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of Portfolio Credit Risk:
A Simplified Approach
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We propose a simple dynamic model that is an attrac-
tive alternative to the (static) Gaussian copula model.
The model assumes that the hazard rate of a company
has a deterministic drift with periodic impulses. The
impulse size plays a similar role to default correlation
in the Gaussian copula model. The model is analyt-
ically tractable and can be represented as a binomial
tree. It can be calibrated so that it exactly matches the
term structure of CDS spreads and provides a good

it to CDO quotes of all maturities. Empirical research

shows that as the default environment worsens default
correlation increases. Consistent with this research we

find that in order to fit market data it is necessary to

assume that as the default environment worsens
impulse size increases. We present both a homoge-
neous and heterogeneous version of the model and
provide results on the use of the calibrated model to
value forward CDOs, CDO options, and leveraged

super senior transactions,

he credit derivatives market has
experienced meteoric growth since
1998. The most popular instru-
ments are credit default swaps.
These provide a payoff when a particular com-
pany defaults. However, in recent years port-
folio credit derivatives have been attracting a
lot of attention. These provide protection
against the defaults experienced by a portfolio
of companies. Statistics published by the Bank
for International Settlements show that the out-
standing notional principal for portfolio credit
derivatives has grown from about $1.3 trillion

in December 2004 (20% of the notional prin-
cipal for all credit derivatives) to about $10.0
trillion in December 2006 (35% of the notional
principal for all credit derivatives).

The most popular portfolio credit deriv-
ative is a collateralized debt obligation (CDQ),
in which a portfolio of obligors is defined and
a number of tranches are specified. Each
tranche is responsible for losses between U, %
and U,% of the total principal for some U,
and U, As the market has developed, standard
portfolios and standard tranches have been
specified to facilitate trading. One example is
the iTraxx portfolio, a portfolio of 125 invest-
ment-grade European companies with the
notional principal (size of the credit exposure)
being the same for each company. The equity
tranche is responsible for losses in the range of
0 to 3% of the total notional principal. The
mezzanine tranche is responsible for losses in
the range of 3% to 6% of the total notional
principal. Other tranches are responsible for
losses in the ranges 6-9%, 9—-12%, 12-22%,
and 22-100% of total principal. The buyer of
protection pays a predetermined annual pre-
mium (known as a spread) on the outstanding
tranche principal and is compensated for losses
that are in the relevant range. (In the case of
the equity tranche, the arrangement is slightly
different: The buyer of protection pays a cer-
tain percentage of the tranche principal upfront
and then 500 bps on the outstanding tranche
principal per year.)
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Several other standard portfolios and associated
tranches have been defined. For example, CDX NA IG
is a portfolio of 125 investment-grade North American
credit exposures. (The tranches for this portfolio are 0 to
3%, 3 to 7%, 7 to 10%, 10 to 15%, 15 to 30%, and 30 to
100%) The most popular life of a CDO is 5 years. How-
ever, 7-year, 10-year, and to a lesser extent, 3-year CDOs
now trade fairly actively.

Default correlation is critical to the valuation of port-
folio credit derivatives. Moody’s statistics show that between
1970 and 2005 the default rate per year ranged from a low
of 0.09% in 1979 to a high of 3.81% in 2001. This ten-
dency of defaults to cluster has been studied by a number
of researchers. One possible explanation is that default rates
of all companies are influenced by one or more macro-
economic factors. Another is that defaults are “contagious”
in the sense that a default by one company may induce
other corporate failures. Das, Duffie, Kapadia, and Saita
[2007] argue that contagion accounts for some part of the
default clustering that 1s observed in practice.

The standard market model for valuing portfolio
credit derivatives assumes a simple one-factor model for
a company’s time to default. This is referred to as the
Gaussian copula model. Its origins can be found in Vasicek
[1987], Li [2000], and Laurent and Gregory [2005]. The
Gaussian copula model 1s a static model. A single nor-
mally distributed variable determines the default envi-
ronment for the whole life of the model. When the
variable has a low value, the probability of each company
defaulting during the life of the model is relatively high;
when it has a high value, the probability of each company
defaulting is relatively low. The model does not describe
how the default environment evolves. Many alternatives
to the Gaussian copula such as the t-copula, the double-t
copula, the Clayton copula, the Archimedean copula, the
Marshall-Olkin copula, and the implied copula have been
suggested. In some cases these models provide a much
better fit to market data than the Gaussian copula model,
but they are still static models.

The availability of CDO data for multiple time hori-
zons presents researchers with an interesting and important
challenge: develop a dynamic model that fits market data
and tracks the evolution of the credit risk of a portfolio.
Dynamic models are important for the valuation of some
structures. For example, American options on tranches of
CDOs cannot be valued without a dynamic model.

There are two types of dynamic credit risk models,
which we will refer to as “specific” and “general” models.
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In a specific model the company or companies being
modeled remain the same through time. In a general
model they do not remain the same but are defined to have
certain properties. A model of the evolution of the credit
spread for a particular company or the evolution of losses
on a particular portfolio is a specific model. A model of
the evolution of the average credit spread for A-rated
companies or of the mezzanine spread for CDX NA 1G
is a general model. This article is concerned with the
development of a specific dynamic model for portfolios.

Extensions of the Merton [1974] structural model
provide one approach for developing a specific dynamic
model. Correlated processes for the values of the assets of
the underlying companies are specified and a company
defaults when the value of its assets reaches a barrier.
The most basic version of the structural model is very
similar to the Gaussian copula model. Extensions of the
basic model have been proposed by Albanese, Chen,
Dalessandro, and Vidler [2005], Baxter [2006], and Hull,
Predescu, and White [2005]. Structural models have the
advantage that they have sound economic underpinnings.
Their main disadvantage is that they are difficult to cali-
brate to market prices and usually have to be implemented
with Monte Carlo simulation.

Reduced-form models provide an alternative to
structural models. The most natural reduced-form
approach to developing a dynamic model is to specify
correlated diffusion processes for the hazard rates of the
underlying companies. Our own experience and that of
other researchers is that it is not possible to fit market data
with this type of model. This is because there is a limit
to how high the correlation between times to default can
become. This has led researchers to include jumps in the
processes for hazard rates. Duffie and Garleanu [2001],
for example, assume that the hazard rate of a company is
the sum of an idiosyncratic component, a component
common to all companies, and a component common
to all companies in the same sector. Each component fol-
lows a process with both a diffusion and a jump compo-
nent. Other reduced-form approaches are provided by
Chapovsky, Rennie, and Tavares [2006], Graziano and
Rogers [2005], Hurd and Kuznetsov [2005], and Joshi
and Stacey [2006].

Another approach to developing dynamic models
involves the development of a model for the evolution of
the losses on a portfolio. This is sometimes referred to as
the “top down” approach. The behavior of individual
companies in the portfolio is not considered. Sidenius,
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Piterbarg, and Andersen [2004] use concepts from the
Heath, Jarrow, and Morton [1992] interest rate model to
suggest a complex general no-arbitrage approach to mod-
eling the probability that the loss at a future time will be
less than some level. Bennani [2005] proposes a model of
the instantaneous loss as a percentage of the remaining
principal. Schénbucher [2005] models the evolution of the
loss distribution as a Markov chain. Errais, Gieseke, and
Goldberg [2006] suggest a model where the arrival rate
of defaults experiences a jump when a default happens.
In Longstaff and Rajan [2006], the loss follows a jump
process where there are three types of jumps: firm-specific,
industry, and economy-wide. Putyatin, Prieul, and
Maslova [2005] suggest a model where the mechanism
generating multiple defaults resembles the kinetics of
certain chemical reactions. Walker [2007] uses a dynamic
discrete-time multi-step Markov loss model.

