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We present an cili>orithm that combines the

and Schwartz {200]] simulation algorithm and the

bias reduction technique developed in Huge and

Rom-Pot(hen f2004j to sinmlcite Bermudan option

prices on securities so complex that their prices must

be found by Monte Carlo simulations. Tliis includes

compouttd options and options on callable mortgage-

backed bonds. Bias reduction is needed because using

simulated prices oJ the underlying security to com-

pute option pay-offs causes an upward bias in the

option price. We prove consistency ofthe option price

computed by the algorithm.

w e propose a method for pricing
Bermudan options on assets
which are priced by Monte
Carlo simulations. Generally,

the approach can be used in situations where
the price ofthe underlying is given by an unbi-
ased Monte Carlo estimate. Examples include
compound options like callable lookback
options, where Monte Carlo simulations are
needed to price the lookback option, and
Bermudan options on Bermudan swaptions
priced in a Libor Market Model. For the latter,
the underlying Bermudan swaption can be
priced with Monte Carlo simulations using a
parameterized exercise strategy.' The proposed
algorithm was originally developed for a sim-
ilar problem, namely, pricing a Bermudan
option on a callable mortgage-backed bond
(MBS). The MBS can be viewed as a long

position in a non-callable bond and a short
position in a Bermudan swaption. Due to the
non-optimal behavior of debtors, an exoge-
nous estimated exercise strategy is used, and
our specific parametrization yields a path-
dependent pricing problem forcing us to use
Monte Carlo simulations for valuing the MBS.

When prices ofthe underlying security
are determined by Monte Carlo simulations,
an upward bias in the Bermudan option price
will emerge. The intuitive reason for this bias
is that the Monte Carlo simulated price ofthe
underlying security is only an estimate ofthe
true asset price, and thus this estimate includes
a stochastic error term with mean zero and
strictly positive variance. This makes simulated
prices ofthe underlying security more volatile
than true prices and the result is an upward
bias in the option price. The bias can be con-
trolled by putting more computational effort
into fmding the price ofthe underlying secu-
rity, but this poses a huge computational task,
especially if there are many exercise dates.
However, by using the bias reduction tech-
nique from Huge and Rom-Poulsen [2004],
the computational task can be reduced
considerably.

It is a comphcated task to simulate prices
of Bermudan style options. The reason is that
a simulation routine works forward in the time
dimension whereas the Bermudan option price
must be found by dynamic programming,
which is a back\\^rd running routine. Dynamic
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programming basically finds the exercise boundary
endogenously, but if tbe exercise boundary is specified
exogenously, the backward routine is unnecessary and
only the forward running Monte Carlo simulations need
to be performed to determine the value of the Berniudan
option. This approach has been taken in Ornberg [1987],
who uses an exponential exercise boundary and in
Bossaerts [1989], who uses polynomials to represent the
exercise boundary. Another approach is to use dynamic
prograniming to determine the exercise boundary endoge-
nously using backward induction on the simulated state
space. This was done in Tilley [1993], Barraquand and
Martineau [1995], and Carriere [1996] and has recently
been followed in the method of LongstafFand Schwartz
[2(.)()I |, Tsitsiklis and Van Roy [2001], in the random tree
method of Broadie and Glasserman [1997], and in the
stochastic mesh method ofBroadie and Glasserman [20()4[.
A third approach is presented in Rogers [2002|, in which
the Berniudan option price is given as a minimization
problem yielding an upper bound on the option value. A
survey of American option pricing using Monte Carlo sim-
ulations can be found in Fu et al. [20011 and Chapter 8 in
Glasserman [2004].

Most of the above-mentioned methods use dynamic
programming to determine tbe exercise boundary endoge-
nously. The procedure is as follows: first, the state space
is simulated using an (in time) forward running routine.
Second, the dynamic programming problem is solved
using a backward running routine. The backward run-
ning routine is a recursive procedure that is initialized at
option expiration by setting the option value equal to the
option pay-off. !t then recursively works back to time 0
by, at each exercise date, setting the option value equal to
the maximum of the immediate exercise value and the
present value of the expected future option value, also
known as the continuation value. That is, at each exer-
cise date a decision is made whether to exercise the option
or to hold it for another period.

To use the dynamic programming approach, it is
therefore necessary to be able to compute option pay-
offs at each exercise date. However, if the price of tbe
underlying security must be computed by simulations,
the problem of computing option pay-offs poses a huge
coinputation;il burden. For example, consider a Berniudan
option with L exercise dates. Using U paths to simulate
the state space and N paths to simulate prices of the under-
lying security at each exercise date results in a total of
LX V X N path generations of the underlying security.

However, by using the bias reduction technique in Huge
and Rom-Poulsen [2004], the number of simulations used
to compute prices of the underlying security, N, can be
reduced considerably. In fact, it is shown that using one
single simulation, N = \, can be sufficient to find prices
of the underlying security and still get acceptable option
pay-offs. However, the number ot state space simulations,
U, must increase if Nis to be low, and a good functional
relationship between the price of the underlying security
and the state variables has to be established. We utilize
this to develop a simulation algorithm that prices
Bermudan options on complex securities.

In the next section, we give a short description of
the types of biases that are present in algorithms used for
simulating Bermudan option prices. Also, it is illustrated
that when the prices of the underlying security are sim-
ulated, an upward bias in the simulated option price
emerges. The following section contains the model setup.
The dynamic programming principle is presented for the
original Bermudan pricing problem and for the Least-
Squares Monte Carlo approximation. In addition, we
introduce our proposed extension, constructed to handle
cases in which the value of the underlying security must
be found by Monte Carlo simulations. We present our
numerical test cases, along with a short description of the
Hull-White interest rate model. An explicit expression
for a class of basis functions in the Hull-White model is
also developed for a plain vanilla coupon bond. We follow
with the results of the test cases, and our conclusions.
Finally, the appendices contain proofs and the pseudo
code for the developed algorithm respectively.

