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This article develops closed-form solutions for options
on credit spreads with GARCH models. We extend
the mean reverting model proposed in Longstaff and
Schiwartz (1995) and we use the Heston and Nandi
2000) GARCH specification rather than the tra-
ditional lognormal. Our model, being more general

Jor volatility and more flexible, captures better the

empirical properties of observed credit spreads. It also
contains the Longstaff and Schwartz (1995) model
as a special case. The GARCH coefficients are esti-

mated using spread levels for corporate bonds.

ntil recently, credit risk has been

considered an unavoidable part of

doing business, just like any other

unhedgeable uncertainty factor.
Currently, credit risk can be purchased, sold or
restructured within portfolios in the same way
as traditional financial risks. This is made pos-
sible thanks to credit derivatives, which are
among the most important new types of finan-
cial products. These instruments offer investors
an important new tool for dynamic hedging
and for managing long positions in credit risk
exposures. One determinant variable in credit
risk is the evolution of the credit spread instead
of traditional interest rates or exchange rates.
Thus, we need a model for credit spreads.
Basing their justification on the observed
empirical properties, Longstaff and Schwartz
(1995) proposed a mean reverting model for
the logarithm of the credit spread. They
showed that credit spreads were mean reverting
in logarithm but they assumed the change in

logarithm to be well approximated by the
normal distribution.

This paper uses GARCH models to pro-
vide a more general framework for volatility
and proposes a “closed-form™" valuation for
European credit spread options. It is well-
known that financial data-sets exhibit condi-
tional heteroskedasticity,. GARCH-type
models are often used to model this phenom-
enon and show their ability to explain some
irregularities (e.g. in equity returns) better than
the traditional Geometric Brownian Motion.
In the literature (see Bollerslev et al., 1992),
there are many applications of AR CH models
to interest rate data. But all these applications
focused either on 1) Term Spread: Engle et al.
(1987) and Engle et al. (1990) estimated the
relationship between long- and short-term
interest rates; or 2) Bond Yield Levels: Weiss
(1984) estimated AR CH models on Aaa cor-
porate bond yields and found that ARCH
effects were significantly evident.

This paper estimates GARCH effects on
the Credit Spread. Although most studies
involving interest rates use linear GARCH
models, nonlinear dependencies could pos-
sibly exist in the conditional variance. We keep
the mean reversion of Longstaff and Schwartz
(1995) and we use the Heston and Nandi
(2000) GARCH specification in order to
develop closed-form solutions for options.
Being more general for volatility, the GARCH
model fits observed credit spread data better
than the simple mean reverting normal model.
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Heston and Nandi (2000) also showed that their condi-
tional variance process converges weakly to Heston's
(1993) Stochastic Volatility model, which means that our
model has a mean reverting square-root variance process
as a continuous-time limit. Thus, the GARCH model
contains the continuous-time Longstaft and Schwartz
(1995) model as a special case.

The next section examines the mean reversion of
credit spreads in our data-set. Section 2 describes the
GARCH process and presents credit spread options for-
mulas. Section 3 estimates GARCH coefficients with the
maximum-likelihood method using corporate bond spread
levels over treasuries; analyzes some properties of the
GARCH credit spread options; and compares our model
to that of Longstaff and Schwartz (1995). Finally, Section
4 provides a summary of the main results and concludes.

CREDIT SPREAD MEAN REVERSION

We examine the spread between Moody’s Aaa and
Baa 10- to 20-year bond indices and two US Treasury
bond vields (30- and 10-year maturity). We use daily obser-
vations over the period 1986-2005. Summary statistics for

the spreads are presented in Exhibit 1. We also report
Skewness, Kurtosis and the Anderson-Darling Normality
Test coefticients for log-spreads in Exhibit 2. These results
imply that we cannot assume a normal distribution for
log-spreads. Instead, we propose a different process, such
as GAR CH, that will take these findings into account.,

We denote the logarithm of the credit spread by X,.
Exhibits 3 and 4 plot the time series of X, for Aaa and Baa
bonds over 30-year and 10-year US TBonds. We can
observe that both time series display mean reversion,” and
that the Aaa log-spreads are apparently more mean
reverting than the Baa log-spreads. In order to formalize
these observations and see how our data evolve over time,
we regressed daily changes in the value of X, on the value
of X, from the day before:

