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The Vasicek portfolio credit loss model is generalized
to include stochastic exposures (EADs) and loss
rates (LGDs). Revolving exposures draw against
committed lines of credit. Dependence among EADs
and LGDs are modeled using a common Gaussian

Jactor. Distribution assumptions for LGDs and

EAD:s are unrestricted. The model produces a closed-

Jform expression for an asymptotic portfolio’s condi-

tional loss rate distribution. Correlation among EAD
and LGD realizations increases portfolio system-
atic risk, producing increased skewness in portfolio
credit loss distributions and larger unexpected credit
loss estimates. The results are important for issues
related to capital allocation and subordination levels
on structured credit products,

he Gaussian asymptotic single factor

model of portfolio credit losses

(ASFM), developed by Vasicek

[1987]; Finger [1999]; Schonbucher
[2001]; Gordy [2003]; Kupiec [2007], and
others provides an approximation for the loss
rate distribution on a credit portfolio in which
the idiosyncratic credit risks are fully diversi-
fied and dependence among individual defaults
is driven by a single common factor. The
ASFM assumes that the unconditional proba-
bility of default on an individual credit (PD)
is fixed and known. In addition, all obligors’
exposures at default (EADs) and all loss rates
in default (LGDs) are assumed to be fixed in
magnitude.

The ASFM has been widely applied in the
financial industry. It has been used to estimate
economic capital allocations and is the model
that underlies the Basel II Advanced Internal
Ratings—based approach (Basel AIRB) for bank
minimum regulatory capital requirements. In
addition to capital allocation, the ASFM has been
adapted to estimate market price and potential
loss distributions for structured credit products
(e.g., Li [2000]; Andersen, Sidenius, and Basu
[2003]; Gibson [2004]; Gordy and Jones [2002],
and others). Notwithstanding widespread use,
empirical findings suggest that the ASFM omits
important systematic factors that determine the
characteristics of a portfolio’s true underlying
credit loss distribution.

Many studies find significant time vari-
ability among realized LGDs for a given credit
facility or ratings class. The stylized facts hold
that default losses increase in periods when
default rates are elevated. Studies by Frye
[2000b]; Hu and Perraudin [2002]; Schuer-
mann [2004]; Araten, Jacobs, and Varshney
[2004]; Altman, Brady, Resti, and Sironi [2004];
Hamilton, Varma, Ou, and Cantor [2004];
Carey and Gordy [2004]; Emery, Cantor, and
Arnet [2004], and others show pronounced
decreases in the recovery rates during periods
when default rates are elevated. These results
highlight the existence of a systematic rela-
tionship between default frequency and

recovery rates that is not captured in the Vasicek
ASFM framework.
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In addition to issues related to stochastic LGD, the
Vasicek ASFM is often used to estimate capital needs for
portfolios of revolving credits even though the model is
based on the assumption that individual credit EADs are
fixed. For example, the Basel AIRB framework uses a mod-
ified Vasicek model to estimate minimum regulatory cap-
ital requirements for a bank’ revolving retail and wholesale
credits. The AIRB treatment requires a bank to estimate the
EAD that applies to each credit facility, but the capital mod-
eling framework treats EAD as a fixed quantity.

The Basel AIRB treatment of EAD is at odds with
the behavior of revolving account balances. Studies by Allen
and Saunders [2003]; Asarnow and Marker [1995]; Araten
and Jacobs [2001], and Jiménez, Lopez, and Saurina [2006]
suggest that obligors draw on committed lines of credit as
their credit quality deteriorates. Analysis of creditors’ draw
rate behavior shows that revolving account EADs are pos-
itively correlated with default rates—a correlation sug-
gesting that there is at least one common factor that
simultaneously determines portfolio EAD, LGD, and
default rate realization.

The empirical evidence suggests that the ASFM
assumption of fixed LGD and EAD excludes two impor-
tant sources of systematic credit risk that are present in his-
torical loss rate data. A number of existing models,
including those by Frye [2000a]; Pykhtin [2003]; Tasche
[2004], and Andersen and Sidenius [2005], have extended
the Vasicek ASFM framework to include stochastic LGD
rates. These extensions require restrictive assumptions on
individual credit LGD distributions to produce tractable
expressions for an asymptotic portfolio’s loss rate distrib-
ution.' This article is the first to extend the ASFM frame-
work to include both stochastic EAD and LGD and
produce a closed-form expression for a portfolio loss rate
distribution. In addition, this study generalizes existing
models for nonrevolving credits by allowing LGD to be
modeled using any probability distribution.

In the remainder of this article, the Gaussian ASFM
is extended to incorporate obligors with EADs and LGDs
that are correlated random variables. In this extension,
default is a random event driven by a compound latent
factor as in the standard ASFM. Two additional com-
pound latent factors are used to drive correlations among
individual credits” EADs and LGDs through a probability
integral transformation. A closed-form expression for the
inverse of the portfolio’s conditional credit loss distribu-
tion is derived for cases when LGD and EAD probability
density functions are continuous.
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When LGD and EAD probability density functions
are discrete, the probability integral transformation is inad-
missible. In this case, a closed-form expression for the
inverse of the portfolio’s conditional loss rate distribution
is constructed using a step function to approximate the
underlying LGD and EAD distributions. The character-
istics of the LGD and EAD distributions that can be mod-
eled using this approach are unrestricted. Approximation
error can be made arbitrarily small by increasing the
number of steps in the approximation. The step-function
approach can also be used to approximate the inverse of
a portfolio’s conditional loss rate distribution for cases
when LGD and EAD distributions are continuous.

Selected examples of portfolio EAD, LGD, and
overall loss rate distributions are calculated using alterna-
tive EAD and LGD distribution and correlation assump-
tions that are consistent with stylized representations of
selected corporate and retail portfolios. The results show
that the additional systematic risk in EAD and LGD real-
izations increases the skewness of portfolio credit loss dis-
tributions. The increase in skewness is reflected in
significantly larger loss rates associated with upper-tail
critical values of the portfolio credit loss distribution.
These features have potentially important implications for
issues related to economic capital allocation and the sup-
port levels and pricing of structured credit securities.

