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Importance sampling (1S), as an efficiency improve-
ment technique for Monte Carlo simulations, is par-
ticularly well-suited for correlation products which
have payoffs contingent on the occurrence of rare
events. An appropriate choice of the IS distribution
is of absolute necessity to ensure variance reduction.
Without being chosen carefully, the use of IS can
result in ineffective variance reduction, or at the worse
cases, even increase the variance of the Monte Carlo
estimators. Hence, it is highly desirable to be able to
select the right 1S distribution that guarantees vari-
ance reduction. In this paper, we propose an effec-
tive IS algorithm for the valuation of k-th to default
basket default swaps. The algorithm is simple to
implement and guarantees variance reduction. We
have established a way of ensuring that for every
simulation path generated, the desired default events
always take place, and this is achieved under an
appropriate choice of the IS distribution among the
set of possible measures that can force the required
events of interest to occur. Our numerical results
show that the proposed algorithm is considerably
more efficient than the crude simulation method.
The gain in variance-reduction efficiency is particu-
larly prominent when the possibility of the k-th
default event is remote.

ulti-name credit derivatives, such
as basket default swaps, and syn-
thetic collateralized debt oblig-
ations, have gained increasing
popularity in recent years. For investors and
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market practitioners seeking to redistribute the
credit risk of their underlying portfolios or to
release regulatory capital, multi-name credit
derivatives provide a feasible way to customize
credit protection according to different risk pro-
files. Recent developments in the credit deriv-
atives market have shifted towards the use of
standardized baskets, which are based on diver-
sified sectors of the European iTraxx index, to
bring about liquidity and greater price trans-
parency. In particular, the most leveraged trades,
standardized first-to-default baskets, are now
used by traders as reference benchmarks for their
correlation levels.

[n contrast to a simple credit default swap
which provides credit protection for a single
underlying, a basket credit default swap extends
the credit protection to a pool of credit instru-
ments under the restriction that compensation
is granted for the default of only one under-
lying obligor. Depending on the ranking of
default protection, a basket credit default swap
1s known as a first-to-default basket, a second-
to-default basket, or more generally, a kth-to-
default basket. A kth-to-default basket resembles
an insurance contract that offers protection
against the event of a kth default on a pool of
# (n = k) underlying obligors.

As for credit default swap contracts, the
protection buyer pays a premium/spread on
the notional of the position at regular time
intervals as an insurance premium until the
maturity date of the contract or the event of
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a kth default. In return, the buyer of a kth-to-default swap
contract receives the value of the loss (the notional less the
recovery) at the time of a kth default. When the desig-
nated entity experiences a default event, the credit default
swaps on the other reference entities are automatically
cancelled at no cost to the protection seller. Such product
facilitates the creation of specific exposures to designated
default events. For example, a second-to-default basket
allows the protection seller to assume the risk on the
second reference entity to default within the basket,
thereby reducing the seller’s risk of loss, while the pro-
tection buyer benefits from a lower premium payment as
the order of the designated default events progresses.

The rationale behind kth-to-default swaps is the
alignment of credit risk with the investor’s risk tolerance
level by taking sequential default risk positions for a basket
of reference entities. The resulting structures give rise to
different exposures toward default risk, default correla-
tion, and expected loss. Of these exposures, the sensi-
tivity to default correlation, which depends on the order
of the designated default events, is the most complex. For
example, in a first-to-default basket swap, an increase in
default correlation implies a strong possibility that all ref-
erence entities default simultaneously. The credit risk that
the structure is exposed to, therefore, approaches that of
the most risky entity in the reference pool. Thus, the risk
of the structure will increase as default correlation decreases
due to the protection seller being exposed to all the ref-
erence entities.

The characteristic of varying exposures to default
correlation in any kth-to-default baskets allows traders to
trade implied and expected default correlations. By taking
a long position in a basket of reference entities and at the
same time buying a first-to-default protection on the
basket, investors can create synthetic senior positions. Syn-
thetic senior short positions can conversely be constructed
by selling a first-to-default protection on the basket and at
the same time buying protection on the reference entities.
When used as hedging instruments, kth -to-default credit
default swaps can hedge against risk clustering or exposure
to a particular name within a large credit portfolio. The
resulting hedging costs in this case will be lower than the
sum of hedging individual credits within the portfolio.

