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A Matrix-Based Lattice
Model to Value Employee

Stock Options
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AND SANJAY UNNI

nder the Revised FAS Statement

No. 123 (FAS 123R)" introduced

recently, U.S. public companies

must expense all employee stock
option (ESO) grants as of grant date, at fair
value estimated “using option-pricing models
adjusted for the unique characteristics of those
instruments.” FAS 123R notes that “lattice”
models, that are typically used to price Ameri-
can-style traded options, may be better suited
than “closed-form™ models (such as variants of
the Black-Scholes model) to accommodate
various unique features of ESOs. A key feature
of ESOs is the non-tradeable nature of such
grants which results in early exercise, even
when such early exercise would have been sub-
optimal in the case of traded American-style
options.

In lattice models, the entire set of future
stock price paths can be described as a discrete
lattice (or tree) and the possibility of early exer-
cise may be evaluated at each node. In the case
of traded options, if the option’s intrinsic value
at the node 1s less than its continuation value
(the option’s value if unexercised for another
period) then early exercise would be irrational.
An option holder who requires liquidity could
sell the unexercised option to another investor.
This logic, however, does not work in the case
of non-tradeable ESOs. As a result, an employee
may be forced to exercise an ESO early to
meet her liquidity needs even when the ESO’s
intrinsic value is less than its continuation value
at a particular node. Therefore, in contrast to

the valuation of American style traded options,
any ESO valuation model must address the
employee’s reasons (which could be idiosyn-
cratic) for early exercise given the non-trade-
able nature of such grants.

According to FAS 123R, such early exer-
cise behavior could be a function of several
factors including: (i) The underlying stock’s
price or the ESO’%s “moneyness” at a partic-
ular node on the lattice; (ii) the grant’s remain-
ing contractual life; (i) employees’ “historical
exercise and post-vesting employment termi-
nation behavior observed for similar grants;”
(iv) the stock’s expected volatility; (v) blackout
periods; and (vi) employees’ ages, lengths of
service, and home jurisdictions (domestic versus
foreign).

Our paper makes two contributions. First,
we develop an ESO valuation model that incor-
porates the various unobservable factors that
could influence an employee’s early exercise
decision at each lattice node in a parsimonious
fashion, through an estimated early exercise
probability. This probability of early exercise of
a vested and exercisable option at a particular
node on the lattice 15 expressed as a two-dimen-
sional matrix, i.e., as a function of the ESOf%
remaining vested life and its moneyness at that
particular node. Thus, our valuation model
incorporates many of the factors that FAS 123R
explicitly recognizes as relevant to ESO valua-
tion for accounting purposes.

Second, we describe how the early exer-
cise matrix can be estimated, given sufficiently
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detailed data, and incorporated into our valuation model.
To demonstrate the manner in which the early exercise
matrix can be estimated and incorporated into the valu-
ation model, we rely on a rich ESO dataset that has hith-
erto never been made public. The dataset contains the
complete history of all ESOs awarded by two major tech-
nology companies (henceforth referred to as Companies
A and B). The dataset for Company A tracks 4.34 billion
ESOs granted by the company through 464,205 separate
ESO “grants.”® The dataset for Company B tracks 142
million ESOs granted by the company through 54,720
separate ESO “grants.” To the best of our knowledge, this
is the first model that incorporates an empirically esti-
mated early exercise decision rule into the ESO valua-
tion model that is consistent with FAS 123R guidelines.

The remainder of this paper consists of the following
sections. In Section 2 we discuss the related literature on
ESO valuation. In Section 3 we develop our matrix-based
lattice model to value ESOs. In Section 4 we discuss our
dataset in greater detail. In Section 5 we focus on the esti-
mation of the early exercise matrix that is the central ele-
ment of our valuation model. Section 6 describes the
remaining relevant parameters for ESO valuation including
dilution, cancellation, interest rate, dividend yield and
volatility of stock return. Finally in Section 7 we imple-
ment our model to derive the value of a hypothetical
ESQ grant by each subject company. We compare these
estimated values to those derived using alternative early
exercise rules.

2.0 LITERATURE REVIEW

There are generally two alternative approaches taken
in the literature to value ESOs: “utility-based” and
“reduced-form” models. Utility-based models assume
that the employee exercises her option according to a
policy that maximizes her expected utility subject to
hedging restrictions.” The benefit of a utility-based model
is that it allows us to predict early exercise from first prin-
ciples, given the choices presented to the employee at
each point in time in the future. However, this benefit
comes at a cost. Even when represented in simplistic forms,
many of the factors that affect early exercise, such as the
employee’s degree of risk aversion or non-option wealth,
are difficult to measure directly or to infer from publicly
observable data.

R educed-form models do not attempt to model the
employee’s optimal early exercise behavior from first prin-
ciples as a function of unobservable parameters. Instead,
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in such models, early exercise is modeled directly as an
exogenous factor. For instance, Hull and White [2004]
assume that the employee will exercise her option when-
ever the stock price reaches (or exceeds) a certain mul-
tiple of the exercise price (a “moneyness” criterion).
According to Carr and Linetsky [2000], the ad hoc early
exercise criterion imposed in reduced form models serves
as a proxy for “anything that may lead the employee to
exercise his option early, including the desire for diversi-
fication or liquidity, and voluntary or involuntary employ-
ment termination.”™ '

Reduced-form models are arguably simpler from a
modeling perspective since they avoid explicitly mod-
eling the employee’s optimal early exercise policy. How-
ever, from a practical standpoint, reduced-form models can
only be implemented if the employee’s early exercise deci-
sion criterion can be empirically estimated accurately.
Not surprisingly, there is no consensus in the academic
literature regarding which class of ESO valuation models
is superior. The main challenge in specifying a reduced
form model is in finding an empirical exercise rule that
is sufficiently flexible to describe the actual exercise
behavior observed among the firm’s employees.

Qurs 1s a reduced form lattice model, in which the
early exercise rule is empirically calibrated to the employ-
ee’s past exercise behavior and not based on a utility max-
imization framework. Our early exercise rule predicts the
fraction of outstanding exercisable options that will be
exercised at each node of a lattice as a function of two
observable parameters: the option’s moneyness (as in Hull
and White [2004]) as well as its remaining vested life at a par-
ticular node on the lattice. We later compare our results
to that of the Hull and White [2004] model and the
adjusted Black-Scholes model.

3.0 THE ESO VALUATION MODEL
ESO’s Economic Value at Grant Date

We directly model the employee’s early exercise
decision criterion as a parameter, P;;, which represents
the likelihood that the employee would exercise all “exer-
cisable” (or vested and in-the-money) options that she
has at date i and node j. P, ; (the early exercise criterion)
1s modeled as a function of the option’s remaining con-
tractual life as well as the stock-price to exercise-price
multiple. The option’s value at date i, node jis written as
C. ;- The equations describing the backward induction
through the lattice are as follows:
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At maturity, T, the option’s value is:®

&

+J

= Max(S;; — X, 0) (1)

For all preceding dates, 0 =i = N — 1, if the
option is vested (that is, i = v, where v denotes the vesting
date), the value of the option at node j is determined as
follows:

IfS;; = X > uCiyyjss + (1 = u)Ciyyyfr then:

Cy=8,~-X 2)

If 0<S8;=X=uCyjs1+ (1 = u)Cuyyr
then:
C,;= (P,..)(Se.,‘ =X+l = Pl._f)
(”cu-rl,,+l + (1 - “)CH'LJ)
X

r

IfS. . — X = 0then:

L

. Gty 4 t+ (1 - ”)CHLj
(‘1.., - (l = ‘].‘.;)

¥

If the option is unvested at 0 = | = N — 1 (that is,
ifi < w):

UuCisyjer + (1 — u)Ciyy
Cy =1 —q...)( Zibd k., ) (5)

r

The term r denotes one plus the risk free rate, # and
(1 — u) are the probabilities of up-jump and down-jump
respectively on the binomial tree, and ¢,; denotes the
probability that the employee might voluntarily or invol-
untarily lose her job at date i and node j, when the option
is out of the money. Note (4) indicates that if the employee
does not lose her job (with probability (1 — ¢,,)) when
the option is out of the money then the optioﬁ’s value is
simply the value derived from holding it for an additional
period. The value of the ESO at the grant date is expressed
as C,. This value represents the estimated ex ante eco-

nomic value of the ESO.