THE GAUSSIAN ASFM MODEL

The Vasicek single common factor model of port-
folio credit risk assumes that uncertainty on credit 7 is
driven by a latent unobserved factor l:; with the following
propertes

I:? = \/)O_I'E.\r +4 1-p, an

€y ~ Pley)

e, ~ ®e,)

E(e,e,)=E(@E,¢,)=0, Vi, j
where @) represents the standard normal density function.
The factor L’-? is distributed standard normal, E( f-'l) =), and
(e} 2(I:;) = B( lﬁ?) =Bt I;I.)2 = 1. The common factor €, induces
correlation between individual credits’ latent factors,
p, = % Often [! is interpreted as a proxy for the

market value of the firm that issued credit 1.
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Credit i 1s assumed to default when its latent factor
takes on a value less than a credit-specific threshold, l/:’< D.
The unconditional probability that credit i defaults is
PD = ®(D), where ®(-) represents the cumulative stan-
dard normal density function. Time is not an indepen-
dent factor in the ASFM, but is implicitly recognized
through the calibration of input values for PD.

REVOLVING CREDITS WITH CORRELATED
EXPOSURES AND LOSS RATES

A Model of Stochastic EAD

Assume that a generic revolving credit account, i,
has a maximum line of credit, M,, upon which it may
draw. The account utilization rate X, € [0,1] is a random
variable that determines the end-of-period account expo-
sure, X M. Basel II conventions require that EAD is at
least as large as initial exposure, and so account-level EAD
is modeled as an initial outstanding exposure and a random
draw rate,ci., on a remaining line of credit.

Assume that an individual account begins the period
with a drawn exposure G,; M,, where G, € [0,1] is the
initial utilization of the 1ccount line of Lrecht Let 5 e [0,1]
represent the share of the remaining line of Lredlt that is
borrowed over the period, and let Q(é:—r.) represent the
cumulative density function for §,. The account’s end--
of-period exposure is’

M X,=M(G,+(1-G,)8), §~Q(5), &¢€[0,1] (2

Systematic dependence among individual accounts’
draw rates is incorporated by assuming that 8 % are driven
by a latent Gaussian factor, Z, with the following properties:

‘Z. =\/ET.\I +V1—P, €z

=EE,¢e,)=0 Vij

where Z has a standard normal distribution. The corre-

lation between the latent variables that determine each

(n[(/ /]

account’s draw rate is p,= » and the correlation

o(Z)a(Z,)
between the latent factors that drive account EADs and

) Con(P, 7))
defaults is /PP =

a)o2,). Under the normalization
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convention that higher account draw rates are associated

with smaller realizations of Z., there is a positive corre-
lation between EAD and the frequency of default

WPy >0and Jp; >0).

The latent variable ZN,’i drives account exposure
through the probability integral transformation.’ Corre-
lation among the draw rates on individual credit facilities
1s introduced by equating the probability integral trans-
formations for the physical draw rate éj and the latent
variable, Z Q) =

mapping between Z and 5 given by

1 - q)(Z) which implies a unique

5=Q'1-9(Z)) @)

A Model of Stochastic LGD

Let l € [0,1] represent the loss rate on account s
outst.mdmg balance in the event of default. Let @(;L) rep-
resent the cumulative density function for /1'_ Systematlc
dependence among the loss rates on individual credits is
introduced by assuming that ij is driven by a latent
Gaussian factor, Y, with the following properties:

Y, =\p, &, +l-p, &,

€y ~ Pley)
e,y ~ey) (5)
E@,é,)=E@,é,)=E@E,é,)
=E@,¢,)=0 Yij

where )h’, has a standard normal distribution.

When higher account loss rates are associated with
smaller realizations of the latent variable Y; there is pos-
itive correlation between a portfolio’s default rate and its
realized LGD. The correlation between_the latent fac-
tors that determine default and LGDis /PPy > U, The
correlation between the Gaussian drivers of default and
EADis /P-P, >0 . Using the probability integral trans-
formation to introduce a correlation structure, the map-
ping between j.l_ and Y is given by

A =0

(1-D(Y)) (6)
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The Loss Rate for an Individual Account

To derive the portfolio credit loss distribution, first
define a function over l/] that indicates default status

e 1 if V, <D, :
P10 otherwise @)

The indicator function, 1, (V, 73, is a binomial random
variable that has an expected value of ®(D,).

Let A. (V,,Z.,Y) represent the loss rate for account i
measured relatlve to the account’s maximum credit limit,
M, where AI.(I;,-,Z,-,}‘”}) is defined as

1, V)G, +(1=G,)8)A
b, (V)G +(1-G,) (8)

xQ"(l—dJ(Z,—)))@ (1-(Y))

‘mj{lfj.Z,,?)z

The Conditional Loss Rate
for an Individual Account

Let 1, ( V~!.|e.u) represent the value of the default
. . ! . £ .. .
indicator function conditional on a realized value for ¢,
the common latent factor. The conditional expected value
of the indicator function is
] 9)

i N [D, - JE e

E(1p, (7, |e,,)) = @ —
g J1=p,
Similarly, let Zj | ey, and YI| e, represent, respectively, the
values of the latent variables that drive account /s draw
rate and LGD, conditional on a realized value for ¢, . These
conditional random variables are normally distributed with
means E(Z le. )= \/Zt’\, and E(Y[em) \/E w» and vari-

ances G"(Z,-lﬂ‘.\,;) =1-p,and 0° (Y| &) = =P,

The probability that Z.' < Z, conditional on €, = ¢,,

is equivalent to the probability ¢ < %ﬁ_”pl“- or Q)(%ﬁi)