Our objective in this article 1s to develop a model
that 1s easy to implement and easy to calibrate to market
data. The model is developed as a reduced-form model
but can also be formulated as a top-down model. Under
the model the hazard rate for a company follows a deter-
ministic process that is subject to periodic impulses. This
leads to a jump process for the cumulative hazard rate (or
equivalently for the logarithm of the survival probability).
CDOs, forward CDOs, and options on CDOs can easily
be valued analytically using the model. For other instru-
ments a binomial representation of the model can be used.
We propose a calibration method where credit default
swap spreads are exactly matched and CDO tranche quotes
are matched as closely as possible.

THE MODEL

For any particular realization of the hazard rate, (),
between time zero and time t we can define

—J’h(rwr
S(t)=e ™

The variable S(1) 1s the cumulative probability of survival
by time ¢ conditional on a particular hazard rate path
between time 0 and time . A common approach to
building a reduced-form model is to define a process for
h(t) for each company over the life of the model. We
choose instead to define a process for S(f) for each com-
pany. The process for S(f) provides the same information
as the process for h(r). However, it is much easier to work
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with because it leads to a much more straightforward way
of valuing CDOs. (As we will see, the process for h(r) that
corresponds to the process for S(f) that we assume is one
that has a deterministic drift and periodic impulses.) The
default probability between time zero and time 1, as seen
at time zero, is the expected value of 1 — S(1).

It is important to specify what is known in this
model. The underlying state variable is S(r). While S(r)
is not directly observable it may be inferred from the
prices of credit-sensitive contracts. We also know how
many defaults have occurred by time 1. In developing and
applying the model, we will usually assume that at any
given time, t, we know both §(f) and the total number of
defaults up to time r. This defines the filtration.'

Note that we do not assume that we know which
particular companies have defaulted. In the homoge-
neous version of the model this additional information
would of course be irrelevant. Unfortunately, the het-
erogeneous version of the model becomes computa-
tionally intractable if an attempt is made to incorporate
this additional information.

The model assumes that most of the time the default
probabilities of companies are predictable and defaults are
independent of one another. Periodically there are
economy-wide shocks to the default environment. When
a shock occurs each company has a non-zero probability
of default. As a result there are liable to be one or more
defaults at that time. It is these shocks and their size that
create the default correlation.

The model is of course a simplification of reality. In
practice shocks to the credit environment do not cause
several companies to default at exactly the same time. The
defaults arising from the shocks are usually spread over sev-
eral months. However, the model’s assumption is reason-
able because it is the total number of defaults rather than
their precise timing that is important in the valuation of
most portfolio credit derivatives. Another simplification is
that shocks to the credit environment affect all companies.
In practice they are likely to affect just a subset of compa-
nies in the portfolio. However, as an approximation we
can think of a shock affecting a subset of companies as
being equivalent to a smaller shock aftecting all companies
as far as its effect on the number of defaults is concerned.

For ease of exposition in explaining the model we
assume homogeneity so that all companies have the same
default probabilities. We also assume that the recovery
rate is constant. Later we explain how these assumptions
can be relaxed.
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Consider a portfolio of obligors with total notional
principal L. The protection seller for a tranche of a CDO
provides protection against losses on the portfolio that are
in the range a,L to a,L for the life of the instrument.
The parameter a, is known as the attachment point and
the parameter a,, is known as the detachment point. The
protection buyer pays a certain number of basis points on
the outstanding notional principal of the tranche. This
principal equals a, L. — a, L initially and declines as losses
in the range 4, to a,, are experienced.

As explained in Hull and White [2006], the key to
valuing a CDO tranche at time zero is the calculation of
the expected tranche principal on payment dates. The
expected payment by the buyer of protection on the CDO
tranche on a payment date equals the expected tranche prin-
cipal on the payment date multiplied by the spread. The
expected payoff by the seller of protection between two pay-
ment dates equals the reduction in the expected tranche
principal between those dates.” The expected accrual pay-
ments required in the event of a default between two pay-
ment dates can be calculated from the reduction in the
expected tranche principal between the dates and an assump-
tion about when the reduction occurs. As we will see the
expected tranche principal can be easily calculated from S(i).
This is why a model of the behavior of S(f) is much easier
to work with than a model of the behavior of h().

The properties of S(f) are that S(0) = 1, S is non-
increasing in time, and S(f) = 0 for all r. A convenient
transformation of S is to define a variable X = —In(S) that
has the properties that X(0) =0 and X is non-decreasing
in time with no upper bound. We assume that in a risk-
neutral world X follows a jump process with intensity 4
and jump size H:*

dX = udt + dq (1)

In any short interval of time, At, dg = H with prob-
ability AAr, and dg = 0 with probability 1 — AAr. The non-
decreasing nature of X requires that £ 20, and H= 0. We
will assume that g and A are functions only of time and
H is a function only of the number of jumps so far.*

For the purpose of using the model we do not need
to explicitly consider the hazard rate process. However it
is interesting to note that the process followed by the
hazard rate, h(r), is more extreme than the jump process
considered by other researchers. It is

dh= ' (t)dt +dI
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The term dI is an impulse that has intensity A. The
impulse takes the form of a Dirac delta function. The
effect of an impulse at time 1 is to cause the hazard rate
to become infinite in such a way that the integral of the
hazard rate over any short interval around time ¢ is finite.

The jumps in the model can lead to several com-
panies defaulting at the same time. For example, suppose
that § decreases from 1 to 1 — g as a result of a jump at
time t. There was no chance of default before the jump,
but each company has a probability g of defaulting at time
t. If there are N companies in the portfolio the proba-
bility that n of them will default at time ¢ is then

Mg
nl(N —n)!

Another model which allows multiple defaults at
the same time is the generalized Poisson loss model of
Brigo, Pallavicini, and Torresetti [2007]. In this model
there are several independent Poisson processes. An
integer 2, is associated with the ith process. When an
event occurs in the ith process, z; defaults occur simul-
taneously. The model provides a good fit to data on CDOs
with several maturities but does not have the dynamic
structure of our model.

Notation
We will use the following notation:

The probability of exactly J jumps
between times £, and t, (t, > 1,)

pUs 8, 5)

P(], 1) The probability of exactly | jumps between
time zero and time ¢ (= p(J, 0, 1))
H, The size of the Jth jump in X

The probability of exactly n defaults
between times t, and t

D(n, 1) The probability of exactly n defaults
between time zero and time ¢ (=¢(n, 0, 1))
S(J. 1) The cumulative probability of survival

by time t when there have been J jumps
between time zero and time ¢
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Alf) | Ay
M) .: w(t)dt

E(1) Expected principal on a tranche at time
t when the initial tranche principal is $1

v(f) Present value of $1 received at time ¢

Win, 1) The remaining CDO tranche principal
at time f when there have been n defaults.
The initial tranche principal is $1

Valuation of a CDO

CDOs can be valued analytically using the model.
Since the payments and payoffs associated with a CDO
do not depend on decisions by the buyers and sellers of
protection, the value of the CDO is the same under all
filerations. As before, let a, and a,, be the tranche attach-
ment and detachment points, respectively. Define

a, N
”L:
1=R
1., N
", = i
1-R

where N is the number of companies in the portfolio and
R is the fixed recovery rate. Denote the smallest integer
greater than x by g(x). For a tranche with an initial prin-
cipal of $1 the tranche principal at time t when there have
been n defaults is

1 when n<g(n)
’ a, —n(1— RYN
Win, t)={————— when g(n, )Sn<g(n,)
a, —a, )

0 when nzgn,)
(2)
The probability of ] jumps between time zero and time 1 is

A@r) e
PLpy=— 3)
J!