The valuation of basket credit default swaps requires
specification of the distribution of joint default times; and
a pre-specified dependence structure of correlated default
times is a vital input. In Li [2000], default times between
underlying obligors are assumed to be inhomogeneous
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Poisson processes and the dependence structure is a Gaussian
copula function. The Li [2000] model, commonly known
as the Gaussian copula approach, requires only a one-step
simulation to generate correlated default times. Even
though many have suggested that other copula functions,
such as the Student-t copulae (Mashal and Naldi [2002])
and the Clayton copulae (Rogge and Schonbucher [2003]),
may better capture the tail dependency of correlated
defaults, the Gaussian copula approach remains an industry
standard for valuing portfolio credit derivatives because of
its ease of implementation via Monte Carlo simulations.

Although conceptually simple and easy to imple-
ment, Monte Carlo simulations can be unstable and
exhibit slow convergence when dealing with rare events.
This is mainly due to the integrand being locally peaked.
In the case of pricing basket default swaps, it is only when
a kth default has taken place before the maturity date that
a simulated path can result in a default payoft. Thus, of
all paths generated, even with a high hazard rate, the per-
centage of paths that actually result in default over a con-
tract’s lifetime can be very small and their relevant
contributions to the value of the default leg are uninfor-
mative and insignificant. The convergence rate decreases
as the number of underlying obligors increases, especially
for contracts of short maturities.

When a reference entity is highly creditworthy,
default is a rare event that makes a crude Monte Carlo
algorithm inefficient in estimating the point of interest.
Importance sampling (IS) is an appealing technique for
improving the efficiency of rare-event Monte Carlo sim-
ulations. But if the IS distribution is not properly selected,
the use of IS can result in ineffective variance reduction
and even increase the variance of the estimator under cer-
tain circumstances. The IS procedure introduced by Joshi
and Kainth [2004] for the valuation of BDS contracts is
one case where the variance of an estimator can be
increased. When the default times are generated in sequen-
tial order and the choice of the likelihood ratio is not sub-
ject to any pre-specified minimization constraint for
variance reduction, the resulting probability distribution
can fail to be an “equivalent measure.” Thus, events that
take place under the original measure may not be assigned
a positive probability of occurring under the IS distribu-
tion. Therefore, it is vital to have a method for selecting
IS distributions that guarantees variance reduction. In
other words, if chosen appropriately, an IS distribution
will ensure that the resulting likelihood ratio is always less
than one, and that for every path generated, a default
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event will always take place. In this article, we propose an
effective IS algorithm that achieves such objectives, yet
whose implementation requires no more complexity than
that of a crude Monte Carlo algorithm. Our numerical
results confirm that our proposed algorithm achieves effec-
tive variance reduction even when the probability of a
kth default event is remote.

This article is organized as follows: The next sec-
tion begins with a brief review of credit risk modeling and
ends with a description of the Li [2000] model that our
approach is based upon. Problem formulation for the val-
uation of kth-to-default basket default swaps is given in
the third section. The fourth section proposes an IS algo-
rithm that is simple to implement and that guarantees
variance reduction. In the fifth section, we present esti-
mates of fair spreads for kth-to-default basket default swaps
with underlying obligors in the automobile, industrial,
energy and finance sectors. The last section concludes.

CHARACTERIZATION OF DEFAULT TIMES

Credit risk modeling, in particular the modeling of
default risk, divides the literature into two mainstreams:
one stream considers default events as being reflected in
a company’s capital structure and the other considers
default events as pure surprises. They are known, respec-
tively, as the structural and reduced-form approaches.

The characterization of default risk as a structural
approach first-passage time problem was initiated in
Merton [1974]. The default event is defined as the value
of a company’s assets falling below the face value of its
debt at any future date. Credit risk models that follow
this line of thinking include Black and Cox [1976]; Geske
[1977]; Leland [1994]; Longstaff and Schwartz [1995],
and Zhou [2001]. All tackle the credit risk of a single
entity with the exception of Zhou [2001] which con-
siders the default correlations of two entities as two cor-
related Brownian motions and finds a closed-form solution
for the probability of joint defaults. While Zhou's results
cannot readily be extended to cover the case of many
issuers, Hull and White [2000] demonstrates the use of
Monte Carlo simulations to value a basket credit default
swap. And Hull and White [2001] describes a default cor-
relation model that can handle many issuers, but requires
the use of computationally intensive numerical procedures.