Two comments regarding Equations (2) and (3) of
our model are in order at this juncture. First, both Equa-
tions (2) and (3) describe scenarios when the option is
in-the-money. Equation (2) describes the case when the
option is “deep” in-the-money (the ESO’ intrinsic value
is greater than its continuation value). Equation (3) also
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describes an in-the-money state, although the ESO’s
intrinsic value is now less than its continuation value.
We assume that if the ESO is deep in-the-money [equa-
tion (2)] then the probability of early exercise P, ; equals
1, i.e., the employee will rationally exercise her option
early (as she would in the case of traded options). In
contrast to traded options, we allow the probability of
early exercise to be greater than zero even when the
option’s intrinsic value is less than its continuation value
[equation (3)]. Thus, as in Hull and White [2004], we
treat the possibility of early exercise asymmetrically
depending on how deep in-the-money the ESO is at a
particular node on the lattice.

An alternative modeling structure would be to allow
for the possibility that even when the option’s intrinsic
value exceeds its continuation value the employee may
not rationally exercise her ESO early.® That is, we could
assume that the employee’s probability of early exercise
may be less than 1 even in equation (2). Formally, if we
permitted P,; to be less than 1 even when the option’s
intrinsic value exceeds its continuation value then the
right hand side of equation (2) would be identical to the
RHS of equation (3), and a single equation (identical to
equation (3) above) would then suffice to define the ESO’s
in-the-money value. By allowing for the possibility that
employees may not optimally exercise their ESOs even if
these were deep in the money, such an alternative model
would result in even lower ESO values compared to the
values we derive for dividend paying stocks.” Thus, our
current modeling structure is conservative from an
accounting perspective.

Second, it is important to note that an employee
who (voluntarily or involuntarily) loses her job at date i
can, and rationally should, exercise all vested and in-the-
money ESOs that she holds as of that date. However, an
employee may fail to act in this rational fashion, which
would result in the cancellation of some of her vested in-
the-money options when she loses her job. Since the can-
cellation rate g, ; is missing in equation (3) it may appear
that we have disregarded this prospect of forfeiture of in-
the-money options.” However, this is not the case since
the empirically calibrated early exercise possibility, P, ,
that appears on the RHS of equation (3) is based on the
relative frequency of all options actually exercised by
employees in the past (as a percentage of exercisable
options) regardless of whether such exercises occurred
due to job termination or not. In short, the early exer-
cise probability modeled in equation (3) incorporates the
prospect of job termination and the employee’s decision
to exercise (or not to exercise) all her vested in-the-money
options at that time, which would otherwise be canceled
shortly thereafter.
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ESO’s Accounting Value
at Grant Date

The ex ante value of an unvested option to its holder,
denoted by G, in equation (5), depends upon g, ;, the
probability of termination or resignation. This aspect of
our model is identical to that of Hull and White [2004].

Although the above modeling perspective is appro-
priate in determining the ex ante economic value of the
ESO at grant date, it is inconsistent with FAS 123R’s
implementation guidelines, which makes an important
distinction between vested and unvested ESOs for esti-
mating an ESOs’ grant-date fair value for accounting pur-
poses. FAS 123R recognizes that post-vesting restrictions
(concerning sales and transfers) should be considered in
“estimating the fair value of the instruments at the grant
date.”” However, FAS 123R states that:!"

In contrast, a restriction that stems from the
forfeitability of instruments to which emp-
loyees have not yet earned the right, such as
the inability either to exercise a nonvested
equity share option or to sell nonvested shares
is not reflected in the fair value of the instru-
ments at the grant date. Instead, those restric-
tions are taken into account by recognizing
compensation cost only for awards for which
employees render the requisite service.

Consistent with such regulatory language, equation (5)
in our economic value model presented above should be
amended to read as follows:

WG ye1 + (1 — ”)CI+1.}
C ;= , (6)

i

Thus, the ESOs fair value at grant date for
accounting purposes (or the ex ante “accounting value”)
can be derived using the same set of equations (1)—(4)
and by replacing (5) in the economic value model with
(6) presented above.

From the preceding discussion it follows that the
ESO’s grant date economic and accounting values are
both functions of the following parameters, each of which
can be empirically estimated:

. The early exercise probability, P, ;.

. The cancellation rate, q; ;.
. The dilution factor, A.
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4. Dividend yield, 8.
5. Risk-free rate, r.
6. The stock return volatility, o.

Additionally, the ESO value depends on (i) the grant
date stock price; (ii) exercise (strike) price, (iii) vesting
schedule (time of initial vesting, time of subsequent vesting
and corresponding vesting percent); (iv) black out periods;
and (v) contractual life. These parameters are all known
as of the grant date and do not need to be estimated.

4.0 THE ESO DATASET

Before discussing the manner in which we estimated
the various model parameters, we provide some descriptive
statistics about our dataset of ESO grants of Companies A
and B, which we use to estimate empirical probabilities of
early exercise.

The dataset contains the complete history of all
ESOs awarded by Company A from its inception date in
1988 through June 2004, and the employees’ subsequent
exercise decisions regarding these awards. The dataset
tracks 4.34 billion ESOs granted by the company through
464,205 separate ESO “grants.” Through June 2004,
employees had exercised 2.23 billion ESOs, through
192,474 separate early exercise decisions. Exhibits 1A and
2A provide some summary statistics regarding Company
A’s grants and exercises, respectively.

The dataset also contains the complete history of all
ESOs awarded by Company B from its inception date in
1989 through January 2005, and the employees’ subse-
quent exercise decisions regarding these awards. The
dataset tracks 142 million ESOs granted by the company
through 54,720 separate ESO “grants.” Through January
2005, employees had exercised 60 million ESOs, through
58,743 separate early exercise decisions. Exhibits 1B and
2B provide some summary statistics regarding Company
B’s grants and exercises.

Grant Patterns for Company A

Exhibit 1A classifies the grants into cliff-vested and
monthly-vested categories for company A. All ESOs
awarded in a cliff~vested grant vest simultaneously on the
vesting date. In contrast, only a certain fraction of the
ESOs awarded through a monthly-vested grant vest on the
initial vesting date. The remaining ESOs included in the
grant then vest uniformly on a monthly basis over a spec-
ified number of subsequent months."" A relatively small
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portion of Company A’s grants, classified as “Other Vesting
Schedule,” do not fall into either the cliff- or monthly-
vesting categories.

Exhibit 1A reveals several patterns in the types of
grants made by the subject company over time. In the early
part of the firm’s life (from 1988 to 1995) the company
issued more cliff-vested grants than monthly-vested grants.
There were 9,518 separate cliff-vested grants made over
the 1988-1995 period compared to 5,013 monthly-vested
grants over the same period. Moreover, the average size of
cliff-vested grants (185,480 ESOs per grant) was signifi-
cantly greater than the average size of cliff-vested grants
(57,912 ESOs per grant) over the 1988-2005 period.

These grant trends changed over the subsequent
period of Company A’ life (1997 to 2004). The company
issued far fewer cliff-vested grants (7,365) over this period
compared to monthly-vested grants (427,680). However,
the average size of cliff-vested grants made over this latter
period (18,212 ESOs per grant) continued to be larger
than the average size of monthly-vested grants (4,380
ESOs per grant).

Ower the entire time period covered by our dataset,
cliff-vested grants constituted only 4.9% of the total number
of separate ESO grants awarded by Company As. How-
ever, the total number of ESOs included in chiff-vested and
monthly-vested grants was roughly similar. Cliff- and
monthly-vested grants included 47.3% and 52.7% of the
4.34 billion ESOs granted in total, respectively.

The company’s grants were typically made at the
money as of the grant date. Therefore, as the company’s
stock price rose meteorically from its [PO through the tech
boom years of 1999 and 2000, so did the weighted average
strike price of the ESOs granted over the years. The strike
price declined after 2000 in the aftermath of the tech crash.

Exercise Behavior for Company A

Exhibit 2A provides the number of ESOs that were
exercised in a particular year, the weighted average strike
price of such exercised options and the weighted average
price of the underlying stock at the time of exercise.
Overall, across all exercised ESOs, the average strike price
was $1.89 and the stock price at the exercise date was
nearly 13 times as high, at $23.96.