The value of S at time ¢ if there have been J jumps is
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)
S(J. r):exp{ IOEDY } (4)

=1

The probability of n defaults in the portfolio by time f con-
ditional on J jumps is

D(n,t| J)=b(n, N,1=S(J,1) &)

where b is the binomial probability function:

Il

b(n, N, ¢ —s
( )= nli(N - n)'

-9~

The expected principal on the CDO tranche at time ¢
conditional on J jumps is

E(r|j)=2¢(H,f|_[)lfl--’(n,r) (6)

n=0)

The unconditional expected principal at time ¢ is therefore
Eﬁ’ Bi¢|J} )

Let the payment times be t,, t,, ... , t _, define 1, = 0, and
assume that defaults always happen halfway through the
period between payments. If the initial principal is $1 the
present value of the regular payments that are made on

payment dates is sA4 where s is the spread and
A= Zf—rl (e )v(t,) (8)

The present value of the accrual payments made in the
event of a default is sB where

B= ().52(% =)
k=1

[E(t,,)— E@t,) vt 9)

wlfere L= (H).S(rk + 1, ). The present value of the pay-
offs arising from defaults is

e Z[M.

(t,) Jvey) (10)
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The total value of the contract to the seller of protection 1s
sA + sB — C. The breakeven spread is C/(A + B).

The Loss Distribution

The model has been presented as a reduced-form
model. However, it can be converted to a top-down model
where the process for the loss is modeled. Because we are
assuming a constant recovery rate it is sufficient to model
the number of defaults n. In this version of the model the
fileration is different from that given at the beginning of this
section. It is assumed that at time t we know the number
of defaults but we do not know survival probabilities. The
process for survival probabilities becomes nothing more
than a convenient tool for generating the model.

The proportion of the original portfolio lost by time
t when the number of defaults is n 1s

—(1=R)

N

First consider the unconditional distribution for n at
time ¢. This can be calculated from Equations (3) and (5)

D(n, 1) 2¢>nr|jp(j 0) a1

This is a mixture of Poisson distributions. The loss dis-
tribution given by the model has thin tails when jumps
are small and fat tails when they are large. This means that
the model is a flexible tool for handling a variety of default
correlation environments.

The probability of n defaults between times t, and
t, conditional on J, jumps by time ¢, ], jumps by time ¢,,
and n, defaults between times zero and 1, is

q’(""*’p"g I_]w.]z’nl)
=b(n, N —n,,(S(J,,t,)— S(J:v’;))/s(fn t)) (12)

The probability of J jumps between times ¢, and ¢, is

Alt) = A, I Al)-Al)
p(J,r,,:3}=[ ! (i]z]( (13)

and from Bayes’ rule the probability of | jumps by time ¢
conditional on n defaults by time £ is
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Jotlmy= ¢(rrrIJ)PU ) (14)
NP, 1)

Equations (12) and (13) can be used to calculate the
probability that there will be n, defaults at time ¢, condi-
tional on n, defaults and J, jumps by time f:

D(n,,t, |0, J,.1)
:2(})(”3—}1,,!],!21]1,1, + Jon)p(J. 1, t,) (15)
J

Using Equation (14) we obtain the transition probability
from n, defaults at time t, to n, defaults at time t,

Dy, 1, |1y, 1) =D ®lny, b, |, J 1Pt [ 0,) (16)
Jy

This equation defines the process for the number of
defaults (or equivalently the loss) for the portfolio.

ALTERNATIVE VERSIONS OF THE MODEL
AND THEIR CALIBRATION

In this section we first present a version of the model
where (similar to Black—Scholes) there is just one free
parameter. We then discuss extensions to this simple model
and present a three-parameter version of the model that
is designed to provide a good fit to all CDO spreads of
all maturities.

The calibration of the model to the market will be
illustrated using the data in Exhibit 1 for iTraxx and CDX
NA IG on January 30, 2007.° We assume a recovery rate
of 40%. The term structure of CDS spreads is assumed to
be a piece-wise linear function. It equals the three year
spread for maturities up to three years, between years
three and five the spread is interpolated between the three-
and five-year CDS spreads, and so on. Payments on CDOs
and CDSs are assumed to be quarterly in arrears.

Zero Drift, Constant Jumps,
Time-Dependent Intensity

A particularly simple version of the model is the
case in which (f) = 0 and the jump size 1s constant. For
any given value of the jump size, H, the jump intensity
A(f) is chosen to match the term structure of CDS spreads.
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ExHIiBIT 1

Market Quotes for Standard Tranches of iTraxx and
CDX NA IG, January 30, 2007

iTraxx CDO tranche quotes January 30, 2007.
haL aH_ j 3_yF_ 5yr 7yr 10 yr
0 003 | nia 1025  24.25 39.30
0.03 0.06 n/a 42.00 106.00 316.00
0.06 0.09 n/a 12.00 31.50 82.00
0.09 0.12 n/a 5.50 14.50 38.25
0.12 022 | n/a 2.00 5.00 135
Index 15.00 23.00 31.00 42.00
CDX NA |G CDO tranche quotes January 30, 2007.
;L___.;H_ ] _3_yr___5_yr 7yr 10 yr
0 003 | na 19.63 3828 5053
10.03 0.07 n/a 63.00 172.26 427.00 ‘
0.07 0.10 n/a 12.00 33.75 96.00
0.10 0.15 n/a 4.50 14.50 43.25
0.15 0.30 ; n/a 2.00 6.00 13.75
~ Index | 19.00 31.00 43.00 56.00

We assume that the value of A(f) is constant between
CDO/CDS payment dates and work forward in time
choosing As so that the CDS term structure is matched.

This version of the model has just one free para-
meter: the jump size. The jump size can be implied from
a CDO market quote or vice versa. The procedure for cal-
culating the value of a CDO tranche was described earlier.
The jump sizes implied from the iTraxx market quotes in
Exhibit 1 are shown in Exhibit 2. The numbers in this
table are analogous to the numbers in a volatility surface
that is determined from market quotes for option prices
using the Black—Scholes formula. Just as option traders
monitor volatility surfaces, credit derivatives traders can
monitor the jump size surface.