A‘X.“i'l - X!+1 o }{, = + B‘\'I‘ - 6, (1)

The regression results are reported in Exhibit 5. The slope
coefticient is significantly negative in all the regressions,
which implies that Aaa and Baa log-spreads are mean
reverting.” The Aaa slope coefficients are higher (in
absolute value) than those for Baas, which implies that they
are more mean reverting. Note also that the logarithm of

ExHiBIiT 1

Summary Statistics for Aaa and Baa Credit Spreads and Log-Spreads Over Treasuries

Spread over 30-year TBond  Spread over 10-year TBond ~ Number of

Mean StdDev AC  Mean StdDeyv AC  Creervatons
Aaa 0.8373 0.3514  0.0968 1.1969 0.4185 0.0971 5045
Log Aaa —4.8570 03726 0.1003 —4.4841 0.3429  0.1053 5045
Baa 1.7173 04441  0.0955  2.0768 0.5148  0.0963 5045
Log Baa —4.0959 0.2476 0.1016 —3.9028 0.2351  0.1047 5045

Note: Exhibit 1 presents summary statistics for the spreads and the log-spreads of both Aaa and Baa bond indices. The autocorrelation (AC) is
calculated at lag 14. The Ljung-Box Q-statistic is above 300 in all cases. The corresponding Chi-square 99% quantile is 29.14.

EXHIBIT 2

Skewness, Kurtosis and Normality Test for Aaa and Baa Log-Spreads Over Treasuries

Spread over 30-year TBond

Skewness Kurtosis A’

—0.2520
(0.4238

Log Aaa
Log Baa

2.7471
1.8326

111.49
139.76

Spread over 10-year TBond Number of

Skewness Kurtosis A’ R

—0.3157 29685 16.57 5045
0.4291 24795  37.74 5045

Note: Exhibit 2 presents some statistics (skewness and kurtosis) for the log-spreads of both Aaa and Baa bond indices. It also reports the
Anderson-Darling normality test coefficient. The spreads are computed over 30-year and 10-year US TBonds. A” is the Anderson-Darling
normality test coefficient. All associated p-values are approximately equal to 0.000.

28 CREDIT SPREAD OPTION VALUATION UNDER GARCH

FaLL 2006



EXHIBIT 3
Aaa and Baa Log-Spreads Over the 30-year US TBond
3
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Note: Exhibit 3 shows the log-spreads over the 30-year US TBond.
The curve in top represents the Baa log-spread and that in bottom
represents Aaa log-spread.

EXHIBIT 4

Aaa and Baa Log-Spreads Over the 10-year US TBond
3
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Note: Exhibit 4 shows the log-spreads over the 10-year US TBond.

The curve in top represents the Baa log-spread and that in bottom
represents Aaa log-spread.

the Aaa credit spread is more volatile than that of the Baa.
The standard errors of regressions using Aaa bonds are
higher than those using Baa bonds. Longstaff and Schwartz
(1995) found the same property with their data-set,
Given these empirical properties, we assume a mean
reverting process for the logarithm of the credit spread.
But unlike the Longstaff and Schwartz (1995) model and

given the skewness and kurtosis analysis in Exhibit 2, we
propose a GARCH framework for the volatility of the
logarithm of the credit spread. We use the Heston and
Nandi (2000) GARCH(1,1) specification which is asym-
metric. We also use their methodology to derive a closed-
form solution for credit spread options. We assume that the
risk-free interest rate is constant and it is denoted by r.

EXHIBIT 5

Regression of the Daily Changes of Aaa and Baa Log-Spreads Over Treasuries

a B t-ratio o' t-ratio g R+ SE*

Aaa-TB30y —0.0394 —(1.0181 —4.59 —4.58 0.4% 0.0466
{—4.582} [0.000]* [0.000]

Aaa-TB10y —0.0312 —0.0169 —4.21 —4.20 0.3% 0.04011
{—4.204} [0.000] [0.000]

Baa-TB30y —0.0137 —0.0093 —3.13 -3.11 0.2% 0.01876
{—3.108) [0.002] [0.002]

Baa-TB10y —0.0139 —0.0105 -3.14 -3.13 0.25 0.01894
f=3127} [0.002] [0.002]

Note: Exhibit 5 reports the results of regressing daily changes in the value of the log-spread (X,,, — X) on the

value from the day before (X). The regression equation is given by AX, =X,

-X, =0+ X +¢g,. The

1

regression is conducted for both Aaa and Baa bond indices. The spreads are computed over 30-year and 10-

vear US TBonds. The following legend describes the results and the parameters presented:

# SE is the standard error of the regression and R? is the determination coefficient.

* All the coefficients are significant at the 99% level according to the t-ratio values.