Grant and Exercise Behavior for Company B

The Exhibits 1B and 2B show the grant and exercise
behavior for company B. Company B had fewer cliff-vested
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options and more annual and monthly vesting grants.
Exhibit 1B shows that the weighted average grant price
of 54,720 grants encompassing 142 million ESOs was
$20.25. Exhibit 2B shows that overall, across all exercised
ESOs, the average strike price was $11.64 and the stock
price at the exercise date was about 3.5 times as high, at
$40.80. The ratio of weighted average stock price to strike
price (i.e., moneyness) differed with the vesting schedule.
The weighted average moneyness at exercise was 2.08 for
monthly vested options, 3.90 for annual vested options and
11.1 for other options.

It is important to note that Exhibits 2A and 2B do
not separate ESOs by date of grant. That is, the options
exercised in a given year are not classified by time elapsed
since they were issued or by their remaining vested life.

Basic option pricing reasoning suggests that the deci-
sion to exercise an ESO depends on both the ESOs mon-
eyness as well as the option’s remaining vested life.
Therefore, as we discuss in detail later, in estimating the
early exercise probability matrix we further classify the
exercise data discussed above by the option’s remaining
vested life at exercise date.

5.0 PARAMETER ESTIMATION

We focus our attention in this paper on estimating
the key parameter of interest, viz., the early exercise proba-
bility matrix. This estimation was conducted in the fol-
lowing steps.

Grant Cohorts

We began by “aggregating” the sample of each sub-
ject company’s ESO grants, by treating all ESOs granted
on the same date, with the same contractual terms
(including vesting schedule and strike price) as a single
“aggregated” grant or “grant cohort.”

For both companies, our analysis includes only grants
with defined vesting schedules." Given the large number
of grants issued by Company A, we restricted its sample
further by requiring that grant cohorts were either cliff-
vested or monthly-vested. These criteria helped us select
grant characteristics that closely match the new grants
offered by the company.

As a result of this grant-date aggregation, the ESOs
for company A were compiled into 1,461 grant cohorts
and those for Company B into 688 cohorts.
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“Remaining Vested Life” Sub-intervals and
“Moneyness” Ratios Within Sub-Intervals

In order to trace the early exercise decision by
employees for all ESOs in a particular cohort we first
defined the life of a particular grant cohort in terms of its
Remaining Vested Life, i. The Remaining Vested Life of
a grant at any calendar date was defined as (T — )/
(T = v,), where T, {, and v, denote the ESO’s contrac-
tual maturity date, the calendar date on which the
remaining vested life was being calculated, and the initial
vesting date for the grant, respectively."* We categorized
the grant cohort’s total vested life into twenty equal sub-
intervals, defined in terms of the grant’s Remaining Vested
Life i . Thus, each sub-interval spans 5% of the option’s
vested life. The first sub-interval (i = 1) starts at the
option’s initial vesting date and ends at i = 0.95, which
designates the beginning of the second sub-interval (which
is labeled i = 0.95 for notational convenience). The
second sub-interval ends at i = 0.90 which designates the
beginning of the third sub-interval, and so on. The last
such sub-interval, which begins at i = 0.05, spans the
final 5% of the ESO’ vested life. At the final date (which
coincides with the maturity date, T), i = 0.

We tracked all ESOs belonging to a particular grant
cohort across the 20 sub-intervals i = 1, 0.95, ... 0. We
listed all the ESO exercises (across grant cohorts) that
occurred within the same remaining vested life sub-
interval i, and computed the “moneyness” ratio repre-
sented by the stock-price to exercise-price multiple at
exercise date (S/X), corresponding to each observed exer-
cise. We also recorded those cases where ESOs in a par-
ticular grant cohort were vested and exercisable (i.e., were
in the money at some point during the sub-interval 1)
but were not exercised.

For each grant cohort, we recorded the minimum
value of the company’s stock price over a particular sub-
interval i, denoted by S; and the “moneyness” ratio, S;/X,
(or s; for notational convenience) where X denotes the
exercise price of all ESOs in the same grant cohort.™ Since
there were 1,461 grant cohorts for Company A, there were
1,461 s, values calculated for each of the 20 sub-intervals,
i. Within each sub-interval i, we then rank-ordered the s,
values and sub-divided this ranked set into ten sub-groups,
where each subgroup contained 10% of all grant cohorts.

Thus, completing the three steps described above
resulted in a defined matrix with 200 rows representing 20
time sub-intervals i, each of which is sub-divided into 10
columns denoting particular s; sub-groups.

16 A MATRIX-BASED LATTICE MODEL TO VALUE EMPLOYEE STOCK OPTIONS

The Early Exercise Probability

Within each cell of this matrix we computed an
early exercise probability, p(i, 5;) for each of the grant
cohort included in this cell. This ratio is defined as the
number of ESOs belonging to a particular grant cohort
that were exercised within sub-interval i divided by the
number of vested shares in that particular grant cohort
with remaining vested life 7.

Since there are 10 rows in the matrix, each denoting
a particular s; sub-group, each cell in the matrix (holding
the sub-interval i constant) includes 10% of all grants
ranked by their respective moneyness ratios, s, With 1,461
grant cohorts for Company A, each cell in the matrix
would typically contain 140 to 150 calculated p(i, 5;)
values. However, for more recent grants, all sub-intervals
i may not have yet occurred. As a result, the cells corre-
sponding to lower values of sub-interval i may have fewer
pli, s;) observations.'®

We averaged across all the p(i, 5;) values within a
particular matrix cell (i.e., for the same values of i and s,
weighing each p(i, 5;) value by that grant cohort’s “rela-
tive size,” where “size’ 1s defined by the number of ESOs
belonging to a particular grant cohort that were vested and
exercisable during a particular sub-interval i.'") We define
this average p(i, s;) value as P(i, s;)

The estimated early exercise probability matrix for
Company A and Company B are graphically shown in
Exhibits 3A and 3B, respectively. The underlying data for
these Exhibits (the complete early exercise probability
matrices for Companies A and B) are provided in Exhibits
4A and 4B, respectively. These matrices consist of approxi-
mately 200 rows and 4 columns. The first column lists the
Remaining Vested Life, which is further sub-divided into
moneyness deciles. The next two columns of the matrix
report the lower and the upper bounds of each moneyness
decile."™ The last column reports the average early exercise
probability, P(i, s;), for the particular moneyness decile.

The early exercise probability matrices derived for
Companies A and B reveals several interesting features
concerning employees’ ESO exercise behavior (see
Exhibits 3A and 3B, respectively). In particular, our analysis
reveals the following:

1. There is considerable early exercise behavior asso-
ciated with ESOs given the non-tradeable and
unhedgeable nature of such grants.

2. There is a spurt of early exercise immediately
upon initial vesting. As shown in Exhibit 3A and
3B, the early exercise frequency P(i, s;), demon-
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EXHIBIT 3A
Early Exercise Probability Matrix for Company A

Early Exercsie
Probability Range
045 - 0.60
W 0.30 - 0.45
20.15-0.30
20.00-0.15

0.60
0.45 -
Exercise

Probability 30 4

0.15 +

5 SIX_9
SIX_7

SIX_5
In-The-Moneyness

REMAINING VESTED LIFE is defined at any calendar date § as (T— §)/(T— »,), where T, {, and v, denote the ESO’ contractual maturity
date, the calendar date on which the Remaining Vested Life was being calculated, and the initial vesting date for the grant, respectively. Remaining
Vested Life is divided into 20 equal intervals, ranging from 0.05 (near maturity) to 1.0 (at initial vesting date). For cach Remaining Vested Life
interval, the moneyness ratio (S/X) was divided into deciles, S/X_1 (lowest), S/X_2, ...S/X_10 (highest). EARLY EXERCISE PROBABILITY
is the ratio of ESOs exercised to the number of vested and exercisable ESOs available at a given Remaining Vested Life and the specified S/X
decile. The data used for this diagram was reported in Exhibit 3A.

ExHiBIiT 3B
Early Exercise Probability Matrix for Company B

0.60 Early Exercsié

Probability Range

0.45

Exercise
Probability (30 4

0.15 1

0.00

See notes to Exhibit 3A for the description of variables.

