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77ic Hull' Wliite model is a one factor Markov model

well known for its capahility to capture the current

term structure of interest rates. Analytical results

are available for pricing zero-coupon discount bonds

and associated European options when both rever-

sion and volatility functions are constant. In reality,

however, these junctions do vary over time. It is then

of practical interest to develop efficient computational

algorithms that can deal with time dependent rever-

sion and volatility functions. The purpose of this

article is to achieve this goal via the Ehrenfest approx-

imation of the underlying O-V process, where the

time dependent structure is represented hy step func-

tions. Based on the convergence theorem by Sumita,

Gotoh and Jin [2006] and the uniformization pro-

cedure ofKeilson [1979], a novel approach is pro-

posed to evaluate the prices of zero-coupon discount

bonds and associated European options for stepwise

reversion and volatility functions. Tlie ordinary Hull-

lliiite trinomial tree approach is also modified to cope

with this caseJor comparison purposes. Houvver, it

is slioum that the modified trinomial tree approach

is not applicable for certain step functions, while the

Ehrenfest approach can always be used for any step

functions. Numerical results aregiven, demonstrating

the excellent speed and accuracy of the Ehrenfest

approach.

I
he Hull-White model is a one

factor term structure model char-

acterized by a stochastic ditTeren-

tial equation of the form

- a{t)R{t))dt + o{t)d W{t)

where R{t) is a random short rate, W{t) is the

standard Wiener process, (j){t) is a market fit-

ting function, OC(t) > 0 is a reversion function

and fT(r) > 0 is a volatility function.

A basic function describing this process

is the conditional transition probability density

g%, r, t) 'M- iP[R{t) < rlR(O) = r,,] given by

- exp
(2)

where

(3)

- 2 f Ci:(y)dy}dT

The Hull-White model is well known

for its capability to capture the current term

structure of interest rates, e.g., the current yield

curve when the yield curve is flat. Because of
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this reason, the Hull-White model is cotisidered to be
one of the lnost reasonable models for pricing interest
rate options. When both the reversion function a{t) and
the volatility function G{() are constant, Hull and White
[1990] show explicit formulas for evaluating the prices of
zero-coupon discount bonds and associated European
options- However, when a{t) and G{[) are time-
dependent, R{t) cannot be evaluated explicitly and it
becomes impossible to obtain the desired prices directly
from those formulas.

In reality, the reversion function a{t) and the
volatility function G{t) are dependent on time t and are
often nonlinear. Since no analytical results are available
for dealing with such reversion and volatility functions,
one would often resort to Monte Carlo simulation in
practice. As in the theory of integrals, however, it is pos-
sible to approximate such nonlinear functions by step
functions. One may then expect to overcome the step
functions by applying a computational approach for the
case of constant reversion and volatility functions repeat-
edly. Based on this idea, the purpose of this article is to
develop a tiew computational algorithm for evaluating
the prices of zero-coupon discount bonds and associated
European options when both a(t) and (J{t) are step func-
tions. The parameter 0(f) relates to the yield curve. The
time dependent structure of 0(('), however, does not affect
the proposed approach in any essential way. Accordingly,
in order to focus on the stepwise reversion and volatility
functions, and avoid the yield curve fitting, only the case
of constant 0{r) is considered in this article. A remark will
be provided, regarding how the described numerical pro-
cedures should be altered when 0(f) is not constant.

For the case of constant 0(f), a{t), and a{t), the
Hull-White model is reduced to the Vasicek model [1977]
specified by the following stochastic differential equation:

( 0 = {<p- {t))dt + ad W{t) (4)

The associated conditional transition probability density
drf., X, t) = t

g{xo,x,t) =

< X is given by

-^m'-^^^m^] (5)

and O{t) are step functions, the process R{t)
can be expressed by patching a sequence of X(--j,_,(/)'s.
More specifically, a single process R{t) with time varying
parameters a{t) and o{t) is replaced by a sequence of dis-
tinct processes X(-,ĵ j(f) s, each defined in a time interval in
which both (X{t) and O{() are constant, that are connected
together at the end points of the time intervals. Exhibit 1
illustrates a stepwise reversion function and a stepwise
volatility function treated in this article. The idea is to
defme the time ititervals in an exclusive and exhaustive
manner so that both the reversion function and the
volatility function remain constant within each interval.
For the example given in Exhibit 1, the reversion func-
tion takes three different values, a. (i = 1, 2, 3) while the
volatility function assumes another three different values,
CT. {j= 1, 2, 3), resulting in four time intervals. Conse-
quently, the process R{t) can be constructed by patching
four different X'^^{t) {i = 1, 2, 3, 4). More specifically,
one has

X

R{t) =

where

(7)

where the conditional time dependent probability den-
sity at the end of one interval becomes the initial proba-
bihty density of the following interval.

In order to facilitate the idea above, it is essential to
develop efficient numerical procedures for evaluating the
dynamic behavior o(Xf^^{t) of the Vasicek model with
speed and accuracy. In addition, all of the cotiiputational
procedures ought to be automated because of repeated
patching. While the trinomial tree procedure of Hull and
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E X H I B I T 1
Illustration of Slepwise Reversion and Volatility
Functions

* t: time

White [ 1 'J93, 1994] is originally designed for the Vasicek
model, it is possible to modify it so as to deal with step-
wise reversion and volatility functions, which we call the
modified trinomial tree approach. (A succinct summary
of the Hull-White trinomial tree approach and its mod-
ification is given in Appendix A.) However, the modified
trinomial tree approach has two essential pitfalls described
below.

1. For the modified trinomial tree approach, it is nec-
essary to discretize the time axis, say with a unit of
At. The state transitions in At occur in a lattice con-
tinuous manner and involve only adjacent states.
Accordingly, when the volatility is rather high, the
modified trinomial tree approach may require much
smaller Al, possibly causing a substantial computa-
tional burden.

2. The modified trinomial tree approach requires the
level of discretization of the state space to be deter-
mined by satisfying a certain inequality so that tran-
sition probabilities to adjacent states remain positive.
As discussed above, when both CC{t) and CT{t) are
step functions, the conditional time dependent prob-
ability density at the end of one interval becomes the
initial probability density of the following interval.
Hence, the level of discretization of the state space
has to be the same throughout ;ill the intervals. This
may hinder the modified trinomial tree approach
substantially since there is no guarantee that the nec-
essary inequalities are satisfied simultaneously
throughout all the intervals, while making the level

of discretization the same. This limitation makes it
difficult to automate all the numerical procedures
based on the modified trinomial tree approach.

A new approach proposed in this article reUes upon
the Ehrenfest process approximation based on Suniita,
Gotoh andjm [2006] (hereafter SGJ [2006]). combined-
with the uniforniization procedure of Keilson |1979J. As
we discuss below, the Ehrenfest process captures the basic
characteristics of the Vasicek model -?̂ Qy(O in Equation
(4). In order to see this, we first note that the Vasicek
model X^-^^j{t) is a diffusion process called an Onistcin-
Uhlenheck (O-U) process, which is characterized by its
Markov property, normal distribution for the increment
between any two points in time, and exponential covari-
ance function. Furthermore, the O-U process is known
to have a property called the mean-reversion, which
implies that, when the process diverts away from the mean,
it tends to be driven back to the mean. The Ehrenfest
process is a birth-death process which can satisfy these
properties in the limit with appropriate scaling and shift:ing
of the underlying state space. The reason for this can be
found in that the Ehrenfest process is a sum of K inde-
pendent and identical Markov chains, each defined on
{0,1} governed by î ^̂ , = p^ j, = u. Because of this inde-
pendent sum, the Markov property is automatically sat-
isfied and the normality emerges in the limit. Furthermore,
the Ehrenfest process has the state space {0,1, ..., S} and
the upward and downward transition rates given by

V ,^ U = /MA \ < n < S (8)

Consequently, the local growth rate of the variance
is given by v^^ ^^^^+ v^^ ^̂ j - Si>, which is independent of
(7, and the local velocitv is given by i' ^, - v , =
{S-2n)v. This transition structure yields the desired expo-
nential covariance function when the Ehrenfest process
starts with the stationary distribution. In addition, the
probability of bringing the Ehrenfest process to the middle
point S/2 becomes higher as the process diverts away from
the middle point, demonstrating the desired mean-
reversion property.