ExHIBIT 2
Implied Jump Sizes for iTraxx on January 30, 2007 for

the One-Parameter Model where the Drift is Zero
and the Jump Size is Constant

! a, [ 3yr7 Syr 7yr 10yr_

0 0.03 | nla 0.0247 0.0221 0.0221
0.03 006 @ nia 0.0120 0.0054 0.2378
0.06 009 | nia 0.0336 0.0268 0.0112
0.09 0.12 nia 0.0578 0.0501 0.0340
012 022 nfa  0.0981 0.0900 0.0749
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The implied jump size is a measure of default cor-
relation. As the jump size approaches zero the default cor-
relation approaches zero. As the jump size becomes large
the default correlation approaches one. Exhibit 3 com-
pares the implied jump sizes reported in Exhibit 2 with
the tranche (or compound) correlations implied from the

ExXHIBIT 3

Implied Jump Size Using the One-Parameter Model
Compared with the Implied Tranche Correlation
from the Gaussian Copula Model for 5-, 7-, and
10-Year Tranches of iTraxx, January 30, 2007

5-Year Quotes

0.25

=+ |mplied Correlation /
0204— - Implied Jump
. 0\ /

N
0.05 \/ /
m\/ | |

0.00

003 316 69 9to 12 121022
Tranche
7-Year Quotes
0.25
~+- Implied Correlation
020— = Implied Jump /)
i \ /
0.10 \ /
0.05 E_\\j///ﬂ
0.00

Dto3 3106 609 Qw12 121022
Tranche

10-Year Quotes

0451—

0.40 /‘\ =+ |Implied Correlation |——
0.35 / \ &~ Implied Jump

0.30

[\

0.20 / JAN \

015 / / \ \ et
0.10 // \ \ /

. ' ' \9’,’,‘/ ‘
Oto3 3to 6 6t09 9to 12 12t0 22
Tranche

_/E
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tranche quotes using a Gaussian copula model. It can be
seen that the two exhibit very similar patterns. Results
are similar for CDX NA IG.

The advantage of calculating an implied jump size
rather than an implied copula correlation is that the jump
size 1s associated with a dynamic model whereas the copula
correlation is associated with a static model.

Extensions of the Constant Jump Model

There are a number of ways the model we have just
considered can be extended. The most obvious exten-
sion is to allow a non-zero drift. In this case the jump
size and intensity can be chosen to fit CDO quotes while
the drift is selected to fit the CDS term structure. In prac-
tice this does not provide material improvement over the
zero-drift case.

We can obtain a better fit to CDO prices for a par-
ticular maturity by having multiple jump processes each
with its own size and each with its own intensity or by
having a single jump process in which the jump size is a
random variable. This would be in the spirit of Longstaff
and Rajan [2006] or Brigo et al [2006]. These approaches
work reasonably well in fitting panels of CDO quotes but
pose computational problems in the convolution of the
survival probabilities. When either of these approaches is
implemented, the best fit to market CDO quotes arises
when there is a high probability of small jump sizes and
a low probability of large jump sizes. These approaches
do not have the property that large jump sizes are associ-
ated with adverse states of the world.

Rather than developing the model along these lines
we have chosen to consider a version of the model that
is particularly easy to implement and involves relatively few
parameters.

A Three-Parameter Model

Empirical evidence suggests that default correla-
tions are stochastic and increase in adverse credit con-
ditions. For example, Servigny and Renault [2002],
who look at historical data on defaults and ratings tran-
sitions to estimate default correlations, find that the
correlations are higher in recessions than in expansion
periods. Das et al. [2006] employ a reduced-form approach
and compute the correlation between hazard rates. They
conclude that correlations increase when hazard rates are
high. Hull et al. [2005] show that a structural model fits
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EXHIBIT 4
Model Calibration Results

Errors resulting from calibration of three-parameter model

to the iTraxx data in Exhibit 1 for January 30, 2007. (For
example, the quote for the 3% to 6% 10-year tranche is
316 and the best fit spread is 314.63.)

a a, 3 yr 5yr 7yr 10 yr
0 0.03 n/a 1.34 2.75 4.32
0.03 006 | n/a 0.37 3.12 -1.37 |
0.06 009 | nla -0.54 -2.69 -1.92
0.09 012 | n/a -1.01 -1.55 -0.12
0.12 0.22 n/a -0.47 -0.21 1.28

Index 0.00 0.00 0.00 0.00

Errors restﬂng from calibration of the three-parameter
model to the CDX NA |G data in Exhibit 1 for
January 30, 2007.

a a, 3yr 5yr Tyr 10 yr

0 0.03 na 163 320 285
0.03 0.07 n/a -4.01 -2.16 1.8
0.07 0.10 n/a 2.30 3.39 2.51
0.10 0.15 n/a 4.00 4.79 1.44
0.15 0.30 n/a 0.69 1.28 5.55
Index 0.00 0.00 0.00 0.00

CDO data well when asset correlations are positively
related to the default rate. Their work is consistent with
that of Ang and Chen [2002], who find that the cor-
relation between equity returns is higher during a
market downturn.

This research suggests that a model where the jump
sizes in X are larger in adverse market conditions might
fit market data better than a constant jump size model.
To test this we relax the constant jump size assumption
and explicitly build in the property that large jump sizes
(high correlation) are associated with low survival prob-
ability states. The size of the Jth jump is given by

H, =H."

where H, and f are positive constants. The intensity of
the process, A, is a constant and the drift, (1), is deter-
mined to match CDS spreads.

In calibrating the model the objective is to find
values of H;, B, and A that minimize the sum of squared
differences between market tranche spreads and model
tranche spreads. The procedure involves repeatedly 1)
choosing trial values of H,, f3, and A, 2) calculating the
M(f) function so that the term structure of index spreads
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is matched for the trial parameters, and 3) calculating the
sum of squared differences between model spreads and
market spreads for all tranches of all maturities (15 spreads
in total). An iterative procedure is used to find the values
of H,, f, and A that lead to the sum of squared differ-
ences being minimized when this three-step procedure
is used.

For the iTraxx data in Exhibit 1 the best fit parameter
values are H, = 0.00223, B=0.9329, and A = 0.1486. The
corresponding values for the CDX NA IG data are H, =
0.00147, = 1.2813, and A= 0.1310. The pricing errors
are shown in Exhibit 4. The model fits market data well—
much better than versions of the model where the jump
size 1s constant.

Exhibit 5 shows the loss distribution 3, 5, 7, and 10
years in the future for iTraxx as seen at time zero based
on the calibrated model. As the time horizon increases,
the probability mass of the distribution shifts to the right
and becomes more spread out. There is also some fine

structure in the distribution. To make this visible, all
probabilities for losses greater than 9% are scaled up by
a factor of 100. This reveals a complex shape to the right
tail of the loss distribution. Results for CDX NA 1G are
similar.

The values of H, are initially fairly small but increase
fast. For example in the case of iTraxx on January 30,
2007, Hy = 0.057, H, = 0.386, and H, = 2.513. There
is a small probability of low values of § being reached.
For example, the probability that S is less than 0.90 at the
end of 5 years is about 0.007, and the probability that it
is less than 0.75 is about 0.0001. Some of these values
may seem extreme. However, they are consistent with
the results in papers such as Hull and White [2006], which
show that it is necessary to assign a very low, but non-zero,
probability to a very high hazard rate in a static model in
order to fit market quotes.

[t should be recalled that the results shown here are
risk-neutral probabilities that are inferred from tranche

EXHIBIT 5

Unconditional Loss Distribution for iTraxx on January 30, 2007, at Four Maturities

Unconditional Loss Distribution at 4 Maturities

| —3-Years —8-5-Years ——7-Years —-ﬂ-‘IO-Yearsl

0.30

0.20 4

0.10 4

0% 3% 6% 9%

12% 15% 18% 21% 24%
Loss (% of Total Notional)

Probabilities forlosses greater
than 9% multiplied by 100.