1=py
A similar relationship defines the conditional distribution
function for Y|e,,. It follows that the cumulative condi-

tional distribution functions for the latent variables are
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Zr I(,,’\‘f = ¢(Zl |E.‘\1 =e U)

=¢{Z"—‘/Z"”} VZ €(oo o) (10)
J1-p,

1?.' Cu ™ (D(Y. |E.u = C;\r)
_Q(LJ VY. € (00, 00) (11)
V1 -

and the loss rate on an individual account, conditional
on a value for eyp is

A (l}. 2 \}. |ey)=

]D,-(l:/l | fM)(Gm i (] . G.'n)
xQ(1-®(Z, |e,,))
x@'(1-(Y [e,,))  (12)

The Loss Rate on an Asymptotic Portfolio
of Revolving Credits

In a so-called asymptotic portfolio, all idiosyncratic
risks are diversified and portfolio loss or return realizations
depend only on the realizations of the systematic risk fac-
tors that impact individual accounts’ performance. Asymp-
totic portfolios are important for capital allocation
modeling as they yield portfolio-invariant capital alloca-
tion rules. A portfolio- invariant capital allocation is one
in which the economic capital required on an investment
is independent of the composition of the portfolio to
which the investment is added.* The asymptotic portfolio
framework is used to define economic capital allocations
for individual assets or credit facilities that are completely
independent of the other assets or exposures that are held
by the bank.

Consider a portfolio with N accounts that have iden-
tical credit limits, M= M; identical initial drawn balances,
GyM, = G M; identical latent factor correlations, {p,,
p\, pY} and identical default thresholds, D, = D. Assume
that all accounts’ end-of-period draw rates (5 ) and LGD
(j.,.) are taken, respectively, from the unconditional
distributions which are identical across credits (the dis-
tributions for 5 and /:L are generally different). Under
these assumptions, 1 ( ) = 1,(V) for all i, and the loss
rate for an lnd1v1dual credit depends on the identity of
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the credit only because the realizations of idiosyncratic

risk factors differ across credits. Taken together, these fea-

tures imply that the subscript on the loss rate can be elim-

inated, AV, Z,,Y)= AV, Z,Y).
Let P =(7,7,,...

latent variables that determine account defaults. Define

V) represent the vector of N

Yand Z analogously. Let A (VV,Z,Y |e,,) represent the
loss rate on the portfolio of N accounts conditional on a
realization of e,

:[ 1Y (AT, 2, 1ey) ] -
N

Reecall that A( I}I,Z,?} e, is independent ofA(Ia,Z?.,}*’j leyy
for all i # j, and the conditional loss rates for individual
credits are identically distributed. Under these conditions,
the Strong Law of Large Numbers requires, for any admis-

sible value of Zon

imA, (7,2,Y |e,) = lim

N=3eo

TE(A(I./-:-.Z”?} |e,\»r)) (14)

where a.s. indicates convergence with probability one.
Independence among the conditional latent factors and
the indicator function implies

lim A (7,Z,Y |e,) —— E(p(7, |¢,)
x [G,+(1-G)EQ" (1-®(Z, |e,))
XE@©(1-®(Y |¢,) ] (15)

Expression (15) is the inverse of the conditional distri-
bution function for an asymptotic portfolio’s loss rate
evaluated at e, € (—oo, +o2). The only random factor dri-
ving the unconditional portfolio loss rate distribution is
the common latent factor ¢,,. All idiosyncratic risks
have been diversified. As a consequence, an asymptotic
portfolio’s loss rate, /ip, has a cumulative probability
distribution defined by the implicit function,

SPRING 2008

A ~{D

r

D- \/E €ar
Y 1-p,

X EQ(1-D(Z, |e,,) |

]-[G,, +(1-G,)

(16)
X E@7(1-®(Y, |e,,)), 1- Q)(e_”)}

for e, € (—oo, +oo).

Calculation of the Critical Values
of a Portfolio’s Loss Rate Distribution

Many risk management functions and structured
finance calculations require portfolio loss rate estimates for
particular cuamulative probability thresholds of the portfolio
loss rate distribution. Consider, for example, the portfolio
loss rate that exceeds a proportion, @, of all potential port-
folio credit losses or, alternatively, a loss rate exceeded by,
at most, 1 — & of all potential portfolio losses. Because the
portfolio loss rate function is decreasing in e,,, Expression
(15) evaluated at ¢, = ®@'(1 — @) is the loss rate consistent
with a cumulative probability of @. Using the identities
®'(1 - 0) =—@ (@) and D = ®'(PD), the portfolio loss
rate consistent with a cumulative probability of & is

A V.2,V e, =07 (1-a))

q{ ©”'(PD) +/p, @' (@)

5
?
a.s.

X|G,+(1-G,)
\/1—P,- J [

X EQ(1-®(Z, |e, =-07 (@) ]
XE@7(1-®(Y |e,, =—®'(a0)))) for ae[0,1]

(17)

eM

Discussion

=1 U
The first term in Expression (17), ‘D(%

is the inverse of an asymptotic portfolio’s cumulative

3

default rate distribution evaluated at a probability of a.®

The remaining terms in Expression (17) are the
o-level critical values for the asymptotic portfolio’s EAD
distribution, G, + (1 — G)E(Q™'(1 - ®(Z,|e,, =
—~@7'(a))), and the asymptotic portfolio’s LGD distri-
bution, E©7(1 - ®(Y,|¢,, = ~®-(a))).
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In general, the critical values of the asymptotic
portfolio EAD and LGD distributions must be calcu-
lated using numerical techniques. Although quadrature
methods of estimation are preferred on efficiency
grounds (i.e., smaller estimation error for a given number
of calculations), a simple Monte Carlo estimator of
E@'(1 — ®(Y|e,, = —-@'(1)))) provides an example
that aids in understanding some of the portfolio’s dis-
tribution properties.