" p-values are reported in brackets.

Dickey-Fuller test statistics are reported for the Unit Root Test. The asymptotic critical values are —3.43 at

1% and —2.86 at 5%.
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THE MODEL AND THE OPTION
VALUATION FORMULA

We define X, as the value of the logarithm of the
credit spread at the end of period t, and time periods are
of length A. We assume that (X,) follows the process given

by:

Xiwr = p+yX + Ay + Vg2
hevr = Bo + Biby + Bz, — BW)Z (

[8®]
~—

or equivalently, to show the mean reverting feature, by:

Xn—X=p+ ('Y o l)Xl + Ahyy
+ V2

hvy = By + Bihy + Bz, — 9\/]_’:)2 3)

where I, is the conditional variance of X, known at time
t — land (z,:te(l,..., T)) is a sequence of indepen-
dent standard normal random variables. As pointed out
by Heston and Nandi (2000), although this specification
differs from the classic GARCH models, it is quite sim-
ilar to the NGARCH model of Engle and Ng (1993).
This GARCH model has, however, the advantage of pro-
viding closed-form solutions for the credit spread deriv-
atives. When B, and 3, are equal to zero, our model is
equivalent to the Longstaff and Schwartz (1995) model
observed at discrete intervals, with a risk-premium para-
meter A. This parameter was assumed to be equal to zero
in Longstaff and Schwartz (1995) because their model
was assumed to be risk-adjusted and the parameter p
incorporated the market price of the risk-premium. We
cannot use this assumption within our model because the
volatility is not constant. As in the Heston and Nandi
(2000) model, the parameter @ controls the skewness or
the asymmetry of the distribution of the log-spreads. If
6 > 0, this implies that negative =, will raise the variance
more than positive 2. The covariance of the log-spread
process and the variance process is given by:

Cov, |(Xl" hy+ i) = —200:h, “4)
If the kurtosis parameter 3, is positive,” positive values
for 6 result in a negative correlation between the two
processes.

As shown in Heston and Nandi (2000), the discrete
time variance process h, converges weakly to a variance
process v, that follows the square-root process of Feller
(1951), Cox, Ingersoll and Ross (1985), and Heston
(1993), when the time-step length A tends to zero (see
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Foster and Nelson, 1994). The log-spread process X, will
also have a continuous-time diffusion limit. Thus our
model converges weakly to a mean reverting square-root
variance process (X,v):

dX, = (g — 8X, + Av) dt + Vv, dZ,
dv, = (0 — kv) dt + oV, dZ, (5)

where 7 is the long-run mean, 8 is the mean reversion
parameter, A is the risk-premium parameter, and w, k and
o are the square-root process parameters.” By assuming
that ®, k, o and A are all zero, we get the constant-
volatility risk-adjusted Longstaff and Schwartz (1995)
model. Thus our valuation model will contain the
Longstaff and Schwartz (1995) valuation formula with a
constant risk-free rate as a special case. In order to value
options, we must work under a risk-neutral probability
measure.” Following Fong and Vasicek (1992) and Cvsa
and Ritchken (2001), we assume that the risk-premium
is given by AV h,.” Let us rewrite Equation (2) in the

form:

Xy = g+ ¥X, + Vo 2k,

1 = By + By + Bz — O*W)z (6)
where

2k =2 + /\'\/f_?,

0% =0 + A

and 2, is a risk-neutral standard normal random vari-
able conditional on the information available at time .