Note: Results are based on the three-parameter model calibrated to the marker data in Exhibit 1.
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prices. Consider the 2 bp cost of protection for the 5-year
12 to 22% tranche of iTraxx. Given the recovery rate that
is assumed, the buyer of protection only receives payofts
when more than 20% of the entire portfolio has defaulted
and payments for protection only stop when the tranche
is wiped out after 36.7% of the portfolio has defaulted.
Suppose there are only two possible outcomes: the tranche
is wiped out with probability p or is untouched with prob-
ability 1 — p. If the tranche is wiped out, the buyer of pro-
tection receives a payoft of $1; if the tranche is untouched,
he pays 2 bps per year for 5 years on a notional of $1.
Ignoring discounting, the value of p that makes this a fair
contract is about 0.001, which is roughly consistent with
the probabilities implied by the calibrated model.

This calibration procedure was repeated for all the
1Traxx tranche data that was available from Reuters between
July 4, 2006, and January 10, 2007, This data includes the
spreads on 5-, 7- and 10-year CDO tranches as well as 3-
to 10-year index spreads. All 15 CDO tranche spreads were
available on 51% of the days, 14 spreads were available on
34% of the days, 13 spreads were available on 13% of the
days, and on 2% of the days only 12 spreads were quoted.
The quality of the fit on each day was similar to that
reported for the January 30, 2007, market data. Exhibit 6
shows 10-day moving averages for the parameter values.”

APPLICATIONS OF THE MODEL

In this section we show how the three-parameter
model we calibrated to iTraxx market data can be used
to value a number of different instruments.

Forward CDOs

Consider first forward CDOs.” As discussed earlier,
the model in this article is a specific dynamic model. We
are modeling defaults for a portfolio of companies that is
defined at time zero and remains unchanged. The for-
ward CDO spreads that we calculate using the model are
the spreads for this portfolio. For example, the 3 x 2 for-
ward spread for the mezzanine (3% to 6%) tranche is the
spread that must be paid in years 4 and 5 on the remaining
amount of the original tranche principal in order to pro-
vide protection. The protection is against those default
losses that occur in years 4 and 5 and that are between 3%
and 6% of the principal of the original underlying port-
folio. The calculated spread is not that for a forward start
de novo iTraxx contract. The latter contract would be
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based on a portfolio that will be selected to be invest-
ment-grade at the start of the protection period covered
by the forward contract.

Forward contracts can be valued analytically using
the model in a similar way to CDOs. As with the CDO,
since the payments and payoffs associated with the forward
contract do not depend on decisions by the buyers and
sellers, the value of the forward contract is the same under
all filtrations. Suppose that the forward contract lasts
between payment times ¢, and t_. Define A(t ), B(r,), and
C(t,) similarly to A, B, and C in Equations (8), (9), and
(10) except that they accumulate expected payoffs and
payments between times f and ¢, rather than between
time zero and time ¢, :

m

At)= Y (t, =t DE(t)u(t,)

ke=ni+1

"
*

B(t,)=05 Y, (t, = t, ) E(t,_) - E(t,) ]v(t})

ke=n+1

m

c@t)= Y, [Et. ) E,) )

k=u+1

The total value of the forward CDO contract to the seller
of protection when the tranche spread is s is sA(t ) +
sB(t) — C(t,). The breakeven forward spread is
C(t)/[A(t) + B(t)].

The breakeven spreads for forward contracts on CDO
tranches that mature in five years are shown in Exhibit 7.
The tranche spreads rise fairly fast. One reason for this is
that the CDS spreads are upward sloping so that default
probabilities tend to increase as time passes. Another reason
is that, in the case of all tranches except the equity tranche,
there is very little probability of loss in the first one or two
years. It follows that when these years are excluded, the
spread for the remaining years increases.

Options on CDO Tranches

A European option on a CDO tranche 1s an option
to buy or sell protection for a particular tranche at a par-
ticular strike spread. The option expires at time ¢ , and if
exercised, the protection lasts between times ¢ and 1 . As
with the forward CDO contract, the underlying portfolio
is defined at time zero and remains unchanged. Upon
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EXHIBIT 6

Parameters H, 3, and A Estimated for iTraxx Between July 4, 2006, and January 10, 2007

Jump

——Beta (left-hand scale) -=-HO (right-hand scale)

Parameters

0.004

0.003

0.9

0.6 -

- 0.002

r 0.001

0.3

0.0 T :

4-Jul-06 3-Aug-06  2-Sep-06

T

2-Oct-06

0.000

T 4

1-Nov-06 1-Dec-06 31-Dec-06

0.20

0.18

0.14

0.12

Jump Intensity

0.10

0.08

0.06

0.04 -

0.02 i
|
000 +————

4-Jul-06 3-Aug-06

2-Sep-06

2-Oct-06 1-Nov-06 1-Dec-06 31-Dec-06

option exercise, the spread is applied to the remaining
principal (if any) of the tranche. Like forwards, European
options can be valued analytically using the model.
Since the buyer of the option must decide when to
exercise the option, the information available (the filtration)
will affect the value of the option. It will be recalled that

SUMMER 2008

we are working in a fileration where both S(1) and the
number of defaults between time zero and time ¢ are
known at time t. This information will therefore be used
to determine exercise decisions. The number of defaules
1s directly observable by the holder of an option, and we
assume that the prices of CDSs and CDO tranches reflect
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ExXHIBIT 7

Breakeven Tranche Spread for Forward Start CDO Tranches on iTraxx on January 30, 2007.

Tranche Start 1.0 2.0 3.0 4.0 4.5

a, a, Breakeven Tranche Spreads
0 0.03 11.5 11.3 1.1 6.4 3.4
0.03 0.06 54.0 70.1 93.2 124.4 144.2
0.06 0.09 14.7 19.4 26.1 35.2 40.7
0.09 0.12 5.8 F i 10.6 14.8 17.5
0.12 0.22 2.0 2.6 3.7 53 6.3
Index 253 29.1 36.7 414 43.7

Note: The tranches mature in five years. Results are based on the three-parameter model calibrated to the market data in Exhibit 1.

the state of the economy, S(f). These prices are observ-
able and can be used to formulate an exercise decision.
An option to buy protection will be exercised at time ¢,
if the cost of protection on the tranche at time ¢ is higher
than the strike spread.

Given the structure of our model, knowing the value
of § at time ¢, is equivalent to knowing the number of
jumps ] before time ¢, . Conditional on n, defaults and |,
jumps by time ¢ , the expected tranche principal at time
t, (k> u) can be calculated from Equations (2) and (15) as

N
E(t,|n,, ], t,)= 2 W(nt,)®nt,|n, J,.t)

n=n,

From this the present value of payments, accrual payments,
and payoffs condition on n, and J can be calculated:

m

Alt,|n, J)= 2 (=t DE, [ n,, T,t)0(8,)

k=nu+1

B(t, |n,, J,)=05 (t, —t [ E@t, |1, J.t,)

k=1i+1

—E(t, |n,, J,.t,)] v(ty)

C(rrr | nu’ -]u)

= 2 [ Bt 0,0 T t) = E(t |0, J,0)] 0(2))

k=u+1
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Suppose the strike spread for a European call option is
sg- The present value of the option when there have been
n, defaults and ] jumps by time ¢ is

nmx[C(F“ I ”u’ ju) - SKA('ru l "n . Ju) - SKB(IH | ”u 2 -]u )‘ U]

The value of the call option can therefore be cal-
culated from Equations (3), (4), and (5) as

3 S @, 1,1 ,)P, .1, max{CLt, |n,, ],)

1, n=0

—s A |n, J)—s.B(t, |n,],)0]

Similarly the value of a European put option is

ZZV‘cD(nu,:“ | J)P(],t,)max[s At |n,, ].)

