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We derive approximate analytical pricing for-
mulas for interest rate caps and floors with continu-
ously monitored barriers in a multi-factor Gaussian
HIM framework. The closed-form valuation equations
are subject to a Radon-Nikodym approximation,
which is similar to the proportionality assumption
used by El Karoui and Rochet (1989) and to the rank
I approximation suggested by Brace and Musiela
(1994).

Monte Carlo simulation shows that the
resulting analytical approximations are accurate and
much faster than existing numerical and quasi-ana-

Iytical pricing methods. Moreover, we provide error

bounds for our solution, an innovation relative to
the previous literature. These bounds provide a con-

fidence interval for the true barrier option price, which

in turn is an indicator of the precision of the proposed
analytical pricing solutions.

he main purpose of this paper is to

derive fast and accurate approxi-

mate analytical valuation formulas

for single-barrier interest rate caps

and floors, in the context of a multi-factor

Gaussian Heath, Jarrow and Morton (1992)

term structure model and under continuous
monitoring of the underlying interest rate.

As for regular caps (Hoors), single-barrier

caps (Hoors) are also portfolios of caplets (Hoor-

lets). Each caplet (Hoorlet) is an European call

(put) option on a nominal money-market interest

rate, 1.e. on a simply compounded interest rate

as, for example, the 3-month US LIBOR.
However and as described, for instance, by
Pelsser (2000, page 100), the component bar-
rier caplets (or barrier floorlets) only generate
their regular terminal payoft if, during the
option’s life, the barrier is (knock-in options) or
is not (knock-out options) touched by the under-
lying nominal spot interest rate. As usual, the
existence of a barrier rate makes such interest
rate options cheaper than their regular coun-
terparts as well as more easily tailored to the
investor’s expectations about the evolution of
the underlying spot rate.

Although barrier options are amongst
the oldest and most popular forms of exotic
options,' the extensive treatment that they have
received in the Finance literature has been
almost always confined to the case where the
underlying asset price follows a geometric
Brownian motion (that is, typically, to barrier
options on stocks, indices or currencies). To
the author’s knowledge, such path-dependent
option pricing theory is only starting to be
applied to the valuation of OTC interest rate
caps and swaptions with barrier features,
although the corresponding plain-vanilla con-
tracts are commonly named as representing
the largest market of interest rate options (in
terms of notional amount). Given the lack of
satisfactory analytical pricing solutions, bar-
rier options on spot interest rates have been
priced through numerical methods, which
include both lattice versions of the HJM model
as well as Monte Carlo simulation. For single-
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factor and Markovian HJM specifications, the tree recom-
bines and, therefore, the lattice discretization constitutes
a viable pricing methodology. However, for non-Mar-
kovian term structure models the approximating tree will
not be recombining, and the number of branches on the
tree expands exponentially as the number of time steps
increases. Moreover, it is well known that the computa-
tional burden grows linearly with the number of factors
for the Monte Carlo technique, but more than linearly for
lattice-based approaches. Nevertheless, both numerical
approaches are usually too time consuming for practical
purposes.

Concerning the previous literature on the analyt-
ical pricing of path-dependent interest rate options,
Leblanc and Scaillet (1998) started by valuing Asian and
lookback options on yields, but under a one-factor affine
model (which is unable to ensure the consistency
between the exotic options’ prices and the initial yield
curve). Chrétien and Quittard-Pinon (2000) have already
priced single-barrier caps, but under a one-dimensional
Gauss-Markov HJM framework and using a Fortet (1943)
approximation for the first passage time density. Although
such approximate solutions are faster to implement than
the Monte Carlo method and benefit from reasonable
asymptotic properties, they are, however, only applicable
to the sub-class of Markovian (and Gaussian) HJM
models and do not accommodate the existence of rebates.
Moreover, such a quasi-analytical approach should be
less adequate in estimating option’s sensitivity parame-
ters and more time-consuming than the closed-form
pricing solutions to be proposed in the present paper.
Finally, Kuan and Webber (2003) valued barrier options
on zero-coupon bonds and on interest rate swaps, under
the one-factor Hull and White (1990) model (as well as
under a Swap Market model for the pricing of swap-
tions), by computing numerically the first passage time
density of the short-term interest rate to a time-depen-
dent barrier. Although a caplet (floorlet) can always be
specified as an European put (call) option on a pure dis-
count bond, the numerical solutions proposed by Kuan
and Webber (2003) are not applicable to the single-bar-
rier caps and floors considered in the present paper:
while the barrier of a single-barrier cap or floor is placed
over a (quoted) nominal spot rate with a constant time-
to-maturity, Kuan and Webber (2003) only consider bar-
riers on zero-coupon bonds (or, equivalently, on spot
rates) with a fixed maturity date (and, therefore, with a
decreasing time-to-maturity), which are not observable
in the market.
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The main difficulty in valuing barrier caps and floors
arises from the fact that the underlying for such path-
dependent interest rate options is not a forward nominal
interest rate—as can be thought to be the case for regular
caps or floors—but, instead, a spot nominal interest rate,
which is directly observed in the market. This contract
feature was also essential in choosing the valuation frame-
work. Because the lognormal property of forward rates is
not preserved for spot rates under a LIBOR Market
model, a Gaussian—but not necessarily Markovian—HJM
setup will be used instead, for reasons of analytical
tractability. Despite the underlying restrictive assumption
of a deterministic—although, possibly, time-inhomoge-
neous—specification for the volatlity function, the model
is still consistent with the initially observed term struc-
ture of interest rates. Moreover and in contrast to
Chrétien and Quittard-Pinon (2000), a multi-factor for-
mulation is adopted in order to improve the model’ cal-
ibration to the market covariance matrix, as suggested,
for instance, by Rebonato (1998, page 70).

Next sections are organized as follows. Section
“Model description” briefly reviews the multi-factor
Gaussian HIM model that will be used to derive approx-
imate pricing solutions for the new exotic contracts cov-
ered by this paper. Section “Single-barrier caps and
floors™ describes and prices single-barrier caps and floors.
For that purpose, an analytical approximation for the
defective transition density of the barrier option’s under-
lying is found in theorem 1, which constitutes the main
result of the present paper. The asymptotic properties
of such approximation are studied, error bounds are pro-
vided, and closed-form pricing solutions are found.
Finally, section “Conclusions and further research™ sum-
marizes the main results and provides some directions for
further research. Numerical examples are also presented
in order to test the accuracy of the proposed pricing
solutions.

MODEL DESCRIPTION

Let (), 7, F = (F,),=,, Q) be a filtered proba-
bility space satisfying the usual technical conditions, where
F is the @ — augmentation of the natural filtration gen-
erated by a standard Brownian motion ﬂfg(r) € R" ini-
tialized at zero (at time #,.)* The relative prices of all assets
are assumed to be martingales under the risk neutral prob-
ability measure Q, that is when the numéraire is taken to
be the “money market account”, whose time-t value is
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defined as:

t
B(1): = exp J s)ds (1)
&
where r(t) denotes the time-t instantaneous spot rate.
Therefore, i.e. following Harrison and Pliska (1981), there
exists an arbitrage-free market for pure discount bond
prices with maturity T e [rl,, T]. for some fixed time T,
which are assumed to be perfectly divisible and to evolve
through time according to the following stochastic dif-
ferential equation:

e -
M = Ar)dt + o(t, T) dW2(1) &
X1, T) - o
where P(t, T) represents the time-t price of a (unit face
value) zero coupon bond expiring at time T, for
t€ [t,, T],and. denotes the inner product in R". The
n-dimensional adapted volatility function
o(., T): [to, T] = R" 1s assumed to satisty the usual mild
measurability and integrability requirements—as stated,
for instance, in Lamberton and Lapeyre (1996, theorem
3.5.5)—as well as the “pull-to-par” condition
o(u, u) = 0e R", VY ue [, T Finally, and for reasons
of analytical tractability, the following modelling restric-
tion 1s adopted:

Assumption 1 The volatility function o(, T):[t,, T] = R"

is deterministic.