In SGJ [2006], it is shown that a sequence of Ehren-
fest processes converges in law to an O-U process as the
density of the discretized state space goes to infinity. Since
an Ehrenfest process is a Markov chain in continuous
time, the state transition during Ar could occur from any
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state to any other state with positive probability, no matter
how small At may be. Accordingly, the Ehrenfest approx-
imation approach enables one to overcome the first pit-
fall in 1) above. Furthermore, in the proposed approach,
the level of discretization of the state space can be chosen
arbitrarily. While more accurate discretization does increase
the computational burden, it does not affect the auto-
mated mechanism of the computational procedures in
any way, thereby avoiding the second pitfall of 2) above.

As we will see, numerical experiments reveal that the
proposed approach provides a better accuracy in a con-
sistent manner than the trinomial tree approach for the
case of constant (X{t) and o{t) for which the prices of
zero-coupon discount bonds and associated European
options are known. For the case of stepwise reversion and
volatility functions, the proposed approach also seems to
be more attractive for practical use than the modified tri-
nomial tree approach because of the two reasons stated
above. Indeed, concerning the second pitfall of the mod-
ified trinomial tree approach, an example will be given
for which the modified trinomial tree approach is not
applicable while the proposed approach can handle it
without any difficulty.

The structure of this article is as follows. In the next
section, the O-U process ^^-,̂ J(r) associated with the
Vasicek model is first expressed using another O-U process
XQ^(() and a deterministic shift function 6{t). Based on
the result of SGJ [2006], it is shown that a sequence of
certain Ehrenfest processes converges in law to the process
X^̂ ĵ(f) with appropriate shifting and scaling as the state
space size of the Ehrenfest processes goes to infinity. Using
the uniformization procedure ofKeilson [1979], a numer-
ical algorithm is then developed to compute the time
dependent transition probability matrix of the Ehrenfest
process, which in turn enables one to approximate the
conditional transition probability density of Xj^^(/) sys-
tematically.

The following section is devoted to development
of computational procedures for evaluating the prices of
zero-coupon discount bonds and associated European
options for tiie Viisicek model with a{!) = Cfand CT{r) = <J
based on the new approach. Computational results are
then compared with the numerical results of the trino-
mial tree approach and the analytically known results. It
is found that the computational results by both the Ehren-
fest approach and the Hull-White trinomial tree approach
converge to the analytical solution monotonically in K
where the discount bond maturity is T= KAt = D. For

the prices of zero-coupon discount bonds, the accuracy
of the absolute relative errors for both the Ehrenfest
approach and the Hull-White trinomial tree approach is
around 0.3% at K= 120. The former performs slightly
but consistently better than the latter, and this perfor-
mance difference is enlarged when a and (7 become large.
In case of the prices of the associated European call
options, the performance characteristics of the two
approaches remain to be similar with the accuracy of the
absolute relative errors at K= 120 being around 0.4%.

The section after that deals with the case of stepwise
reversion and volatility functions. Computational algo-
rithms are developed by patching the numerical proce-
dures of the previous section based on the idea discussed
in this section. The modified trinomial tree approach is aLso
constructed for accommod;iting this case. Numerical results
of the two different approaches are presented, where the
absolute relative errors of the two approaches are con-
tained within 0.4% for the range of parameter values, as
well as different levels of discretization of time axis and
the state space considered in this article. While the exact
solutions are not available, the fact that the relative errors
are bounded by 0.4% indicates the trustworthiness of the
new proposed approach and the modified trinomial tree
approach. A numerical example is given for which the
modified trinomiiil tree approach collapses but that our
proposed approach can handle without any difficulty.
Because of this and the ease of automating the patching
procedure, the proposed approach seems to be more attrac-
tive for practical use than the moditied trinomial tree
approach. We end with some concluding remarks. Some
mathematical details are deferred to appendices. Appendix A
describes the Hull-White trinomial tree approach and its
modification for dealing with stepwise reversion and
volatility functions. The uniformization procedure of
Keilson [1979] is summarized in Appendix B and a suc-
cinct summary oi the basic computational algorithms devel-
oped in this article is provided in Appendix C

For notational convenience, throughout the article,
we denote a vector by attaching a single underline as x,
and a matrix by attaching double underlines as g_. More-
over, 1 means a vector whose elements are all 1 and the
vector ii^^^ means that its element corresponding to state m
is 1 and all other elements are 0. In addition, [x~\ means
the minimum integer which is greater than or equal to x,
and \_xj means the maximum integer which is smaller
than or equal to x.
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DEVELOPMENT OF COMPUTATIONAL
ALGORITHMS FOR ANALYZING DYNAMIC
BEHAVIORS OF O-U PROCESSES ASSOCIATED
WITH THE VASICEK MODEL

In order to develop computational algorithms for
analyzing dynamic behaviors of O-U processes X,jjj(/) of
Equation (4) associated with the Vasicek model, our first
step is to link a standard O-U process X^j^{t) obtained
from SGJ [2()06j with time scaling to X,j^{t). More for-
mally, for a positive integer K, let N̂ jXO ^^ î ê Ehren-
fest process defined on Ny= {0,1, ..., 2V} governed by
the upward transition rates Â  and the downward transi-
tion rates ^ as given in Equation {H) with v — a/2. For
a > 0 and (T > 0, we also define Xy(t) by

{9)

It should be noted that the process Xy{t) has a discrete
support on }.Y[-(O), ..., Xy{2V)] where

—n-a J—,n =^0,1,2,.,.,2V (10)
aV \a

From Theorem 4.1 of SGJ [2006J, with some initial con-
ditions appropriately set, it can be shown that Xy{t) con-
verges in law to X^^{t) as K —> oo, where X^-^^{t) is the
O-U process associated with the Vasicek model with
0{f) — 0, which satisfies from Equation (4),

(11)

I andThe relationship between X^^^j{t) with 0(f) ~
X^^^{t) with <p{t) = 0 can be given as

where

The relationship in Equation (12) is exploited by Kijima
and Nagayama [1994] where a better version of the
Hull-White trinomial tree approach is proposed by using
the shift function 6{t) exphcitly.