Reduced-form models make direct use of the market
information available (e.g., credit spreads and rating-
transition probabilities) to arrive at default risk estimates.
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In contrast to structural models, firm values are bypassed
and defaults are treated as exogenous. Schonbucher
[2003]; Duftie [2003], and Lando [2004] provide a
detailed review of the reduced-form approach to credit
risk modeling.

Until now the industry standard for the joint default
probability of multiple underlying obligors has relied on
a model of joint default times. The copula approach for
specifying the dependence structure among default times
was introduced by Li [2000]. Laurent and Gregory [2005]
introduced the factor-copula which conceptually coincides
with the conditional independence assumption among
default events (i.e., conditional on a systematic factor,
default events are mutually independent). The conditional
independence assumption results in a semi-analytic rep-
resentation of the loss distribution. Models that follow
this assumption include Andersen, Sidenius, and Basu
[2003], in which a recursion technique is used to construct
the loss distribution, and Gregory and Laurent [2004], in
which the loss distribution is derived via the convolution
of characteristic functions of individual losses. They apply
the Fast Fourier Transform to numerically calculate the
integral.

The following is a brief account of the joint-default
time model that our approach is based upon.

Let 7, denote the default time (or equivalently, the
time to default) for an underlying obligor i, where i =
I, ..., n. T.is a positive random variable and its distribu-
tion is characterized by the hazard rate function h(-),

pmb(»r - t ‘[ b (u)du

(1)

Let F(f) denote the cumulative default probability before
time t for obligor i (the marginal distribution of the time
to default for obligor i),

F{f) = prob(F, £ f) = 1= 2"

and let S(1) be the survival function of obligor i, so that
S(1) is expressed as S(f) = 1 — F(1).

Using the quoted market spread on corporate bond
or credit default swaps, one can extract the marginal dis-
tribution of the time to default, F(r), for each obligor i.
However, the cashflows of portfolio credit derivatives are

a function of a sequence of random default times (7, ..., 7).
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Therefore, in order to evaluate multi-name credit deriv-
atives, the modeling challenge 1s to characterize the depen-
dence structure for the default times, 7.

By sampling a set of correlated uniform variates
(U,U,, ..., U), one can then specify a copula function
C (u,uy, ..., u ) which defines the dependence structure
among default times to link univariate marginals into a
multivariate joint distribution,

Cluy, sy -.on y, P) = prob(U| Su, UySu,, ...

The copula-based approach involves the following
steps: First, one must generate correlated random num-
bers X, where i =1, ..., n. Second, uniformly distributed
random variates, U, = ®(X)), must be obtained from the
cumulative normal distribution function, @(-). The final
step is the computation of default times for each indi-
vidual obligor via an inverse mapping of their marginal
distributions, 7, = F'(U).

For the Gaussian copula, the sampling procedure in
the first step is very simple. Based on a correlation matrix
2 for the asset returns, a set of correlated standard normal
variates (X, X, ..., X ) are generated either by performing
a Cholesky decomposition for the correlation matrix'
or by using a factor-form representation such as in Lau-
rent and Gregory [2005],

XJ =pJZU+ Vl_plzzl
where Z

o Zp with i =1, ..., nare independent standard
normal variables. The variable Z is the common factor
upon which default events of all underlying obligors are
dependent, and Z, represents the firm-specific or industry-
specific risk factors. The parameter p, determines how
strongly X is correlated to the evolution of the common
factor Z,. The correlation between two credits i and j is
Corr (X, X) = p, p; The second and final steps require
that the correlated uniform random variables are translated
into default times via the inverse of the marginal distrib-
ution function for each underlying obligor.

VALUATION OF ktH-TO-DEFAULT BDSs

In this section, we briefly review the valuation
procedure of a generic kth-to-default credit default swap
relative to a portfolio of n (n 2 k) reference risky obligors.
Throughout the section we shall adapt the following
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notations: (; is the time the jth premium payment takes
place; A_,‘_l-__,‘ is the time increment between premium
payments at the (j— 1)th and the jth time points in years;
P(0, r}.) is the discount factor for a basket default swap
contract with time to maturity t; R, is the recovery rate
for the ith obligor when default happens assuming that R,
is equal to a constant R for all i; T1s the k-th default
time among the underlying obligors; and M. is the notional
amount for credit i assuming M, is equal to a constant
amount M for all i. The time to maturity of the basket
default swap is T, where T = t; F(t) is the probability
that an underlying credit i defaults before or at time s hence,
by definition, F,.(fj) = Pr(7, < ). The value (1) denotes the
survival function of the k-th default time, S() =
Pr(7> ). The distribution function of Tis therefore given
by F(t) = Pr(t< 1) = 1 — S(f). Finally, Q denotes the risk-
neutral probability measure, s denotes the credit spread,
and I(-) is the indicator function.