J, n=0

* 880t |, J1=C |n, I )W

When the strike spread is set equal to the forward
spread, an at-the-money option is created and the put
and call have the same price. Exhibit 8 shows the prices
in basis points of at-the-money options with varying
maturities on a five-year CDO tranche. For example, a
one-year at-the-money option to buy at-the-money pro-
tection on the 6% to 9% tranche for the period from
one year to five years costs 23.2 bps or 0.232% of the ini-
tial (time zero) tranche principal. The option strike
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EXHIBIT 8

Prices in Basis Points of at-the-Money European
Options on iTraxx CDO Tranches on January 30, 2007

Option Expiry in Years

a, a, 10 20 30 40 45
0.03 0.06 | 67.8 91.3 89.7 68.3 41.4
0.06 0.09 | 23.2 29.8 30.7 23.1 13.5
0.09 0.12 9.7 12.2 13.3 10.0 6.1

0.12 0.22 3.7 4.4 5.0 3.8 24

Note: The tranches mature in five years, Results are based on the
three-parameter model calibrated to the market data in Exhibit 1.

spreads are the corresponding forward spreads given in
Exhibit 7.%

Tranches with higher spreads (lower attachment
points) have higher option values. The value of the option
initially increases as we increase the option maturity and
then starts to decline to reflect the diminishing maturity
of the underlying. This is similar to what we observe for
options on bonds and swaps.

As discussed in Hull and White [2007], if we are
willing to assume that CDO tranche spreads are lognor-
mally distributed, it is possible to derive an analytic expres-
sion for the prices of European put and call options on
CDO tranches. Exhibit 9 uses the result in Hull and White
[2007] to calculate the implied spread volatilities from the
prices in Exhibit 8. Usually, the implied volatility increases
with option maturity.

Exhibit 10 shows the implied volatilities for two-
year options on five-year CDO tranches for strike prices
between 75% and 125% of the forward tranche spread.

EXHIBIT 9

Implied Volatilities of at-the-money European Style
Options on iTraxx CDO Tranches on January 30, 2007

Option Expiry in Years
: 1.0 2.0 3.0 4.0 4.5
003 006 | 96.1% 100.9% 96.8% 104.3% 107.5%

a a

H

006 0.09 |123.2% 122.6% 125.6% 137.2% 135.3%
0.09 012 [133.0% 128.6% 139.4% 144.8% 148.9%
012 022 [149.3% 137.3% 160.5% 160.6% 181.8%

Note: The tranches mature in_five years. Results are based on the three-
parameter model calibrated to the market data in Exhibit 1.
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Again the results are based on Hull and White [2007]. If
the assumption of lognormality held exactly the implied
volatility for an option would be the same for all strike
prices. The exhibit shows that the variation of implied
volatility with the strike price is quite small. This sug-
gests that the lognormality assumption in Hull and White
[2007] is (at least for January 30, 2007, data) approxi-
mately consistent with the model in this article.

Leveraged Super Senior Transaction

Our final application of the model is to a leveraged
super senior (LSS) tranche with a loss trigger. This is a
CDO tranche that is automatically cancelled when losses
reach some level. On cancellation the tranche is marked
to market and the seller of protection must pay the buyer
an amount equal to the value of the tranche. However,
the total amount paid by the seller (including any losses
for which the seller is responsible prior to the cancella-
tion date) is capped at a fraction x of the tranche notional.
Since the payments and payoffs associated with the LSS
do not depend on decisions by the buyers and sellers the
value of the contract is the same under all filtrations.

Because we are assuming a constant recovery rate
of 40%, the loss that triggers cancellation can be trans-
lated to a number of defaults. We suppose that cancella-
tion is triggered when the number of defaults reaches n".
The parameters defining the LSS on a particular portfolio
are therefore the tranche attachment point a ;» the tranche
detachment point a,, the spread s, the maturity T, the
loss cap x, and the number of losses triggering cancella-
tion n".” To simplify matters we only consider cases in
which the number of defaults that trigger a termination,
n’", is less than 1254, /(1 — R). This ensures that the seller
is not responsible for any losses prior to the termination
date."

The tranche in a LSS is generally a senior one. The
seller of protection considers it highly unlikely that the
tranche will experience losses but does not find selling
protection on the tranche to be appealing because the
spread 1s small. The LSS provides a way of leveraging the
spread. Suppose that the tranche principal is $10 million
and the spread is 15 bps. Selling protection on the tranche
in the usual way requires $10 million to be deposited by
the seller of protection at an interest rate of LIBOR, so
that if the tranche does not experience defaults, the
interest earned is LIBOR plus 15 bps. Consider an LSS
with x = 0.1. Only $1 million need to be deposited at the
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on each payment date (i.e., for each k, 7, = 1,
for some i). In practice this is achieved by cre-
ating Vv equal time steps between each pay-
ment date for some integer V.

Note that the binomial tree as it is pre-

ExHIBIT 10

Implied Volatilities for 2-Year European Options on iTraxx CDO
Tranches for Strike Prices Between 75% and 125% of the Forward
Spread on January 30, 2007

sented in Exhibit 11 only reveals S(f). As a
CDO Tranche result, it would produce different values for
KIE 3 to 6% 6 to 9% 9 to 12% 12 to 22% options on a CDO tranche than those in
Exhibit 8."' To value an option where the exer-
0.75 100.1% 125.6% 132.9% 143.5% cise decision depends on both S(f) and the
number of defaults to date, it would be neces-
0.80 100.6% 125.2% 132.1% 142.3% sary to construct a binomial tree for S where
o - 5 5 there are N + 1 states at each S-node corre-
s T L TRl et sponding to the N + 1 alternative values for
0.90 101.1% 124.1% 130.5% 139.9% the number of defaults at the node. The use
of this type of tree was proposed by Hull and
0.95 101.0% 123.4% 129.5% 138.6% White [1993]. It is now sometimes referred to
1.00 100.9% 122.6% 128.6% 137.3% as a “binomial forest.” As one rolls back
through the tree, calculations are carried out

1.05 100.6% 121.7% 127.5% 136.0% for all N + 1 states at each node.
As it happens, the binomial tree can be
1.10 100.3% 120.9% 126.5% 135.2% used to value an LSS without becoming a
forest. The key difference between an LSS and

Q 0, [+) 0,
et ——— T L 185k an option on a CDO is that there are no deci-
1.20 99.3% 119.0% 125.0% 136.0% sions to be made by either party at any node
in an LSS,

1.25 98.8% 118.0% 124.8% 137.1% Denote the fth node at tume 1: by (,‘ ")

Let S, and E, be the cumulative survival prob-
ability and expected tranche principal at node
(i, j)- The value of S, is given by Equation (4)
and E, can be calculated from Equations (2),
(5), and (6).