OPTION PRICE BIASES

Two sources of bias arise when simulating Bermudan
option prices: a high bias resulting from using informa-
tion about the future in making decisions whether to
exercise or not, and a low bias coming from applying a
suboptimal exercise strategy. The high bias is a result of
applying the dynamic programming principle to simu-
lated paths. At each exercise date, the dynamic program-
ming recursion states tbat the state dependent option value
is equal to the maximum of immediate exercise and the
estimated continuation value. But the estimated contin-
uation value is found using a backward recursion on the
future simulated paths and future information thus influ-
ences the current exercise decision. To remove the high
bias, it is necessary to separate the exercise decision from
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the continuation value. One way is to simulate a new
continuation value in case of no exercise. An example of
this can be found in Broadie and Glasserman [19971
resulting in an option price estimator that is biased low.
In the original Longstaffand Schwartz [2001] algorithm,
the two sources of bias are mixed. The state dependent
option valuf is equal to the maximum ofthe intrinsic
value and the discounted value ofthe one period ahead
option value. This is a special case of simulating a new con-
tinuation value in which the existing simulated paths are
used to evaluate the new continuation value. In practice,
the Longstaffand Schwartz |20()lj algorithm thus pro-
duces low-biased option price estimates (see Glasserman
|20()41 chapter 8). Our algorithm contains a third source
of bias, which we know is a high bias, but since the orig-
inal Longstaffand Schwartz [2001] algorithm mixes high
and low biases, the bias in the resulting option price cannot
be determined.

As mentioned above, a third bias is introduced when
the underlying security has to be simulated. In the fol-
lowing, we give a short description of this option price
bias problem; for a detailed discussion we refer to the sec-
tion on Results. To illustrate the problem, we consider the
two first test caseŝ —^Testcasel and Testcase2 from the sec-
tion on Results. In both test cases, the underlying secu-
rity is a plain vanilla fixed coupon bond with a coupon
of 4%, one yearly payment and maturity on June 1, 2034
(see Exhibit 1). We want to value a Bermudan put option
on this coupon bond and for simplicity we only have two
exercise dates. The Hull-White interest rate model is used
and thus we simulate the spot rate forward in time. At
each point in time, we know the entire yield curve since
it is a known fiinction ofthe spot rate, and we are able to
calculate the true state dependent value of the coupon
bond. This is done in Testcasei, in which the option pay-
offs at both exercise dates is computed using these true
prices, resulting in no option price bias. In Testcase2, we
also simulate the spot rate, but for each simulated interest
rate path, at both exercise dates, we initiate a sub-simu-
lation in order to simulate the state dependent value of
the coupon bond. We then calculate option pay-offs using
these simulated prices ofthe underlying security and since
these simulated prices contain a stochastic error term, a
bias in the simulated option value emerges. The results are
shown in Exhibit 2 and Exhibit 3, which shows the rel-
ative error ofthe option price as a fianction ofthe number
of simulated spot rate paths. For Testcasel, we see that
the simulated option price contains no bias, but for

Testcase 2. we see a large upward bias. It is also clear that
the bias does not disappear by simply increasing the
number of spot rate paths. If the option price bias is to
be reduced, more computational power has to be used in
the sub simulation at each exercise date to produce more
precise estimates for the price ofthe underlying security.

THE MODEL

Defme a time line S - {5,j, 5,, ..., sj and let X^,
X....,X be a R'-valued Markov chain with X fixed.
X., ( - 1, ..., M, represents the state variables which must
be simulated and upon which the underlying security
depends. 5 contains both exercise dates and dates influ-
encing the fijture price ofthe underlying security.- It is nec-
essary to include non-exercise dates in 5 because, for path
dependent securities, variables that are important for the
underlying security, may need to be updated between exer-
cise dates for future option pay-off computations to be
possible. We also defme T= {(„, fj. ..., t^} £ 5, r̂  = i,,
and t^ < s,^j, as the set of stopping times, t^ is the expira-
tion date ofthe option. Let h^ (X^), /. G Tbe the r,, value
of tlie pay-off at time t.. Since the pay-off Junction only influ-
ences the option value on exercise dates, we put h^ (X.) = 0
for all non-exercise dates s. e S. This formulation of
including the discounting into the pay-off function is dis-
cussed in Glasserman [20n4[ Section 8.1. To lighten nota-
tion, we let the subscript / indicate time index /, or 5.

Bermudan Option Pricing
and Optimal Stopping

In this section we present the original Bermudan
option pricing problem in which no approximations are
made. The Bermudan option price is given as the value
ofthe option if optimal exercise behaviour is followed by
the holder ofthe option {see Duffie [1996]). The optimal
exercise strategy amounts to choosing the time of exer-
cise (stopping time) that maximizes the value ofthe option
today. Let ^7('^,) de^note the value ofthe option at exer-
cise date t. e Tin state X.. The superscript * indicates that
this is the option price in the problem where no approx-
imations are made. The value ofthe option is found by
choosing, from the set of stopping times T = J /, i + 1,
..., L), t^T, that maximizes I/*(X.). i.e..