To construct a simple Monte Carlo estimator for a given
value for @, generate a random sample of size | of standard
normal deviates, &~ ¢(0, 1), j=1,2, 3,..., . For each obser-

vation, ¢ calculaté j‘; =®'1(1—(D(,/1 =Pyt —\/P_,-‘D"I(a))).
The Monte Carlo estimate of E@'(1 - ®(Y ¢, = —®(@)))

: I 1 . R . .
is ']FZ}=|’1,- The precision of this estimator improves as the

Monte Carlo sample size, J, increases:”
1<
b= 2 A—
_] =1
E@" (1-®(, ¢, =" (@)  (18)

A similar approach can be used to estimate the critical
value of the asymptotic portfolio’s draw rate distribution,
E(Q (1 - ®(Z |, = -0 ().

The Monte Carlo estimators highlight two charac-
teristics of the asymptotic portfolio’s draw and LGD dis-
tributions. First, as the correlations in their latent factors
converge to zero, the asymptotic portfolio draw rate and
LGD distributions converge to their unconditional
expected values,’

limp, E@"(1-®(Y, |e, =—D(a0))))

=E(A) Yael0,1)
N (19)
EQ(1-®(Z, [¢, =-" (@)

lim py—0

=E@) Yae0,1]

Second, as the correlations in these distributions’ latent
factors approach 1, there is no diversification in the port-
folio-level distributions; that is, the distributions of the
portfolio draw and LGD rate distributions converge to dis-
tributions that characterize the loss or exposure behavior
of a single credit,”
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limp‘__)l E®©™(1 —(I)(}?’, le,, =—®7(a))))

=0 () Vae|0,1]

(20)
=-07 ()

lim

Py EQ'(1-®(Z |e,,

=Q7 () Yae[0,1]

A STEP-FUNCTION APPROXIMATION
FOR THE PORTFOLIO LOSS DISTRIBUTION

The derivation of Expression (17) is not fully gen-
eral as it requires use of the probability integral trans-
form which is applicable only when individual account
LGD and draw rates have continuous distributions.
This section discusses an approximation for the asymp-
totic portfolio loss distribution that is applicable in cases
when the individual credit LGD and draw rate distri-
butions are discrete. In this approximation, a random
variable’s range of support is divided into equal incre-
ments, and these increments are used in conjunction
with latent Gaussian factors to construct a step-func-
tion approximation for individual correlated EAD and
LGD distributions.

Conceptually, the step function approach is similar
to a digital signal-processing algorithm. It divides the
entire range of the EAD and LGD distribution into dis-
crete segments that are sequentially activated by digital
switches that are turned on (or off) by the latent Gaussian
factors that drive EAD and LGD realizations. An excep-
tionally strong negative signal from an EAD or LGD latent
factor leaves all switches off, and the realized EAD or
LGD will be the maximum possible. A slightly less neg-
ative signal from the latent Gaussian factor will flip on a
few digital switches and thereby reduce the magnitude of
the account’s realized EAD or LGD. A very strong pos-
itive signal from the latent Gaussian factors will flip on all
switches and EAD or LGD will be reduced to zero.

The step function approximation is necessary when
LGD and the draw rate distributions are discrete. It can
also be used to approximate the portfolio loss distribu-
tion when the LGD and draw rate distributions are con-
tinuous. Because it avoids the need to use numerical
methods to calculate expectations, depending on the
intended use and accuracy requirements, the step-func-
tion formulation of the model may be preferred in some
applications even when the LGD and draw rate distrib-
utions are continuous.
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Approximating Individual Account EADs

Divide the [0,1] range of support for account draw
rates into 1 + 1 overlapping regions, and define n + 1 cor-
responding events: {£(0, j,n)} is the set of events d,€[0,+]
forj=0,1,2, ..., n.

Approximate the draw rate probability distribution
using a uniform-size step function defined on Zl

forZz =2 A

forA, < Z. <A

il

forA,<Z < A,

ford, <7 <A
ij+1 1 U]

where A, <A, | <---A, < A,. Expression (21) models
the draw rate as a monotonically decreasing function of
Z'. with n + 1 distinct draw rates with uniform incre-
ments of size + beginning at d=1.

Calibrate the thresholds {4, A,,, ..., A, } by equating
the Gaussian probabilities for the latent variable thresholds
to the probability that the corresponding events occur under
ﬂ(c’i) For example, the equality 1 - ®(A,)) = Q(ei =0) is
used to define A} = @'(1 - Q(0)). Similarly, 1 - ®(A4,) =
Q(6 = 1) is used to define A,=0(1-Q (4)), and so on.

The threshold values for the unconditional draw rate dis-
tribution approximation are given in Exhibit 1.

Approximating Individual Account LGDs

The methodology used to approximate the LGD
distribution is analogous to the approach used to approx-
imate the draw rate distribution. Divide the interval [0,1]
into n+ 1 overlapping regions and define a corresponding
set of events, {&(A, j,m)3 A €[0,4]} forj=0,1,2, ..., n.

The model is normalized so that higher realized loss
rates are associated with smaller realized values of }7',

Approximate ©(4) as

ExHIBIT 1

Step-Function Approximation for Individual Credit’s Draw Rate Distribution

Cumulative

Draw Probability of
Draw Rate

Rate Event

0 £(3,0,n)
| =

n E@.1,n)
2

n

£, 2,n)

E@,n— 1,n)

€@, n, n)
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Threshold Value for Latent
Variable Z, ;

4,=07" (1 -Q(0)

%:@ﬁ—QG

Q(§; = 0)

n

A =D 1(] = Q(Z
' n

o)
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0 for?, 2B,

(—] forB,<Y <B,

) -
[:] forB,<Y <B,

forB, <Y <B,_

1

1 forY <B,

_, <--+ <B, < B,. The latent variable thresh-
olds are defined in Exhibit 2.