If we define P17 " a5 the present value of the
premium leg for the k-th-to-default basket swap, then

N
P[ 7 premitm — EQ 2 Ai_

=

(XX PO, t )X MX(T>t)|(3)

where the expectation is a function of the risk-neutral
pricing measure Q. If accrued premiums are considered,
then the present value of the accrued premium PJ#ianedrremion
can be computed as

N
Acoreed Pren J i
P[‘/ Acereed Preminm - EQ Z(' ~ 1 A’_] ’)X‘\'
j e o N
j=

(4)

I

XPO,T)X MXI(t,_ <T<t ):|

And if we define PI7%"" a5 the present value of the default
leg for the k-th-to-default basket swap, then

Pl = EQ[(1 —R) Xx M X P(0, T) X (T < T)] (5)

We can therefore derive the fair spread for the kth-to-
default basket swap as follows

E°[1-R)x P(0,7)x I(T < T)]
EC[EN A, X PO,1)xI(T> )]

5§=

(6)
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The crude Monte Carlo procedure for computing
the value of the default leg can be described as follows:

1. Generate independent samples of standard normal
variates Z, Z,, ..., Z
2. Generate corrdatcd normal variates by setting

X =pZ, +\1-p’Z, 1<i<n.

3.5 U=0(X),15i<n
4. Set g, = F"(U) 1sisn
5. Set T = the k-th order statistic of (7}, ..., 7).

6. Set the discounted payoff = (1 — ) I(t< T)P(0,1).

7. Repeat Steps 1 to 6 m times; the confidence interval
of the DL can then be constructed using the m values
of the discounted payoff.

This procedure provides a point estimate for the
default leg, denoted by e, such that

<T)P(0,7") 7)

where 7 is the i-th independent sample of 7.

THE PROPOSED ALGORITHM

The efficiency of Monte Carlo simulation is mea-
sured by the variance of the estimator and the ease of gen-
erating a replication (Glynn and Whitt [1992]). Our goal
is twofold: First, we need to establish a way of selecting
an appropriate IS distribution among the set of possible
measures in order to ensure k default events of interest
on every generated path. Second, we need to ensure that
the gain in variance reduction of the proposed algorithm
always outweighs that of a crude Monte Carlo algorithm.

Let fbe the density function of T and suppose that
g(x) 15 also a density function, such that g(x) > 0 for 0 <
x < T. Let L(x) = f(x)/¢(x), which is the likelihood ratio,
and 7 be independent values sampled from g(x). Then,
we see that the point estimator

B= li(l —R)I(T" <T)PO,7 L") (8)

mio

is an alternative estimator for the default leg. The point
estimator f is known as an IS estimator (Glynn and
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Iglehart [1989], and Glasserman [2004]), and its variance
depends on the choice of the IS density g(x). In order to
select an appropriate ¢(x), we first need a simple alterna-
tive characterization for the default event of the basket
{rs T).

Proposition 1. The default event of the basket {T< T}
is equivalent to the event { Z, < b} if b is the (n — k + 1)-th
order statistic of (b, ..., b)), where b, = (®(F(T)) —
J1- pf Z.)/p,; that is, conditional on Zays Z, the event

of interest can be determined solely by the common factor 7.

Proof. Since

={®(X,)<E(T)}

={X, <@ (E(T))}
={pZ,+1-p Z <@ (E(T))}
- O (F(T))-1-p Z,
~{z < .

={Z, <b}

we arrive at an alternative characterization for the default
event {7,< T} (i.e,
{Z,=b}).

Now consider the event of interest { T

the event {7, < T'} is equivalent to

= T}. Note
that

I(T<T)=1¢& Y I(1,<T)2k

=1

@21 Z,<b)

By setting b = (n — k + 1)-th order statistic of (b, ..., b ),

He
we see that

"

Y1z, sb)zke (2, <b)=1

i=1

Thus, {7< T} ifand only if {Z, < b}.