Of course, the main theoretical model” limitation
that arises from assumption 1, that is from the normality
of forward rates, is the fact that interest rates can attain neg-
ative values with positive probability (see, for instance,
Rogers (1996)). However, the generalization of the pricing
solutions derived in section “Single-barrier caps and
floors™ for more complex volatility structures (precluding
the existence of negative forward rates)—using, for
instance, the approach suggested by Nunes, Clewlow and
Hodges (1999)—is outside the scope of the present
analysis.

Equation (2), along with assumption 1, represents
the Gaussian interest rate term structure model that will
be used, hereafter, to derive analytical pricing solutions
for European interest rate barrier options. Since the under-

lying of such exotic options will be spot LIBOR rates
that 1s interbank (risky) rates—instead of government
(risk-free) rates, the Duffie and Singleton (1997) assump-
tion of symmetric counterpart credit risk will be implicitly
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used hereafter. Meaning that the model” interest rates will
be regarded not as riskless rates but rather as default- and
liquidity-adjusted rates.

SINGLE-BARRIER CAPS AND FLOORS

Terminal Payoffs

This paper proposes and values four types of single-
barrier caps and floors (with settlement in arrears), sub-
ject to continuous monitoring of the barrier, namely:
up-and-in caps, down-and-out caps, down-and-in floors, and up-
and-out floors. All these new path-dependent interest rate
options share the following common appealing feature:
they are only activated if the underlying spot rate evolves
in a (strong enough) favorable direction; or, they expire
worthless whenever the motion of the underlying spot
rate is (too) adverse. Four other (less “intuitive”™) types of
single-barrier caps and floors are also feasible—up-and-
out and down-and-in caps, or down-and-out and up-and-in

Joors—and can be priced through the parity relation
d &g )

between knock-in and knock-out options (without
rebates).

As for regular caps and floors, the fair price of a (for-
ward-start) single-barrier cap or floor corresponds to the
summation of the fair prices for all the component (single-
barrier) caplets or floorlets. As usual, the underlying of the
component (single-barrier) caplet or floorlet with settle-
ment in arrears at time f,,,( = f,) is the nominal time-r,
(ty = t, = t,.,) spot rate for the compounding period
8 = t,,, — t, which can be defined as’

1 1
81 At tis) - )

An up-and-in caplet generates the same terminal payoff as

Kt bisy): =

a regular caplet as long as the underlying spot nominal
interest rate touches (from below) the barrier rate during
the life of the option. Otherwise, a rebate (possibly null)
is paid on the same terminal date. Similarly, a down-and-
in floorlet generates the same terminal payoff as a regular
floorlet, if the underlying spot nominal interest rate
touches (from above) the barrier rate during the life of the
option, or a rebate, otherwise. More formally,

Definition 1 The time-t, | price of a unit face value up-and-
in caplet (down-and-in floorlet) on the nominal spot rate

1, t,1), with a cap (floor) rate of r,, subject to a barrier rate
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of r.(n). with a webate rate R, and settled in arrears at time 1, , |
is equal to

!-\'(H).',:Mh- Liv1)s s g R 1 I]

i

s = (s, s + 6) = Ory (4

RE<=0rs,s + 8) < On, Vse lut)

[0, t,.,) — Or] 6 <= 3se i, 4]

where ry; = r( > b, 1, + 8)) and 8 = 1 for an up-and-
in caplet, orrg = rf < At t, +8)) and @ = — 1 fora
down-and-in_floorlet.

The monitoring of the barrier is defined in terms
of the observable nominal spot rate (s, s + 8) and notin
terms of the nominal forward rate s r.1,,,): =
1/8[ P(s. 1)/ ™1, t,.,) — 1]. which would be typically
the underlying variable for a LIBOR Market model. This
is the case because the latter interest rate is not directly
observed m the money market.” Consequently, 1t is not
possible to take advantage of the lognormal martingale
formulation offered by a Market model, and, hence, an
HIM model is used instead. Notice also that under the
Kuan and Webber (2003) approach. the barrier would
have to be monitored against the (fixed maturity) nom-
mnal spot rate f(s, 1, - ). However, such assumption is unre-
alistic since the latter spot rate would be almost never
quoted in the market (because its time-to-maturity
decreases every day).

A down-and-out capler generates the same terminal
pavoft as a regular caplet as long as the underlying spot
nonminal interest rate never touches (from above) the bar-
rier rate during the life of the option. Otherwise, a rebate
is paid on the same terminal date. Finally, an up-and-out
floorler generates the same terminal payoft as a regular
floorlet, if the underlying spot nominal interest rate never
touches (from below) the barrier rate during the lite of
the option: otherwise. a rebate can be paid. That is,

Definition 2 The time-t,, | price of a unit face value down-
and-out caplet {up-and-out floorler) on the nominal spot rate
Wt ), with a cap (Hoor) rate of ry, subject to a barrier rate
of rr,). with a deferrable rebate rate R, and settled in arrears
ar time t,, | is equal o’

OURO), [k e s T st B 6y
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(01, t,4y) — O] 8 <=0xs, s + &)
A== = HF”. V.\' {=3 ]f”. f,] ( )
R8 <= 3s € Yt 1,):01(s, s + 8) = Ory

I

IA

where ryy = 1{ < dt,, t, + 8)) and @ = 1 for a downi-and-
t( >t b, +8)) and @ = — 1 for

an up-and-out_floorler.

out caplet, or ry =

Because all the above mentioned oprions possess a
single future payoff (at time ¢ . ). their fair prices can be
simply computed as the discounted expectation of such
terminal payofls, under the corresponding equivalent (for-
ward) martingale probability measure—see. for instance,
Geman, Karoui and Rochet (1995). Let @' 'be the 1. —
forward martungale measure obtained when the 1., —
maturity pure discount bond is taken as the numéraire of
the economy. Assuming that measure @' exists, the rel-
ative price, with respect to the 7, . —maturity zero-coupon
bond, of any attainable contingent claim that sertles at
ume 1, will be a @ —martingale. Theretore, applying
equation (3) to definitions 1 and 2, the tme-r, price of
the previously defined barrier options can be written not
as a function of the nominal spot rate, but in terms of

log-inverse pure discount prices:”
INGB ) [t s )s 1 g B 1)

= P(f,,. I;s l)

Ef [Bexp(InP™ (1, 1,4,)) — 8(1 + 8n,)]°

lstp, =, [0In P (s, s + 8)] = OIn(1 + 8ry) (6)

+ Pt 1, )ORQ" Ssup, < < [01n P (s, s + 8)]

= Hll1(] + (SFH)I.F,
and
OUT(®), [t tiv 1 )i nié rs R t0y]

= Kt 1:=1)
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E?{[ﬂexh(ln!’ (t 1)) = 6(1 + 8n)]"

linf, <.<,[01n P7'(s, s + 8)] > OIn(1 + 8ryy) (7)

+ Py, 441 )BR
o {inf. T (s, 5 + 8)]

= 9111(] T+ 51'”).:F,.}

To convert the last two equations into analytical
pricing solutions, it is necessary to derive the probability
density function of terminal log-inverse pure discount
bond prices with a time-to-maturity of d-vears, condi-
tional on touching or not the barrier, and under the
1,4 -forward martingale measure. First, the corresponding
unconditional distribution 1s computed.