When 6{t) is a one-to-one mapping, from Equa-
tion (12), the transition probabilities of XQ,j(f) can be

constructed from those of X^^(t), which in turn can be
approximated by those of XjXO from Equation (12), and
heiice by those of N.,,.(/) from Equation (9). The transi-
tion probabilities of N,,.(r), denoted byP,j.(f) = \P2i--,,,i')l
can be computed based on the uniformization procedure
ofKeilson [1979] for general Markov chains in contin-
uous time, which can be interpreted in the following
manner. Let N{t) be a general Markov chain on misgov-
erned by transition rate matrix g = [î ..] and define E(i,j)
to be the exponential variate with mean t'̂ '. Then the
dwell time of N{t) at state i is given by E(i) = min^^^
{£((,/•)}. Upon expiration of E{f), N{t) moves to state /
with probability v../v. where v. — ^^ Y^J- While keeping
all the underlying probabilistic properties intact, Keilson
[1979] has shown that the dwell time of N{t) at any state
can be uniformized to a common exponential variate
with mean i'"' where v > max-^^jfi'-}, provided that the
next transition to state j(J=^ i) occurs with probability u./v
and a possible self-transition to state i is introduced newly
with probability \--{v./i'). In this manner, the uni-
formization procedure allows one to capture N{t) in terms
ot a common Poisson process with intensity i> and the
associated discrete time Markov chain. A strong advan-
tage is that iill the computations can be done involving only
nonnegiitive numbers, enabling one to deal with large
scale Markov chains with speed and accuracy. Formally,
the uniformization procedure is summarized in Appendix
B. The computational algorithm for evaluating the tran-
sition probabilities of N-,jXO is given in Appendix C as
Algorithm CI.

Remark 1

It should be noted from Equations (12) and (13)
that the market fitting function 0(/) appears only in the
shift function 6{t). Hence, whether or not 0(0 is con-
stant does not affect the above computational procedure
for evaluating the transition probabilities of X(-ĵ (() in any
essential way, provided that 6{t) remains a one-to-one
mapping. Accordingly, Algorithm CI remains intact even
when 0(f) is not constant.

DEVELOPMENT OF COMPUTATIONAL
PROCEDURES FOR EVALUATING PRICES
OF DISCOUNT BONDS AND EUROPEAN
OPTIONS FOR THE VASICEK MODEL

Using Algorithm CI, we are now in a position to
develop computational procedures for evaluating the prices
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of zero-coupon discount bonds and the prices of Euro-
pean options on the zero-coupon discount bonds for the
Vasicek model, where both the reversion function a{t) and
the volatility function a(t) are constant. While the ana-
lytical results are available in a closed form for this case,
the algorithms described in this section provide a com-
putational vehicle for dealing with the Hull-White model
with stepwise reversion and volatility functions which is
analytically intractable. The numerical results ofthe pro-
posed algorithms are compared with the analytical results
as well as those ofthe Hull-Wliite trinomial tree approach,
demonstrating excellent accuracy ofthe Ehrenfest approx-
imation involved in the algorithms.

In order to evaluate the prices ofthe zero-coupon
discount bonds, a discrete time backward recursive for-
mula is employed together with the shift function 0{f) of
Equation (13). Let At be the length ofeach time step with
the maturity time 7"= KA(. Let D(k, m\K) {0 < k < K)
be the discount bond price at time Z= kAt at a state cor-
responding to state w ofthe underlying Ehrenfest process.
For simplicity, this state is called m from now on. One
then sees that, for 0 < î  < K

,n\ K)

where

and
, m\K) = ̂ ,,, for m €

r(k, m) = x..{m) + d{kAt) (15)

with x^,•{ll1) as in Equation (10). Normally, one has d ^
[d^^, .... d-,^,]' = i . In order to prepare for patching dif-
ferent O-U processes over different time intervals to be
discussed later, the procedure in Equation (14) is defined
for an arbitrary positive vector d. Since P-̂ .̂ Af) =
\p2y.^,^{At)] can be computed using Algorithm Cl, the
discount bond price D(0, m \ K) of interest can be readily
evaluated based on Equation (14). This algorithm is
summarized in a pseudo-code form as Algorithm C2 in
Appendix C.

We next turn our attention to the prices of
European options on the zero-coupon discount bond.
Since the prices of put options can be derived from those
of call options as shown later, we focus on call options only.
For discrete economies, it is well known that the price of
any security with known payoSs at time T'can be viewed

as a portfolio of Arrow-Debreu securities and can be
priced as the payoff-weighted sum over all states of the
prices ofthe Arrow-Debreu securities (see e.g., Pelsser
[2000]). Accordingly, we first evaluate the price of an
Arrow-Debreu security. Let Q,,(fc, m) be the present value
at time f = 0 ofthe Arrow-Debreu security with matu-
rity price of 1 at time T= kAt {k > 0) and state m € A/^,,.
Then, given an initial state m^^ G yV[,, one has

ne.V,

starting with Q|,(0, m) =

' ' (16)

where 5. = 1 if / = / and
S-.= 0 otherwise. We note from Equations (13) and (15)
that 0(0) = \,Lr(O) ^ r(0, m^^) and hence ^n^^ = V because
^lA^) = (^ and .V(..(m) ̂  0 for m ̂  Kfrom Equation (10).
When different O-U processes are patched over different
time intervals. Equation (16) has to be modified since the
transition probability matrix £21/(^0 would change from
one time interval to another. In order to accommodate
this modification, we define Q|(fe, m | k^) for 0 < ,̂j < fe by

Starting with [Q,,{^o''" I •̂,,)],,,g_̂ ; = 5 = [s,,,..., 5^^.]^ This
algorithm is summarized in a pseudo-code form as Algo-
rithm C3 in Appendix C.

Remark 2

It may be worthwhile to note that the discount bond
price D(0, V\ K) at time t = 0 and state m = V can be
expressed in terms of Q^^{K, m) as D(0, V\K) ='L„,^^f.
Qij(iC, m). However, one needs to employ Equation (14)
for computing 0(0, m\K) for m ̂  V.

Let ;r̂ (0 | Ai) be the present value at time r = 0 of a
European call option with maturity at time T̂ , = MAt and
the strike price K^ on the zero-coupon discount bond
maturing at time T= KAt {K > M). The corresponding
payoff function hjjy) at time T̂ j and state m G Afy can
be written as

f̂ max {x, 0}. It then follows that

(19)
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Using Equation (14) and Algorithm CI, D{M, m \K) can
be readily computed as in Algorithtn C2. Q^.^(M, m) can
also be obtained from Equation (16) as shown in Algo-
rithm C3. Consequently, one can evaluate the price of
interest, ;r^{O|A^, from Equations (18) atid (19). This
algorithm is described in a pseudo-code form as Algorithm
CA in Appendix C. It should be noted that the backward
torniula tor D{k, m \ K) in Equation (14) and the forward
formula for Q,,(fe + 1, m | k^) in Equation (17) can be com-
puted starting from an arbitrary terminal value vector d
and an arbitrary beginning value vector J; in Algorithms
C2 and C3, respectively.

For the associated European put option, the payoff
function h (D) is given by

m - D{M, m \ K)] (20)

Its present value ;r (0 | M) can be obtained from Equation
(19) by substituting h {D{M, m\K}) in place of h^

K)). Alternatively, ;r.(0 | Ai) and ;rp(O | Ai) are related to
each other by
m

This relationship is known as "put-call parity."
Hull and White [199U] show that, with CT(f) = (J

and a{t) = a, the price at time (of a zero-coupon discount
bond maturing at time Tis given by

D{t IT) = H, t'», 0<t<T (22)

where HJt, T) = i(l-e-««'-'n and logH,(r, T) = \V
<5-H\{u, T) du~\^^(H)H,(U, 7̂ dM. The exphcit formula
for the price of the associated European call option can
then be expressed as

;:, (01T) = - KD{01 r)0{d -

o<r<r
(23)

where

d = 3 '

Accuracy of the computational procedures developed
in this section can be tested by comparing numerical
results with the exact known solutions of Equations (22)
and (23) where 0(r) = 0. Numerical results based oti the
Hull-White trinomial tree approach are also obtained,
since it will be modified later so as to cope with the case
of stepwise reversion and volatility functions for com-
parison purposes (see Appendix A).