At this point, we can derive closed-form solutions
for European options using the inversion of the charac-
teristic function technique given in Kendall and Stuart
(1977). We first derive a formula for the characteristic
function for the process given in Equation (2). Let
f(t, T, ¢) denote the moment generating function of X
under the historical probability measure conditional on
the information available at time r:

f(t T, ¢) = Efexp( X7)) (7)

where E, denotes the time ¢ conditional expectation oper-
ator under the historical probability measure. Motivated
by the Heston and Nandi (2000) asset price model, we
calculate f(t,t + 1, @) and f(t, t + 2, ¢) to find that f
takes a log-linear form and is a function of X, and h, ;.
The general form for the moment generating function is
given by:
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ft, T, d) = exp(y” '¢X, + A, T, ¢)
+ B(t, T, §)h 1) (8)

where
AT, T,¢)=B(T, T,¢) =0 9)
and

AL T, ) =y + A(t + 1, T, )
+ BBt + 1, T, )
—%1;1(1 — 2B8,B(t + 1, T, ¢))

(10)
B, T.$) = ¥ 70 + A)p— e
LB BIB(r + 1, F, ¢)
1 (re-e)
2(1-2B,B(1+1.7.9)) (11)

Given the terminal conditions in Equation (9),
A(t, T, ¢) and B(r, T, ¢) can be calculated recursively
by Equations (10) and (11) (Appendix A derives the recur-
sion formulas for these functions). Obviously, assuming
¥ =1 leads to the Heston and Nandi (2000)
GARCH(1,1) formulas. Notice that, although this for-
mulation is given for the log-spread process under the
historical probability measure, one can get the risk-neu-
tral conditional moment generating function f*(t, T, ¢)
by replacing € and A respectively by 6* = 6 + A and
Ax = (),

The value of a credit spread call with maturity T'
and strike K is then given by:

Clt, T, X) = ¢ " Ex((exp(Xy) — K)*) (12)

where Ej* denotes the time t conditional expectation oper-
ator under the risk-neutral probability measure and (+ )*
denotes the positive part of a real number. We can com-
pute the cumulative distribution function of the log-spread
process by inverting its Fourier transform. Indeed, Kendall
and Stuart (1977) show that for a random variable Y:

+00 v
KY=y) = % e J RC(_:";E—@)M) ¥4

FALL 2006

where Re( + ) denotes the real part of a complex number,
Using this result, we can provide a formula for the
expected payoff under the risk-neutral probability mea-
sure and thus a value for the option. The credit spread call
value is given by:

Clt, T, X) = e T *(1)P, — KP,) (14)

where
1 , +00 l(lde;k ‘-d) + 1
negtr | (e )
L1 [ (Kpid)
P3=§'+; Re T dep (15)

]
P,, which is the risk-neutral probability that the spread is

greater than K at maturity, comes directly from Equation
(13) and P, is obtained after some calculations.” _f#(1) rep-
resents, by definition, the risk-neutral forward (or
expected) value of the spread given by:

F(1) = (e T, 1) = Ex(exp(Xr)) (16)

If we assume, like in Longstaff and Schwartz (1995), that

the log-spread at time T is conditionally normal with
. a

mean v and variance 7)°, we have:

Ex(exp(Xy)) = (.’xp(v + %) (17)

that is the term present in the Longstaff and Schwartz
(1995) formula which is equivalent to our f#(1) term in
Equation (16). Following the same methodology as for the
call, the put value is given by:

P, T, X) = e T"YK(1 — P,) = f(1)(1 = P,)) (18)

By a simple differentiation, the call delta is given by (see

Appendix B):

acl(t, T, X)
a(e®)

The other hedging ratios can also be computed by simply
differentiating Equation (14).

Delta = = ¢ Ty TR(1) P, X ¢ ¥(19)
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EMPIRICAL PROPERTIES OF
CREDIT SPREAD OPTIONS

This empirical section starts with the estimation of
the GARCH coefficients using the data described ear-
lier. It proceeds to analyze the implied conditional dis-
tribution. It then presents some properties of GARCH
credit spread options and compares our model to that of
Longstaff and Schwartz (1995).