(1)
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E X H I B I T 1

Test Cases

Id

Testcasei

Testcase2

Testcase3

Testcase4

Underlying security Description

4% coupon bond,

maturity:01/06/2034,

yearly payment

Put option, 2 exercise

dates, true price for the

underlying security

4% coupon bond,

maturity:01/06/2034,

yearly payment

Put option, 2 exercise

dates, simulated price for

the underlying security,

no bias reduction

4% coupon bond,

maturity:01/06/2034,

yearly payment

Put option, 2 exercise

dates, simulated price for

the underlying security +

bias reduction

4% coupon bond,

maturity:01/06/2034,

yearly payment

Put option, 104 exercise

dates, simulated price for

the underlying secutity +

bias reduction

Testcase5 Mortgage backed bond,

6% maturity:01/10/2038,

quarterly payments

Put option, 104 exercise

dates, simulated price for

the underlying secutity +

bias reduction

K'(X.) is the value of the option given th.u the option
was not exercised before date t.. We are interested in com-
puting r'*(X||), the value of the option today. The optimal
stopping time is found using dynamic programming, and
V^ (Xy) is found recursively as follows:

(2)

(3)

At option expiration the value of the option is equal to
its exercise value given by the function /ĵ (X^). On any

exercise date /' before expiration, the option holder has to
decide whether to hold the option for another period.
which has the value K.*̂ , (X.̂  j)], or to exercise imme-
diately yielding a pay-off of/i.(X.). Working hackv/ards
iteratively, this procedure gives the solution to the pricing
problem in Equation (1).

The Bermudan option valuation problem can also
be formulated using continuation values. Defme

(4)

and the recursion procedure in (2) and (3) now becomes
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E X H I B I T 2
Testcasel—Convergence of Least Squares Monte Carlo

Diamonds represent the average relative pricing error. The upper and lower bar show ±2 standard deviation of the pricing error respectively.
The dotted lines indicate ±2.5% deviatiom from the PDE computed option price. The sample size is 1000.
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(5)

(6)

However, in recent years, methods that combine Monte
Carlo simulations and the dynamic programming problem
h.ive been proposed.

= max(/r(X,.), C;(X,)), r e T (7)

Obviously, the continuation value is 0 at option expira-
tion. At any date before option expiration, the continu-
ation value is equal to the present value of the expected
option value one period ahead. The option value is then
given as the maximum of immediate exercise and the
continuation value.

As can be seen from (2) and (3) or (5), (6), and (7),
the dynamic programming routine works backward in
the time dimension, and solving it using a forward working
Monte Carlo simulation therefore seems impossible.

Least Squares Monte Carlo Simulations (LSMC)

In order to distinguish approximated functions fix>m
the original problem presented in the prior section, we
will use the notational convention that approximated func-
tions do not have the * superscript as opposed to func-
tions in the original problem.

Simulation routines for pricing Bermudan type
options approximate the continuation value in (4). This
is the case in both the Tsitsiklis and Van Roy [2001J and
the Longstaff and Schwartz [2001] approaches. In both
algorithms, the continuation value in (4) is approximated
by a linear function of the form
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E X H I B I T 3

Testcase2—Convergence of Least Squares Monte Carlo

Diamonds represent the average relative pricing error. The upper and lower bar show ±2 standard deviation ofthe pricing errcir respectively.
The dotted lines indicate ±2.5% deviations from the PDE computed option price. The sample size is 1,000.

190.0

-10.0%
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where I//;.(X.) - (V .̂(,{X.), ..., l{/-,^{X)f is the value ofthe
basis functions at time t. in state X. and ^. —(^,o, ..-, C,̂ )
are the coefficients to the basis functions. ^ denotes the
matrix transpose operator. ^. is found by projecting the
basis functions onto the continuation values, i.e.,

- I

The Tsitsiklis and Van Roy [2001] and the Longstaff
and Schwartz [2001] algorithms differ in the way the value
in (7) is approximated. In Tsitsiklis and Van Roy [2001],
the value is approximated by

) = max(A,(X),C,(X))

and in Longstaffand Schwartz [2001] it is approximated
by

v,(x)=
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In the Tsitsiklis and Van Roy [2001] algorithm, the option
pay-off is directly determined by the approxim.ated con-
tinuation value. In the Longstaff and Schwartz [2001]
algorithm, tlie approximated continuation value is only
used to determine the exercise boundary and does not
enter directly into the option pay-otF.

Using the approximation in (8), the dynamic pro-
gramming problem can now be written as

We will make the following assumptions:

Assumption 1. Assume that the true price of the iittdcr-

lying security, P., t. G T, is j^iivti as a finite linear combination

of E basis functions, i.e.,

05)

(12)

(13)

Assumption 2. For each exercise date r 6 T, along any

two paths m, n, an unbiased crude Monte Carlo estimate, with

independetit error terms, for the price of the underlying security

can he computed, i.e..

and V(X) equal to either (10) or (11).
In the rest of the article we will focus on the

Longstaff and Schwartz [2001] algorithm only.

Extension of the LSMC Method

As dictated by the dynamic programming routine,
we must be able to compute the immediate exercise value
/(;(X .̂). When the price of the underlying security itself
must be computed by simulations, an additional approx-
imation is made. In that case, the option pay-off/i (X.) is
replaced by the approximation

(14)

whereP.(X -̂) is the price estimate of the underlying secu-
rity in state X. and/(P.(X^)) is the pay-off ftmction, e.g.,
for a call/put, taking as input the state dependent price
of the underlying security at exercise date r.. P.(X.) could
be a crude Monte Carlo estimate, but as shown in Huge
and Roni-Poulsen [20()4[ this creates a bias in the option
price. To reduce this bias much computational effort has
to be allocated to fmdP(X_). Huge and Rom-Poulsen
[2004] propose an alternative price estimator for the price
of the underlying security. This estimator uses crude
Monte Carlo estimates to construct a new estimator that
is less dependent of the computational effort put into gen-
erating the crude Monte Carlo estimates. The study in
Huge and Rom-Poulsen [2004] only considers European
options but in this section their arguments are extended
so that the bias reduction method can be applied to price
Bermudan options as well.

(17)

If Assumptions 1 and 2 are fulfilled, a better esti-
mate for the price of the underlying security is given by

(20)

where ^̂  - (U., ...,'0.^.)^ is computed by

i.e., given Assumption 1 and Assumption 2, noise is removed
by projecting the crude Monte C-arlo estimates of the price
of the underlying security onto a set of basis functions.