Numerical experiments are implemented for a para-
meter range of« = 0.05 to 0.5 and CT = 0.005 to 0.05 with
0=0.05 and R(0)=0.05. Exhibits 2(a) and (b) demon-
strate the convergence of zero-coupon discount boTid
prices as a function of K where K = T/At, with maturity
T= 5, « = 0.2, and a= 0.01 for the former and a= 0.05
for the latter, respectively. In the exhibit, "Explicit for-
mula" indicates that the prices are calculated using the
explicit formula in Equation (22), "Hull-White Tree"
based on the Hull-White trinomial procedure, and
"Ebrenfest Approximation" employing the new proposed
approach. Similarly, Exhibits 3(a) and (b) show the con-
vergence of the prices of the associated European call
options with strike price of/Ci. = {).7 and maturity at time

From these exhibits, one sees that the computational
results by both the Ehrenfest approach and the Hull-White
trinomial tree approach converge to the anaiyticai solu-
tion monotonically. The accuracy of the absolute relative
error for the Ehrenfest approach is 0.263% for Exhibit
2(a) and 0.238% for Exhibit 2(b) at K= 120, and these
numbers for the Hull-White trinomial tree approach are
0.264% and 0.253%, respectively. While the former
pertornis slightly, but consistently, better than the latter,
and this perforniance difference is enlarged when OC and
(T become large, the performance difference is minimal
in that the absolute relative errors for the discount bond
prices are contained within 2.664% for the Ehrenfest
approach and 2.665% for the Hull-White trinomial tree
approach throughout the parameter range of K=20 to
120, « = 0.05 to 0.5 and a= 0.005 to 0.05 with 0= 0.05
and R{0) =0.05. In case of the prices of the associated
European call options, the best accuracy of the Ehrenfest
approach is attained at K= 120, with accuracy of the
absolute relative error of 0.426%) for Exhibit 3(a) and
0.364% for Exhibit 3{b). The absolute relative errors
within the parameter range mentioned above are bounded
by 6.629%. These exhibits for the Hull-White trinomial
tree approach are 0.428%, 0.406%) and 6.631% respectively.
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E X H I B I T 2
Convergence Behavior of Discount Bond Prices

These exhibits show zero-coupon discoiuit bond prices as a function of the number K of subintervals on the time axis under different CTs: (;i)
corresponds to <T=0.01 while (b) corresponds to CT=0.05. "Ehrenfest Approximation" in each exhibit indicates the prices by the proposed
Ehrenfest approch. while "Hull-White Tree" indicates the trinomial tree approach and "Explicit Formula" indicates the analytical formula.

0.549

—••— Explicit Formula

• ^ Hull-WhilE Tree

—•— Ehrenfesl Approximation

\

VV

-M— Explicit Fomiula

^ Hull-While Tree

- • - Ehrenfest Approximation

50 (>0 70 SO 90

The Numbei of Subinlervals, K

(al* = 0.05.a=0.2.17 = 0,01

50 60 70 80 90

The Number of Subintcrvals, K

fb) *= 0.05, a = 0.2. (7= 0.05

PRICING DISCOUNT BONDS AND
ASSOCIATED EUROPEAN OPTIONS WITH
STEPWISE REVERSION AND VOLATILITY
FUNCTIONS

When the reversion and volatility functions are
dependent on time (, it is necessary to find the short rate
R{t) for computing the price at time t of a zero-coupon
discount bond based on Equation (22). However, R.{t) is
not known except at the initial time / = 0 and the explicit
formula in Equation (22) cannot be used. It is possible to
modify the Hull-White trinomial tree approach so as to
deal with stepwise reversion and volatility flinctions, which
we call the modified trinomial tree approach. A succinct
summary of how to construct the modified version is
given in Appendix A. Because ofthe two reasons stated
earlier, however, the modified trinomial tree approach is
rather limited. Tlie purpose of this section is to establish
a new computational approach for computing the prices
of discount bonds and associated European options with
stepwise reversion and volatility functions based on the
Ehrenfest approach described in the two prior sections.
For descriptive simplicity, we illustrate the new approach
using the example given in Exhibit 1.

The stochastic differential equation corresponding
to the example in Exhibit 1 can be written as

where

a{t) = = a,, (25)

< 7'̂ . As discussed in the first sec-

dR(t) = {0- a{t)R{t))dt + fT{f)d W{t) (24)

for 0 < T| < T., <
tion, the stochastic process R.{t) describing the short rate
can then be constructed as in Equation (7) by patching
O-U processes with constant reversion and volatility func-
tions defined on individual time intervals separately.

Based on the relationship between X ĵ,j(f) and X^-^^{t)
given in Equation (12) combined with the convergence of
XjXO to XQjj(r) as K—> «>, ^'ou^^) ^^ ^^'^^ '̂ ""^ interval can
be approximated hyX'^^Jf} = X\,{t) + 0'(/), i = 1, 2. 3, 4.
For the processes X\{t){i=\, 2, 3, 4), the size ofthe state
space is fixed as 2K -i- 1 which is independent ofthe
underlying parameters (X. and O (/= 1, 2, 3). Accordingly,
the patching process can be repeated without any modifi-
cation. Because of this, it is possible to automate all of die
procedures with speed and accuracy. This is one advantage
of the Ehrenfest approach to the modified trinomial tree
approach.

The numerical algorithm based on the Ehrenfest
approach can now be described in general terms for eval-
uating the price of a zero-coupon discount bond with
stepwise reversion and volatility functions. Let a{t) be a
stepwise reversion function defmed by
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E X H I B I T 3
Convergence Behavior of European Call Option Prices

These exhibits show prices of a European call option on a discount bond as a flincrion ofthe number K of subintervals on the dnie axis under dif-
ferent CTs: (a) corresponds to CT = (I.O1 while (b) corresponds to CT=0.05. "Ehrenfest Approximation" in each exhibit indicates the prices by the pro-
posed Ehrenfest approximation, while "Hull-White Tree" indicates the trinomial tree approach and "Explicit Formula" indicates the analytical tbrmula.
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(26) The two stepwise flmctions a{t) .ind <J{t) can be rewritten
as

where T° = 0 < T" < < T° = T. A stepwise volatility
function <7{t) is defmed similarly by

a{kAt) = or, and <y{kAt) = a.
(31)

(27)

where T,̂  = 0 < Tf < • • • < TJ'= T. We suppose that
T̂ '̂s and T"'s are sorted together in ascending order to
form a combined and renumbered sequence Tj, = 0 <
Tj < •-• < T,= Tforsome/, 0 < / < L + J . Fornotational
convenience, we write this operation as

(28)

Throughout this section, we assume that Af is chosen in
such a way that, for some positive integers K, 0<i< I and
M. one has

.̂ = K.At, 0 < / < = MAt (29)

Let I'n be such that

(30)

Of interest is m K^, the discount bond
price at time T^j=MAt with maturity at time T= KjAt,
when (X{t) and G{t) are stepwise functions as in
Equation (31). Starting with the discount bond price of
1 at every state at time T= T^, the discount bond prices

m for m G A/y at time T, j are computed
using Algorithm C2 with rf = 1, Cfj and <7 . Starting with

K) for m e ^ , as the terminal values, onem
can produce D(/Cj ,, m \ K^ for m G Afy in a similar
manner. As depicted in Exhibit 4(a), this procedure is
repeated until K. is reached. For the final cycle. Algorithm
C2 is applied for the time interval \MAt, K. At], yielding

for m e A/,^ This algo-mthe desired results D^^
rithm is summarized in a pseudo-code form as Algorithm
C5 in Appendix C.