Proposition 1 is the key idea behind our proposed
algorithm. By carefully choosing the probability measure
for Z,, we can ensure that {Z” < b} occurs with a 100%
probability. Therefore, Proposition 1 provides a simple
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way to ensure that for every path generated, k default
events always take place. However, there are an infinite
number of measures which prohibit the event {Z, < b}
from occurring with a 100% probability. Thus, we need
an additional guideline for selecting an appropriate IS
distribution for Z among the set of all possible measures
that force k default events to take place on every gener-
ated path. The following lemma provides a characteriza-
tion for such guideline.

Lemma 2. If X is a random variable with density
Sunction fy(x) and distribution function F(x), and we are
interested in estimating F(a), if we define rhe likelihood ratio
L(x) as

L(x) = ) /f ()

for x < a, where the density function f(x) for X is chosen to be

fo ()=

. Ful®)/E (a), =xSa

{ 0, otherwise
then, Y2 | (X <a) L(x) is an unbiased estimator for F\(a) and
lar'[Y] = 0.
Proof. It is easy to verify that f{(x) is an optimal IS density
for this simple problem, because it produtes an estimator

with zero variance, By definition, L(x) = f,(x) .
F(a) for x < a, therefore

E'[I(X €a)L(x)]= _[ F(a) f5(x)dx -
9

(@[ Fi(x)dx=F,(a)

where E'(-) denotes the expectation operator under the
density function f(x). Hence, Y is an unbiased estimator
for F(a).

Now, if Var'(-) denotes the variance operator under
the density function f(x), then

Var'[Y | = E'[I*(X S a)L*(x)] - (E"[I(X < a)L(x)))’
=[" F{’-(a)fﬁi(x)dx—Fi(a) (10)

=F ()| fy(x)dx—F2(a) =0
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The above analysis provides us with a guideline for
choosing the new probability measure for Z, In particular,
for a given b, when the common factor Z, is assumed to
be Gaussian, we can set

3 )/ D(b), z<b;
f (= {‘¢( v

), otherwise

where @(z) is a standard Gaussian density. With this specific
IS density, the proposed algorithm is as follows:

1. Generate independent samples of standard normal
variates A
2. Set

O(F(T Pz
b= ET)- , 1<i<n

J P
and let b= (n—k + 1)-th order statistic of (b,, ..., b, ).

3. Set L = ®(b) and generate Z, according to the for-
mula @(LU), where Uis a uniform(0, 1) random
variate.

4, Set X, =pZ +\(1-p’Z, 1<i<n.

4

5 Set U =®(X),1<i<n.

6. Set .= F}(U),1<isn.

7. Set T = the k-th order statistic of (7,, ..., T).

8. Set the discounted payoff = (1 — R)P(0, 7)L.

9. Repeat Steps 1 to 8 m times; the confidence interval
of the default leg can then be constructed by the m
copies of the discounted payoft.

Note that our proposed algorithm does not require
the common factor Z; to be restricted to the Gaussian case.
If Z, is not distributed normally, but has a continuous
distribution function F(), and the associated inverse func-
tion F~'(:) can be identified, only Step 3 requires further
modification by replacing ®(-) and ®'(-) with F(-) and
F'(-), respectively. The algorithm also allows for more
generalized problem setting. When the specific factors
Z,, ..., Z are of arbitrary distributions, we need only to
modify Steps 1, 2, and 5 where ®(-) is replaced by the dis-
tribution function associated with X.. Finally, the recovery
rate R in Step 8 can be assumed to be random and cor-
related to the default times 7.

In addition to the advantages listed above, the
strength of our proposed lies in its variance reduction effi-
ciency established by the following proposition:
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Proposition 3. If #° denotes the estimator gener-
ated by the proposed algorithm and @ denotes the esti-
mator produced by a crude Monte Carlo algorithm, then
the following always holds:

Var' (B°) < Var()

where Var'(-) is the variance operator under the density
function f~.
Proof. Let

W, R) = (1 — R)PO, T)(T< T)

then
Var' (B°) = Var'(V(z, R)L}/m?
and
Var(et) = Var(V(1, R)L])/m?
Therefore,

Var' (V(T, R)L) < Varl(T, R))