We denote functions that use the approximations
(14) and (20) by superscript ^'^. The dynamic program-
ming problem can now be stated as

(23)
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with /i/-' (X,.) = /^ / - ' (X,)) and P^

Solving wilh Simulations

given by (20).

ln a practical implementation of the LSMC method
from the section on LSMC simulations, the expectations
in (9) are replaced by their sample counterparts thereby
introducing one more approximation. Assume that U
independent replications of the Markov chain have been
sampled and denote them by Xj, ..., X^^, j —1, ..., V.
Then tbe coefficients in (9) are estimated by

Tbe dynamic programming problem can now be written
fo r j - l , ..., U

(26)

),
i) '

(27)

where (11) is given by

(28)

Because XQ is fixed, the price at time 0 is given by

fixed, the option price estimator in Equation (29)
approaches the value of tbe approximative option price
defined by relation (8). They also show that as K —> ©« the
stopping problem defmed by the approximation (8)
approaches the original optimal stopping problem.

In the extended LSMC approach, we further have
to approximate the price of the underlying security. The
expectations in (21) are also found using the simulated
paths and the coefficients can thus be computed by

(30)

where /Vis the number of simulations used to generate
the crude Monte Carlo prices.

The option price estimator is now defined as

LS

(31)

We will now show that using least squares price esti-
mates, P.^, when computing option pay-offs yields an
option price estimator that converges to the option price
computed using least squares Monte Carlo as the number
of paths [7 increases. The result does not depend on the
number of simulations, N, used to generate the crude
Monte Carlo estimates,P."*^(X.), and is therefore valid for
any such number.

Proposition 1 Let U be the number of crude Monte Carlo

estimates used to estimate the coefficients in (30) and let N be

any positive integer. Assume (hat V/

as (7 (32)

(29)

for some S >l. Giuen Assumptions I and 2, the option price

computed using (22), (23), and (24) converge to the least squares

Monte Carlo computed option price from the section on LSMC

Simulations as U approaches iitfittity, i.e.,

Clemente, Laniberton, and Protter [2002] show that
as the number of replications, U, increases and for R < °° Proof: See Appendix A.
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An implication of proposition 1 is that the estimator
(31) will approach the estimator (29) as U —> •>3.

TEST CASES

In this section, we describe our computational test
cases. Since our underlying interest rate model is the Hull-
White model, we first present well known results for this
model.

The Hull-White Model

In the Hull-White model, the Q-dynamics of the
spot rate is given by

(34)

—
2K-

(38)

Prices of zero coupon bonds are given by

P-*(^, S)=e"(--*'->^ '̂"'''̂ " (39)

where a{s, S) and P{s, S) are given by

1

K

where r̂  is the spot rate, K is the mean-reversion rate, O
is the spot rate volatihty, and H^ is a Brownian motion.
©{s) is found so that the initial term structure of market
interest rates is matched and is given by

(35)

Basis functions in the Hull-White model Choosing
a set ot basis functions in (15) can be a difficult task. In
this section we will choose a set of basis function that can
be computed explicitly. To do this we let the underlying
security be a plain vanilla coupon bond.

Start by writing the exponential function as the infi-
nite sum

where/'^(O, s) is the observed market term structure of
foi-ward rates.

Applying Itos lemma on f*'r̂  yields the following
solution to the stochastic differential equation in (34)

(36)

Since the stochastic integral a j , e~'^^''''dW is normally dis-
tributed with mean zero and variance C^j" e~~'^'^"'du (see
Bjork [1998] Lemma 3.15), the conditional expected spot
rate is given by

(37)

2K~

and has conditional variance

e = (40)

This leads to the foUovi'ing expression for a zero coupon
bond in the Hull-White model

(41)
ri\

The value at time ^ ̂  |̂ for a security with non-
stochasdc payments Z),, ..., b^ at the dates fp ..., t^ where
b.= bfoTi=l,...,N-l and 6, = 1 + fo can be written as

N

n\
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(42)

Line 1, 2 and 6 in Equation (42) all define a set of basis
functions. Choosing the basis functions P"''{t, t^), Ẑ !̂ ^
P^'^ {t, t) will lead to coefficients 1 and /). Choosing the
basis functions P~'''{t, /,), ..., P^'^t, r^) will lead to coef-
ficients /»,,..., h^.. Both sets fulfill Assumption 1 but these
choices would require information about the pricing
function P{t). Thus, these choices do not seem realistic
so instead we have chosen powers of the spot rate as
basis flinctions. In this case Assumption 1 is usually vio-
lated. However, we can choose an arbitrary number of
basis functions to get sufficiently close to the true price
ofthe underlying security. This choice will also give us
an indication of how serious it w^ould be to violate
Assumption 1.

By this choice of basis functions, the coefficients to
the basis functions are given by

(43)

Basis Functions in Practice

In Testcasel to Testcase4, we use the first nine terms
from Equation (42) as basis functions. In Testcase5, in
which a callable mortgage backed security (MBS) is the
underlying security, the basis functions are constructed
using the following variables

r, p, 0),, to,, cd\. rp, y rCO-,, pCO^,

where r is the spot rate, p is the MBS pool factor, 0), is
MBS tranche weight 1 and ft), is MBS tranche weight 2\
The basis functions are now constructed from Cheby-
shev polynomials taking as input one ofthe 14 variables.
Input variable x is assigned the basis function T, (x) = x,
A" is assigned the basis function T^{x) - 2x~ - 1 , and xy
is assigned 7\{x)T^{y) = xy. Since we also include a con-
stant, we end up with a total of 15 basis functions.

For more details we refer to Huge and Rom-Poulsen
[2004].

In Longstaff and Schwartz [2001], Laguerre poly-
nomials are used as basis functions and in Glasserman and
Yu [2004], the basis functions are build from Hermite
polynomials. The basis functions are built from the sim-
ulated variables in the same manner we build basis func-
tions from Chebyshev polynomials in the MBS case.