Unrestricted density

Applving the change of measure rule contained in
Nunes (2004, proposition 2.2) to equation (2), it is casy

to show that
Pty t
t)(_)—:l + ik 6

InP (1.t + 6) =1In Pt + 8)

+ J’*[g(s. ) = st + 8))dVR (5)

where

|

= [_{{(.«. b 8 —aia.n iy f_,)}ds (9)

i )5 = ]H lots, £ + &)1 = llogs, 1)

while
dU2 (1) = dWR(1) — o(r, 1, )dt (10)

is sall a vector of standard Brownian motion increments
in R". Considering that

duet): = | lllols 1) = als. t + 8)IPds (1)

=1
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1s finite, and using, for instance, Arnold (1992, corollary
4.5.6), it follows that the stochastic integral contained in
the right-hand-side of equation (8) is normally distributed
with mean zero and variance g¢(t,. t). Therefore,

Proposition 1 Under the equivalent martingale measure Q"

for the Gaussian HIM specification (2), and conditional on F

Q' [InP~ (1,1 + 8) € da|F, ]

N ) ™At 1)
= (!){.\. hl[—!’(f”. [+ 0)

where the deterministic functions I(1,,, 1) and g(1,.r) are given
by equations (9) and (11), respectively, while §(X; w, o) rep-
resents the probability density funcion of a nonmally distributed
univariate random variable X, witl mean g and standard devi-
ation o .

+ Wt 1) Ml r)}cf.\' (12)

Prices for regular caplets and Hoorlets can be easily
obtained by integrating the corresponding terminal pay-
offs with respect to the unrestricted density (12). For con-
venience, proposition 2 restates similar analytical solutions,
which follow, for example, from Brace and Musiela (1994,
proposition 3.1).

Proposition 2 Under the Gaussian HJM specification (2),
the time-1, price of a unit face valie regular capler (floorlet) on
the nominal spot rate f(t.t, .\ ). with a cap (floor) rate of v, and
settled in arvears at time 1, is equal to

REGULAR(8), [t t,41): 1 t,41]
_ 0Pn, n)‘D[ = Odi(1,) + 0V (1, ,,)J

= 6(1 + 8r) Pty tis ()P — Bd3(1,)] (13)

with

1

(1 + &r)Hr. r._])} art,)
+
P, 1) 2

Vol 1)

d,r.(f)i =
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0 = 1 for a regular caplet, @ = — 1 for a regular floorlet, and
where @ represents the cumulative density function of the uni-
variate standard normal distribution.

Restricted Densities

This subsection provides an approximate closed-
form solution for the defective densities involved in equa-
tions (6) and (7). For that purpose, a deterministic
time-change will be first applied to reduce the dimen-
sionality of the valuation problem. Then, a measure change
will allow the log-inverse zero-coupon bond price to be
written as a time-changed standard Brownian motion,
whose restricted density is obtainable from the well known
reflection principle. Finally, such defective density will be
rewritten under the original forward martingale measure
through an approximation of the corresponding Radon-
Nikodym derivative.

Following, for instance, Oksendal (1995, theorem
8.20), because g(f,, ;) = 0 and assuming that the deter-
ministic volatility function (., T):[t,, T] = R" is such
that

ag(ty, 1)

— >0 (14)
adt

for t, = t = T, then the price process (8) can be restated

as

InP~ (1 + 8) =1 At 1
n (:.r )ﬁ 1 P(r(,,r+6)

+ K, 1) + ﬁi‘zf D) T

where

18, = | ot — alo i+ 9w ) 16

fy

is a one-dimensional Brownian motion also initialized at
zero, under the same martingale measure Q"+, but with
respect to a deterministic time-change defined by
oty ):[ 1o, T]— R ™. Although the log-inverse pure dis-
count bond price is now written in terms of a standard
one-dimensional Brownian motion, it 1s still necessary to
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accommodate a time-dependent drift. That is, solving
equation (15) with respect to the Wiener process would
not add analytical tractability because a constant barrier
imposed on the price process InP'(t, t + 8)_would be
translated into a time-dependent barrier on IV?, -

To remove the drift from the process (15), define
an equivalent martingale measure Q¢ such that

‘”:if(?;, ij = dﬁ’f-();,,‘.‘r) + U(I:n J‘)d.k’(ru‘ f) (|7)

is also a time-changed one-dimensional Wiener incre-
ment, with

9 j] 1y, 1)
~ aglio, )L L Ptor 1 + )

N(t, 1): + 11y, t) (18)

That is, define the change of measure

dQﬁ, 1
do*

é ~ 1
|f. = exXp [n(fn- ”)dn'ﬁ'u- v ;h(r”‘ ‘r) (19)

Iy

with

h(ty, 1) = J 71y, v)*dg(1,, v)

y

N al(t, v) P

dv

[ [twr+ 9 00

ty

and assume that h(r, 1) < oo, where fr, T): =
= dIn P(t, T)/dT denotes the time- instantaneous for-
ward rate for date T( = ). Integrating identity (17)

between f, and f, and since (t,, t,) = 0, it follows that

I‘“Qn o I)('r“‘ r)

i =] o Wt T
) = Pty, t + 8) (o 2

~

+ WX,

Al

y + InP(t, t, + 8)

and equation (15) can then be rewritten as a time-changed
Brownian motion initialized at InP~ ‘(r{.‘ & + 8):
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InP~ (1, 1 + 8) = W, — InP(ty, t, + &) 21)

Since InP~ l(r,,, t, + &) is a constant, a flat barrier
on the process InP~ (l t + &) is now translated into a
constant barrier on W‘*’ - Therefore, taking 6 = 1 and
ry = r( > Ly, t, + 5)) tor an up barrier, or = — 1
and r; = r( < r(t,, t, + 8)) for a down barrier,

Q"“{IIIP Y.t + 8) = x,
sup, << [01In P (s, 5 + 8)] < fln(1 + BrH)|.7'-,'_}

= Q"{ﬁﬁ 3 = x + InP(t;, 1, + 8),

~ ] + SrH
Sraplﬂsjg,[9[,—1.‘:‘({”' \)] < Hln[—ﬁ)_](!ﬂ P 8):||f,}

it ! o 1
= B {““P[ J , Mt v)AWG, ) — Shlto, ,)J (22)

1{” ot 1) el o lnf’(n}, fy + 6)!

1 + 6ry
P~ Y(ty, t, + &)

}

where the last equality follows from equation (19) and,
for instance, from Duffie (1992, equation C.3), while 1,
defines an indicator function.

SUP, <5< [()H\,(, ] < 0[11|:

To compute the expectation (22) explicitly, the
Radon-Nikodym derivative (19) will be expressed as a
function of the random variable I’VQ; y- For that pur-
pose, notice that the It6 integral contained in equation
(19) possesses a univariate normal distribution with zero
mean and variance h(t,, ). Consequently, and since
Wg: y 18 also normally distributed with zero mean and

e 23

h(ty, 1) ~ )
- W o

g, 1) 5"

variance g(f,, t), then

f (o, V)G,

f
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d
where the symbol = denotes equality in distribution.
Result (23) suggests the following proportionality approxi-
mation for the Radon-Nikodym derivative (19).

Assumption 2 The Radon-Nikodym derivative (19) will be
approximated by

dQ"+ h(t,, 1) e _
0" ™ v[\/ o ¢ WALy — h(r“. r)] (24)

Notice that approximation (24) preserves the essen-
tial condition E® (dQ"/dQ*) = 1, and is in the spirit of
the proportionality assumption used by El Karoui and
Rochet (1989, page 22) or of the rank 1 approximation
suggested by Brace and Musiela (1994, equation 6.1), which
have both been shown to be accurate in the context of
European swaption pricing—see, for instance, Brace and
Musiela (1994, table 7.5) or Pang (1996, table 6). Never-
theless, equality (24) is only exact in distribution or if
n(ty, v)/dv = 0 for all v e[ty t]. Therefore, all the
approximate pricing solutions that will be derived here-
after will be subject to a Monte Carlo study, in order to
investigate their accuracy. Moreover, subsection “Error
bounds and asymptotic properties” will provide error
bounds for the proposed Radon-Nikodym approximation.