The Loss Rate for an Individual Account

The loss rate distribution for an individual account
can be modeled using 2n + 1 indicator functions defined
over the latent variables lﬁ,él., and ffl One indicator func-
tion indicates default status; n indicator functions are used

to approximate the cumulative EAD distribution, Q(d);

and n indicator functions are used to approximate the
cumulative LGD distribution, ©(A) as follows:
. (1 #F <D
IpiV)=

0  otherwise

. |1 if Z <4

1, (Z)= Y ofor j=1,2,3,...n  (23)

if 0  otherwise
Y)y=q

0 otherwise

13,1,( fork=12,3,..,n

2 {1fﬁ<m
Each indicator function defines a binomial random
variable.
Let ANV, Z .Y, n) represent the approximate loss
rate for account 1 measured relative to the account’s max-
imum credit limit, M,. Define AY(V, Z Y, n) as

ANV, Z,Y n)= 1D,(L'1.)Ucm +(1- c,.“)[l]
L n

EXHIBIT 2

Step-Function Approximation for Individual Credit’s Loss Rate Distribution

Cumulative

Loss Probability of ~ Threshold Value for Latent
Rate  Event LossRate  Variable ¥,

0 E(%, 0,n) @ (,=0) B, =d'(1 - &0))

5 oY O|r = B =1 - @[

n E.»(l- 1, n) i - - ;

2 = = . 2

n &, 2, n) 9[3‘- ] B,=® 1[’ - Q(H)]

1 E(X, n, n)

32 A GENERALIZED SINGLE COMMON FACTOR MODEL OF PORTFOLIO CREDIT RISK

n-1  &RX,n-1,n) ®(~=
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where the notation indicates that the approximation depends
on #, the number of increments used to model the account’s
LGD and EAD cumulative distribution functions.

The Conditional Loss Rate
for an Individual Account

Let l"lv‘ (2, |e,,) and 13" ()7;| ¢,y represent the values
of the LGD and draw rate indicator functions (j =1, 2,
3, ..., n), conditional on By = These conditional indi-
cator functions define independent binomial random vari-
ables with expected values

5 A, - ‘
E(IA'.I. (Z, |ey))= (D[—"\/l—_@

-] B!, _\/p_\'e.\r
1/1—‘.0).

An individual account’s conditional loss rate is
approximated as

] Jj=12,3,...n (25)

E(IBQ_(}"/I. ley) ] i=12,3,...n (26)

NG Z,Fnle) =15 le,)
1 1 %
X [(C’“‘F (I—Gm)(_lez‘i (Zl |€M)J
nJ)ie= ik

x [[;ﬂ])ﬁlaﬁ(ﬁ >N @)

The Loss Rate on an Asymptotic
Portfolio of Revolving Credits

We considered a portfolio composed of N accounts
that are identical except for their idiosyncratic risk fac-
tors.” Let Aj\(V, Z,Y,n|e,,) represent the approximate
loss rate on this portfolio of these N accounts condi-
tional on a realization of ¢, and n increments in the
step-function approximation,

AV, ZYnle,)=

(2;:.(M-A**<I?,Z.,ﬂ,n|e.u))]

SPRING 2008

Because the individual account conditional loss rates
are independent and identically distributed, the Strong
Law of Large Numbers requires

Expression (29) is an approximation for the inverse of the
conditional distribution function for an asymptotic port-
folio’s loss rate evaluated at e, € (—oo,+e0). Propositions
1 and 2 in the appendix can be used to show that, in the
limit, as n — oo, the approximation converges to the true
underlying asymptotic portfolio conditional loss rate. An
asymptotic portfolio’s loss rate cumulative distribution
function can be approximated by the implicit function

o[ DoVP e | B [1}
Ap CD[ M ] {Cﬁ+(1 Gu) g

= (B -\p,
(1] @ LN, VP, & A=De,,)
R/ = l_p\‘
for e, (—o,0) (30)
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EXAMPLES OF PORTFOLIO DRAW RATE
AND LGD DISTRIBUTIONS

In this section, three alternative unconditional
account-level LGD and draw rate distributions are used
to generate portfolio level distributions. These account-
level distributions could represent individual account draw
rates or LGD rates depending on the specific application.
The three distributions considered are all members of the
Beta family. The Beta family of distributions is ideal for
these applications because it has a very flexible shape and
its domain can be restricted to the [0,1] range.

In the examples that follow, the Beta distribution para-
meters are selected so that one account-level unconditional
distribution is skewed right, one is symmetric, and one 1s
skewed left. The analysis demonstrates that skewness and
correlation among individual LGD and EAD distributions
are important determinants of the shape of the asymptotic
portfolio LGD and draw rate distributions. Although the
examples could represent either individual account draw
rate or LGD rate distributions, to simplify the discussion
they are described as if they represent LGD distributions.

Positively Skewed Distribution

The density function for the Beta distribution with
the first parameter (alpha) equal to 1.6 and the second
parameter (beta) equal to 7, plotted in Exhibit 3, is

A ~ Beta(1.6, 7, A)

, _ T(8.6)
Beta(1.6, 7, A)——F(l.(w)l"ﬂ) (31)
X A"(1=-A4) for 0<A<1

where ['(b)= J” y"'e’dy, b>0, i the mathematical
gamma function. This unconditional distribution is skewed
right and could, for example, represent the random draw
rates on revolving corporate credits or the loss given default
rates on wholesale bank loans or alt-A mortgages.
Exhibit 4 plots the asymptotic portfolio’s LGD dis-
tribution for alternative correlation assumptions assuming
that individual LGDs are distributed Beta(1.6, 7) and that
LGD correlation is driven by the single common factor
structure previously described. When individual credit loss
rates are uncorrelated, the portfolio’s unconditional LGD
distribution converges to E(Beta(1.6, 7)) = 0.1862. When
correlation among account-level LGD realizations increases,
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EXHIBIT 3
Beta (1.6,7) Probability Density
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EXHIBIT 4

Asymptotic Portfolio Unconditional LGD Distribu-
tion for Alternative Correlations when Individual
Account LGDs are Distributed Beta (1.6,7)
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the range of the portfolio LGD distribution increases and
the distribution becomes increasingly positively skewed.
As correlation approaches 1, the ability to diversify LGD
risk within the portfolio diminishes. When correlation
reaches 1, the asymptotic portfolio LGD distribution con-
verges to the Beta(1.6, 7) distribution (not shown).