GARCH Estimation

For the estimation, we used daily data and set the
time-step length equal to 1 day. We used both Aaa and
Baa spreads over 10-year and 30-year US TBonds for the
period 1986-2005. We estimated the coefficients using
the maximum-likelihood method. To illustrate the mean
reversion and the importance of the skewness parameter,
we also estimated restricted models by setting separately
v = land @ = 0. These restricted models are compared
to the unrestricted model using the log-likelihood ratio.
Exhibit 6 reports the estimation results. In all cases, the
mean reversion parameter y was positive and significantly
lower than 1.” The restricted model y = 1 is strongly
rejected in all cases. This reinforces the results reported
in the regression analysis of the daily changes in the log-
arithm of the credit spread. The parameter y was also
largely significantly different from (). We also notice that
the vy for the Baa bonds are higher than those for Aaa
bonds. Thus, the Aaa log-spreads are more mean reverting
than Baas, which was also reported in the regression
analysis. For the skewness parameter 6, the restricted
model @ = 0 is rejected for all bonds according to the
log-likelihood ratio test; while the t-test only rejects it
for the Aaa bonds. When the parameter 6 is significantly
positive, this implies a negative correlation between the
log-spread and the volatility processes as shown in Equa-
tion (4). Log-spread processes over the 10-year TBond
have more skewness than those over the 30-year TBond
for both Aaa and Baa bonds (for Aaa over the 10-year
TBond 6 = 12.732 and over the 30-year TBond
6 = 10.438; for Baa over the 10-year TBond 6 = 3.587
and over the 30-year TBond 6 = 2.406). The station-
arity coefficient, 8, + B,6°, measures the degree of the
volatility mean reversion (see Heston and Nandi, 2000).
The volatility processes are found to be stationary in all
cases. Aaa log-spread processes have quite similar station-
arity coefficients (0.926=0.929), while they are slightly
different for Baa bonds (0.915 vs. 0.903). Exhibits 7-10
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plot the volatility processes implied by the GARCH esti-
mation for Aaa and Baa bonds respectively, as well as their
long-run (unconditional) volatilities. Finally, notice that
the GARCH specification (for all bonds) captures the low
variance during the bond market calm period 1993-1998,
preceded by higher volatility during the period around the
Crash of 1987. The dot-com debacle in 2001 is evident
with the highest volatility in the later part of the sample.

Implied GARCH Distribution

Using Equation (13) with the historical probability
measure, we derived the implied conditional distribu-
tion of X;. To see how this implied conditional distrib-
ution varies from the normal distribution, Exhibit 11
plots the implied conditional distribution for two dif-
ferent time horizons. For the 1-day maturity, the implied
conditional distribution and the normal distribution coin-
cide because the GARCH used is conditionally normal.
For a 2-week time horizon, however, the implied con-
ditional distribution is slightly negatively skewed com-
pared to the normal distribution.

Credit Spread Option Properties

We limit our discussion to call options when we analyze
the properties of our model. In order to compare our
discrete-time model to the continuous-time model of
Longstaff and Schwartz (1995), we define their contin-
uous-time parameters using the coefficient estimates such
that the two stationary densities of processes X, and h,
have the same first moments. The parameters in Equa-
tion (17) are defined as follows:

oy B
v = Xy In(y)
1 = K fl ~ ¥7) (20)

It is clear that when T takes high values, v and ‘n3 have
finite limits since 0 < y < 1:

Y L .
Vo =

n(y) 1-v
ngw = Itlﬂl( (21)
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ExHIBIT 7

Volatility of The Aaa Log-Spread Over the 30-Year
US TBond

0.15
0.14
0.13
0.12
0.11

0.1
0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02

Volatility

) 'WM%W

86 87 88 89 90 91 92 93 94 95 96 97 98 99 00 01 02 03 04 05
Year

Note: Exhibit 7 plots the log-spread volatility process of Aaa over the
30-year US TBond implied by the GARCH maximum-likelihood
estimation (see line 1 in Exhibit 6). The volatility process is sta-
tionary. The horizontal line represents the long-run volatility equal
to 0.0416.

EXHIBIT 9

Volatility of the Baa Log-Spread Over the 30-Year
US TBond
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Note: Exhibit 9 plots the log-spread volatility process of Baa over the
30-year US TBond implied by the GARCH maximum-likelihood
estimation (see line 3 in Exhibit 6). The volatility process is sta-
tionary. The horizontal line represents the long-run volatility equal
to 0.0174.

EXHIBIT 8

Volatility of The Aaa Log-Spread Over the 10-Year
US TBond
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Note: Exhibit 8 plots the log-spread volatility process of Aaa over the
10-year US TBond implied by the GARCH maximum-likelihood
estimation (see line 2 in Exhibit 6). The volatility process is sta-
tionary. The horizontal line represents the long-run volatility equal
to (.0346.