The convergence in law result (24) allows equation
(22) to be restated as

Q"”{lnP"(r, t+8) =x

sup, <;< [0 1In P (s, s + 8)] < OIn(1 + 5r;;)|.7:,”}
h(r(), [) i o

¢ h(t,, t
= ]E? expl: W‘Ra.,r) == L—):I
gt 1) 2

I{ﬁrﬁ‘: 1) =x+ ]IIP([”. ty + 5)*

1 + 8y,
2 I('r(h i + 8)

,\+|nf{ﬂ 1o +8) ;,I:\/h o, 1
&(to, ’)
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}

L, :)] )

sup <=, [OWR )] < 9h||:




X {¢[z: 0, Vglto, 1)]

1+ 8ry
- g2 ———————— Wl s, dz
{Z n Pil(&), 'r() o4t 6) g(’il f)}}

where equation (25) follows, for instance, from Harrison
(1985, page 9) or Musiela and Rutkowski (1998, corol-
laries B.3.1 and B.3.3). Differentiating the above integral
with respect to x, the main theoretical result from this
paper arises. This result is contained in the next theorem
and provides an approximate analytical solution for the
restricted density of log-inverse pure discount bond prices.
It possesses a similar structure to the one found for any
asset price following a geometric Brownian motion (see,
for instance, Rich (1994, equations 6 and 10)).

Theorem 1 Under the Gaussian HIM specification (2), and
subject to assumptions (14) and (24),

Q"'{lnP‘i(r, t + 8) € dx,

sup, << [0In P (s, s + 8)] < OIn(1 + SrH)|.7:,“}

= {d)[x; InP~ (1, t, + 8) + Vh(t, t)g(t, t), (26)

hto, 1) 1 + dry
Vil 1)] - exp[z\/ P o 1o + a)}

At 1)

% q')[x; 2In(1 + 6ry) — InP~ (1, t, + &)

+ \/"’('n» t)g(tos 1), \/S(’m ’)J}‘b"

where h(ty, t) is given by equation (20), while @ = 1 and
r = r( > dty, ty + 8)) foran up barrier, or@ = — 1 and
g = r( < r(ty, t, + 8)) for a doun barrier.

Equipped with theorem 1, it 1s now possible to price
any type of single-barrier cap or floor. Although it is out-
side the scope of the present paper, equation (26) is also
the only ingredient required to price barrier digital caps
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and floors, which are described, for instance, by Pelsser
(2000, page 102). Moreover, the same pricing method-
ology can be also applied to several structured products
and Euro Medium-Term Notes whose payoff contains a
trigger condition on a LIBOR rate.

Error bounds and asymptotic properties

With the purpose of characterizing the accuracy of
the analytical solution proposed in subsection “Restricted
densities”, let

e h(t,, ~ O
il J [n(n,, o} = \/ ;,g 3:|dw‘,( . @)

define the error term implicit in assumption 2. Remember
that theorem 1 was based on the adoption of approxima-
tion (24), which is equivalent to the assumption that
&(t) = 0. Furthermore, definition (27) allows equation
(22) to be rewritten as

Q’“‘{]np_ (¢, t + 8) = x,

sup, <= [0In P (s, s + 8)] < OIn(1 + 5r”)|]-—,”} (28)
= Eexp[e(t) [ Y(t,x,In(1 + 8ry)))

with

h(ty, t) ~ h(to, t)
Y(tx,y): = exp|:\/ W o~ 5

g(f“, ") o=

1 ot W
{ 1/‘:,3, g = x+ InP(ty, t; + 8),

sup,“sjs,[ﬂﬁﬁ" 9] < O[InP(1y, t, + &) + y]} (29)

Based on definitions (27) and (29), next proposi-
tion offers both lower and upper error bounds for the
approximation proposed in theorem 1. The length of the
interval delimited by these error bounds offers an indi-
cator of the accuracy implicit in the analytical pricing
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approximations proposed, which constitutes a robust inno-
vation with respect to the previous literature. A proof is
provided in appendix A.

Proposition 3 Under the Gaussian HIM specification (2),
and for any p(t) e [ — 1, 1],

Q"'{lnP '(f, t + 8) € dx,

sup, <.<[01In P7'(s, s + 8)] < 6ln(1 + ar,,)pf,} (30)

2 dx 2

- {t‘xp[ V. (,)‘|&E§};“[ Y(!,.\‘,]‘n(] + 8ny))] . p(1)

aVy(txdn(1+8
Va2V -l Vi Jphl o+ )

ax

dx

\/l»",{f,x,ln(l + 8ry))

where

' W >
Vio): = J [n(:.,, 0= \/KE :;]dg(z(,,;.:) a1

is  the variance  of  the error  term  (27),
(HE?[ Y(t.x,In(1 + 8ry))]/dx) dx is equal to the right-
hand-side of equation (26),

Vi(tay): = BY[Y(exy)’] — EZ[Y(txy)]f (32)

E2[Y(tx.y)]
N ¢|:-\' + InP(ty, t, + 6) — 'V h("—w’)g([nv’):l

v .Q(f.,,f)

- Iia\/h(’”’ r)1 I 8) + ]
exp| 2 ‘Q(f”, [)( n )(’ns fh + ) )')

(D[\» — 2y — InP(ty, t, + 8) — Vh(t,, £)g(to, r)} (33)
v &’(flh ’)
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Eﬁv[ Y(t,x,y)*] = exp[h(tot)]

; {q)'x + InP(ty, t, + 8) — 2V h(ty, 1)g(t, r):|
L V gty 1)

B [ \/h(t(,, I)l +8) + ]
t‘XP_4 o [)( nP(ty, ty )+ )

. [x - 2y—In K4 + 8) — 2V h(r',‘r)_q(tt,‘r)]
v V el )

(34)

and dV\{t,x,y)/dx denotes the derivative w.r.t. x of equation
(32).7

The parameter p(t) can be understood as the linear
correlation coefficient between the random variables exp
[€(t)] and Y(t.x, In(1 + &r)). Since we have no a priori
information about the value of p(r), in general, the (upper
or lower) error bounds provided by formula (30) are
obtained with p(1) = 1 or —1.

Based on proposition 3, it is also possible to show
that the approximation proposed in theorem 1 possesses
desirable asymptotic properties. Specifically, the proposed
approximate density (26) can be obtained as the limit of
the exact restricted density (30), as I,(t) — 0. This means
that theorem 1 should offer an approximation whose accu-
racy can be inferred from the magnitude of the variance
of the error term (27), which is a known quantity. Actu-
ally, it is possible to prove that the error implicit in the pro-
posed approximate density (26) is of the same order of
magnitude as the standard deviation of the error term
(27), that is:

Q"*'{lnp_l(r, t + 8) e dx,
sup, <.= [0 In P (55 + d)] < 9y|.7:,‘}

o x
- B - ovv) @)
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Pricing formulae

In order to price single-barrier caps and floors it is
only necessary to compute the expectations and proba-
bilities contained in equations (6) and (7), using the prob-
ability density offered by theorem 1. The proposed pricing
solutions are summarized by the next two propositions,
and all proofs are provided in appendices B and C.

Proposition 4 Under the Gaussian HIM specification (2),
and subject to assumptions (14) and (24),

IN(), [t tis1): fis 1 R; b4y
= IN(O),[r(t; tis1); 1 rs R = 0; t;44] + KIR(B),
(36)

where
IN(B)r.,['(fi’ tiv1); Te T R
ALY

= 0; ti4] 37)

= REGULAR(0

+ 1g,,50,(1 + 1) P, fi+1)

X (®[d(t)] = P[di(t)]

o 1 I:(r“" rl“f’])
;Hr”>Hu'}I)(fm ty + 6)

X exp\il a(to, 1) + Vh(to, t)g(to, ff)]

O[di(r) — Valt, t)] - Vet 1) ]}

13'r1>e’l“_-\p B '.(\T(f“, f!) : P I(ﬂ]- I + 6)

X {P(I“, rﬁ+l)P(r|:» ly + 6)(1 T 8"H)2

®[di(,) —
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exp|:%(q(r”, t) + Vh(to, ;)g(to, ) :|(I) 3(to)
== vg(fn- t!‘)) Vv R’( 0 .