Since L = ®(b) is always <1, we have

Var'(V(t,R)LY= E'[V(1,R)’L’] =E [V (1,R)L]’
<E'[V(t,R)’'L] —=E[V(1,R)|’
= E[V(1,R)’] —=E[V(1,R)]
=Var[V(t,R)]

Proposition 3 ensures that the gain in variance reduc-
tion of the proposed algorithm always outweighs that of
a crude Monte Carlo algorithm. In practice, the actual gain
in computational efficiency depends on a few driving fac-
tors; we will discuss the two most important ones. First,
the analysis in the proof of Proposition 3 shows that the
magnitude of Var'(B") depends on the variance of the
likelihood ratio L. As p, approaches 1, b, becomes deter-
ministic. Therefore, if p, is near 1, the variance of L is
small. This implies that the proposed algorithm is notice-
ably more effective when the factor loadings, p, for the
common factor Z, are high. The numerical results in the
next section confirm this observation. Second, the IS
technique is well known to be most effective for rare-
event simulations. Thus, the performance gain should
further increase when the default probability is low. Our

14 AN EFFICIENT ALGORITHM FOR BASKET DEFAULT SWAP VALUATION

numerical results in the next section also confirm this
expectation.

NUMERICAL RESULTS

Based on the IS algorithm proposed in the previous
section, we can present numerical results for the estima-
tion of fair spreads for kth- to-default basket default swaps.

The market quotes for standardized 5-year kth-to-
default basket default swaps are obtained from J. P. Morgan
and are defined using five underlying reference entities.
The risk-neutral default probabilities of the reference
entities over the 5-year period are extracted directly from
market-quoted credit default swap spreads. All five
underlying references are of equal nominal value and
assumed to have a recovery rate of 40%. We study four
sector kth-to-default basket default swaps with underly-
ings specific to each of the following sectors: automo-
biles, industrials, energy and finance.

Our focus is on estimating the expected values of the
default leg and premium leg, which are vital inputs in cal-
culating fair spreads, s, for the kth-to-default basket default
swaps. In order to avoid cancellation effects, in each exhibit
we present only the results for the default legs.

In our simulations, the values for k are 1, 2, and 3.
We use the risk free rate r = 5%. To understand how cor-
relation affects the variance reduction efficiency of our
IS algorithm, we repeat the same calculation with the
constant factor loadings of 0.5, 0.7, 0.9, and 0.99.

We report the standard errors (s.e.) of the simula-
tion with and without importance sampling in the fourth
and sixth columns of each exhibit, where the standard
error for estimator §° =L1E" Y is defined as

2

o Ve Zn (Y, B
3-‘(}3 ) \[:;

By comparing the two columns, one readily observes the
significant gain in efficiency achieved by our proposed IS
algorithm in terms of the overall variance reduction.

In the last column of each exhibit, we list the sample

variance ratio R = ﬁ%- X 10, where & refers to the crude

simulation estimator and 8" refers to the IS estimator
based on our IS technique.

As is evident in each exhibit, the estimator for the
default leg, based on our IS algorithm, is substantially
more efficient than that estimated by crude Monte Carlo
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simulations, for all cases considered. The value in the last
column of each exhibit shows that the IS estimator, based
on our proposed algorithm, shows a marked decrease in
variance. The efficiency gain is more prominent when
the correlation p is higher. Moreover, the efficiency of our
proposed IS algorithm increases as the value of k increases,
which indicates that our algorithm reduces the variance
of the estimator especially when the possibility of the k-
th default event is remote.

CONCLUSION

In this article, we have proposed an importance sam-
pling algorithm for the valuation of basket default swaps. The
algorithm is simple to implement and guarantees variance
reduction via the appropriate choice of the IS distribution.

In Proposition 1, we established a way of ensuring
that for every path generated, k default events always take
place. We also established an additional guideline for
selecting an appropriate IS distribution among the set of
possible measures that can force the required events of
interest to take place; Lemma 2 characterizes this guide-
line. Although importance sampling is prone to ineffective
variance reduction, and in some cases to an increase in the
variance of the point estimators, the strength of our pro-
posed algorithm lies in its unconditional variance reduc-
tion efficiency; this assertion is validated in Proposition 3.