FALL 2006 THE JourNAL oF Derivatives 17



"3[122p X /S payads oy pue 2jr7 paisap, Surureuray] uaaiS e 18 J[qE[IEAR SOST
S[qESIDIaXa PUE PA1S3A JO I2QUINU Y 01 PIsIIAX2 SOSH JO ONel 311 St L LT TIFVIONd ASIDYIXT ATV 2un] [euonoser] Jenonted e e ¥ /S JO 2[0ap UIAIS B UNPIM PIAIsqO
Onel SSAUAIUOI WU 311 $A10UP ((INNOF MIMOT) X/S Pwi] [euonderj remonied e 1 X /S Jo [09p U1 € unpm paslasqo onel ssaufououl WNWIXEW ) SAJOUIP
(ANNOE MIddN) X/S S[123p 03Ul papIAIp sem (X /S) ONel SSaUAIO U ‘[EAIIUT AT P1sap SuTuieway] yoea 104 '('| 03 ¢('() woy Surdues ‘sfeazaut [enba g oiut paprarp st aji]
pa3s3 Surureway] Apansadsar ‘querd sya 103 23ep Sunsaa [enmuL 33 pue ‘pajenofed Sulaq sea I PAAISIA SUTUTELLIY 243 YOIy UO 2P IEPUI[ED ) ‘Nep ALIMIew [eridenuod s0OST
o arouap Ya pue °9 p azaym (“a — 1)/(§ —.) ‘se pauygap st a3ep sepuafed Aue e 1T paisap Suturewuay ‘stiey | (ep uonemndxa [euoenuoo suondo oy ySnoxp arep Sunsaa 151y
ayp Suruueds porrad ) ‘oy1] parsaa wnuuxew suondo ay Jo afeuadiad e se passardxa s1ep 251213%3 38 1T pAasap Sururewrdy] suondo i s;oudp 1T (ALSTA ONINIVINTY

HEE001 00001 TT9r SO0 00T J%0607 00001 SIrl <70 HOCEL 00001 999 IS4 0Tl J%8r9T 00001 60l £90 08 J%8tST 00001 16°¢ 80 Or
%00 101 wor w9 <00 661 JHELCI SIel SoTl ST0 BISLI 999 919 S0 611 J%60TI 6ol ore S90 6L JBESH 16% 69°S €80 6E
%9901 w9 @ <00 861 JHre8l 0Tl 9801 sT0 6L L 919 ers o 811 J%8rTl ore 8e'8 $90 8L Je08T 69c {104 S80 BE
%80°901 tFTT 00T SO0 L6l FBSLII 9801 LS8 ST0 BIETI £rs £6°E S0 LII J%918 €8 $9°¢ 90 L |sIRS 09t £LE S80 LE
%68'€01 oz 8L6l SO0 961 JHOI'8 LS8R €8 sTO 6001 E6'E e ] 911 J%s0€ Y 607 $9°0 9L JBsSSF ELE € 80 9
BIL°101 8.6l 8¢8I SO0 s61 §HITTI £C8 Ly §T0 BILS [N 00T 5] Sl f%eLs 60t S6'T 90 SL Ps08E (233 09T SRO SE
107701 b I g | SO0 ol J%0TTI SLY 91 §T0 BOLTT (11 991 0 bl $67 W $9°0 vl |B8T8 (1 T S8°0 ¥
%TTT0L wrl 686 SO0 £61 Juresl St (8T §T0 BOI'E] 99°1 091 0 £l 9T [} &4 S90 EL J%6T6 T 8T 80 13
%H¥1E0l 0l L6'L SO0 61 %S89l L8T 9T §T0 %65 TE 091 68°1 0 cll LT 601 90 [ & r 81T Wl £80 €
BLLEO L6'L 00’1 S0 161 §%958 9Lt 001 £T0 BLTI 651 00l S0 1t 60°1 00’1l 90 1L J%l08 Wl 00l S80 I€

061 JTTI990L610 00001 F€96°01 £0 R0696FSFI'0 00001  6ILT1 €0 011 J6SLOEFFSTO 00001  9€T0€6 L0 0L 0
BI90T 00001 €TTT I'o 681 |%HIETT L6'01 896 £0 HIYE wn 18 <0 601 |%89FT 0E'6 06 Lo 69 J%OL81 00001 09F 60 (4
BRL 6T tTIT <L81 10 881 |%I9¢l 89°6 '8 £0 BLE L 18 S6°F €0 B0l |%ETOT 006 P8 Lo 89 I%BITL 09r ar 60 8T
%96'TT SL81  E6LI o L81 %9811 r8'8 El'L £0 BISS ot (431 €0 Lol j%Isil ] L Lo L9 J%BLT9 ur w®e 60 i
BPLSE 6L 9591 10 981 J%00TI el ey £0 BISI e e S0 901 |%L6'6 L L1 Lo 99 JBO08E €E 60t 60 9
%L1I91 9591 1l o $81 J%89°61 %8 4 RTY £0 BT EF T 0T §0 S0l J%81'6 Lo 9'c Lo €9 JBocy 60°¢ 8¥'T 60 T
BTS LT Il Lt o PRI |%S6'ET 8T ELE £0 BOL'L 0T wT <0 POl %986 9's ws Lo 9 |%99¢ . e 1T 60 ¥
BIYLT 99 1o £81 |%Iss ELE 87T £0 £l |%e66 wt <0 €01 %089 ws ITs Lo €9 |BLLL 17T L6l 60 £
B09'tr 68°C 10 81 PBLLII 8TT 9TT £0 vl |otesl 871 <0 w1 %89 14 wi Lo 9 |BL06 161 sLl 60 @
66097 00l 10 IR1 J%P1L 9TT 001 £0 Il %0091 ¥l 0 101 |%81°L [ o'l Lo 19 %99 L1 001 60 1T
£9L0T000T0 L6Z€61 S1°0 081 OF1 JLESL6TOTTO 00001 €0 001 (1] 0T
BIL'S Ll SIo 6L1 [%6T8 00001 £re SE0 61 |BYLTL 9l £€0 66 |%SSTT 00001 cLo 65 |%LSTI 00001 91 $6'0 6l
BECS| L¥91 s1o 8L1 |%Igs €6 [ ] ££°0 8E1 |BLEL 8€'S 50 86 %9901 8L°6 SL0 8S  |BELE 9IE LT 60 8l
%B6¥ LI wst sro LL1 %618 €8 oL SE0 LEL |%96'S 19 0 L6 |%6TL LL9 L0 FAS EAN UT Wt S60 Ll
%L991 tTEl (K] 9LI |%BO8 'L 39N €0 9€1 |%BSTOL we $S0 96 |%B06'11 67°€ SL0 98 1%BI0L 99T e S610 91
%86°S1 o'6 c1o SLI |HBLTR (139 sty SE0 SE1 |%01'8T LT 69T S50 §6 B0l X4 §L0 £¢ %888 e 69°1 £6°0 sl
HEGBE 9£'9 S0 LI |%89°01 LSV 6tE SE0 vEL |BiSL 69T ST §80 6 |%9E6 SEY SL0 & 1%96L 69'1 19°1 £6'0 ¥l
%881 ¢ cro €Ll |BELC] 6E't b4 i SE0 €€l |B08¢el T 89°1 £5°0 t6  JBErL Ly €L0 £ 618 191 ¥l S60 £l
%0T'81 w0 SIo Ll |BaLol T LLT SE0 (A0 ETh 8 891 €0l 50 6 |%ELC 133 Lo i BeTel 1 1271 €60 <l
BLEFL 0l cro 1Ll J%81°L LLl 001 80 [E1 |%89¢€ €0l o't §5°0 16 |%9T°¢ Tt SL0 1S J%0LT1 171 001 $6°0 1
%BrL6l 00001  €S°€I 0 0Ll 01 |%1E8T 00001 €801 90 06 |%HTIYLT 00001 0 05 J%LT0T 00001 98T 1 ol
BLELT 56T 8FEl o 691 f%BEL0I 00001 00’8 0 61 |BIETT €801 €56 90 68 |%SEDL 876 80 6F  J%96E1 98T 62T 1 6
Br09T srel 8811 o 891 |BLOT 008 wi 0 8T1 |H68'8 §56 §+9 90 88 |%L98 S8R 80 8 |%BI8TI 63T st 1 L]
WBLI'RT 8811 SLMI o 191 §%¥PL9 wiL 979 0 LTl %99 9 Ly 90 8 |%00¢ FI's 80 Ly |BLEL sIT E1T 1 L
BEI'ET S Lre o 991 J%ER'e 979 65 ro 9Tl %6l Lre 66t 90 98 [BP0L or'y 80 9 %991 £IT £0T | 9
B8y’ LT LI'6 L8S o 91 J%81'8 65t 19°¢ 0 STl |bte'L 66'€ LSE 90 8 |uole Lot 80 ¢ JuosLl 0T 9l 1 3
HP09T LyE Ly o o1 |%65L 19°¢ 9T 0 Tl |BI8L LEE S0t 90 8 |%098 LSE 80 %886 98’1 891 | ¥
bot'L Loy 9%t 41} 91 |5ri6l 9T 10¢ 0 £l BI0L SOt 81 90 8 %698 8Tt 80 tr e 891 6£°1 1 £
ISP 9Lt 8rE o 91 IBLETL 10T <1 o Tl fmrle 81T T 90 8 %L SET 80 o %618 68l Lzl 1 4
%68 't1 8F'E 001 (4] 191 J3elc SC°1 001 0 1T] JHESS 0T 001 90 18 [%OILI 111 80 v J%S011 LT] 00'1 1 1