— (1 + 8nr) P(to, tis 1) [ P(d5(t,)) — D(di(1,))])

P(di(1,)

the present value of the knock-in rebate is given by
KIR(0), = P(ty, t;+1)0R (38)

" h Iy 1 1= 6FH
{ l6dt{(w)] - V[\/(&. % (rf'(:ﬂ. ,,,+3))]

(I)[Bdg'(fn)]}

with

P(rr+6
In| —————— | = Vh(1, t,)¢(t, 1)

i 1+ &r)”
i(8): = \/— '
In P !(t,t + 8) :| _ f—h(r, et 1)

_(] -+ 6")_](1 + ar”)z

v f{.'('r' tl’)

and where ry; = r( > f(ty, t, + 8)) and @ = 1 for an up-
and-in caplet, or ry = r{ < rty, t, + 8)) and @ = — 1

for a down-and-in_floorler.

Notice that, in contrast to the previous literature, the
valuation of rebates is being explicitly considered.

Proposition 5 Under the Gaussian HIM specification (2),
and subject to assumptions (14) and (24),

OUT(8), [t ti+1): Tis 15 B 1]

= OUT®), [t ti+1); ts res R = 0; ti4q]

+ KODR(#), (39)
where

OUT(8), [ty tiv1)s ns 1 R = 0; ti44] (40)
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P, ¢,
J(n +l) t,,(p|i?‘g(f“. r) + Vh [,,, , r(,, ,]

P(t;, t, + 8)

(I)[H Vgl ) — 9‘flhu'wmr“' Hu)(’u)}

— 001 + 8r)P(t, 1,1, ) B[ — OamxOn ) 1)]

sesell \/h(fo- 0, 1+8n
st 21, 1) ! P~ \(t, t, + 8)

X “)(fm L+ I)P(’nv Iy = 6)(] * 6!‘1_‘,)2

1
X exp[;q(!n, )+ Voh(e, t)g(t, t,):|

X q)[G\ {Q(n’“. |'I) — B‘fzim.lx(fh,,. Hr.,j([“)]

— (1 + 8n)P(ty, ti4,) D[ — i ”’*)(r.,)]}

and the present value of the deferrable knock-out rebate is given
by

KODR(0), = K1, t;11)8R v
h ts r S 6!‘H
I +
{Q)[Hr] E\P[ \/‘Q Illv rl) ( ](f“, [” + 6))J
P4 (l) - ()dr“ fu }

with ry = 1 < fty, t, + 8)) and @ = 1 for a down-and-
r( > ity tg + 8)) and @ = — 1 for

an up-and-out floorlet.

out caplet, or ryy =

Examples

In order to test the efficiency and accuracy of the
proposed pricing approximations, the HJM model under
analysis has been calibrated to US market data on April
02, 2002. For simplicity, the initial spot yield curve was
obtained by fitting a Nelson and Siegel (1987) function
to the US LIBOR and swap rates contained in
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ExHIBIT 1

Market versus fitted US LIBOR and swap rates on
April 02, 2002

LIBOR rates

Swap rates

maturity  market  fitted maturity  market  fitted
M 2.04%  2.04% 2Y 4.11%  4.04%
oM 2.36% 2.39% 3y 4.72%  4.71%
' 3.06%  3.06% 4Y 511%  5.14%
5Y 5.40%  5.43%
7Y 577%  5.77%
10Y 6.07% 6.03%

All swap rates assume semi-annual revolving and correspond to Bloomberg
mid quotes under the 30/360 day count convention. Fitted rates are
obtained by estimating a Nelson and Siegel (1987) spot rate function from
all market quotes and are computed through the following Nelson and Sicgel
(1987, equation 2) parameterization: B, = 0.067473, B, = —0.50472,
B, = —0.029139, 7 = 0.816930,

Exhibit 1, yielding an average absolute error of only 2
basis points.®

Although propositions 4 and 5 are applicable to any
deterministic HJM specification (even to a time-depen-
dent and/or non-Markovian one), next examples will be
cast into a simple Gauss-Markov and time-homogeneous
HJM model, defined through the following volatility
function:

o(t, T): = G.a " \[I, — A779] (42)
where I, € R"™" represents an identity matrix, while
G € R" and the diagonal matrix a € R"™" contain model’
time-independent parameters. As shown, for instance, by
Musiela and Rutkowski (1998, proposition 13.3.2), the
volatility specification (42) ensures that the short-term
interest rate 1(r) is Markovian, which will enable the com-
parison of the proposed approximate pricing solutions to
the quasi-analytical ones offered by Chrétien and Quit-
tard-Pinon (2000).”

Adopting the typical result of Principal Compo-
nents Analysis—given, for instance, by Litterman and
Scheinkman (1991)—of three common factors (n = 3),
the model’ parameters estimates (shown at the bottom of
Exhibit 2) were obtained by minimizing the absolute per-
centage differences between market and model prices of
at-the-money and forward-start caps for 1, 2, 3, 4, 5, 7,
and 10 years. Using the Nelson and Siegel (1987) dis-
count function provided by Exhibit 1, all the market flat
yield cap volatilities (second column of Exhibit 2) were
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EXHIBIT 2
Market versus fitted US caps on April 02, 2002

Cap Black A-T-M cap prices
maturity  volatility strike  market  model % error
LY 32.60% 3.349% 27.58 31.55 14.42%
2Y 28.10% 4316%  108.00 11034  2.16%
3Y 25.40% 4.938% 20536 203.00 -1.15%
4Y 23.90% 5.333% 30597 297.15 -2.88%
5Y 22.50% 5.591% 40020 390.22 -2.49%
7Y 20.50% 5.892% 57244 57247  0.01%
10Y 19.00% 6.113% 80948 83432 3.07%

Average percentage error 1.88%
Average absolute percentage error  3.74%

All Black volatilities are Bloomberg mid quotes for fonward-start and at-the-
money caps. Cap prices are expressed as US$100 per basis point. Model
cap prices are computed under proposition 2 and using the following esti-
mated parameters’ values:

G = [-0.007413 -0.012087  0.002430]

and

a = diag {-0.743822, —0.004683, -1.112957}.

converted into market cap prices, by applying the usual
Black (1976) formula for each caplet and using as strike
price the corresponding forward swap rate with quarterly
compounding (third column of Exhibit 2). Model cap
prices were computed under proposition 2 (with 8 = 1).
The last column of Exhibit 2 displays the percentage dif-
ferences between model and market cap prices. Although
the average percentage error is under 2%,'" the time-
homogeneous volatility specification (42) generates a too
large (14.42%) percentage error for the one-year cap. For
practical purposes, the fit to the cap market ought to be
improved using a time-dependent and/or a non-Mar-
kovian framework, such as, the piecewise constant
volatility structure adopted by Brace, Gatarek and Musiela
(1997, table 4.4) or the time-homogeneous but humped
volatility function proposed by Mercurio and Moraleda
(2000). However, the Gauss-Markov volatility function
(42) will still be used in order to facilitate the comparison
against the Chrétien and Quittard-Pinon (2000) quasi-
analytical solutions.