Negatively Skewed Distribution

The second unconditional distribution example
considered is the Beta distribution with parameters alpha =
4 and beta = 1.1:

A ~ Beta(4, 1.1, A)
Beta(1.6, 7, )= &‘)—/’L"(‘I - A (32)
T(4)(1.1)

for 0 <A <1
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This negatively skewed distribution, plotted in
Exhibit 5, could represent individual draw rates or LGD
rates on subprime credit card accounts or other revolving
retail credits.

Exhibit 6 plots the asymptotic portfolio LGD distri-
bution generated under different correlation assumptions
when individual account LGDs are distributed A ~ Beta
(4,1.1). When account-level LGDs are uncorrelated, port-
folio-level LGD risk is completely diversified, and the
asymptotic portfolio’s LGD distribution converges to
E(Beta(4,1.1)) = 0.784. As the correlation among account
level LGDs increases, the portfolio-level LGD distribu-
tion becomes increasingly negatively skewed; it converges
to Beta(4,1.1) for p, = 1.

Symmetric Distribution

The final example is the Beta distribution with para-
meters alpha =7 and beta=7,

A ~ Beta(7,7,4)

r(14)
L(7(7)
for0< A <1

Beta(7,7,4) = xA°(1-A)° (33)

This distribution, plotted in Exhibit 7, is symmetric and
could represent LGD rates on investment-grade corpo-
rate debt.

Exhibit 8 plots, for different correlation assump-
tions, the unconditional asymptotic portfolio LGD dis-
tribution that is generated when LGDs are distributed
A~ Beta(7,7). The portfolio LGD distribution converges

EXHIBIT 5
Beta (4,1.1) Probability Density
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EXHIBIT 6

Asymptotic Portfolio Unconditional LGD Distribu-
tion for Alternative Correlations when Individual
Account LGDs are Distributed Beta (4,1.1)

30
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0.6 To7 s 09

to E(Beta(7,7)) = 0.5 when individual LGD realizations
are uncorrelated. As the correlation increases, the range
of the asymptotic portfolio LGD distribution increases,
and the portfolio LGD distribution converges to Beta(7,7)
as pyy—> 1.

Sample Asymptotic Portfolio
Unconditional Loss Rate Distributions

This section illustrates the calculation of uncondi-
tional loss rate distributions for alternative asymptotic port-
folios. The examples represent hypothetical portfolios that
are broadly consistent with the stylized facts associated
with selected fixed-term loans and revolving credit facil-
ities for both wholesale and retail credits.

Published evidence on the shape and correlations
of account-level LGD and EAD distributions is limited.

ExXHIBIT 7
Beta (7,7) Probability Density
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EXHIBIT 8

Asymptotic Portfolio Unconditional LGD Distribu-
tion for Alternative Correlations when Individual
Account LGDs are Distributed Beta (7,7)

ot 2 ! S _A——— - - + .
0.35 0.40 0.45 0.50 0.55 0.60 0.65

Few studies characterize the shape of individual account
EAD distributions, and no study has attempted to esti-
mate the strength of EAD correlation in a structural
model."” A larger number of studies focus on the distri-
bution of LGD rates, but the evidence is sparse and much
of it is specialized to default rates for agency-rated credits.

Most studies investigating LGD correlation behavior
investigate time series correlation estimates between
observed default frequencies and default recovery rates.
Only one study estimates a structural model LGD cor-
relation parameter. Frye [2000b] estimates p,, to be about
20% for agency-rated bonds, but his estimate is based on
a structural model that assumes that LGD distributions
are symmetric. It seems likely that alternative specifica-
tions for LGD that include significant skew in account-
level LGD distributions will produce more modest
estimates of correlation, but such issues have yet to be
studied. Also, as noted by Carey and Gordy [2004], most
LGD correlation estimates have been derived from rating-
agency bond data, and the correlations for different lia-
bility classes are likely to differ according to firm capital
structure characteristics and the identity of important
stakeholders, including the presence (or absence) of sig-
nificant banking interests.

A review of the publicly available literature sug-
gests that the shapes of individual unconditional LGD
and EAD distributions, as well as the magnitudes of their
correlations, are largely open issues. This study will not
contribute on the issue of model calibration, but will
illustrate the asymptotic portfolio loss rate distributions
that are generated under alternative structural model
parameterizations.
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Hypothetical Portfolio of Term Loans

The first example is chosen to represent the portfolio
loss rate distribution on a portfolio of senior secured term
loans to non-investment-grade borrowers. Exhibit 9 plots
the distribution of projected LGD rates on loans that
receive a recovery rating by Fitch Ratings."" Fitch Ratings
reports that a large share of the loans that are referenced
in Exhibit 9 are secured first-lien loans which explains the
favorable projected recovery rate distribution. Exhibit 9 is
based on a forward-looking LGD rate distribution that is
not conditioned on any realized state of the economy, so
it proxies for an unconditional LGD distribution.

The distribution in Exhibit 9 is not very granular.
While this discrete distribution could be used directly in
Expression (30), it is broadly similar to the continuous
Beta(1.6,7) distribution, so we will use the latter contin-
uous distribution to represent the LGD distribution for
individual secured first-lien loans. To construct the asymp-
totic portfolio loss rate distribution for this class of expo-
sures, we assume that all loans are fully drawn (EAD = 1)
and that individual credits have an unconditional prob-
ability of default of one-half of a percent. The default
correlation parameter is set at 20% (p,, = 0.20) to reflect
both the wholesale nature of these credits and the average
corporate correlation used in the Basel AIRB capital
framework.