Our numerical results indicate that the proposed
algorithm is considerably more efficient than the crude
simulation method. The efficiency gain is more promi-
nent for underlying credits with a high correlation and
especially for basket default swaps with a remote proba-
bility of a kth default. We therefore conclude that the

ExHIiBIT 1
Estimated Values for First (k = 1), Second (k = 2), and Third (k = 3)-to-Default BDS: Automobile Sector

First-to-Default Basket Default Swap (k= 1)

p | Naive Simulation Importance Sanﬁ)ling_ Variance
Default Default Leg Standard Error | Default Leg Standard Error Reduction
Probability | (with 10° runs) s.e. (@) (with 10° runs) s.e. (f7) | R
05  0.171066 |  0.091444 0.000202 0.092286 0.000404 2.5
0.7 0.144736 0.077525 0.000189 0.077637 0.000261 | 52
0.9 0.099715 0.053398 0.000161 ‘ 0.053508 0.000106 232
0.99 0.063024 0.033581 0.000130 0.033660 2.57E-05 ‘ 254.4
| - ~ Second-to-Default Basket Default Swap (k = 2) ]
77 | Naive Simulation Importance Sampling | Variance |
Default ~ Default Leg * Standard Error | Default Leg Standard Error  Reduction
| Probability | (with 10"_runs) s.e. (&) (with 10° runs) se.(f) | R
0.5 0.031144 0.016136 9.02E-05 0.016085 0.000126 | 5.1
0.7 0.043805 0.022966 0.000108 0.022808 9.55E-05 | 12.7
0.9 0.052184 0.027674 0.000118 0.027518 5.14E-05 | 2.9
| 0.99 0.047831 0.025420 0.000114 0.025269 1.59E-05 514.0
r 7_7— ~ Third-to-Default Basket Defaul} Swap (k= 13) a - J
;_p - B Naive Simulation | Importance Sampling Variance |
‘ Default | Default Leg_- ~ Standard Error| Default Leg Standard Error  Reduction
| Probability | (with 10° runs) s.e. () (with 10° runs) se. (f) R
0.5 0.005457 0002781 3.76E-05 0.002808  3.54E-05 | 113
0.7 0.014542 0.007541 6.22E-05 0.007565 3.87E-05 259
| 0.9 0.030589 0.016124 9.10E-05 0.016240 3.19E-05 81.6
! 0.99 0.039179 0.(20808 B 0.000103 0.020892 1.28E-05_ | 654.2 ]
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ExHIBIT 2

Estimated Values for First (k = 1), Second (k = 2), and Third (k = 3)-to-Default BDS: Industrial Sector

First-to-Default Basket Default Swap (k=1)

pi N Naive Simulation | ?u;)rta;ce Sampling Variance
Default | Default Leg ~ Standard Error|  Default Leg ~ Standard Error | Reduction
Probability | (with 10° runs) se (@) | (with 10° runs) s.e. () R
05 029367 | 0.157668 0.000245 | 0.158459 0000502 | 24
0.7 0.246693 0.132590 0.000232 0.132324 0.000339 4.7 |
0.9 0.17272 0.092680 0.000203 0.092382 0.000149 18.7 |
0.99 0.110533 0.058994 0.000168  0.059096 3.61E-05 216.6 '
. Second-to-Default Basket Default Swg(k =2) i ‘
pi K ‘ Naive Simulation Importance Sampling Variance
Default ‘_ Begulti:;g  Standard Error| Default Leg Standard Error | Reduction
Probability (with 10° runs) s.e. (a) | (with 10° runs) s.e. (") . R
05 0079521 0.041325 0.000141 |  0.041264 0000222 | 40
0.7 0.095089 0.049969 0.000155 " 0.050101 0.000164 | 8.9
| 0.9 0.100733 0.053511 0.00016 0.053364 8.39E-05 36.5
099 0.091452 | 0.048669 0.000154 | 0.048749 2.65E-05 336.6
‘ "~ Third-to-Default Basket Default S_wap (k=3) i
[ p * Naive Simulation im}ortance Sampling Variance
Default Default Leg Standard Error | Default Leg Standard Error ~Reduction
| fPr(&ability (with 10° runs) s.e. (a) (with 10° runs) s.e. () R
0.5 0.019114 0.009763 7.01E-05 0.009912 8.38E-05 7.0
0.7 0.037817 0.019633 9.93E-05 | 0.019777 7.89E-05 15.8
0.9 0.064 . 0.033760 0.000129 0.033863 5.66E-05 523
099  0.078513 0.041700 0.000143 0.041746 226E-05 | 4014

proposed algorithm provides a suitable basis for efficient
estimation of the default leg when calculating the fair
spreads of kth-to-default basket default swaps.