(ueapy) (punog (punog yr]paisap  ON () (punog (punog Iyrypasay  ON (uwaly) (punog (pumog yripawsap  ON (ueay) (punog (punog arypasap  ON] Awjiqeqeolg  (punog  (punog ojrpasay  ON|
Aupgeqeosg  sedd())  samop)  Summuway Anpqeqeosg s=ddn) x/s  semor)  Summmmay fnpgeqeosd  saddn)  semor)  Sunimewsy Anpgeqrasg saddn)) samor)  Suureway psinoxg Apeg saddn)  Bmorp)  Suurewsy

astasaxy Ay X8 X5 pstanaxy Apreg X/s st Apg X/s fstuavy Apeg X/s X8 X/s X/8

v Auedwo)y 103 xuye AJI[1qeqor] asiaxyg Aey

V¥ LIdIHXY

FALL 2006

TOCK OPTIONS

A MATRIX-BASED LATTICE MODEL TO VALUE EMPLOYEE §

18



"sajqerrea 1 Jo uondidsap 10) i NQIYXT 01 $210U 239G

007 J%81°91 00001  €6°S £T0 091 §%69°Ll 00001 86 0 0Tl | %18t 00001 90 08 BT 00001 OLE 580 oF
500001 00001 ws s00 661 JBI90I t6'S Iee <o 6€1 86°C LY Ko 611 |BITEL 13 90 6L |%9YTE OLE 9E $80 6t
%000 09's (559 o0 861 |B96°€ 139 9lI's sT0 8¢1 e v SF0 BI1 %6891 1% 4 90 L [BLLS] WE LIT 0 8t
BOO001 539 6r'% oo L6l J%9579¢ 9I's iy sT0 L61 |%L80C v tEr 0 LIl |%0sHe I6°€ 90 L |%T6TE LT 89°1 80 L
BOO001 6F°€ Ire 00 961 JBE0ET wr Ity sT0 951 Jure6l e 68°¢ S¥o 9l |BLTFI {1 90 9L |%6¥11 291 €1 £80 9
BET09 I¥s 1304 00 S61 |%ESOI ITr 9Bt 70 SE1 IBI8E 68°C 09t 0 CHl P06°¢1 SI'E %0 §L [BLIST 1571 I¥1 S80 St
%000 sy 60 00 61 %000 98'€ 89t €0 Fel JBesE 09 80'€ o FIl Jerlol 69T 90 L ¥l 9Tl 80 re
%00001 60 L8E €00 €61 |%00°0 89¢ 66T €To €51 Jul09 80°€ 89T §+0 ElT J%B6E6 L8l 90 EL |B9TFI 9Tl L1 SE0 113
B000 L8 L9t €00 w61 w000 66T BLT €0 (A48 R34 897 T SF0 (AR SN 30| wl 90 L %016 9l ort 80 43
%0001 L9'E 001 €00 161 J%000 8LT o0l §T0 161 §%000 T w1 SKo 1 eerel <l 90 1L %066 orl 00l R0 I€
BBLYE 00001 €©9 10 061 |%SE6I 00001 €09 £0 051 p5LEs] 00001 6% ] Ol J%08ET 00001 Lo 0L JBFE9 00001 TTE 60 0
BO0'ST 3] 19 1o 681 J%EC0I S0'9 s 0 6Fl 1%9L91 6F¢ s0's £0 601 fB97El ¥ Lo 69 |L8661 we L 60 67
BICoH 19 or's 1o 381wl 55 e £0 BFl %95t Y BLF 0 801 Jarrs ©r 8Lt Lo 89 |B9ST Wi 'l 60 8T
HERT1 {89 oEr 1o L8] %6T LI ws A% 4 £0 LFl Jer1Tl 8EF £6'¢ 0 LO1 Pa8I'61 8L 66T Lo L9 |%8¥ST (4.4 11 60 L
H00'001 0g'y Pe't o 981 JmLe0T ey LEt £0 ol p%BSIL £6°E 65°E ] 01 15ISTE 66T T Lo 9 IBILEl 1€ 91 60 9
BOO0 ot 6t 1] S81 %000 ey s 0 SH1 %LEL 65°E s0 SOl %9607 T 10T Lo 9 el 9’1 €€l 60 174
H00001 I6€ I8¢ o ¥81 %000 [48 4 $6°€ £0 PPl JB9%°El 61'E ] I |%E981 10T W'l Lo 9 |%01F £el 0€1 60 T
%000 I8E 6T o 81 %000 $6'C FI't £0 £rl |%SC6 (8T ] €01 J%EETI 9l &1 Lo £9 |%BLLI 0E'1 81l 60
%6000 L6T ELT 1o {81 %000 FI'E €87 £0 TFl BET9l LST 0 W01 BL96 iy STl Lo 9 |B8LTI 81l i1 60
%000 ELT ol 1o 181 J%00°0 S8 00l £0 IFl JHIRS 191 ] 101 JBETY STl 001 L0 19 J%ler i 001 60
BITTE 00001 66C <ro 081 JET6! 00001 767 SED 0OFl %971 00001 50 001 |BLT6l 00001 IES SLO 09 |%6SLT 00001 €8T S60
%196 66'S e £ro 6L1 |%F991 6 6t's S0 6E1 J%S16 £E'S £5°0 66 |%STE1 1£°¢ ILE €0 65 |%T10¢ i <60
HE1T LY s €ro 8L JBI¥6 6F'S 87§ S0 BEl B09TI 8Ly cco 86 J%06°C1 ILe €0'E £L0 88 |BEILT ST <60
BELST 9IS TP §1'0 LL1 |%8S1 8T¢ 1S4 ££0 LEL P%RR'SE 14 4 o L6 w091 e 9T €L LS J%8Y6 8l €60
%000 Ty 16°¢ c1ro 9Ll |%I9E Sy Ly cE0 9¢1 JB0LTL 9L'¢ S0 9% JBILBI 09T 1T L0 95 |BIlTI 851 $60
BoYEl 16°¢ e cro SLT JBEIT iy 9%t €0 SEl JBLES 8T §50 §6 |B6LST I 891 SO I E (] wl 60
%O0001 LLe S8T £1o FLI J%00°0 9%6'¢ 't ce0 FET Jort 1l e €50 6 JBEVETD 891 0g'1 SLO ¥ |BIrsl wl 60
%000 8T €97 cro €Ll p%I9T1 w6¢ ire £E0 £E1 JBEE8 LT £¢0 t6 Juiril 08l vl §L0 t5  |%Irs sl 60
%000 €97 197 £1'0 Tl |%000 ire uUT ) el JBET9 e 50 6 |el66 ¥l sl €L w J%69L £l £6°0
%000 19T [LiR] £10 141 j%000 9T 001 ce0 I€1 JHIC8 ¥l s€0 16 |BEISI 118 0l SLO 1§ |%0L6 30°1 S60
BEOTL 00001 w9 o 0Ll k68l 00001 L6S o 0T JB9T1T 00001 90 06 %8161 00001  9FF g0 08 |B6YLE 00001 ! ol
BETTI w9 s o 691 JBET9I L6'S L¥'s i 671 JHETE] s 90 68  B9YTT 'y 00'€ R0 6r  |%90LE 9wl I 6
BrL'S s 66F o 391 |BITS s 10 ro 8T1 [%LE6 85F 90 88 %697 00'¢ (4% 0 8t |Br6HT 091 ! 8
BLEOT 667 TP o L91 JuTryl 10°¢ FEP o LT1 fuie0l tEF 90 L8 JBLFHT T 'l 80 Ly %5087 Sl 1 L
»OO0 STF Fo'E To 991 |BELT rEr €0y t0 971 JoLlS9¢ o't 90 98 |R6801 S6'1 w1 80 9 JBELST wl I 9
X000 LLRY 08t 4] 91 JuLTIl L0t I8¢ ¥o ST Je60L A 90 S8 Ju6SLI Wl 'l 80 St |B0rIL £l I )
BECET 08¢ 9t 4] Wl BTt I8¢ Ive o FTl p5I88 £6T 90 LI 2 7l 61 R0 e BLEYI wl L'l ! ¥
%000 e S6T o €91 s v £8'T 0 £l fue0el 9T 90 8 %998 6C1 L1 80 it %659 L'l 80°1 I £
1000 S6°T 4y (4] 91 |%809 8T 86T ] (A4 T4 RS Wl 90 8 |5P6R Lrl ol 80 F BOLTI 30°1 901 I z
Ed 4y 00'1 70 191 §%690°L 85T 001 £0 IZ] §6iTL L§°1 90 18 156601 il 00 | 80 It J%EI'6 90'1 00| | |