The asymptotic portfolio loss distribution for this
class of credits is plotted for different LGD correlation
assumptions (p,) in Exhibit 10. As the correlation between
account LGD rates increases, the skewness of the asymp-
totic portfolio’s loss rate distribution increases. As corre-
lation increases from zero to 10%, the 99.5% critical value
of the portfolio loss rate distribution increases by almost
60%. When individual LGD correlations are 20%, the
portfolio 99.5% critical value is almost double the estimate

ExXHIBIT 9

Projected LGD Distribution for Loans Rated
by FitchRatings
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ExHiBIiT 10

Asymptotic Portfolio Loss Rate Distribution for
Alternative LGD Correlation Assumptions
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Individual Accounts have PD = 0.5%, Default Correlation of 20%, Fixed
EAD and Individual LGD ~ Beta (1.6,7).

produced by the simple Vasicek ASRF formula that
assumes uncorrelated LGDs.

Hypothetical Portfolio of Revolving
Senior Unsecured Credits

A second example is chosen to represent the loss rate
distribution of an asymptotic portfolio of revolving senior
unsecured bank loans made to investment-grade obligors.
The example assumes that portfolio obligors begin with a
30% facility utilization rate and draw on their remaining
credit line over the subsequent period. Because these are
wholesale credits, we use a default correlation assumption
consistent with Basel Il (p,.= 0.20). We examine the shape
of an asymptotic portfolio loss rate distribution under alter-
native correlation assumptions for LGD and EAD.

Data reported by Altman [2006, Exhibit 2] sug-
gests that historical loss rates on senior unsecured bank
loans are nearly symmetric, with an average loss rate of
about 50% and a standard deviation of about 25%. For
purposes of this example, the Beta(7,7) distribution pro-
vides a reasonable approximation to this LGD distribu-
tion. Araten and Jacobs [2001, Exhibit 1] estimate that,
for historical Chase data, a BBB+/BBB credit has, on
average, about a 55% loan-equivalent value a year before
default. No published study provides any additional
information on the EAD distributions for such facilities.
The assumption, however, of an initial utilization rate
of 30% and a Beta(1.6,7) draw rate distribution matches
both the mean of the Araten and Jacobs EAD data, as
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well as conventional wisdom which suggests that bankers
are at least partially successful at limiting credit line take-
downs by distressed obligors. We assume an uncondi-
tional default rate of 0.25%.

Exhibit 11 plots estimates of the asymptotic portfolio
loss rate distribution under alternative correlation assump-
tions for LGD (p,) and EAD (p_). Correlation among
account LGD and EAD realizations reduces the potential
for credit loss diversification. As correlation in EADs and
LGD:s increases from zero to 10% (zero to 20%), the port-
folio loss distribution suggests that the credit loss rate asso-
ciated with a 99.5% cumulative probability increases by
43% (64%).

Hypothetical Portfolio of Subprime
Retail Credits

The final example is designed to mimic the behavior
of credit losses on a subprime credit card portfolio. Unlike
earlier examples, we are unable to reference any published
study to anchor our choice of distributional assumptions.
Individual accounts are assumed to have an unconditional
probability of default of 4% and, consistent with the Basel
AIRB treatment of qualified retail exposures, default cor-
relations are assumed to be 4%. Customers are assumed
to begin the period with 20% utilization of their credit
limits and are assumed to draw on the remaining 80% of
their credit limit with a draw rate modeled using the
Beta(4,1.1) distribution. Because these are unsecured

ExHIiBIT 11

Asymptotic Portfolio Loss Rate Distribution for
Alternative LGD and EAD Correlation Assumptions
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Individual Accounts have PD = 0.25%, Default Correlation of 20%,
Individual Account LGD ~ Beta (7,7), 30% Initial Drawn Balance, 70%
Revolving Balance, and an Individual Draw Rate ~ Beta (1,6,7).
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ExXHIBIT 12

Asymptotic Portfolio Loss Rate Distribution for
Alternative LGD and EAD Correlation Assumptions
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Individual Accounts have PD = 4%, Default Correlation of 4%, Individual
Account LGD ~ (4,1.1), 20% Initial Drawn Balance, 80% Revolving
Balance, and an Individual Draw Rate ~ Beta (4,1.1).

credits, recovery rates are low and account LGDs are
assumed to follow the Beta(4,1.1) distribution.

Exhibit 12 plots estimates of the asymptotic port-
folios loss rate distribution under alternative assump-
tions for LGD and EAD correlations. The plots show
that correlation in account-level LGD and EAD distri-
butions has only a modest effect on the tails of the port-
folio’s credit loss distribution. As correlation in EADs
and LGDs increases from zero to 10% (zero to 20%), the
loss value associated with a 99.5% cumulative proba-
bility increases by 26% (35%). The relatively modest
correlation impact is driven by the extreme negative
skew in the assumed LGD and EAD distributions; most
of the probability mass is associated with high account
draw and loss rates.

CONCLUSION

This article has developed a tractable generaliza-
tion of the single common factor portfolio credit loss
model that includes correlated stochastic exposures and
loss rates. The model yields an exact closed-form rep-
resentation when individual account LGD and EAD
distributions are continuous and a closed-form approx-
imation when LGD and EAD distributions are discrete.
The model does not restrict EAD or LGD distributions
or their correlations. The closed-form representation
of an asymptotic portfolio’s inverse cumulative condi-
tional loss rate can be used to calculate the uncondi-
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tional portfolio loss rate distribution, economic capital
allocations, and support level for securitization struc-
tures. Portfolio loss rate distributions are illustrated for
representative wholesale and retail portfolios. The results
show that the additional systematic risk created by pos-
itive correlation among individual account EAD and
LGD realizations increases the skewness of an asymp-
totic portfolio’s loss rate distribution. The additional
skewness will increase potential loss projections for lower
tranches of structured products and securitizations, and
mandate the need for additional economic capital com-
pared with Vasicek model-based estimates.