We next turn our attention to computation of
Arrow-Debreu prices. What we want is Q^^..^{M, m),
which is the present value of an Arrow-Debreu price at
node (M, m), when CC(t) and (T(f) are stepwise functions
as in Equation (31). For finding /» Algo-
rithm C2 is used repeatedly in a backward manner. The
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idea behind how to compute Q^ .̂(,{M, m) is similar, except
that Algorithm C3 is repeated forwardly. More specifically,
starting with m = Kat time 0, Algorithm C3 with s = u,^
a^^ and a. produces Q,,(^j, m\f^f) for m 6 A/y. Using
these values as the starting values. Algorithm C3 can be
employed again with a^^ and a.^. As shown in Exhibit 4(b),
the procedure can he repeated until K. _j is reached. For
the fmal cycle. Algorithm C3 is applied for the time
interval [K. _^ At, MAt] and the desired results Q5 ,̂̂ )(M,
m) can be obtained. Algorithm C6 in Appendix C
describes this algorithm in a pseudo-code form.

Assuming that both a{t) atid G{t.) are step functions
as in Equation (31), let 7t^.^{Q \ M) be the price of a Euro-
pean call option associated with the discount bond of
maturity at time T= KjAt, having the maturity of the
option at rime t^j = MAt with strike price of K^. We are
now in a position to estabHsh a new algorithm to
compute 7r^^_^_{^ \ Af) via the Ehrenfest approach using
Algorithms C5 and C6. More specifically, both the tieeded
bond prices D^^{M, m\Kj) for m G jVy and the
necessary Arrow-Dehreu prices Q^^.JM, m) for m G A ^
can be produced via Algorithms C5 and C6 respectively.
One then finds that

(M,m] f321

This final algorithm is summarized in a pseudo-code form
as Algorithm C7 in Appendix C.

Using Algorithm C5 and the modified trinomial
tree approach given in Appendix A, Exhibits 5(a) and (h)
exhibit the zero-coupon discount bond prices as a func-
tion of Kj for the following two different sets of stepwise
reversion and volatility functions:

a{t) =

and

a{t) =

0.2, 0<t<2

0.3, 2 < r < 4

0.1, 4 < ( < 5

0.1, 0<t<2

0.3, 2 < ? < 4

0.2, 4 < f < 5

0.02, 0 < r < 1

0.03, 1 < f < 4 (33)

0.01, 4 < / < 5

0.01, 0 < f < l

03, \<t<4 (34)

0.02, 4<t<5

For both cases, we set (p = 0.05, R(0) = 0.05 and
T= 5. In each exhibit, "MHW Tree" indicates that the
calculations are based on the modified trinomial tree
approach while "Ehrenfest Approximation" indicates the
proposed new approach. Since the analytical results are
not available, the first difference AD^..^(Kj) =' | D^^
(0, 0\K)- Dj^^(O, 0 I K, - 50) I and the second differ-
ence A^D^^lKj) ^' \AD^^ (Kj) - AD^^{Ki - 50) | are
summarized in Exhibits 6(a) and (b). One sees that these

E X H I B I T 4

Backward and Forward Computation Schemes for Evaluating Prices

The left exhibit illustrates the backward computation for evaluating bond prices at each state, while the right exhibit illustrates the forward
computation for evaluating Arrow-Debreu prices.

state

2V

backward compiJtation

time

(a) Backward Computation via Algorithm C5

forward computation

time

, M — K,At

(b) Forward Computation via Algorithm C6
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E X H I B I T 5
Convergence Behavior of Discount Bond Prices with Stepwise Functions

These two exhibits show computed discount bond prices as a function of the number Kof subintervals in the time axis when different stepwise
reversion and volatility functions are applied. "Ehrenfest Approximation" in each exhibit indicates the prices by the proposed Ehrcnfest
approximation, while "MHW Tree" indicates the modified trinomial tree approach.

0.5425

400 500 600 700 800

The Number of Submtervala.K

900 lOOO 1100

0.5415
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200 300
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0.05. a - [O.I. 0,3,0.2]. a= [0.01.0.OJ. 0.02]

900 iOOO 1100

f
(M) -

ditTerences for both the Ehrenfest approach and the
modified trinomial tree approach decrease as Kj increases.
Moreover, the Ehrenfest approach achieves similar first
and second differences to the modified trinomial tree
approach. The ahsolute relative differences between the
two approaches are contained within 0.231% for Exhibits
5(a) and (h), demonstrating the robust accuracy of the
two approaches.

Exhibits 7(a) and (b) show the corresponding Euro-
pean call option prices on the zero-coupon discount bond,
with K^ = 0.7 and Tv,= 4. The first two differences AK^^.^

I M - 40) I and AK\^^

^^^ I ^^ summarized in
Exhibits 8{a) and (b), where M - ^̂ ^ • T^/T. Again, the first
and second differences for both the Ehrenfest approach and
the modified trinomial tree approacli decrease as K̂  increases
and the results of the two approaches are close to each
other. The absolute relative differences between the two
approaches are contained within 0.399% for Exhibits 7(a)
and (b), assuring the trustworthiness of the two approaches.

Although the performances of the Ehrenfest
approach and the modified trinomial tree approach seem
to be more or less comparable, the former approach is
guaranteed to work for any stepwise reversion functions
while the latter approach may not, as discussed earlier. In
order to illustrate this point, the following stepwise rever-
sion and volatility functions are considered:

a{t) =

0.40, 0<^<2 0.040, 0 < / < l

0 .20 , 2 < / < 4 <j{r) = lo.OUX \ < t < 4 (35)

0 . 0 5 , 4 < r < 5 O.(M)5, 4 < r < 5

Let m[, be the positive integer such that mjAx rep-
resents the highest value at time kAt on the modified tri-
nomial tree in the /-th time interval, where Ax is the
magnitude of each jump on the tree. With A/= 0.05 for
1= 1, 2, 3, 4, the range of m̂ , denoted by RG((), should
satisfy (see Appendix A for details)

RG{1) = RG(2) = [10,40] for 0 < / < 2

RG{3) = [19,81] for 2 < r < 4 (36)

RG(4) = [74,326] for 4 < r < 5

Clearly the intersection of RG((), i= 1, 2, 3, 4 in
Equation (36) is empty so that the modified trinomial
tree approach is not applicable. The Ehrenfest approach
can deal with this case without any difficulty as demon-
strated in Exhibits 9(a), (b) and Exhibit 10.

A computer with CPU Genuine Intel 1.66 GHz
and 512 MB RAM was employed for all the computa-
tions presented in this article, using MATLAB as a pro-
gramming language. The required CPU times were
bounded by 7 seconds.
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E X H I B I T 6

First and Second Differences in Discount Bound Price Computation

This exhibit shows the first difFeî nce . ()\K,)- 0[ Kj- 50) | and the second difference A~D^
i- 50) I of the computed prices of a discount bond when the underlying O-U process has stepwise reversion and volatility functions.

(a) a = [0.2, 0.3, 0.1], CT = [0.02, 0.03, 0.01]

800

850

900

950

1000

1050

1100

At

0.006250

0.005882

0.005556

0.005263

0.005000

0.004762

0.004545

First Difference
Ehrenfest

0.00001408

0.00001243

0.00001105

0.00000988

0.00000889

0.00000805

0.00000732

M H W Tree

0.00001430

0.00001262

0.00001122

0.00001003

0.00000903

0.00000817

0.00000743

Second Difference
Ehrenfest

0.00000201

0.00000166

0.00000138

0.00000116

0.00000099

0.00000085

0.00000073

MHW Tree

0.00000204

0.00000168

0.00000140

0.00000118

0.00000100

0.00000086

0.00000074

(b) a = [0.1, 0.3, 0.2], a = [O.Ol, 0.03, 0.02]
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E X H I B I T 7

Convergence Behavior of European Call Option Prices with Stepwise Functions

These two exhibits show computed European call option prices on a discount bond as a function of the number K of subintervais in the time
axis when different stepwise reversion and volatility functions are applied. "Ehrenfest Approximation" in each exhibit indicates the prices by the
proposed Ehrenfest approximation, while "MHW Tree" indicates the modified trinomial tree approach.