Test Cases

In Exhibit 1 we have hsted the test cases that will
be investigated in the section on Results below. Testcasel,
Testcase2, and Testcase3 compute the Bermudan put
option price on a coupon bond. To keep the computa-
tional burden to a minimum, we only have two exercise
dates. Testcasel covers the case where the price ofthe
underlying security, at each exercise date, is given as a
known function ofthe state variables (spot rate), meaning
that the true state dependent price ofthe underlying can
be easily computed from the simulated spot rate (state
variable). This corresponds to the algorithm in Longstaff
and Schwartz [2001] and is basically Algorithm 1 from
Appendix B without bias reduction (without line 15 to
18). In Testcase2, we apply Algorithm 1 without bias
reduction to illustrate that this creates a high bias in the
Bermudan put option price. The bias arises because highly
uncertain crude Monte Carlo simulated price estimates
ofthe underlying security are used to compute the value
of immediate exercise in the backward recursion ofthe
dynamic programming algorithm. Testcase3 is Testcase2
plus bias reduction. Testcase3 should thus be compared
with Testcasel in order to evaluate the effectiveness of
our proposed algorithm. In Testcase4, we compute the
price of a 2-year Bermudan option with weekly exercise
giving a total of 104 exercise dates. The underlying bond
is the same as for Testcasel, Testcase2, and Testcase3. This
test case is included to study how effective the algorithm
is in approximating American option prices. For Test-
casel to Testcase4, we compare the option price com-
puted with Algorithm 1 with a PDE*̂  computed option
price. Testcase5 is similar to Testcase4 except that the
underlying security is a callable mortgage-backed secu-
rity instead of a coupon bond. This test case is included
to study the effectiveness ofthe algorithm when the
underlying security is complex, and Testcase5 should thus
be viewed as the prototype pricing problem that our algo-
rithm is tailored to solve.
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The parameters in the HW-model K, (7, are chosen
to be equal to 0.05 and 0.01 respectively and the model
is calibrated to a flat yield curve of 5% by computing 0(j;)
according to Equation (35). The trading date is April 6,
2004, and for Testcasel, Testcase2 and Testcase3 the exer-
cise dates are April 6, 2005. and April 6, 2006. respec-
tively. For Testcase4 and TestcaseD, we have weekly exercise
starting at April 13, 2004, and ending at April 4, 2006.
The infinite sum in (42) is approximated using the first
nine terms yielding the following approximation for the
coupon bond.

(44)

Note that using only a finite number of terms in Equa-
tion (44) is a violation of Assumption 1 and thus one
more approximation is introduced. Since the underlying
security is a coupon bond, the payments received each
year at April 1 are given by

b =
0.04 r < 01/06/2034

l i)4 t =0V06/2034 (45)

RESULTS

In this section, we present the results of the test cases
described in Exhibit 1. Exhibit 2 shows the convergence
of the least squares Monte Carlo computed option price
as the numher ot simulations increases and when true prices
ot the underlying .security are used to compute option pay-
ofis. This case corresponds to the traditional least squares
Monte Carlo algorithm as described in the section on
LSMC Simulations. In the exliibit, ±2 standard deviations
of the opdon price estimate are also shown. The dashed lines
indicate ±2.5% deviations from the PDE computed option
price. As can be seen, the least squares Monte Carlo com-
puted option price converges to the PDE computed option
price as the number of simulations increases. Also, not sur-
prisingly, as the number of simulations increases, the uncer-
tainty of the price estimate decreases. It is also worth noting
that all the price estimates are almost identical to the PDE
computed option price, even for a small number of simu-
lations. This would probably not he the case if we were to
price an option on a more complex underlying than the
option on a coupon bond we investigate in Exhibit 2.

In Exhibit 3, the convergence of the least squares
Monte Carlo computed option price for Testcase2 is
shown. In this test case, true prices of the underlying secu-
rity have been replaced with crude Monte Carlo simu-
lated prices when option pay-oSs are computed. No bias
reduction is performed. Recall that when option pay-otTs
are computed. Algorithm 1 only uses the current path to
compute the state dependent price of the underlying secu-
rity. Of course this price estimate will be highly uncer-
tain, since only one single path has been used to simulate
the price. This leads to a high bias in the option pay-off,
and we would expect the resulting least squares Monte
Carlo computed option price to be biased high as well.
Also, the bias cannot be removed no matter how many
simulations we put into computing the option price. The
only way to reduce the bias is to lower the uncertainty of
the crude Monte Carlo estimates of the underlying, which
only can be achieved by increasing the work that is put
into generating these prices. In many cases, this is very
computationally burdensome and Algorithm t is con-
structed in a way that makes it impossible to use more
than one path in the smiulation of the underlying.

When we add bias reduction to Testcase2, we get
Testcase3. The convergence result for this test case is
shown in Exhibit 4. For a few simulations, the simulated
option price is biased high. But as the number of simu-
lations increases, the bias is reduced and the option price
becomes almost equal to the PDE option price. Recall
that we are only using nine basis functions in the poly-
nomial approximating the underlying bond price, but this
does not seem to be any problem. Another attracrive fea-
ture of the algorithm is that both bias reduction and accu-
racy are improved by increasing the number of simulations.
This is in contrast to Testcase2 in which only accuracy,
but not bias reduction, is improved by increasing the
number of simulations. Comparing with Testcasel, in
which the true price of the underlying security was used
to compute option pay-offs, the option prices computed
in Testcase3 are very close to the ones computed in Test-
casel. Only for 100, 200, and 400 simularions is there a
small difference between the option prices in the two test
cases. However, the uncertainty induced by using simu-
lated prices of the underlying security when computing
option pay-offs also turns up in higher uncertainty on the
simulated oprion price and this higher uncertainty per-
sists even for 204,800 simulations.