We first roll back through the tree calculating 17,
the value of the tranche to the protection buyer per dollar
of principal at node (i, j) assuming no cancellation and
no limit on the liability of the protection seller.”” Some
times, T, correspond to payment dates and others do
not. Define &, as follows. When 7, is a payment date so

Note: The tranches mature in five years. Results are based on the three-parameter model
calibrated to the market data in Exhibit 1.

beginning of the transaction because that is all that the
seller of the protection is risking. As a result, the spread
earned on this principal, assuming the tranche does not
experience defaults and the deal is not cancelled, is LIBOR
plus 150 bps.

The model for S can be represented as a binomial
tree. To construct the tree, the life of the model is divided

into a number of short time intervals. Denote the time cor-
responding to the end of the ith interval by T, and let T, =
0. During each time interval it is assumed that there is
either zero or one jump in S. This leads to a tree with the
geometry shown in Exhibit 11. In this exhibit, H, 1s the
size of the Jth jump and M, = M(7). The probability on
the upper and lower branches emanating from a node at
time 7, are A]Aﬁ and ]-A{A{., respectively, where ﬂ.,, = A T)

and 8. =T, i~ The T are chosen so that there are nodes
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that 7, = 1,, &, equals the accrual fraction t, — 1,_,. When
T.is not a payment date, 5, = (). Variables A”., Bir" and Cj;.
can be defined as follows: Aﬁj = c‘)'i.Eﬁ, B, = 0, and C,= 0
at the final nodes, and at earlier nodes they are calculated
by working backward through the tree using

A =[AAA, . +(1-AA)A
X v(t,,)/v(T)+E,

:+I.:J
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=[AAB

i+1,j+1

+(1-24A)B,, 2]

x(T,,)/v(t)+05[AA(E, - E,, .,)

+(1=AA)E, - E () /u(z)
C =[AAC,,. . (I—)LA.)CW”]

X¥(T,,) /l +[/1A = B )

+(1 - 1|A,)(L-'”

where T,' =0.5(t, +7_,).

7, = (:,
if if

E, . |u /v(t) (17)

The I"”. are then calculated as

s(4; + B)

To value the LSS it 1s necessary to roll back through
the tree again. At node (i, j) we know the probability
that a company has not defaulted, S. The probability
of n defaults by node (i, j), is given by Equation (5) as
b(n, N, 1 = §,). The probability that termination has
not been triggered at a node (i, j) so that the deal is alive
is therefore

As in the case of a CDO we assume without loss of
generality that the principal is $1. Variables A% and C7>°

ExHIiBIT 11

Four-Step Binomial Tree for the Variable X, Which Is Minus the Log of the Cumulative Survival Probability

Time Tp

My+H+H

My+H +H,+H, o

M+H +Ho+ Hy+H,

My+H +Ho+H,

Tz T3 T4

Note: M_ is the value of X at time T, when there are no jumps; H, is the size of the Jth jump. The probability on the upper and lower branches emanating from a

node at time T, are AA, and 1-AA, respectively, where A= A(t)and A, = T,
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— T. The value of the cumulative survival probability, S, ar any node is exp(—X).
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are defined analogously to A and C so that SA!?;“ is the
present value of payments on the LSS from node (i, j) to
the end of the life of the LSS and CI,‘“ as the present value
of payoffs from node (i, j) to the end of the life of the trans-
action. (We do not need Bi.’!.“ because the protection seller
is never responsible for any defaults prior to cancellation
in the LSS.)
At node (i, j) we are in one of three situations:

The structure is still alive.
Cancellation was triggered at an earlier node.
Cancellation is triggered at node (i, f).

Sl

The probability that the structure is still alive at node
(i, j) 1s w,. In this case the backwards induction equations
for A’“““ anil CL“ are the same as those for Ay and C,in
Equanon (17).

The probability that the structure is not alive at node
(t, /) is 1 - Wi We are then in situation 2 or situation 3.
Assume that situation 3 applies. The protection buyer must
make a final payment equal to E}EU, where € is the time
since the previous payment date. There are two compo-
nents to C**. The seller of protection must pay — Vir t the
present value of future net payments on a regular CDO
tranche as well as the payment that would be due on a reg-
ular CDO tranche at time iAt. The latter is 1 — E, because
we know that the protection seller is not responsible for
defaults prior to cancellation. Payoffs are capped at x so
that C** equal the minimum of x and =V, + 1 - E.
appheb leads to
the following formulas for calculating A and C>

ASSLlllUIlg situation 1 or situation

+(1-AA)A5 ]

i+, j

AL = w, {[A,A A

(] i+1,j+1
X u(T,,,)/o(T)+ 8 E, }+(1-w,)e,E,
Co =w,[AACT, +(1-AA)C.T

if i+, j#1 i+1, j]

xv(T,,)/v(T,) + (1= w,)min[-V, +(1- E,), x]

Because of the way the values of 4™ and C/=* get
overwritten as we work back through the tree, the values
calculated at the first node take into account the possibility
of situation 2 applying at nodes (i, j). The breakeven
spread is therefore CJ°/A .

To illustrate the properties of LSS transactions we
calculated the breakeven spread for a 5-year CDO 1Traxx

tranche on January 30, 2007, using the three-parameter
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Model with a; = 0.12, a,, = 0.22, We considered leverage
levels between 5% (x = 0.05) and 20% (x = 0.2) and for
trigger levels from 1 to 16 defaults.

The results are shown in Exhibit 12. It should be
noted that while the market spread for the 12% to 22%
iTraxx tranche is 2 bps, the spread for this tranche in the
calibrated model is 1.53 bps. All the results we present
(for forward contracts, options, and LSSs) are of course
based on the calibrated model. In particular the spread
for the LSS converges to the calibrated 1.53 bps. If our
sole objective had been to price the LSS considered here,
when carrying out the calibration we would have given
the squared error in the spread for the 12 to 22% tranche
a high weight compared with that for other tranches. This
would have resulted in that tranche having a spread very
close to 2 bps in the calibrated model.

As the degree of leverage and the number of defaults
required to trigger termination are increased, the
breakeven spread declines. Higher leverage means that
the buyer of protection gets a smaller payoff in the event
of default and so should be required to pay less for the pro-
tection. When the number of defaults required to trigger
termination is increased, it is less likely that the deal will
be terminated prematurely and more likely that the seller
of protection will benefit from the loss cap. Again, this
reduces the amount the buyer of protection should be
required to pay.

EXTENSIONS OF MODEL

We now consider a number of ways in which the
basic homogeneous constant recovery rate model can be
extended.

Stochastic Recovery Rate

Let the cumulative default probability, 1 — S, be
denoted as Q. A negative relationship between the recovery
rate and the cumulative default rate can be incorporated
into the model by assuming that the average recovery rate
R applying to all the defaults that have occurred up to
time t is a function only of the cumulative default proba-
bility, Q. One possibility is the relationship

= 1 .
R=R,—(1—¢ &%)
aQ
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ExHIBIT 12

Breakeven Spread in a Leveraged Super Senior Transaction in Basis Points as a Function of the Number
of Defaults Required to Trigger Termination for the iTraxx 12% to 22% Tranche on January 30, 2007

— x=0.06 == x=010 =—- x=0.20

1.5

1.3

1.1

0.9

0.7

0.5 , 1 . . T . .