(uapy) (punog (punog arpparsapy  ON (ueapy) (punog (punog 3yrIpasay  ON| (ueapy) (pumog (punog 3ajr]pasapy  ON| (ueapy) (pumog (punog Ayripmsap  ON] Aupgegeosf (punog (punog ajryposay  ON
fupgegeory  3addn) x/8 o) Somuremay Anpigegearg  saddn))  samo) {mpgegeos  saddpy)  3amoy)  Sumreusy Cnngeqrorg  saddny)  sawo))  Sunnewmay pstuaxy] Apeg  wddf))  samo)  Sunmeway

fostazaxy Ay X/S astanaxy Ay XS fostarong Ay X/S i astanxg Apeg X5 XS X5 X5

g Auedwo)) 10j x1jey AJ1jiqeqoig asniaxyg Ajreg

d § LI4dTHXT

19

THE JOURNAL OF DERIVATIVES

FaLL 2006




strates a “‘smirk” effect. After a burst of early exer-
cise immediately following initial vesting, the early
exercise frequency remains stable for much of the
remaining vested life. This is consistent with con-
ventional wisdom that employees are more likely
to exercise ESOs to satisfy mitial pent-up liquidity
demands. However, close to expiration, the early
exercise frequency once again increases sharply.

(3) At any given sub-interval i, the early exercise
probability is generally greater the higher the
option’s moneyness ratio s,.

(4) The upper and lower bounds of the moneyness
deciles differ across Companies A and B. For
instance, holding the Reemaining Vested Life con-
stant at 0.05, the lower bound of the first mon-
eyness decile 1s 1 and that of the last moneyness
decile is 46 in Company A’ case. In contrast, this
range of lower bounds is 1 to 5.6 for Company B.
Such a result 1s consistent with the fact that Com-
pany A’s meteoric stock price increase over the
sample period was far greater than that of Com-
pany B over the same period.

(5) The large range observed in the moneyness ratio
confirms that a simple ad hoc specification such
as assuming all options would be exercised if the
moneyness ratio exceeded a single exogenously
specified value, as Hull and White [2004] postu-
late, may not be realistic. In contrast, our matrix
approach covers the entire spectrum of observed
moneyness ratios.

(6) Moreover, the relationship between early exer-
cise and moneyness 1s clearly non-linear as shown
in Exhibits 3A and 3B. Hence, an attempt to esti-
mate the likelihood of early exercise as a function
of the ESO’s moneyness using a regression model
may not prove effective.

A final comment is in order regarding the manner
in which we have modeled the early exercise probability.
The early exercise probability matrix is a parsimonious
representation of the factors that may influence the
employee’s early exercise decision. In such a matrix for-
mulation early exercises are modeled as a function of two
variables alone: the option’s moneyness and Remaining
Vested Life at the exercise date. However, such a parsi-
monious representation may appear overly simplistic.
Therefore, to examine the significance of other factors
that could influence early exercise, we also ran a (piece-
wise linear) probit regression to jointly determine the
influence of four independent variables on the odds of
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early exercise."” The independent variables included in
this probit regression were™’
1. the stock’s “implied” volatility at the date of
exercise;
. the risk-free interest rate at the exercise date;*'
. the option’s moneyness at the exercise date;
. and the option’s Remaining Vested Life, i.”

= L 9

The main results of our probit regression analysis
were as follows:*

1. Neither volatility nor the interest rate was statistically
significantly correlated to the early exercise proba-
bility, even at the 90% confidence level. Both of
these variables were negatively related to the early
exercise probability. This is consistent with intuition
because the continuation value of the ESO would
increase (and the probability of early exercise decline)
as the stock’s volatility or the risk-free interest rate
increased.

2. The moneyness variable was highly significant and
positively correlated to the odds of early exercise
probability (Probit), as intuition would suggest. That
is, the odds of early exercise increase with an increase
in the option’s intrinsic value at the exercise date
node.*

3. The remaining life (i) was related to the odds of
early exercise in a non-linear manner. For options
in their early life, the relationship is positive and sig-
nificant. For options with little life remaining, the
relationship is negative and significant. For options
with intermediate life the relationship was statisti-
cally insignificant but negative.”

The non-linear relationship between Remaining
Vested Life and early exercise probability is intuitive, Over
a grant’s early life, as the grant vests gradually (typically
in monthly installments over 5 years in our dataset),
employees tend to exercise the initially vested options to
meet liquidity needs, knowing that they will continue to
receive additional grants in the near future.

Similarly, holding other factors constant, employees
have a tendency to exercise all in-the-money options
regardless of how deeply in the money such options may
be if their remaining life is very short. That is, when the
remaining life is short, the odds of early exercise should
be significantly correlated to the option’s remaining life
and such a correlation should be negative (i.e., one would
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expect to see the probability of early exercise to be higher
for options with relatively little remaining life). Our results
confirm this hypothesis.

For options of intermediate life, the net impact of
longer life on the odds of exercise may be ambiguous.
On the one hand, liquidity demands would tend to
increase the probability of early exercise (as discussed
above). On the other hand, the continuation value of an
option 1s an increasing function of its remaining life. This
would tend to reduce the probability of exercise for inter-
mediate life options because the employee no longer
expects to get fresh options to replace the existing ones.

The results of our probit regression analysis con-
firmed that by modeling early exercise parsimoniously in
the form of a two-dimensional matrix we have not ignored
the impact of other variables, such as volatility or interest
rates that may influence early exercise. However, we should
caution that such additional variables may have a signifi-
cant impact on early exercise in the exercise histories of
other companies. A multivariate probit regression frame-
work may then be more suitable to calibrate employees’
likelihood of early exercise than the matrix approach
implemented here.

6.0 ESTIMATION OF OTHER PARAMETERS

Before implementing our valuation methodology
described above, we briefly discuss the manner in which
the other relevant parameters in our model could be
estimated.

Cancellation rate, q; ;: Employees forfeit their ESOs
when their employment is terminated. Typically, unvested
options are cancelled immediately upon termination®
and employees have a 90-day grace period to exercise all
their vested options or they are cancelled. The subject
companies tracked their respective cancellation rates on
a monthly basis. We estimated the monthly cancellation
rate to be 0.21% for Company A. This rate was assumed
to be constant for the entire life of the grant for com-
pany A. For company B, due to the availability of detailed
data on cancellation, we measured the cancellation rate
as a function of Remaining Vested Life interval. This
monthly cancellation rate ranged from 0.20% to 1.20% in
the initial stages of the grant and decreased to 0% at the
later stages of the grant.