In Exhibit 5 the price of a Bermudan option with
104 exercise dates has been simulated. The effect of
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E X H I B I T 4
Testcase3—Convergence of Least Squares Monte Carlo

Diamonds represent the average relative pricing error. The upper and lower bar show ±2 standard deviation of the pricing error respectively. The
dotted lines indicate ±2.5% deviations from the PDE computed option price. The sample size is 1000.

100 1,000 10,000
Number of simulations

100,000 1,000,000

increasing the number of exercise dates from 2 to 104 is
higher bi;is and higher standard errors, especially for a low
number of simulations. But as the number of simulations
increases, both the bias and the standard errors are reduced
and for approximately 12,800 simulations they are at the
same low level as in Testcase3.

Finally, for Testcase5 we have simulated the price
of a Bertnudan option with 104 exercise dates on a MBS.
The results are shown in Exhibit 6. We have not computed
a PDE price tor Testcase5, so the values shown are the sim-
ulated option prices. The conclusions are the same as for
the previous test cases—hoth bias and standard errors are
reduced when the number of simulations increases.

Estimated Price Relation

ln this section we will investigate the estimated price
relations of the underlying security at the exercise dates
for Testcase3. These estimated relations are used to com-
pute option pay-offs and it is therefore crucial that they
are good approxiniations of the true relation between the
price of the underlying security and the state variables.

In Exhibit 7 the true relation between the price of
the coupon bond and the spot rate is shown at the first
exercise date, April 6, 2005. The true price relation can
easily be found in the Hull-White model since, in each
future state, the entire yield curve is just an exponential
affme function of the spot rate. Thus, the true price rela-
tion fulfills Equation 42. Exhibit 7 also shows three esti-
mated relations between the price of the underlying
security and the spot rate. These relations are found by
projecting the crude Monte Carlo simulated price esti-
mates of the underlying security onto powers of the spot
rate. That is, they are approximations of the expression
given by Equation (42). The approximations are found
using 100, 6,400, and 204,800 simulations, respectively
As can be seen, the approximation becomes more accu-
rate as the number of simulations increases. For only 100
simulations, the estimated price for high spot rates is com-
pletely wrong, whereas it is close to the true price rela-
tion for low and middle ranged spot rates. The reason for
this divergence is that when we only use 100 simulations,
there is little or no price information in the high spot rate
region of the state space. The probability ot getting a spot
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E X H I B I T 5
Testcase4—Convergence of Least Squares Monte Carlo

Diamonds represent the average relative priting error The upper and lower bar show ±2 standard deviation ofthe pricing error respectively. The
dotted lines indicate ±2.5% deviations from the PDE computed option price. The sample size is 11)00.
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100.0%

10 100 1,000 10,000

Number of simulations

100,000 1,000,000

rate, at exercise date 1, above 8% is only 0.11%, meaning
that on average only 0.11 out of 100 simulated spot rates
will be above 8%. Thus, the probability of getting a crude
Monte Carlo estimate ofthe underlying security in this
part ofthe state space is very lovt', making the estimated
price relation very difficult to infer. The bias reduction
method takes advantages of a diversification effect in the
sense that if one has enough observations, the error term
embedded in each observation can be filtered away. But
since the elapsed time from today until the first exercise
date is relatively short, the simulated spot rates are not
very dispersed and will be concentrated around its con-
ditional mean at exercise date 1. This can also be seen in
Exhibit 7, namely in regions of the state space where
there are many observations, the estimated price rela-
tions are very accurate. Looking at Exhibit 4, we see that
the inaccurate estimated price relation ofthe underlying

results in an inaccurate and biased option price. The
reason the computed option prices are not that inaccu-
rate in spite ofthe divergence in the estimated price rela-
tion ofthe underlying is that the weight (probability)
which these pay-offs get is relatively low. Increasing the
number of simulations to 6,400 and 204,800 removes
the divergence ofthe estimated price relation, and with
204,800 simulations the estimated price relation is rela-
tively close to the true price relation for all levels ofthe
spot rate. This can also be seen in the option prices as a
more accurate option price estimate (see Exhibit 4).

Now turn to exercise date 2. In Exhibit 8, the rela-
tion between the price of the underlying and the spot
rate is shown for the same models as in Exhibit 7. For
6,400 and 204,800 simulations, the conclusions are the
same as for exercise date 1— t̂hat the estimated price rela-
tions are good at approximating the true price relation
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E X H I B I T 6
Testcase5—Convergence of Least Squares Monte Carlo

I5iatiionds represent the average option price. The upper and lower bar shows ±2 standard deviation of the pricing respectively.
The sample size i.s 1,000.
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Testcase3 Model Price-Spot Rate Relation and Estimated Price-Spot Rate Relation of the Underlying Coupon
Bond at Exercise Data 1. Initial Spot Rate is 5%.

0.0
0.0% 2.0% 4.0% 6.0% 8.0%

Spot rate

10.0% 12.0% 14.0%
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over a large range of the state space. For 100 simulations,
however, we have a much hetter approximation of the
[rue price relation of the underlying. The reason is the
longer rime period between today and exercise date 2,
which results in more dispersed spot rates over the state
space than for exercise date 1. At exercise date 2, the prob-
ability of getting a spot rate above 8% is now 1.34%, more
than 10 times higher than for exercise date 1.

Estimated Price Coefficients

In an earlier section, we derived an expression for the
coefficients to the basis ftinctions in the Hull-White model
for a coupon bond. In this section, we investigate the first
five estimated coefficients at exercise dates 1 and 2. The
true coefficients are computed by Equation (43) and are
summarized in Exhibit 9.