ExHIBIT 10
Volatility of The Baa Log-Spread Over the 10-Year
US TBond
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Note: Exhibit 10 plots the log-spread volatility process of Baa over
the 10-year US TBond implied by the GARCH maximum-likeli-
hood estimation (see line 4 in Exhibit 6). The volatility process is
stationary. The horizontal line represents the long-run volatlity
equal to 0.0177.

The Longstaff and Schwartz (1995) call price (here-
after LS) is evaluated using the conditionally normal dis-
tribution for X7 with mean v and variance 7’ given by
Equation (20). We use a strike K = 1%, a risk-free rate
r=10% and the GARCH parameters reported in
Exhibit 6 (line 1) and their risk-neutral counterparts.

34 CREDIT SPREAD OPTION VALUATION UNDER GARCH

Exhibit 12 plots the call value as a function of the under-
lying credit spread for different variance ratios for
T = 2 weeks. The LS call price and the intrinsic value are
also represented. An important property of GARCH credit
spread calls, already noticed by Longstaft and Schwartz (1995)
within their model, is that their value can be less than the
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intrinsic value, which is impossible with the Black and
Scholes (1973) model. This is due to the mean reversion
character of the credit log-spreads. Intuitively, in-the-
money calls are less likely to remain in the money over
time, because the credit spread tends to decline towards
its long-run mean. For variance ratios less than 1, the
GARCH credit spread call prices are less than the LS
price, while variance ratios greater than 1 give higher
GARCH prices. Exhibit 13 plots the difference between
LS and GARCH credit spread call prices for a variance
ratio of 1 and T = 2 weeks, and shows that this differ-
ence is more important for at-the-money calls. Exhibits
14 and 15 plot credit spread call prices for 1-month and
I-year maturities. Exhibit 14 shows again that the call
prices pass below the intrinsic value even when the call
is only slightly in the money. Exhibit 15 gives another
important property of GARCH credit spread calls. They
can be concave functions of the underlying credit spread.
Because of mean reversion the dynamics of the credit
spread do not satisfy the first-degree homogeneity prop-
erty necessary for the convexity of options (see Merton,
1973). Exhibit 15 also shows that for longer maturities,
the call price is almost a horizontal line. This means that
the delta of a GARCH credit spread call could be a
decreasing function of the underlying credit spread and
that it decreases to zero as the time to maturity increases.
These delta properties can be obtained from Equation
(19). Although our model is a mean reverting GARCH,
these properties did not come as a surprise since Longstaff
and Schwartz (1995) have found that their continuous-
time model exhibits such characteristics.

CONCLUSION

We have proposed a mean reverting GARCH
model for credit log-spreads as an extension and a gen-
eralization of the Longstaft and Schwartz (1995) model
which uses constant volatility. We used the Heston and
Nandi (2000) GARCH specification to allow the vari-
ance process to depend on the past levels of the credit
spread. Our model is then more flexible and captures the
empirical properties of credit spreads in a better way than
the traditional lognormal model. It also converges weakly
to a continuous-time mean reverting square-root process
model, which contains the Longstaff and Schwartz (1995)
model as a special case. The GARCH model was esti-
mated using the maximum-likelihood method and the
important coefficients, especially the mean reversion and
the skewness parameters, were found to be significant. We
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derived analytical solutions for European options on credit
spreads using the inversion of the characteristic function
technique shown in Kendall and Stuart (1977). Credit
spread call prices under GARCH exhibit the same
unusual properties found by Longstaft and Schwartz
(1995). Indeed, the call value can be less than its intrinsic
value and can be a concave function of the underlying
credit spread. Finally, comparing our model to the
Longstaft and Schwartz (1995) model, we have found
that the difference between them is greater for at-the-
money calls.

Although the closed-form solutions derived here
are only for simple European calls and puts on credit
spreads under GARCH; valuation expressions for other
European derivatives on credit spreads, such as barrier
options, could be derived with the same methodology.
The main contribution of this paper is the closed-form
valuation of credit spread derivatives with a stochastic
volatility obtained within a GARCH framework. This
implies direct pricing and hedging of derivatives using
given values for the GARCH parameters; or conversely
allows the underlying parameters of the model to be easily
estimated using the market prices of credit derivatives.