Dilution rate: Companies may issue additional shares
to honor ESO exercises by its employees. As a result, the
prospect of future ESO exercises by other employees
dilutes the per share value of the company’s stock holding
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other factors constant (see Rubinstein [1995]). Based on
quarterly data of additional shares issued to finance acqui-
sition and to honor ESO exercises, we estimated the
average annual dilution rate (net of the dilutive effect of
acquisitions) for Company A to be 2.71% and 3.77% for
Company B.

The dividend yield: Neither of the subject compa-
nies currently pay dividends or are expected to do so in
the foreseeable future. Therefore, we estimate the future
dividend yield to be zero.”

The risk free rate: Based on our analysis of the early
exercise behavior of the subject companies employees
observed on past ESO grants, we found that grants are typ-
ically exercised over the first five years of their lives.*
Correspondingly, we set the risk-free rate at the observed
5-year Treasury rate as of the specific grant date.

Expected stock return volatility: There is a large body
of literature that discusses alternative approaches to fore-
casting volatility. Broadly speaking, the vast academic lit-
erature on forecasting volatility* can be divided into two
strands (a) forecasts based on an analysis of the stock price
history (“time series” or “historical volatility (HV)”
approach); (b) forecasts based on actual option prices
(“implied volatility” or IV approach).” FAS 123R does
not specify a preferred method that companies should
adopt to forecast volatility, although both FAS 123R and
Staft Accounting Bulletin 107 (SAB 107) released by the
SEC on March 29, 2005, provides guidance on this issue.

HV methods (such as standard deviation of histor-
ical returns and moving average models) consider time
series of past returns to estimate the volatility observed over
a historical sample period. In addition, autoregressive
models such as GARCH consider changes in volatility
estimates over time to predict future volatility. As a result,
instead of simply providing a point estimate of future
volatility, these models forecast the time varying path of
future volatility. This path is characterized by an uncon-
ditional long-term volatility forecast and a series of short-
term conditional forecasts.

However, even such autoregressive methods are
“backward looking” (i.e., based on time series of past
returns). In contrast, as SAB 107 notes, “implied volatility
can be useful in estimating expected volatility because it
is generally reflective of both historical volatlity and
expectations of how future volatility will differ from his-
torical volatility” If options markets were efficient then
implied volatility would “encompass” all relevant
information about future volatility, and the HV forecast
would be redundant.
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Several studies have considered such “forecast
encompassing” tests’' and found that IV forecasts do not
encompass historical forecasts in the short-term (e.g., one-
day forecasting horizon), suggesting that either the option
market is inefficient or that the option model (based on
which the implied volatility was derived) is mis-speci-
fied.*” Longer-term forecasts (one to three months) appear
to indicate that option markets are efficient (or that implied
volatility forecasts outperform historical estimates). How-
ever, since traded options are typically no more than 3
years in maturity, while an ESO’ contractual life could
be significantly longer, the implied volatilities derived
from traded option values may not accurately forecast
longer-term volatility necessary to value ESOs.

Given these problems associated with estimating
volatility using either the HV or the IV approach, SAB
107 indicates that the issuing firm could use some com-
bination of the two approaches to derive an expected
future volatility to value ESOs. There is a large literature
on combining forecasts and firms could consequently
choose a variety of reasonable ways to determine a com-
bined volatility forecast. One reasonable approach would
be to take the arithmetic average of an IV and an HV
estimate as of the grant date, according to Diebold and
Lopez [1995] and Poon and Granger [2003]. Accordingly,
we use an equally weighted average of IV and HV esti-
mates as the volatility parameter estimate in our hypo-
thetical ESO valuation analysis discussed below.

7.0 ESO VALUATION USING OUR
CALIBRATED MODEL

We next use these P(i, 5;) values to calibrate our lat-
tice-based reduced form model to value ESOs. We do so
by first mapping each node on the binomial lattice (i,j)
into a corresponding node defined in terms of the ESO’
Remaining Vested Life, i, and its moneyness multiple, s;.
We next calibrate the lattice model by estimating the early
exercise likelihood at each node to be the observed rela-
tive frequency of early exercise actually observed at that
node in the past, P(i, 5,), or, equivalently, P(i, j), in terms
of the standard binommal lattice.

We compare the estimated value for a stylized ESO
grant that would be derived using our reduced form cal-
ibrated model developed in this paper to the value that
would be derived for the same grant using three alterna-
tive approaches, viz., the standard Black-Scholes model,
an adjusted Black-Scholes model, and the Hull and White
[2004] approach.
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The stylized ESO grant is assumed to consist of 100
options, which are at the money on June 1, 2005, the
hypothetical grant date. The stock price (and the exer-
cise price) is set at $100. The vesting schedule is assumed
to be 25% clift vested at the end of the first 12 months,
followed by monthly vesting of the remaining 75% of the
grant over the next 36 months.

The ESO’s contractual life is assumed to be 8 years.
The adjusted Black-Scholes model incorporates the dif-
ferences in the ESOs and the market-traded options by
substituting the contractual maturity of the ESO with an
“expected life” estimate. Standard and Poors’ ExecuComp
dataset provides the estimated value for ESOs granted to
executives of several public companies, using such an
adjusted Black-Scholes model in which the expected life
is assumed to equal 70% of the option’s contractual matu-
rity. Accordingly, in computing the ESO’ adjusted Black-
Scholes values we assume that their expected life equals
5.6 years or 70% of the assumed contractual life. The risk-
free 5-year Treasury interest rate (as of June 1, 2005) was
4%. On June 1, 2005, the estimated historical volatility,
using five years of monthly data, was 52% and 47% for
companies A and B, respectively. According to Option-
Metrics, the implied volatilities based on 2-year LEAP
prices were 22% and 26% on June 1, 2005, for Compa-
nies A and B, respectively.” Thus, the equally weighted
average of historical and implied volatilities for Compa-
nies A and B on June 1, 2005, were estimated to be 37%
and 36%, respectively. We use such average volatility esti-
mates in deriving the value of our stylized ESO grants,*
The annual dilution rates for companies A and B were esti-
mated to be 2.74% and 3.77%, respectively. The monthly
cancellation rate for company A was estimated to be
0.21%. For company B, due to the availability of detailed
data on cancellation, we measured the cancellation rate
as a function of the Remaining Vested Life interval. This
monthly cancellation rate ranged from 0.20% to 1.20% in
the initial stages of the grant and decreased to 0% at the
later stages of the grant.

Exhibit 5 summarizes our valuation results. The
standard Black-Scholes values (per ESO) for companies
A and B were estimated at $49.55 and $48.74, respec-
tively. Similarly, the adjusted Black-Scholes values, derived
using the expected life estimate of 5.6 years, were calcu-
lated to be $41.37 and $40.63 for Companies A and B,
respectively. Note that these Black-Scholes model-based
ESO values do not take into account the properties of an
ESO, such as non-transferability, non-hedgeability, and
forfeiture., Thus, these Black-Scholes model-based ESO
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EXHIBIT 5
Stylized ESO Valuation

Hypothe tical ESO Value (as

percentage of Bla ck-
Model Hypothe tical ESO Value Scholes Value)

Company A [Company B Company A Company B

Standard Black-Scholes b 4955 | § 48.74 100% 100%
Adjusted Black-Scholes $ 4137 [ $ 40.63 83% 83%
Hull and White Accounting value $ 39.05]% 31.08 79% 64%
Matrix-Based Model Accounting Value $ 3536 | § 30.13 71% 62%
Hull and White Economic value $ 341719 22.83 69% 47%
Matrix-Based Model Economic Value $ 3154 | % 22.29 64% 46%