In Exhibit 10, the bars show the relative errors on
the estimated constant coefficient, 1',̂  as the number ot
simulations increases. In addition, the standard deviations
of the relative errors are displayed as lines with values on
tlic rii^ht hand axis. Relative errors and standard deviations

of the relative errors are shown for both exercise date 1 and
exercise date 2. As can be seen, both the relative error and
the standard deviation of the relative error decrease and
approach zero as the number of simulations increases. It
can also be seen that the relative errors are lower for exer-
cise date 2 than for exercise date 1, and that the standard
deviation of the relative errors are lower on exercise date
2 than on exercise date 1. The only major exception for
this pattern is the case with 100 simulations, where the rel-
ative error of v^ is lower on exercise date 1 than on exer-
cise date 2. It is also worth nothing that, as the number ot
simulations increases, the ditferences in terms ot relative
errors and standard deviations of die relative errors between
exercise date 1 and exercise date 2, vanish. The reason for
this phenomenon is that for a small number of simulations,
the spot rates are more dispersed throughout the state space
on exercise date 2 than they are on exercise date 1. This is
illustrated in Exhibit 11 where the solution to the spot rate
process in Equation (36) has been simulated on exercise
date 1 and exercise date 2 respectively Note also that the
standard deviations of the relative errors are very high tor
a small number of simulations.

E X H I B I T 8
Testcase3—Model Price-Spot Rate Relation and Estimated Price-Spot Rate Relation of the Underlying Coupon
Bond at Exercise Data 2. Initial Spot Rate is 5%.
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E X H I B I T 9
True Coefficients

Coefficient Spot rate Value at exercise Value at exercise

date1 date 2

vi

V2

V3

V4

1.4046

-15.6877

102.4994

-475.1468

1704.1267

1.3955

-15.4399

99.7405

-456.6217

1,616.1862

E X H I B I T 1 0
Testcase 3—Estimated VQ Coefficient

Estimated constant at exercise date 1 and 2. The bars show the average relative error and are related to the iuft axis. The Hnes show the standard
deviation ofthe estimate and are related to the right axis. The sample size is 1,000.

, ex.date 1 (left axis)
, ex.date 2 (left axis)

vO, ex.date 1 (right axis)
vO, ex.date 2 (right axis)

Number of simulations
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E X H I B I T 1 1
Simulated Hull—White Spot Rate Distribution

Simulated spot rate distribution at exercise date 1 and exercise date 2 respectively for the parameter values in Testcase3. 30.000 simulations have
been used.
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o^^ ^ * = ^ <.^

Spot rate

The conclusions made for v^-^ also apply for the esti-
mated coefficients i',, u^, Uy and f̂ . This is illustrated in
Exhibit 12, Exhibit 13,'Exliibit 14, and Exhibit 15. The
differences are that the level for both the relative error and
the standard deviation of the relative error is much liigher,
the higher the power of the spot rate. This suggests that a
large part of variations on prices of the underlying coupon
bond at exercise date 1 and exercise date 2 can be explained
by the first basis flinctions in the approximation ot the price
given by (44) for this simple underlying security. This would
probably not be the case if the underlying security were
more complex, as would be the case for a mortgage-backed
bond. However, as the number of simulations increases, the
estimates become more and more accurate, because the spot
rates become more dispersed throughout the state space.
Our results are consistent with the result in Glasserman and
Yu [2004], saying that the number of simulations needed
grows exponentially in the number of basis functions.

CONCLUSION

in this article we develop an algorithm aimed at
simulating Bermudan option prices written on securities

that must also be priced by simulations. The method
extends the algorithm developed in Longstaff and Schwartz
[2001] by applying the bias reduction technique from
Huge and Rom-Poulsen [2004] to reduce the bias in the
option price induced by using noisy price estimates ot
the underlying security in the dynamic programming
recursion. We show that if the price of the underlying
security belongs to a space spanned by some basis func-
tions, the result of the algorithm approaches the solution
to the programming problem in Longstaff and Schwartz
[2001]. Clemente, Lamberton, and Protter [2002] prove
that this solution approaches the true option price as the
number of basis functions and paths approaches infmity.
However, generally the spanning assumption is not ful-
filled, and the bias reduction thus introduces an additional
approximation besides those introduced using the algo-
rithm in Longstaff and Schwartz [2001].

Generally, the method can be applied when an unbi-
ased estimate for the value of the underlying security
exists. Thus, the method can also be used tor pricing
compound options since, in these cases, the underlying
option may be simulated and an unbiased estimate
exists.
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E X H I B I T 1 2
Testcase3—Estimated v̂  Coefficient

Estimated Vj at exercise date 1 and 2. The bars show the average relative error and are related to the left axis.The lines show the standard
deviation of the estimate and are related to the right axis. The sample size is 1,000.

, ex.date 1 (left axis)
v i , ex,date 2 (left axis)
v1, ex.date 1 (rigtit axis)
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E X H I B I T 1 3
Testcase3—Estimated v^ Coefficient

Estimated Vj at exercise date 1 and 2. The bars show the average relative error and are related to the left axis. The lines show the standard
deviation of the estimate and are related to the right axis. The sample size is 1,000.
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E X H I B I T 1 4
Testcase3—Estimated v̂  Coefficient

Estimated V, at exercise date 1 and 2. The bars show the average relative error and are related to the left axis. The lines show che standard
deviation of the estimate and are related to the right axis. The sample size is 1,000.
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E X H I B I T 1 5
Testcase3—Estimated v^ Coefficient

Estimated V_, at exercise date 1 and 2. The bars show the average relative error and are rebced to tiio left axis. The lines show the standard
deviation of the estimate and are related to the right axis. The sample size is 1,000.
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We demonstrate, using simple test cases, that the
algorithm is capable of computing Bermudan option
prices that are very close to the option prices computed
using a PDE approach.

The estimated coefficients to the basis functions
seem to approach their true values, especially for the coef-
ficients multiplying low powers ofthe spot rate. However,
for a small nuniber of simulations, the standard deviation
ofthe estimated coefficient is extremely high. Many sim-
ulations are needed in order to get accurate coefficient
estimates. This is in line with the fmdings in Glasserman
and Yu |2()()4].