400 500 600 700 800

The Number nf Subintervals. K

(0) 0 = 0.05, a = |07,0..1.0,1], <T= {0,02,0.03, 0.01]

400 500 600 700 800

The Number of Subintervals. K

(b)*-0 .05 , a - [O. I , 0.3.0.2].(T= [0,01.0.03,0.02]

900 1000 1100

78 A Ntw Fon. COMPUTING OPTION PRICES OF THE HULL-WHITE TYPE FALL 2007



E X H I B I T 8
First and Second Differences in European Call Option Price Computation

This exhibit shows the first difference An^^.^{KI) ~ I ̂ 5 .̂̂ .(01 K,) - 7C^^.^{0|K,- 40) | and the second difference A^^.^,^{Kj) =[An^^.^{Kj) -
A;r^y ,̂.{K'j- 40)1 of the computed prices of a European call option when the underlying O-U process has stepwise reversion and volatility
functions.

(a) a = [0.2, 0.3, 0.1], o = [0.02, 0.03, 0.01]
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(h) a = [0.1, 0.3, 0.2], a = [0.01, 0.03, 0.02]
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CONCLUDING REMARKS

In tliis article, a novel approach is proposed for com-
puting the prices of zero-coupon discount bonds and asso-
ciated European options for the Hull-White mode] with
stepwise reversion and volatility functions. The market fit-
ting function is set to be constant, which does not affect
our proposed approach in any essential way. We first focus
on the Vasicek mode], w]iich is a special case of the Hull-
White model with constant reversion and volatility func-
tions. The underlying O-U process X^-y^J{l) is expressed as
a sum of another O-U process ^ou(') '̂ "'̂  '' ^^^^ function
0{t). Based on SGJ |2()06], it is shown that a sequence of
Ehrenfest processes with appropriate shifting and scaling
converges in law to X^^^{t) as the state space size goes to
infinity. Using the uniformization procedure of Keilson
[1979], a numerical algorithm is then developed to com-
pute the time dependent transition probability matrix of
the Ehrentest process, which in turn enables one to approx-

imate the conditional transition probability density of
X(^u{i) systematically. Consequently, the prices of zero-
coupon discount bonds and associated European options
for the Vasicek model can be readily computed.

For the Hull-White model with stepwise reversion
and volatility functions, computational a]gorithms are
developed by patching a sequence of X{.-,y(f)'s, each
defined in a time interva] in which both the reversion
and the volatility functions are constant. For comparison
purposes, a modified trinomial tree approach is also deve]-
oped to cope with stepwise vo]atility and reversion func-
tions based on the Hull-White trinomial tree approach.
Numerical experiments show that the two approaches
are comparable in their performances. However, while
the Ehrenfest approach can deal with any stepwise rever-
sion and volatility functions systematically and therefore
can be automated easily, it may not be a]ways possible to
apply the modified trinomial tree approach. Because of
this, the modified trinomial tree approach is limited in its
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E X H I B I T 9

Convergence Behavior for 0= 0.05, a= 10.4, 0.2, 0.051, cr= [0.04, 0.02, 0.005]

These two exhibits (a) and (b) show the computed prices of a discount bond and a European call, respectively, when the underlying O-U process
has stepwise reversion and volatility functions for wliich the modified trinomial tree approach collapses.
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capacity for automated software development. Conse-
quently, the Ehrenfest approach is more attractive than
the modified trinomial tree approach for practical use.

As far as the computational comp]exity is concerned,
O(fe V) time complexity is required for computing the
transition probabi]ities and the Arrow-Debreu prices for
the whole state space and time axis, whi]e O(V'^I) is
required for the backward computation of the bond and
option prices, where k = max{fe ; exp{-o;Kf}(orW)V k\
< £, k > aVt} as in Algorithm Cl. For a given set of
parameter values, numerical examples presented in this
article can be computed within 7 seconds of CPU time.

using MATLAB as a programming ]anguage and a typ-
ica] personal computer.

The Ehrenfest approach relies on dynamic analysis
of the underlying Markov chain in continuous time.
Accordingly, one can dea] with a variety of boundaries
with litt]e a]teration as well as evaluation of withdrawal
option values. This implies that the Ehrenfest approach
opens a new path to develop a]gorithniic procedures for
computing the prices of various barrier options and Amer-
ican options. Such a study is in progress and wi]] be
reported elsewhere.

E X H I B I T 1 0
First and Second Differences for a= [0.4,0.2, 0.05], (T= [0.04, 0.02,0.005]

This exhibit shows the first differences,
the second differences. A'D^^(K,)

K,) -
j - 50) | and A-K^

) , 01 K, - 50) ._^(0 \ K,) - 7rŝ .,.(01 K, - 40) |, and
j - 40) |, of the computed prices of

a discount bond and a European call option, respectively when the underlying O-U process has stepwise reversion and volatility functions for winch
the modified trinomial tree approach collapses.
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A P P E N D I X A

HULL-WHITE TRINOMIAL TREE APPROACH

The Original Hull-White Trinomial
Tree Approach

When a{t) and (7(t) in Equation (1) are constant, Hull
and White [1993, 1994| have constructed a trinomial tree to
represent tbe short rate stochastic process XQJJ(() specified in
Equation (4) by discretizing botb the state space and the time
axis witb the length ofeach time step Af. The transition prob-
abilities from a state to the three adjacent states are constructed
in a risk-neutral manner so that the discretized tree process
fonverges in law to X^^j(t) as Af —> 0. The construction ofthe
trinomial tree involves two separate stages as described below.

First Stage. The first stage is to build a tree representing
X ,̂|̂ ,(/) specified in Equation (11) starting with ^^^(0) =0.
The magnitude of each jump on the tree, if any, is set to be Ax
= GyJ3At for consideration of error minimization (see Hull
|2000|). At time f = kAt and state .Y = mAx, the corresponding
node in the tree is denoted by {k, m), where fe is a positive
ititeger and m is an integer. A state transition in the tree takes
one of tbe three types as shown in Exhibit Al. The corre-
sponding upper, middle, and tower transition probabilities at
node (fe, m) are denoted by p^^^,^^{A(), p^^^,^^^{Al), and p^^^,j{At) respec-

tively. The probabilities are cbosen so as to match the first two
tnomcnts ofthe trinomial tree process with those ofthe cbange
of X^-^^j(t) in the second order of A(. More specifically, for type
.4, the following three equations should be satisfied.

