correct exer-
cise decision takes into account the lifetime cost of refinancing
the loan. This requires recomputing the spread on a grid of
interest rates and house prices. Here, we have ignored this issue
and assumed that the spread is embedded in the exercise fees.

'''Note that the processes r̂  and H^ are correlated, so that
the final distributions at f = 7~are not independent. In prac-
tice, we sample P^ir-p Hj) by generating correlated paths for-
ward without storing intermediate values.
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