Exhibit 3 (Panel A) prices a two-year (unit face
value) down-and-out and zero-rebate cap with a cap rate
of 4.316%, a barrier rate of 1.5% and quarterly com-
pounding (8 = 0.25), under the HJM specification
offered by Exhibit 2 and using the initial yield curve con-
tained in Exhibit 1. Exact down-and-out caplet prices
were estimated through Monte Carlo simulation,'" using
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the usual Euler discretization of equation (2) with 520
time steps per year, independent normal and antithetic
variates generated through the Box-Muller algorithm,
and 200,000 simulations. It is assumed that the barrier is
monitored 260 times per year (i.e., daily monitoring).
Besides the Monte Carlo price estimate, the percentage
of its standard error over the mean price is also shown.
Approximate barrier caplet prices were computed from
proposition 5 and from a multifactor generalization of the
Chrétien and Quittard-Pinon (2000) formulae,'” while
their regular counterparts were obtained from proposi-
tion 2. The corresponding percentage (pricing) errors
were computed with respect to the (exact) Monte Carlo
price estimate. Throughout this paper, all computations
were made by running Pascal programs on an Intel Xeon
2.80 GHz processor. According to Panel A of Exhibit 3,
the proposed approximate solution—proposition 5—is
very fast to implement (it takes less than one second) and
accurate (with pricing errors of about one standard error
of the Monte Carlo estimate).

In order to further investigate the accuracy of the
proposed analytical solutions, Panel B of Exhibit 3 pre-
sents an extreme example where the barrier rate (2%) of
the down-and-out cap is put almost at the current level
(2.04%) of the 3-month spot rate (see Exhibit 1). As a
consequence, the barrier cap price differs quite substan-
tially from the regular one (which is 228% higher) and the
proposed approximate solution (proposition 5) generates
an unacceptably high pricing error (—49.87% ) when
compared against the Monte Carlo estimate. However,
one should keep in mind that two error sources are
affecting the results. One is the use of approximation
(24). The other one is the fact that propositions 4 and 5
assume continuous monitoring of the barrier, while the
Monte Carlo price estimate (that is the proxy for the exact
price) considers that the barrier is discretely monitored.
And, as argued and shown, for instance, by Broadie,
Glasserman and Kou (1997), “...there normal can be sub-
stantial price differences between discrete and continuous
barrier options, even under daily monitoring of the bar-
rier” . Therefore, it would be extremely important if
propositions 4 and 5 could be adapted for discrete mon-
itoring using a continuity correction similar to the one
provided by Broadie, Glasserman and Kou (1997, the-
orem 1.1) and Broadie, Glasserman and Kou (1999, the-
orem 1). Alternatively, the Monte Carlo simulation could
also be enhanced for continuous monitoring along the
lines of Beaglehole, Dybvig and Zhou (1997) or Babsiri
and Noel (1998). Such developments are left for further
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research. Nevertheless, Exhibit 3 (Panel B) shows that
the proposed approximated prices are very close to the
ones generated by the Chrétien and Quittard-Pinon
(2000) approach, since both methodologies assume con-
tinuous monitoring of the barrier.

Exhibit 4 (Panel A) considers the valuation of a two-
year (unit face value) up-and-in and zero-rebate cap with
a cap rate of 4.316%, a barrier rate of 5% and quarterly
compounding, still under the HJM specification offered
by Exhibits 1 and 2. Approximate analytical barrier caplet
prices were now computed from proposition 4 with an
acceptable degree of accuracy: the analytical up-and-in cap
price is only 6 basis points higher than the Monte Carlo
estimate and it is very close to the Chrétien and Quittard-
Pinon (2000) solution. Besides the proposed closed-form
solution, Exhibit 4 also presents errors bounds for the
barrier cap price, which were obtained by numerically
integrating—through Romberg’s method (see, for
instance, Press, Flannery, Teukolsky and Vetterling (1994,
sections 4.3 and 4.4))—each caplet terminal payoft with
respect to the exact restricted density (30), with p () = 1
or —1 for a lower or upper price bound, respectively.
Such error bounds provide a confidence interval for the
true barrier option value, while the length of such interval
is an indicator of the precision associated to the proposed
analytical pricing solutions: for the contract under analysis,
the true up-and-in cap price (with continuous moni-
toring) can be only 1.84% lower or 1.81% higher than the
Monte Carlo estimate.

Panel B of Exhibit 4 repeats the analysis of Panel A
but for a higher barrier level of 6%, which 1s 39% above
the A-T-M strike. Notice that, because of the high level
chosen for the barrier rate, the regular caplet prices are
significantly different from their up-and-in counterparts
(the up-and-in cap is about 35% cheaper). The pricing
errors produced by proposition 4 are now larger than the
ones observed in Panel A of Exhibit 4 (about—1.6% with
respect to the up-and-in Monte Carlo cap price) and the
percentage error bounds are too wide for practical pur-
poses, which questions the accuracy of the proposed ana-
lytical solution for the valuation of the specific exotic
contract under analysis.

Exhibit 5 highlights the fact that the accuracy of the
approximate pricing solutions proposed in propositions 4
and 5 depends on the features of the barrier option under
analysis (namely, its strike and barrier levels) and, also, on
the HIM model under use (which is defined through the
initial spot rate curve and by the specification of the
volatility function). In any case, the error bounds pro-
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vided by proposition 3 allow the assessment of the preci-
sion associated to such approximate analytical pricing
solutions. As shown by equation (35), if those error bounds
are too loose, the accuracy of propositions 4 and 5 can be
improved by reducing V V,(1,), for each caplet with
maturity at time t, + 8. If the specification of the volatility
function is flexible enough, one possibility would be to
calibrate the HJM model not only to a set of market
observables (cap prices, in our examples) but also to the
minimization of the quantities V V,(1,)."> Moreover,
inspection of equation (31) shows that the order of the
error implicit in the proposed approximations depends
(directly) on the slope of the initial yield curve. In order
to test such relation, Exhibit 5 prices a two-year (unit
face value) up-and-in and zero-rebate cap with a strike
of 3.116%, a barrier rate of 4.331% and quarterly com-
pounding, still under the volatility specification offered by
Exhibit 2 but assuming a flat spot rate curve equal to
3.104% (which corresponds to the average of the con-
tinuously compounded spot rates contained in Exhibit 1,
for maturities until two-years). The cap rate (3.116%) 1s
again the two-years forward swap rate with quarterly com-
pounding associated with the flat yield curve under con-
sideration, and the barrier level (4.331%) 1s still defined
as being 39% above the A-T-M strike. Hence, the only
difference with respect to the analysis of Exhibit 4 (Panel
B) concerns the slope of the initial interest rate curve. As
expected, the accuracy of the proposed approximation is
now much better: although the approximate price offered
by proposition 4 is still 0.89% higher than the Monte
Carlo estimate, the true continuously monitored price is
known to be between (.74% and 1.05% above the Monte
Carlo (daily monitored) price. That is the maximum
admissible absolute error implicit in proposition 4, for the
contract under analysis and with respect to the true con-
tinuously monitored cap price, is equal to only 16 basis
points.