0 2 4 6 8 10 12 14 16

Number of Defaults Required to Trigger Termination

Note: Results are based on the three-parameter model calibrated to the market data in Exhibit 1. The maximum loss borne by the seller of protection is x.

where a and R are positive constants and Q. is the
expected value of Q at the particular time being consid-
ered. Under this model, the marginal recovery rate when
the cumulative default probability is Q is

ARQ) _ -y
2Q v

This is greater than R, when Q is lower than its
expected value and less than R, when it is greater than
its expected value. A constraint is that @ must be chosen
so that R ¢““ ) is always less than one.

Define R(J, 1) as the average recovery rate between
times O and t when there have been | jumps in X. In
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Equation (2) W(n, 1) is replaced by W(n, t|]), R is replaced
by R(]J,1), and n, and n, are defined in terms of R so
that they become dependent on [ and 1. Equation (6)
becomes

E(t] J)= Y ®(n, t| W (n,t] J)

n=0

Apart from these changes the valuation of a CDO
tranche is the same as before. Similar changes enable forward
CDOs, European options on CDOs, and leveraged super
seniors to be valued. In the case of leveraged super seniors,
it is necessary to calculate the critical number of defaults at
each node that lead to the loss threshold being exceeded.
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Heterogeneous Model

The three-parameter model can be extended so that
it becomes a heterogeneous model where each company
has a different CDS spread.” The model that has been
presented is then assumed to represent the evolution of
the cumulative default probability for a representative
company in the porttolio. For any particular company in
the portfolio, the jump size and jump intensity are assumed
to be the same as that for the representative company.
However, the deterministic drift, £(f), is adjusted to match
the CDS spread. The binomial model for determining
the probability of n defaults by time ¢ conditional on |
Jumps in Equation (5) must be replaced by an iterative
procedure such as that in Andersen, Sidenius, and Basu
[2003] or Hull and White [2004]. Once this has been
done, the model structure and calculations for valuing a
CDO are much the same as we have presented them.

Valuing a forward CDO is similar to valuing a
regular CDO. To value a leveraged super senior it is
necessary to calculate at each node of the tree the prob-
ability the critical loss level has been exceeded. One
application of the iterative procedure just mentioned is
therefore necessary for each node of the tree. For options
on CDOs, calculations are more time consuming,. It is
necessary to calculate the probability of n — ndefaults
between times ¢, and ¢, conditional on n_ defaults by
time ¢, and J, jumps by this time. For this we require,
for each of the N companies, the probability of survival
by time ¢, conditional on n, defaults and J, jumps by
time ¢ . This is ¥, %/, where ¥, is the unconditional
probability of the company surviving to time ¢, %, is
the probability of n, out of the remaining N — 1 com-
panies defaulting, and ¥, is the probability of n, out of
N companies defaulting. A large number of applications
of the iterative procedure is required."

Modeling Two Portfolios Simultaneously

The model can be extended so that iTraxx and CDX
NA IG are modeled simultaneously. One way of doing
this is to have three independent jump processes. The first
process leads only to jumps in the cumulative hazard rate
for iTraxx companies; the second jump process leads only
to jumps in the cumulative hazard rate for CDX NA IG
companies; the third jump process leads to jumps in the
cumulative hazard rate for both iTraxx and CDX NA IG
companies.
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Bespoke Portfolios

In practice it is often the case that derivatives depen-
dent on bespoke portfolios have to be valued with dynamic
models. The model we have presented must first be cal-
ibrated to iTraxx or CDX NA IG (or both). The drifts
for the cumulative hazard rates of individual names com-
prising the bespoke portfolio can then be chosen to match
their CDS spreads.

CONCLUSION

We have presented a simple one-factor model for
the evolution of defaults on a portfolio. The model has
two advantages over the Gaussian copula model. First, it
is simpler and easier to implement. Second, it is a dynamic
model that allows a wider range of products to be valued.
The model is an alternative to the more complex dynamic
models suggested by other researchers. To our knowl-
edge this is the first article to use a dynamic credit model
for pricing a variety of different types of portfolio credit
derivatives.

The model has the attractive feature that it has many
analytic properties and can be represented in the form
of a binomial tree. The variable modeled on the tree is
the cumulative survival probability for a representative
company. The model is easy to use and appears to have
the property that future CDO spreads are approximately
lognormal.

We have shown how the model can be calibrated to
market data. Our results indicate that in a risk-neutral
world, there is a small chance that the default probability
for a representative company during the life of the model
will be very high. This is consistent with the results from
static copula models. To fit market data it is necessary for
Jump sizes to become increasingly large. This is consis-
tent with empirical data showing that default correlations
are higher in recessionary periods.
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'"This approach to separating default probabilities and
default events is considered in Ehlers and Schonbucher [2006]
and is valid in our set up.

*Our terminology reflects the viewpoint of the buyer of
protection. We will refer to the payments made by the buyer
of protection as “payments,” and the payment in the event of
default by the seller of protection as a “payoff.”

*Processes of the form dX = udt + odz where dz is a
Wiener process and @ > 0 are inappropriate because they allow
X to decrease. We could assume a process where o= 0 and
follows a positive diffusion process. However, this would be dif-
ficult to handle and would not calibrate well to market data. In
our experience, large jumps in X are necessary to fit market data.

*The default intensity, A, can be allowed to depend on
X. The model is then less analytically tractable, but can still be
represented as a binomial tree.

*Following the usual conventions, the quotes in Exhibit 1
are the rate of payment in basis points per year to purchase
protection from defaults in the indicated range. The exception
is the 0 to 3% tranche where the quote is the up-front pay-
ment as a percentage of the notional that is paid in addition to
500 bps per year.

A 10-day moving average provides a better indication of
parameter values than the daily results because of the impact of
noise in the quotes and missing quotes.

"Forward CDOs provide a simple application of the model
and lead into the calculation of options on CDOs in the next
section. As explained in Hull and White [2007] a dynamic
model is not necessary to determine forward CDO spreads.

fWe can also value options using the top-down version
of the model. Only #_ is then used in generating the exercise
decision. The results can be used to value options analytically
in this case. Conditioning exercise on n, results in substantially
lower option prices than conditioning on both n and S. The
differences vary by tranche and are largest for the mezzanine
tranche. The average price reduction for the options in Exhibit
8 is about 13%.

’For ease of exposition we assume 1’ is constant. The
methodology we present can easily be extended to the situa-
tion (often encountered in practice) where " changes with the
passage of time.

“Our methodology can be extended to cases where this
condition 1s not satisfied.

"Similar to the development of the top-down version of
the model in which only the number of defaults is known, it is
possible to develop a version of the model in which only S() is
known. The resulting prices for European options on CDO
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tranches are usually about 1% lower than when the exercise deci-
sion is based on both S(7) and the number of defaults to date.

"This could be calculated analytically, but since the tree
1s used for incorporating the impact of the cancellation it
makes sense to use the tree for this as well. The results are
slightly different from those previously reported because now
defaults are no longer restricted to occur in the middle of an
accrual period.

PRecall that we are working a filtration where, in addi-
tion to S(f), we know the number of defaults by time r. We do
not know the particular companies that have defaulted. Incor-
porating the latter into our model, or any other model, would
be prohibitively time consuming,.

"1t may well be possible to speed up the calculations by
developing a robust approximation to the probability that a par-
ticular company will survive by time ¢, conditional on n, defaults,
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