ENDNOTES

"To generate correlated standard normal variates X = (X,
X,, ..., X,), we first apply the Cholesky decomposition to the
correlation matrix 2, = AA’, then generate n i.i.d. standard
normal random numbers z, ..., 2, € (0, 1). Finally, we set X =
A_, where X = (X, ..., X)) are the correlated random num-

bers fitting the joint normal distribution.

16 AN EFFICIENT ALGORITHM FOR BASKET DEFAULT SWAP VALUATION

*The five underlyings of the kth-to-default basket default
swap for the auto sector are Volkswagen AG, Peugoet, Renault,
Continental AG, and Valeo. The reference names of the kth-
to-default basket default swap for the industrial sector are
Bayer AG, Rolls-Royce, Lafarge, Compagnie de Saint-Gobain,
and BAE systems. The five underlyings of the kth-to-default
basket default swap for the financial sector are Bayerische Hypo-
Und Vereinsbank, AXA, Allianz, Commerzbank, and Abbey
National. The reference names of the kth-to-default basket
default swap for the energy sector are Suez, Veolia Environ-
ment, RWE, Endessa, and Repsol YPE
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ExXHIBIT 3

Estimated Values for First (k = 1), Second (k = 2), and Third (k = 3)-to-Default BDS: Financial Sector

First-to-Default Basket Default Swép (k;71)

p Naive Simulation | Importance Sampling | Variance
Default Default Leg ~ Standard Error| Default Leg Standard Errori Reduction
\ Probability (with 10° runs) s.e. (@) (with 10° runs) se. (f) | R
105 0300344 0.161309 0.000247 0.160582  0.000504 | 24
: 0.7 0.25196 0.135468 0.000234 0.135485 0.000343 4.7
| 0.9 0.177454 0.095189 0.000206 0.095386 0.000153 18.1
1 099  0.11644 0.062120 0.000172 0.062090 3.84E-05 199.8
|7 IR - Second-to-Default Basket Default Swap (k= 2)
’ 0 7 ~ Naive Simulation Importance Sampling Variance
Default Default Leg  Standard Error| Default Leg  Standard Error | Reduction
Probability | (with 10° runs) s.e. (a) : (with 10° runs) s.e. (8°) R |
0.5 0.082375 . 0.042802 0.000143 | 0.042949 0.000229 3.9
0.7 0.0976 1 0.051283 0.000156 0.051491 0.000166 8.8 i
0.9 0.1037 0.055064 0.000162 | 0.054873 8.64E-05 35.3 |
| 9.99 0.095534 0.050837 0.000157 J 9.050149 2.84E-05 305.4 ‘
;_ - - Third-to-Default Basket Default Swap (k= 3) }
| p | Naive Simulation Importance Samp_li;g- | variance
| Default Default ieg Standard Error | Default Leg Standard Error | Reduction
| Probability | (with 10° runs) s.e. (a) (with 10° runs) 8.8.(f") R
105 0019848 | 0010134 7.14E-05 0.010289 8.59E-05 6.9
: 0.7 0.039201 ‘ 0.020348 0.000101 0.020336 8.15E-05 15.3
| 0.9 0.065671 ‘ 0.034654 0.000131 0.034762 5.81E-05 50.8
[ 099  0.079967 | 0.042483 0.000145 0.042530 2.39E-05 3643
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EXHIBIT 4

Estimated Values for First (k = 1), Second (k = 2), and Third (k = 3)-to-Default BDS: Energy Sector

First-to-Default Basket Default Swap (ic =1) |

p
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Probability (with 10° runs) s.e. (@) (with 10° runs) s.e. (") R
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0.9 0.130722 0.070057 0.000181 0.070316 0.000126 20.7
0.99  0.083519 0.044520 0.000148 0.044550 3.09E-05 228.6 |
- Second-to-Default Basket Default Swap (k= 2) B
p o | Naive Simulation Importance Sampling Variance
| Default " Default L;g ~ Standard Error|  Default Leg  Standard Error | Reduction
Probability (with 10° runs) s.e. (a) (with 10° runs) s.e. (f7) R
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