Using many simulations yields relatively accurate
coefficient estimates and this results in relatively good
approximations ofthe relations between the price ofthe
underlying and the spot rate. However, for a small number
ot simulations and short term exercise dates, the relation
between the price ofthe underlying and the spot rate is
only accurate in non-extreme regions ofthe state space.
Thus, one must be sure to use a sufficient number of
paths when simulating Bermudan option prices with a
strike corresponding to extreme values of the state
variables.

A P P E N D I X A

PROOFS

Proof of Proposition 1

We want to show that the solution to the dynamic pro-
i;r.ininiinL; problem in the section on Extension ofthe LSMC
Mcrliod approaclies the solution to the problem in the section
on LSMC Simulations when the approximation in Equation (30)
is used. In the following, we emphasize the dependence ofthe
number of paths U used in the simulation ofthe state space and
thus used in Equation (30) to estimate the coefTicients in the
least squares price estimate. By Assumptions 1 and 2, the price
ofthe underlying security fulfils P.'-\Xf,if) —> A(X.) V / as U
increases. Thus we have V ('

h.'-^{X.;U) -^ h.{X) as U ̂  ^

By definition C['(X^,U) = C^(XJ = 0 and Vl-'(X,;U) =
hlf{X,\lI} -> /i, (Xi) = VJiXj) as (J-> oo. The proof now goes
by induction. Assume that K '̂'(X.;L/) —> V-{X..) as (7—> <>o, for
/ ^(+1 L. If we can prove that C.^XX.;U) -> C.(X.) as
U —^ oo, then we have V.'^{X.;U} —> K(X.) as (7 —> «> and we
are done. Now from (23)

/here

If

as
(46)

then C/'X(-0 -> C,as L/-> oo, which implies that Cf-\X.] U) ->
C.{X) z%U^^

Since i//,(X.) '̂̂ ^j'(X.^,;L/) defines a sequence of sto-
chastic variables as V increases, a sufficient condition for (46)
is (32) and (33).

A P P E N D I X B

The Simulation Algorithm

As shown in Huge and Rom-Poulsen |2004| it is suffi-
cient to have N = 1 in Equation (30) in order to get a good
approximation for the price ofthe underlying security if the
number of crude Monte Carlo price estimates ([/) is sufficiently
high. This can be used to construct a particular simple algo-
rithm for pricing Bermudan options on securities that are priced
by simulations. We start by sampling the underlying state space
and store payments made by the underlying security (coupons,
prepayments, etc.). For each generated path, at an exercise date
f., the price ofthe underlying security is given as the time t. value
of future payments along that path. Thus, the crude Monte
Carlo price ofthe underlying security is found using one single
path. Before computing option pay-otfs we improve the price
estimate of the underlying security by regressing the crude
Monte Carlo computed prices onto a set of state dependent
basis functions. The estimated expression is then used to fmd
the state dependent price ofthe underlying security, and this
price is used to compute option pay-ofE. Also, we run a regres-
sion in order to fmd the exercise boundary at time t., just as in
the Longstatf and Schwartz 12(K)t| algorithm. The Bermudan
option value at time t. is then given as the maximum of the
continuation value and the option's approximated intristic value
at time t. The recursion is carried out for all exercise diites from
option expiration until today. In case of a Bermudan option
on a bond, the state space is sampled from today until the matu-
rity ofthe bond, not only until option expiration.
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A L G O R I T H M 1
Extended Least Squares Monte Carlo

1: for (/ - 1 to (./) do

2: for(/^l toM}do

3: Simulate and store X,,

4 : Compute and store ft.^^ (X.)

5: end for

6: end for

7:for(i=^M-ltol)do

8 : for (j = 1 to IJ) do

9 : if (i = M - 1) then

10: P7=Pr
•W.I Mj

11: end if

12 : P'''^iX.) = P"'{i +1) P'f• + h"'
I! ^ •!> '] ^ > 1+1,; ••;

13 : end for

14: if(f

16: for {/ = 1 to [./) do

17: P"(X

18: end for

19: if{) = L)

20: for (j =\toU) do

21: C"(X

22: end for

23: else

24: c,=(^2

25: for / = 1 to L' do

26: /;,;^

27: i { ^ ( ^ ) / { / g

28: C'^'(X..) = /r'^(X..)

29: else

30: C"(X..):^Pr"''(( + l)C':' .{X.

31: end if

32: end for

33: end if

34: end if

35: end for
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In Algorithm 1, 6."'̂ 'denotes the crude Monte Carlo sim-
ulated payment from the underlying security at time i along
path /. Recall that the set Sis constructed so that both the pay-
ment dates and the exercise dates belong to .S, and the algorithm
thus iterates over the dates in S. In general the subscript., denotes
the value of some security at time i along path / whereas the
subscript i alone denotes a U X 1 vector with /'th row equal to
the value along the/th path {if). Values ofthe underlying secu-
rity arc denoted by P."'' and along the /"th path, prices of zero
coupon bonds for the period (f., f̂  are denoted byP.J'''(fc).

ENDNOTES

We are gratefull for comments from Stephen Figlewski,
Carsten Sorenscn and an anonymous referee. All errors arc of
course our own.

'Using a parameterized exercise strategy creates a down-
ward bias in the underlying Bermudan swaption price due to
the non-optimality ofthe used exercise strategy. However, given
the true exercise strategy the Monte Carlo estimated price is
an unbiased estimate.

'Such dates could for example be payment dates of a
callable mortgage backed bond, which will infuence future
values of the bond, because future payments from the bond
might be dependent on historical prepayments.

'We will not go into detail on how to price callable MBS
but instead refer to Huge and Rom-Poulsen [2(1041, which
contains a detailed account on the MBS pricing model.

^The option price computed by solving the fundamental
Partial Differential Equation. We have used a Crank-Nicholson
scheme to solve the partial differential equation.
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