ExnHIiBIiT 11
Implied Conditional Log-Spread Distribution
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Note: Exhibit 11 plots the conditional log-spread distribution of Aaa
over the 30-year US TBond implied by the GARCH estimates (see
line 1 in Exhibit 6) for time horizons of 1 day and 2 wecks; and for
a variance ratio of 1 which means that the initial variance M is equal
to the unconditional variance Fux It shows that the implied condi-
tional distribution for the 1-day maturity coincides with the normal
distribution; while the two distributions differ for a longer time
horizon.
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EXHIBIT 12
Credit Spread Call Price for Different Variance Ratios
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Note: Exhibit 12 plots the Aaa credit spread call prices using the
GARCH model for different variance ratios (0.5, 0.8, 1, 1.25 and 2)
and the Longstaff and Schwartz (LS) model. GARCH parameters
are reported in Exhibit 6 (line 1). The strike 1s equal to 1%, the
risk-free interest rate is equal to 10% and the maturity is 2 weeks.
For variance ratios less (greater) than 1, the GARCH call price is
less (greater) than the LS call price. Both the GARCH and the LS
call prices can be less than the call intrinsic value.

ExHIBIT 14
Credit Spread Call Price for a 1-Month Maturity
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Note: Exhibit 14 plots the Aaa credit spread call prices using the
GARCH model for a variance ratio of 1 and the Longstaff and
Schwartz (LS) model. GARCH parameters are reported in Exhibit
6 (line 1). The strike 1s equal to 1%, the risk-free interest rate is
equal to 10% and the maturity is 1 month. Both the GARCH and
the LS call prices can be less than the call intrinsic value.

ExHIBIT 13

Credit Spread Call Price Difference Between the
Longstaff and Schwartz (1995) and the GARCH
Models for a 2-Week Maturity
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Note: Exhibit 13 plots the Aaa credit spread call price difference
between the Longstaff and Schwartz (LS) and the GARCH models
for a variance ratio of 1. GARCH parameters are reported in
Exhibit 6 (line 1). The strike is equal to 1%, the risk-free interest
rate is equal to 10% and the maturity is 2 weeks. The LS at-the-
money call price is equal to 2 basis points. The difference is more
important at-the-money.
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ExHIBIT 15
Credit Spread Call Price for a 1-Year Maturity
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Note: Exhibit 15 plots the Aaa credit spread call price using the
GARCH model for a variance ratio of 1. GARCH parameters are
reported in Exhibit 6 (line 1). The strike is equal to 1%, the risk-
free interest rate is equal to 10% and the maturity is 1 year (252
days). The GARCH call price can be a concave function of the
underlying credit spread. In order to show the concavity, the scale
for the axis of the call price is of 10* smaller than that of the axis of
the intrinsic value, which implies that the call price 1s almost a hori-
zontal line, and thus that the call delta is almost zero for long-term
maturities.
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APPENDIX A: DERIVATION OF THE MOMENT
GENERATING FUNCTION

Recall that the moment generating function of X
conditional on the time ¢ information is given by:

[, T, @) = Efexp(¢Xr)) (A1)

First, we calculate this function for T'= 1 + 1 in order
to get the log-linear form. Without any loss of generality,
we assume that the time-step length A is equal to 1. We
then have:

fit, 1+ 1, ¢) = Elexp(bX,;))
= Efexp(dp + ¢y X, + dpAh 1 +dV hi12,44))

= exp(pp + by X+ dAh, . )E(exp(dNV hyy12,41))
(A.2)

We obtain a log-linear form for f{t, t + 1, d)) by noting
that 2, is conditionally normally distributed and that
h,, 1 1s known at time . Hence we can write:

fibt+1,¢) = ('.\'p[qbu + ¢y X+

(/\rb = %¢2>Il,+1jl (A.3)

In the same way, one can calculate f{(1, t + 2, ¢) and find
that we still obtain a log-linear form for the generating
function. Let us assume that at time t + 1, we have:

S+ 1, T,¢) = expldy’ ™" 'X,0 +
A(t+ 1, T,¢) + Bt + 1, T, d)h,,)
(A.4)

where A(.) and By(.) are deterministic functions. At time
1, the generating function can be written, using the iter-
ated expectations law:

e, T, ) = Efexp(dX7))
Er( E. |("-"P(‘b~\".") ) )

E(ft + 1, T.4)) (A5

Il

Then we have by definition of f{t + 1, T, ¢):
fit, T, p) = Elexp(dy’ "' X4,
+A(t+ 1, T, d) + Bt + 1, T, $)h, )]
(A.6)
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Replacing X, ; and h,, , by their expressions as functions
of X, and h,, , in Equation (2), we get:

exp

oy X, +ouy "+ A(1+1,T,9)
+B,B(t+1,T,¢)

f(6T,0)=E {x exp(BBU+1.T.9)h,, +¢y""'h,,)
ﬁ‘,B(f+1.T.¢)(:M—9 h. )3

+¢‘}’T7fﬁl V’rf+| :H'I

(A7)
The two first terms in the expectation operator are known
at time f, hence the only term that we need to compute
is the last one. This is where the Heston and Nandi (2000)
GARCH specification gains the advantage over other
GARCH models. The last term can be computed as a
function of h, ., using the fact that, for a standard normal
variable z and constants a and b, we have:

lep(oz + b)) = exp —3(1 = 20))

&

X ( ab’ ) (A.8)
X .
3 - 2

Under the historical probability, this can be done by devel-
oping and rearranging the last term in order to obtain a
“perfect” square of z,,, and h,,, added to a remaining
term that depends on h, ., and the GARCH parameters.
Under the risk-neutral probability measure, we obtain
the same calculus since 2z | is a risk-neutral standard
normal variable conditional on time r and that h,,  1s
known and is constant conditional on time 1. Finally, we
get Equations (10) and (11) in the main text by rear-
ranging all the terms in a log-linear form.

X exp

APPENDIX B: DERIVATION OF DELTA

Notice that the delta of a credit spread call is, by
definition, equal to:

aC(e, T, X ac(y, T, X) _.
Delta = ( = ) = ( - )('"’\ (B.1)
a(e*) aX

Using Equation (14) that gives the call valuation expres-
slon, we can write:

or('r'-:)ac(’s T, X) _ NP 0P,
ax X X

(B.2)
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Notice that:

ofe, T, ¢)

__25F_—::¢7 i, T, ) (B.3)

Using Equation (15), we have:

o
’ZI; = % J R{K™“f(id)) d (B.4)
;
and
.

J Re(K fip + 1)) dop (B.5)
0
In order to obtain Equation (19), we use a change of vari-
able (¢ = ¢ + i) in Equation (B.4) to see that:
+00
aP, ¥ "
¥ biid 4+ :
e L (A L
4]
The only remaining term, the first one on the right-hand
side of Equation (B.5), multiplied by the discount factor and
by exp(— X)gives the delta expression as in Equation (19).

ENDNOTES

" This is an analytical solution up to a recursive compu-
tation of the moment generating function.

% This observation is confirmed by the regression model
estimated in Equation (1) and the estimation of the GARCH
specification in Equation (2).

¥ In a previous version of this paper, and using data over
the period 1986-92, we found that Aaa and Baa log-spreads
were much more mean reverting with higher slope coefficients
in absolute value.

* B, also controls the skewness through the term SB,6.
But, if @ is zero, 8, controls only the kurtosis.

% Notice that, unlike the GARCH model proposed here
and the Heston (1993) model, the state variable X and its
volatility process ¥ are perfectly correlated in the continuous-
time diffusion limit.

®For the details about the risk-neutral probability mea-
sure and the preference assumptions, one can refer to Duan
(1995), and more specifically Cvsa and Ritchken (2001) for
non-traded assets such as interest rates.

38  CrEpIT SPREAD OPTION VALUATION UNDER GARCH

"Both Fong and Vasicek (1992) and Cvsa and Ritchken
(2001) make a similar assumption respectively for a continuous-
time stochastic volatility and a GARCH interest rates models.

¥A change of numeraire is needed. See Heston and Nandi
(2000).

? As reported previously and like the regression model,
using data over the period 1986-92, the GARCH specifica-
tion yielded lower values for y which means stronger mean

reversion.
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