Substituting A.r — <7V3A/ into Equation (37), solving the three
equations yields the transition probabilities given by

E X H I B I T A l
Types of Tree Branching

type A typeB type C

,. , 1
P,JAt) . -

=|-«VAr
(38)

a'nrAt~ +ainAi

with -i^ <m< ^ to make the three probabilities positive.
Similarly, for type B, the three transition probabilities are
found as

- 3amAt

6

t^ + lamAt
(39)

1 ^ < m < ^^^ . Tbe transition probabilities for type C
are symmetric to tbose for type B given by

1
^̂ , Af =~

6

- a HI Af

P,,,..,

, , ^ 7
JAt) =- +

with -
Let m̂  be the maximum positive integer of m at time

feAf. To keep tbe three transition probabilities positive for all of
tbe three types, m^ should satisfy the foUowitig inequality:

(41)
2,-46
3a4f

< rn, < 41
'iaAt

Let yV '̂M{»i; ~'«(.^ m<m^\. The values of .v considered
at time kAt consist of mAx, m e A^,. As long as Equation (41)
is satisfied at time {k + 1)A/, state transitions at time kAt are of
type A, If Equation (41) is violated at time(fe + ])Af, a Type B
transition takes place at node {k, m^^ and a Type C transition at
(fe, —mj with all otber transitions of Type A. More specifically,
let fe^j = max{fe : m, satisfies (41)). Then, for 0 < fe < fe .,
the state transition probabilities are given hy Equation (38) witb

= fe. For k > remains to be fe ̂  . with the state
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t ransi t ion probabi l i t ies given by Equa t ion (39) at (fe, /HJ..),

Equation (40) at (fe. ~nij) and Equation (38) at (k, m) with iff ^

m^, m ^ —m^.

Second Stage. In tbe second stage, the trinomial tree
constructed in Stage 1 for X^^^j{t) is shifted to represent X -̂,̂ (r),
using tbe shift timction 0{t) as given in Equation (12). The com-
putational algorithms for evaluating the prices of zero-coupon
discount bonds, Arrow-Debreu securities and associated Euro-
pean options are in parallel with those ofthe Ehrenfest approach
in Equations (14), (17) and (19) respectively, where the transi-
tion probabilities obtained from the Ehrenfest process are replaced
by those obtained in Stage 1. We note that Remark 1 is also
applicable to the Hull-White trinomial tree approach and an
arbitrary market fitting fiinction 0(i) can be incorporated.

The Modified Trinomial Tree Approach

As for the Ehrenfest approach, the Hull-White trinomial
tree approach can also be modified so as to cope witb R{t) in
Equation (1) having stepwise reversion and volatility functions.
The idea is again to use the patching procedure described in
the first section. However, one important difference can be
found in that the size ofthe state space for the Hull-White tri-
nomial tree approach depends on the reversion factor a to sat-
isfy Equation (41), while that for the EhrenfesC approach is
independent of all the parameters characterizing R{t).

For implementing the patching procedure, it is necessary

to keep the state space size the same throughout different time

intervals since the state probabilities at the end of one time interval

become tbe initial state probabilities for the next time interval.

Because of this, the modified trinomial tree approach has to sat-

isfy Equation (41) simultaneously throughout / different time

intervals, where /is given in Equation (28). Let RG(i) be defined

by RG(f) = y i ^ I 'L^JJ- Î  is then necessary to bave 01=,
RG(i') ^ (j), for the modified trinomial tree appiDach to be applic-

able for patcbing. This condition, of course, is not guaranteed

to bold all the time, thereby limiting the potential usefialness of

the modified trinomial tree approach significantly.

A P P E N D I X B

UNIFORMIZATION PROCEDURE
OF KEILSON [1979]

In what follows, the unifbrmization procedure of Keilson
[1979] is first summarized, followed hy the description of its
application to the Ehrenfest process N2i,(t).

For a continuous time Markov chain N{t) defined on
yV= {0, 1, 2, ..., N} governed by ^ ={V,̂ ,,} with V̂^ •kf-
n^' "̂•" < °°, the transition probability matrix P(f) can be given
in terms ofthe infinitesimal generator Q as

£(/) = e=; Q = - H (42)

For v> max̂ ĵV̂ j, let^^,be a stochastic matrix defined by

a ^ ' / - - (43)

By substituting Equation (43) into Equation (42), one then
finds that

(44)

0

where ^^. = I- It should be noted that a^ is a stochastic matrix.
Accordingly, Equation (44) involves only tionnegative num-
bers, providing excellent numerical stability.

'-^U^^'(0 ~ [i'2i',M,,f')l' "•'' " ^A^i'be the transition prob-
ability matrix of N̂ jXO and let̂ ,̂.̂ ,,,(f) = [p., :«,</')./'2i/:,,,|(f). ••-
P2 y.^, 2 V (0] b^ ̂ ^^ corresponding state probability vector starting
from state m. For '̂̂ (̂ (f) it should be noted that the state space
isy\/[,= {0, 1, ...,2y} governed by tbe transition rates A and
fU^^, HG^a.s given in Equation (8) with V = f and5 = 2K By
setting V = aKEquation (44) theti becomes

fe! -'

/here

0 1 2 ••• 2V - \ 2V

0 \ , 0 ••• 0 0

U. 0 X. ••• 0 0

0 0 0 0

0 0 0

0 0 0 2V

The time dependent state probability vector ti
be evaluated accordingly as
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T j

]t=0 ,
(45)

where m̂ is the unit vector corresponding to state HI. For each
fe in Equation (45), the underbraced parts A and B may be cal-
culated separately. The matrix-vector multiplication denoted
a.s B in Equation (45) can he reduced to vector-based opera-
tions. For any {2V + l)-dimensional real vector 2£ # [x̂ ,, Xj,

'̂  K ' ^ be defined by x"

_ IV V V V V 1 a n n v SE.̂- li" v v v
= L-^||t .*11 •^2> " •' 21^-2' 2 t ' - t - ' ' ' " ' ^ st — t " ^ i ' "^2' 3 ' " • ' 2 K - 1 '

X-, I .[̂ . For the transition rates described in the form of Â *̂ ' [X ,̂,

one has x^g,. = ^ [0, x"̂  ® Â ] + ^ [A"'"̂  ® /J \ (.)], where ®
denotes the componentwise multiplications. For the compu-
tation of A in Equation (45), by taking logarithm as

b{aV, fe, t) = log
fe!

= -aVt

(46)

the following recurrence equation may be exploited: h{CxV, fe, f) -
log (al-'f) - log fe + b{(xV, k-\,t). The above computational pro-
cedure is summarized as Algorithm Cl in Appendix C.

Once the state probability vector p2i.,S0 of N^^^f) is
computed from Equation (45), that of A'Qy(r) can be obtained
through a sequence of state conversions. This in turn enables
one to evaluate the prices of zero coupon discount bonds
and associated European options defitied on •'^Qy(')- The
state conversions among N^yit) and X^{t): are summarized
in Exhibit l i l .

A P P E N D I X C

SUMMARY OF BASIC COMPUTATIONAL
ALGORITHMS

A l g o r i t h m C l (Transition Probability Matrix of N-j^.{t))

Input:

> V : parameter/or the size of state space ofN^^t)

\> T : future time as the argument of the transition prob-

ability matrix

t> a : reversion factor

\> £ : parameter for stopping criteria for the series expan-

sion of Equation (46)

Output: Eir

Procedure:

probability matrix

. fe,, = min{fe:1) Scf fe = max{fe: e*'"'-''-" < £, fe>
>£, fe, < aVt] andm = (i.

2) LOOPl:5.r US'")^^'^

3) LOOF^2: ^ *~ ̂  ^i-

4) Ifk < fe,,, id fe <- fe + 1 and go to LOOP2.

5) LOOP3: i^,,,,,,(7)<-£,,,«(^) + ^''""'''"^-
6) Ifk < fe, set x^ <r- xjg^. fe <- fe + 1, and go to LOOP3.

7) Ifm <2V, m <— »/ + 1, and go to LOOP 1. Otherwise, stop.