Since the previous numerical experiments have only
considered zero-rebate caps, Exhibit 6 (Panel A) prices a
rebate with value R = 0.1 % and associated with the up-
and-in cap described in Exhibit 5. Equation (38) produces
an excellent approximation, since the percentage differ-
ence with respect to the Monte Carlo estimate is equal
to only two basis points. Additionally, the narrow error
bounds generated through the integration' of the exact
restricted density (30) show that the true rebate value lies
between —0.91 % and 0.88% of the Monte Carlo price.
Panel B of Exhibit 6 repeats, with similar results, the pre-
vious analysis but for a higher barrier rate of 6%.
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EXHIBIT 5

Pricing of a two-year up-and-in and zero-rebate cap with quarterly compounding, strike r, = 3.116% and bar-
rier r, = 4.331 %, under the volatility specification of Exhibit 2 but assuming a flat continuously compounded
yield curve at the 3.104% level

Caplet Antithetic Approximate analytical solution CQP solution Regular cap
maturity (t) Monte Carlo Proposition 4 % error bounds (proposition 2)
(years) price % std. error price % errors VWe (t;) lower upper price % errors price % errors
0.25 2.14 0.58% 2.34 9.29% 2.31E-03  891%  9.67% 236 10.31% 6.77  216.80%
0.5 5.94 0.32% 6.11 2.87% 493E-03 2.68% 3.07% 6.21 4.52% 9.33 57.13%
0.75 8.71 0.26% 8.80 1.08% 8.21E-03 0.92% 1.24% 8.93 2.56% 1117 28.26%
1 10.74 0.23% 10.81 0.69% 1.20E-02  0.54%  0.84% 10.95 1.96% 12.64 17.69%
1.25 12.37 0.21% 12.41 0.36% 1.62E-02  0.21%  0.50% 12.55 1.43% 1388  12.17%

1.5 12.73 0.20% 13.75 0.16% 2.08E-02 0.02% 0.29% 13.87 1.07% 14.95 8.94%

1.75 14.89 0.19% 14.90 0.06% 2.57E-02 0.08% 0.19% 15.01 0.84% 15.91 6.88%
A-T-M Cap  68.51 69.12 0.89% 0.74%  1.05% 69.88 2.00% 84.66  23.57%

CPU time > 1 day < 1 second 40 minutes

Caplet prices are expressed as US$100 per basis point. CQP solution corresponds to the Chrétien and Quittard-Pinon (2000) approach, which has been gen-

eralized for multifactor Gauss-Markov models and implemented using 600 time-steps per year. Monte Carlo prices are computed through 200,000 simulations,

0

with antithetic variates, 520 discrete time-steps per year and 260 barrier’ monitoring periods per year. % std. error is the standard ervor divided by the Monte

[[Fa

Carlo option price estimate. All % errors were computed against the Monte Carlo price estimates. ([V_(1) is the standard deviation of the error term (27). %
P )/ P i@ P elh !

error bounds are obtained by integrating each caplet terminal payoff w.r.t. the exact restricted density (30), with p(t) = 1(=1) for a lower (upper) price bound.

EXHIBIT 6

Pricing of rebates associated to two-year up-and-in caps with quarterly compounding, under the three-factor
HJM model of Exhibit 5

Caplet Antthetic Monte Carlo Approximate analytical solution
maturity (t;) Equation (38) % error bounds
(years) price std.  error % std.  error price % errors lower upper

Panel A: Rebate with value R = 0.1% and barrier rate r,, = 4.331%
0.25 2.2902 9.50E-04 0.04% 2.2677 -0.99% -1.05% -0.92%
0.5 1.9620 1.33E-03 0.07% 1. 9396 -1.14% -1.38% -0.89%
0.75 1.7189 1.34E-03 0.08% 1.7084 -0.61% -1.13% -0.08%
1 1.5390 1.27E-03 0.08% 1. 5403 0.08% -0.81% 0.98%
1.25 1.4003 1.19E-03 0.08% 1. 4109 0.76% -0.58% 2.12%
1.5 1.2889 1.13E-03 0.09% 1. 3069 1.40% -0.46% 3.30%
1.75 1.1977 1.11E-03 0.09% 1.2204 1.90% -0.56% 4.42%
Total Rebate 11.3970 11.3942 -0.02% -0.91% 0.88%
CPU ome > 1day < 1 second
Panel B: Rebate with value R= 0.1% and barrier rate r, = 6%
0.25 2.4614 1.83E-05 0.00% 2.4614 0.00% 0.00% 0.00%
0.5 2 4367 1.86E-04 0.01% 2. 4359 -0.03% -0.06% -0.01%
0.75 2.3938 4.15E-04 0.02% 2.3921 -0.07% -0.16% 0.02%
1 23356 6.18E-04 0.03% 2.3336 -0.09% -0.29% 0.13%
1.25 2.2691 7.82E-04 0.03% 2. 2677 -0.06% -0.41% 0.32%
1.5 2.1981 9.10E-04 0.04% 2.1992 0.05% -0.50% 0.64%
1.75 2.1276 1.00E-03 0.05% 2.1308 0.15% -0.63% 0.99%
Total Rebate 16.2225 16.2207 -0.01% -0.28% 0.28%
CPU time > 1day < 1 second

Rebate prices are expressed as US$100 per basis point. Monte Carlo prices are computed through 200,000 simulations, with antithetic variates, 520 discrete
time-steps per year and 260 barrier” monitoring periods per year. % std. error is the standard error divided by the Monte Carlo option price estimate, All %
errors were computed against the Monte Carlo price estimates. % error bounds are obtained by integrating the exact restricted density (30), with p(t) = 1(=1) for
a lower (upper) price bound.
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CONCLUSIONS AND FURTHER RESEARCH

The main purpose and contribution of this paper
consisted in deriving fast and accurate approximate ana-
lytical pricing formulas, under a multi-factor Gaussian
(but not necessarily Markovian) HJM framework, for
single-barrier caps and floors. Contrary to the quasi-ana-
lytical pricing approaches previously found in the litera-
ture for the contracts under analysis, error bounds were
also provided for the proposed approximations and rebates
have been explicitly considered.

In terms of future research, a straightforward exten-
sion of the pricing methodology developed in this paper
would be to price lookback caps and floors, because a
closed-form expression for the probability density func-
tion of the maximum or the minimum of log-inverse dis-
count factors can be easily obtained from theorem 1.
Finally, since most of the path-dependent options traded
in the financial markets do not assume continuous mon-
itoring, it 1s also important to adapt the proposed pricing
solutions for discrete monitoring, through the approach
suggested by Broadie et al. (1997). Such correction would
most probably reduce the pricing errors reported in the
numerical experiments presented in this paper.

A APPENDIX: PROOF OF PROPOSITION 3

From the definition of the covariance between any
two random variables, equation (28) can be restated as

Q"‘{Iu!’%r,r +-8) = %

sup, <=0 In P"'(s,s + 8)] < OIn(1 + BrH){ff“}

- E& lexp[e (')]'EQ[Y(f x, In(1 + 8ry))]
+ p(1) VE exp[2e(1) ]| — (Elexp[e(r)]))?
X VVy(tx, In(1 + 8ry)) (43)

where Vy(t,x,y) is the time-t, variance of Y{(t,x,y), and
p(t) is the (unknown) linear correlation coefficient
between exp [&()] and Y(r,x,In(1 + &ry)).

All the expectations involving functions of the error
term &(1), and contained on the right-hand-side of equa-
tion (43), can be easily obtained from the definition of the
moment generating function of a univariate normal
random variable, since £(t) is normally distributed with
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zero mean and variance V,(t). Concerning the expecta-
tion of the random variables Y(t,x,y) and Y(t,x,y)°,
Musiela and Rutkowski (1998, corollaries B.3.1 and B.3.3)
imply that

x+ 10ty t,+8)

E2[Y(txy)] = J—m

h(t,, 1) 1
expli\/g(r”’ r)z ~ Eh(r(,, r):|

d[2: 0, Vglty, 1)] = @[z 2(InP(ty, t, + 8) + ),
V g(to, 1) ])d= (44)

and

x+1InKi,, 1,+8)
E2[Y(t.x.y)’] = J

h(t,,
oo gy e

[#[2: 0, Vglte, )] — @[z 2(InP(t,, t, + 8) + y),
v (f“. )]}fL (45)

Equations (44) and (45) can be easily converted into
the analytical solutions (33) and (34), respectively, using,
for instance, Ingersoll (1987, page 14, equation 69).