APPENDIX

DISCRETE APPROXIMATION FOR THE
PORTFOLIO LOSS DISTRIBUTION

Let Z(d) represent the cumulative density function for
ae[0,1]. E(a) is monotonic and non-decreasing in d. Divide
the range of support for d into n equal increments of size L.
Define a set of overlapping events that span the support: {&(d, /,
m1,i=0,1,2, ..., n where &@a, j, n) is the event, i€ [tl“i] for

. o
i=0,1,2, 3, ..., n. By construction, (%) is the probability

that event &(d, j, n) occurs.
Define 1
&G, j, ),

Eajim 38 the indicator function for the event

1 ifa, €&(a, j,n) (A1)

sl@gn) 1o otherwise

The expected value of the indicator function is the probability
of occurrence of the event,

By .. )= & S =0, 1,2, 3,050, 4 (A2)

;("-J‘-”) 2 s by &y s L

n

Consider the probability associated with the intersection
of two adjacent events, &(a, j, —1, n) N &(d, j, n), as n —> oo . In
the limit as n — oo, j = oo, and 3 — 0 the ratio ¢ remains

unchanged, and the intersection &(a, j -1, n) N &, j, n) con-
) -~
verges to the point % € [0,1]. In the limit as n — oo , the dif-

~ - -~y v -~ . !

ference in the expected values of indicator functions ’_—’ and 7

converges to the value of the probability density of @ evaluated
]

p 5 : I e — T = ==

at the point £, lim,__E(1.., EQlgzi1a) == ket

- . . ! ~ . .
If a, € [0,1] is rational, then a,= 7 for some integers, j and
n. When Z(d) is discrete, if n is sufficiently large, each rational point
in the support of d can be associated with a unique compound

event, &(a, i, n) M &(a, j, n), for some integers i and j. Lagrange
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established that if a. € [0,1] is irrational and it is approximated by
a rational number, then the absolute value of the approximation
error is bounded and decreasing in n, 14, — < "';lr Thus, irra-
tional points in the support of @ can be approximated to any
desired degree of accuracy by a, = £ for some integers, j and n.
Taken together, these results imply that a discrete distribution
E(a) can be approximated to any desired level of accuracy by

choosing an appropriately large value for n.

Proposition 1: E(a)=1-1lim _ (HZ"7 E(1.. )

ﬂﬂﬂﬂ( n

= 5’(“.’.’)‘ the math-
)

. 1 =1

1 -4 .. ( )z;-ﬂ E(1 1(::»')}

Using lim E(1 —E(lg;:.
ematical expectation of @ can be written E(a) = lim__,

(E(1 - Bl

E(.]ll.rl))

f=»c0

E(djm) ) E(@j~1 A=

Proposition 2: lim __ (42" (D(—Jr‘fp_—‘—') E(A |25

Proposition 1 and Expression (29) imply E(i[ e)=lm
- (22 E(lBr (E|¢»,'l))| = lim,__,, [1 - (4) . (B, -
N A f1- p,. )] Substitution of the definitions of the B, { B,
=p'(1-0 ((’)).j =0,1,2,...,n—1} (from Exhibit 2) estab-

lishes the result. A similar logic can be used to show lim

(#)z., q,(-q—‘;%—] =E(d|e,).

n—so0

ENDNOTES

The views expressed are those of the author and do not
reflect the views of the FDIC. Thanks to Rosalind Bennett,
Steve Burton, Sanjiv Das, Jin-Chuan Duan, Greg Gupton,
Robert Jarrow, Peter Raupach, and Stuart Turnbull for helpful
comments on earlier drafts of this article.

'A common convention used to facilitate computation is
to assume LGDs are log normally distributed. This assumption
is not without costs as lognormal loss rates are unbounded. The
framework in this article does not require this strong assump-
tion. Loss rate distributions can have realistic distributions with
bounded supports and the model still produces a closed-form
expression for the conditional portfolio loss rate.

*This specification accommodates the Basel Il convention
that exposure estimated at the end of the one-year capital horizon
is at least as large as the initial level of extended credit, G, M,
The model can be generalized to recognize creditors’ ability to
reduce or eliminate their outstanding balances by setting G, ;=0
and directly modeling an account’s end-of-period utilization rate
J"Zie [1,0] instead of modeling an account’s draw rate § .
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*For any random variable ¥ with continuous density func-
tion f(3), the probability integral transformation requires that
the random variable § be distributed uniformly over the interval
[0,1], when the random variable Sis defined by the probability
integral transformation, S, = L_’f(-")dﬁ_

*See Gordy [2003] for further discussion.

*When EAD and LGD are both constant, as they are in the

Vasicek ASFM framework, the formula used to estimate a capital
&7 (D) + Jp, ©(a)

= p
LGD + EAD. For example, this loss rate formula (with = 0.999)

is used to calculate minimum regulatory capital requirements in

allocation with a coverage rate of & is ®

the Basel I1 AIRB approach (see the Basel Committee on Banking
Supervision [2006]).

“Tht‘ convergence rate of the Monte Carlo estimator is

o).

"When p,— 0,4 =07(1 - ®(e)) and T -1 & =5
E(A) A similar argumem holds for the asymptotic portfolio
draw rate.

"When p.J -1, l O'(1-® (-d'(a) = D' (a) and
]’.‘z' '1 =0 (@), A sumlar argument holds for the asymp-
totic portfoho draw rate.

“The threshold values for the account level LGD and
draw rate distributions are identical across credits.

"Araten and Jacobs [2001] provide simple descriptive sta-
tistics on a sample of Chase revolving facilities. Jiménez, Lopez,
and Saurina [2006] provide an aggregated histogram of all cor-
porate EADs derived from the Spanish credit registry for all
credit institution loans in excess of € 6,000 over a period span-
ning 1984-2005.

"Exhibit 7 was constructed by the author from infor-
mation provided in Fitch Ratings [2006].
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