Based on tbe above algorithm, the transition probability matrix
of N,|XO can be evaluated, which we denote by ^•>y{'^) <r~
ALGOCl [V, r, (X\ for notational convetiience. From Equa-
tion (12), this in turn enables one to approximate tbe transi-
tion probabilities of X(^y(f).

E X H I B I T B 1
State Conversions

I liis exhibit summarizes state conversion relationships between two Ehrenfest processes, N,|.(f) and A' (f), where rji (.x) —

Process
X e IR,--*m e J

State Conversion

me J^

xAm)=-

m

a

= IR
State Space

A/",,- {0, 1,..., 2V}

{-o/f,...,avf}
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A l g o r i t h m C2 (Discount Bond Prices of[D{M, m

Input:

V :
T
hr
At:

mlue vector

discount bond prices

size of the state space oj

maturity time

lime at which the di.HVunt bond prices are desired

disaetized time interi'al satisfying T= KAt and X^ =

MAt for some positive integers K and M

[> OC : reversion factor

t> CT : volatility factor

[> 9{t) : shift function

> d = Ki' ••'. f^iv^-

Output: [DiM, m\K)]^^

Procedure:

1) Set D{K, ni\K}- d^^^ for all m e My, k= K~ \. and obtain
l.JAt) <- ALGOCl ([/, Af, a).

2) LOOP: For alt me My, compute r{k, m) = x ^im) +e{kAt)
with x^{ni) as in Equation (10), and generate D{k, m \K)
using (14).

3) Ifk > M, set k<- k- ] and go to LOOP Othenme, stop.

For notationai convenience, we write [D{M,
ALGOC2 {V, Ty, T, At, a, CT, &{(), d).

Algor i thm C3 (Arrow-Debreu Prices of [(^{\f.

Input:

> V : size of the state space ofNyy{t)

> T|| : maturity time of the Arrow-Debreu security whose pre-
sent values are known

> T^̂ ; maturily time of the Arrow-Debreu security whose pre-
sent lvalues are desired
discretized time interval satisfying T,, = k,.At and X =
MAt for some positive integers k^^ and M
reversion factor
volatility factor

0 Af

D> OC

> O "

> 6{t) : shift function

^ i = [-*̂Q. • • •. 5-, j^] : starting value vector

Output: [Q(A/,

Procedure:

r • •^"'ou/~Debreu prices
I'

1) Set Q/fe,), m I k^) = s^^ for all m e Afy, k = k,^ + 1, and
obtain P,,(Af}*-ALGOCl {V,At,O^.

2) LOOP: For all m e My, compute r{k, m) = .v,,('") + 9{kAt)
with Xy{m) as in Equation (10), and generate Q,|(jfe, m\k^^)
using Equation (17).

3) Ifk < M, set k<r~- k+ ] and go to LOOP. Othenme, stop.

As before, we write ALGOC3 {V, T,,,

Algor i thm C4 {European Call Option Price ofjt^{{) \ M))

Input:

> V : size of the state space ofN^yit)

\> T : maturity time of the discount bond
t> T,,: maturity time of the option
> At: discretized time interval satisfying T= KAt and 7^ =

MAt for some positive integers K and M
> Kc: strike price of the option
> CC : reversion factor
> O" : I'olatility factor
> 0{t) : shift function

Output: 7t,.{0\M): price of European call option on discount bond

Procedure:

1) Set d<^ Ls<r- Uy and T;, = 0.

2) Obtain [D(M, m \ K)]^^j^ <- ALGOC2(F, T^ T, At, a,

fT, 0{i)' d)- '" ^
3) Compute [h^{D{M, m\K))\^^^^j^ by using Equation {\S).
4) Obtain [Q/Af, m)]^^^ <- A L 6 O C 3 ( K , T,,, T ^ A(, OC, CT.

0{t), s).
5) Compute K^ (01 Ai) fcy using Equation (19) and stop.

Algor i thm C5 {Discount Bond Prices of{D^.^{M, m | K;)l„,g Â  )

Input:

\> V : size of the state space ofNj^y{t)

> T : maturity time of the discount bond

> X^: time at which the discount bound prices are desired

> [or,, Tj^lj^ : stepwise reversion function where a{i) = a,

forte [T",,r^l\<I<L, with r," - T

t> V^j^'- J i je{i j]: stepwise volatihty function where G{t) = CT

forte I T ; " , , ^ " ] , 1 <_/ < J, with 77 = T

^ [^/(')]teii .D" shift functions with t € [O,rj

Output: {D^,;jj{M, '«|^/)],,,gA^ : discount bond prices

Procedure:

0) Perjonn /<-JOIN[L,_/], yielding [T].^^^ ^^ and set d <^ L
1) Choose At > 0 so that Equation (29) /,'; satisfied, yielding

./., n
2) Ifi^^ = I with („ as in Equation (30), obtain

^ALGOC2 {V,

j, At, ct, CT. 0{t), s) for notational convenience.

T,

and stop.
3) Set i <-~ I.
4) LOOP: Setd<r- ALGOC2(K r_, , T., At, a,, a,
5) Ifi > !,, + 1, set (• <- I - 1 and go to LOOP.
6) Obtain [D^^{M, m \ K,)l,,,^^^,<- ALGOC2 (K T^,

a, , CT. , 6, {t),d) and stop

((). d)
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Algorithm C6 {Arrow-Debreu Prices q/

Input:

> V : size of the state space ofN^y{t)

t> T : maturity time of the discount bond

\> Xf.: maturity time of the Arrow-Debreu security whose pre-

sent values are desired

> [CCj, ' ^ ] j g | i ,L)- >'fp"''it' reversionfimction where a{t) = a^

for t e [T,",, r," ], 1 < / < L, with T'^ = T

fcji !)'• Stepwise volatility function where <J{t) = CT.

forte [T7_,,77],l <_/</»,•,/, rj =T

/ f e ) .LY shift functions with t e [(),7"J

Output: [Q^,^,^{M, »i)],,,gjv' • ^rrow-Debreu Prices

Procedure:

0) /Vr

O-,

«-JOIN[L,J], ; ^ , „

1) Choose At so that Equation (29) r'.? satisfied, yielding

l^Ueli ; , " " ' ^ ^ -
2) //'i,j= 1 «̂ 'f/i i|| as in Equation (30),

ALGOC3(K 0, T,,, Af,

3) S c f K - 1.
4) LOOP : Seti<r- ALGOC3(K r_,, T;, A(, a,, a., 6,(1), s).
5) i/"! < I,, - 1, set ( •<-(+ 1 and go to LOOP

6) O/.fam [Qsw:n('W, m)l,,,,^,. , ^ ALGOC3(K r.^_,, T,,, Af,
a, , CT,, $1 (f), i) and itop.

Algorithm C7 {European Call Option Price ofK^,^.^{0 \ A'i))

> V : si>f o/'t/it' stale space ofN-,y{t)

> T : maturity time of the discount bond

> X^,: maturity time of the option

\> [CCi, T^];gp ^^: stepwise reversionfunaion where C((t) = Otjor

t e [7^^^,, V\\, \ <1<L, with T"^ = T

,e | , , jf ' stepunse volatility function where <j{t) = CT.

forte [T^ , , TJ], 1 <_;•£_/, with T''j=T

i i^y shift functions with t e [0,7]

Output: 7Î .̂̂ (O IM) : European call option price

Procedure:

[> [ff,

1) Ohtain [D^«
2) Compute /i.(j

all III G My.

, m

3) Find [Q^^._,,{M, »OI,,,e,Vr '"'"̂  Algorithm C6.
4) Compute the price based on Equation (32) d/i
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