Finally, differentiating equation (43) with respect to
x, the error bounds (30) are obtained. W

B APPENDIX: PROOF OF PROPOSITION 4

The pricing solution (38) follows for the present
value of the knock-in rebate, after combining the second
term on the right-hand-side of equation (6) with the
restricted density offered by theorem 1:

Q' {sup,us_‘._:,[ﬂ In P~ '(s,s + 8)]

< 6In(1 + 8ry)|F, )

=L

L9

1m_\-<mn(1+am){¢[-’f; InP~ (1, t, + 8)

+ \/h(r.,, t)g(to, 1), \/.i’(fln f.)l
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. f)\/h(t“’ I'). L + ory
e ‘Q((,,. rr’)mp_ l(fu» fh + 8)

@[x; 2In(1 + 8ry) — InP~'(ty, t, + &)

+ \/h(fn- t)alto. 1), \/.Q(fm ra‘)]}dx (46)

Concerning the expectation contained in equation
(6), two cases must be distinguished.

B.1 Case 1: 0r, < 0r,

If Ory; < 6n, then 81In P7'(¢, t;5,) = 6In(1 +
8r,)=61n P~ '(t, t;,,) = 6In(1 + 8ry). Therefore,

IN(O),[f(t;s ti41); 1 Oy < Ong R = 0; £,44]

= Pt ".H)J1C [Bexp(x) — 6(1 + 8r,)]"

- 00

X (b{x; II][M] + I(ty, ), V g(to, r,-)}d.\"
= REGULAR(O), [t tix1); 1 tis1) (47)

,!)

B.2 Case 2: ry, = 0Or,

In this case, the exercise region 8 In P~ '(¢,, £,,,) =
Bln(1 + 8r,) can be located below or above the barrier
level In(1 + &ry). Hence, theorem 1 and proposition 1
imply that:

1.“\"(6),!.[?(1',-, f!+ 1): L™ HVH == ﬂrk; R = (). r;+|]

In(1+6ry)
“ e8| (o) — 001+ on)]
In(1+8r,)

X% {@[\ ln% + to, 1;), Vgt f;):]

— &[x; InP™ Y2y, 1, + 8) +

h(te, 1)g(to, 1),
\/m] ¥ e_\_p|:2\/h(r(" ,i,)ln

1+ 3rH
g(ﬁ:, fl) Pil(’m ty + 6)
é[x; In(1 + 8ry)* — InP~ (4, t, + &)

+ Vh(ty, t)gto 1), Vglto, 1) ]jdx

F P e8| Toesal) = 01+ 1)

In(1+ 8ry)
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X @l:—ﬂ lnﬁ% + ](Inv fl‘)» V .’s’(fna f:):|d'\’ (48)

Adding the first and last terms on the right-hand-
side of equation (48), noticing that #* = 1, and applying
again Ingersoll (1987, page 14, equation 69), equation
(37) arises. B

C APPENDIX: PROOF OF PROPOSITION 5

The second term on the right-hand-side of equa-
tion (7) generates the pricing solution (41), after noticing
that P(t, t;4,)8RQ" finf, - .- [BIn P"'(s,s + 8)] > 0
In(1 + 8ry)|F, | is given by equation (38), with 6 replaced
by —6. Concerning the expectation contained in equa-

tion (7), two cases must be considered.

C.1 Case1:0ry < 6Or,

In this case 61In P™'(¢, t,,,) > 0ln(1 + &) =
Oln P~ '(t, t,4,) > 6In(1 + 8ry), and therefore, the
defective probability density offered by theorem 1 yields:

OUTNO), [t tiv1); 1is Oryg < Org R = 0; 1,4 ]

= P, r,+,)8j

In(1+dn)

oo

[@exp(x) — 6(1 + &) ]

{d)["\"; lnP_l(r“, to + 8) + Vh(ty, t,)gty. 1),
Velto, 1;) ]

7\/.h(rﬂ,, ) 1 + 8y
— exp| 2 1
¥ £(to, f:)” P Yt t + d)
P Yty t, + &
¥ s = ln(—ﬂ2
(1 + dry)*

+ \/h(:n, t)g(to, 1), \/g(r(,, r,):I}dx (49)

Using the symmetry property ®( — x) = 1 —

®(x), and following Ingersoll (1987, page 14, equation
69), equation (40) arises, for fry; < Or,.
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C.2 Case b Hf” == Bfk

Since the down-and-out caplet (up-and-out floorlet) fin-
ishes worthless if InP~'(t, 1, + &) € [In(1 + 8r),
In(1 + &n))(InP~'(t, t; + 8) € [In(1 + &r,),

In(1 + &r)]), applying again theorem 1 to equa-
tion (7),

OUT(B),[Ht; ti+1): 1 Oy = Ons R = 0; 1144 ]

= P(ty, t;4 JHJ

In(1 4+ 6ry)

{d)[.\'; InP~ Yty ty + 8) + Vh(to, t;)g(to 1),

oo

[Bexp(x) — O8(1 + 8r)]

<

Vilto 1)) = exp|:2\/h(r”' ’r)l‘

1 + &y
f("n- ’.‘) : I)_J(rm ty + 6)

P~ (&, to + 8)
o= In—— + ’i‘(r“q r;‘)k’(’ll’ [l)’

(I + 5”11)2 ‘

V gt f,):|}d.\' (50)

Comparing the right-hand side of equations (49)
and (50), it follows that equation (50) is equivalent to the
solution of equation (49) but with d}(s,) and d%(1,)
replaced by d{(1,) and d%(t,), respectively, which agrees
with equation (40), for r,; = 0r, B

ENDNOTES

I wish to thank helpful comments obtained from Peter
Jackel and from the participants of the Math Week 2001
(London) and of the Stochastic Finance 2004 (Lisbon) confer-
ences. Of course, all the remaining errors are my own exclu-
sive responsibility.

'See, for instance, the historical notes contained in Zhang
(1998, page 203).

"Hereafter, vectors will be identified using an underscore.

"Without loss of generality, and in order to simplify the
notation, we shall assume that £;,, — , = 8, V i.

*For a_forward rate agreement (FR.A), the start and end dates
of the underlying forward compounding period change every
day (by moving forward one day). Unfortunately, for the con-
tracts under valuation, f; and f,; | are fixed.

°A closed-form solution can also be obtained for a non-
deferrable rebate by considering the first passage time distrib-
ution of the underlying nominal spot rate, which can be derived
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from theorem 1. However, since nondeferrable rebates are
much less common in the money-market and because of space
constraints, the valuation of such rebates will be left to future
research. Nevertheless, formulae is available upon request.

’E;D(X| Y) denotes the expected value of the random
variable X, conditional on the event Y and on F, and com-
puted under the probability measure P. Similarly, 'P(m|f,)
denotes the probability of event w, conditional on J, and
computed under the probability measure P. Notice also that
supy < =,[ —InP7 (s, s+8)|=—inf, - -, [InP™ (s, s+8)]
and inf, <.<,[—InP” (s, s+8)] =—sup, <,<,[InP™"
s, s+5Y).

"Explicit formulae available upon request.

“As pointed out by Bjérk and Christensen (1999), the
choice of the functional form describing the initially ** observed”
yield curve should be made consistent with the volatility speci-
fication adopted to the HIM model (2). Nevertheless and
because a single cross-section of market prices is being consid-
ered, the subsequent empirical analysis ignores the fact that
there exists no HJM formulation that is consistent with the
Nelson and Siegel (1987) family of yield curves -as shown by
Filipovi¢ (1999).

“The explicit solutions obtained for functions g(t, 1,) and
h(t, t;), under the volatility specification (42), can be provided
upon request,

""This compares very favorably with, for instance,
Driessen, Klaassen and Melenberg (2003, table 7).

"Because the proposed analytical pricing solutions are
developed for multi-factor and non-Markovian HJM formu-
lations, the benchmark used for the proxy of the true barrier
option price was the Monte Carlo price estimate instead of the
lattice-based approach.

""The discretization of the Fortet (1943) equation for the
first passage time density involved 600 time-steps per year. Pascal
code available upon request.

PSuch line of attack will not be pursued here because
our parameterization is not even sufficiently rich to fit well
enough the market cap prices.

"Analytical formulae available upon request.
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