This numerical example assumes that the subject companies (A and B) each issued a hypothetical ESO grant that consists of 100 options, and are
at-the-money on June 1, 2005, the hypothetical grant date. The vesting schedule is assumed to be 25% cliff vested at the end of first
12 months followed by monthly vesting of the remaining 75% of the grant for the next 36 months. The ESO'’ contractual life is assumed to be
8 years. The expected life of the options is assumed to be 70% of the contractual life or 5.6 years. The stock price (and the exercise price) on
grant date is assumed to be $100. The risk-free interest rate parameter is set at 4%, which was the observed 5-year Treasury interest rate as of June
1, 2005). The volatility estimates for company A and company B were assumed to be 37% and 36%, respectively. These estimates were the equally-
weight historical and implied volatility estimates for these two companies on June 1, 2005. The annual dilution rates for companies A and B were
estimated to be 2.74% and 3.77%, respectively. The monthly cancellation rate for company A was estimated to be 0.21%. For company B, due
to the availability of detailed data on cancellation, we measured the cancellation rate as a function of Remaining Vested Life interval. This monthly
cancellation rate ranged from 0.20% to 1.20% in the initial stages of the grant and decreased to 0% at the later stages of the grant. In the Hull and
White models, early exercise occurs with probability one if the option’s moneyness ratio at any node on the binomial tree exceeds 5 for Com-
pany A and 2 for Company B. The binomial tree used in our analysis has 216 steps. The early exercise matrices used to evaluate the stylized ESO
grants issued by these two companies using our Matrix-Based model are as shown in Exhibits 3A and 3B, respectively. Two versions of the Hull
and White and Matrix-Based models are analyzed. The economic value version considers the impact of cancellation prior to vesting while the
accounting value version ignores this impact as specified by FAS 123R.

values ignore the estimated cancellation, dilution or early exceeds the exogenously specified level then Hull and
exercise parameters of companies A and B. The ESO White assume that the employee will exercise all her vested
values in either the standard or adjusted Black-Scholes and exercisable options for certain. In contrast to the Hull
models differ across the subject companies only due to the and White [2004] approach discussed above, our reduced
difference in the companies’ estimated volatilities. form calibrated model does not assume that the early exer-

We next consider the valuation of the same ESOs cise probability is either zero or one at each node of the
using richer ESO valuation models that do explicitly con- binomial tree. Instead the early exercise probability is
sider the unique features of an ESO. In this connection modeled as a function of moneyness as well as the option’s
we contrast the Hull and White based model with the Remaining Vested Life and can take on intermediate
results derived using our own matrix-based reduced form values between zero and one as shown in the Exhibit 4.
model. Moreover, as discussed earlier, each of these two Hull and White [2004] do not provide any empir-
models can be modified to exclude the impact of can- ical estimates or guidance as to how such a threshold value
cellation or forfeiture in the pre-vesting period as the for the moneyness ratio ought to be set. It could be set in
accounting rules specified in FAS 123R mandate. Thus, an arbitrary manner (FAS 123R mentions 200% as a pos-
Exhibit 5 reports the economic value as well as the sible threshold) or based on historical experience. In our
accounting value estimated for the stylized ESO grants stylized example the threshold values of the moneyness
issued by Companies A and B using either the Hull and ratios were assumed to be 5 for company A and 2 for com-
White [2004] model or our own model. pany B. These estimates were derived as follows. As shown

Recall that the Hull and White [2004] model in Exhibit 2A, for Company A, the weighted average strike
assumes that early exercise occurs with zero probability if price and the weighted average stock price at the exercise
the option’s moneyness ratio lies below an exogenously date for all monthly—vested grants that had been exercised
specified level. If instead the option’s moneyness ratio were $4.68 and $23.48, respectively. Thus, the average
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stock price at exercise date was 5 times the average strike
price. Similarly, for Company B, the weighted average
strike price and the weighted average stock price at the
exercise date for all monthly vested grants that had been
exercised were $18.94 and $39.37, respectively (See
Exhibit 2B). Thus, the average stock price at exercise
date was 2 times the average strike price.

According to FAS 123R, the likelihood of option
cancellation during the pre-vesting period should not be
included in the accounting valuation of the ESO at grant
date. Accordingly, we have computed such accounting
values for the hypothetical grants by companies A and B.
Based on the Hull and White approach, the ESOs’
accounting value for company A is $39.05 and for Company
B is $31.38. Based on our matrix-based model, the ESOs’
accounting values for each company would be even lower:
$35.36 for company A and $30.13 for Company B.

In determining the economic value of an ESO at
grant date, an employee would, however, take into con-
sideration the likelihood of option cancellation during
the pre-vesting period. We have therefore, also computed
the economic values of the stylized ESO grants using the
Hull and White model and our own model. Based on
the Hull and White approach, the ESOs’ econontic values
for company A is $34.17 and for Company B is $22.83.
Based on our model, the ESOs’ economic values for com-
pany A is estimated to be $31.54 and $22.29 for Com-
pany B. Thus, while the likelihood of pre-vesting
cancellation has a small impact on Company A’s grant-
date ESO value, it has a considerably larger impact on the
economic value of the ESO grant by Company B.

The differences in ESO valuation due to modeling
differences are apparent when the estimated ESO values
are reported as a percentage of the standard Black-Scholes
value. As is evident from Exhibit 5, an ad hoc adjustment
of the ESO’ contractual life to reflect an expected life
that is 70% of the contractual life reduces the ESO’ value
by 17% relative to the Black-Scholes value. However,
according to the Hull and White approach, the grant date
value of the ESO granted by Company A is properly esti-
mated at 79% of the standard Black-Scholes value. In con-
trast, according to our matrix-based model, the same
option should be valued at 71% of the standard Black-
Scholes value on the grant date. Thus, the disparity
between the Hull and White approach and our more
finely calibrated approach is substantial, and amounts to
about 11% of the grant’s value.” In contrast, the disparity
between the Hull and White and our own approach is
smaller in the case of Company B.
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The result follows from the fact that Company A's
stock price had witnessed a much sharper increase in value
relative to Company B. As a result, Company A’s average
moneyness at exercise date was 5 compared to that of
Company B, which was 2. Accordingly, in the Hull and
White approach, the ESO is assumed to go unexercised
even when the option is in the money but with a mon-
eyness ratio of less than 5. In contrast, our model cali-
brates early exercise more finely and incorporates the
likelihood of early exercise at lower moneyness ratios. As
a result, the average exercise date in our approach is less
than that of the Hull and White approach. Correspond-
ingly, our model yields a lower (more properly calibrated)
ESO value compared to the Hull and White approach.
This disparity is less in the case of Company B, since the
threshold level for early exercise assumed under the Hull
and White approach in that case is much lower at 2.

Our analysis also reveals that the economic value of the
ESOs is significantly less than the accounting value per FAS
123R s stipulations. In the case of Company B, the accounting
value would be 62% of the Black-Scholes value while the eco-
nomic value would be 46% of the Black-Scholes value.

In short, our model indicates that ESO values are
significantly lower than that of traded options (priced
using the Black-Scholes formula).** There are two pos-
sible interpretations of this result.

Our model is a reduced-form one in which early
exercise is calibrated to observed early exercise behavior of
employees, and not derived from a utility maximization
fraimework. Hence, our result may be interpreted as evi-
dence that employees rationally exercise their ESOs much
earlier than they might otherwise have done in the case
of traded options given their risk preferences and these
non-traded options’ unique characteristics (such as vesting
period, potential cancellation and blackout periods during
which time even vested options cannot be exercised).
Alternatively, the significantly lower valuation of ESOs
relative to that of traded options may have a behavioral
explanation, namely that employees inefficiently exercise
their ESOs too early and leave money on the table.”’

CONCLUSION

The reduced-form calibrated lattice model presented
in this paper describes a methodology of valuing ESOs.
The central feature of our model is the estimation of an
early exercise matrix, based on the past history of ESO
exercise behavior displayed on past grants by all the com-
pany’s employees. This early exercise probability matrix
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yields the probability that an exercisable ESO will be exer-
cised at a particular node on a binomial lattice. Thus, early
exercise probability is modeled as a function of time
remaining to exercise and moneyness parameters.

Our empirical analysis, which is based on the com-
plete early exercise behavior of two large technology com-
panies and involves more that four billion ESOs, reveals
that ESO valuation approaches permitted by FAS 123R,,
such as simply adjusting the expected life of the ESO in
the Black-Scholes model or assuming that early exercise
is certain 1f the option’s moneyness ratio exceeds some
threshold level, are likely to lead to severe valuation biases.

ENDNOTES

'Statement of Financial Accounting Standards No. 123,
Share-Based Payment (revised 2004), No. 263-C, December
2004,

*It 1s helpful to clarify some terminology at this juncture.
An ESO is the option to purchase one share at a specified strike
price, which is typically the company’s stock price on the date
of grant. By “grant” we refer to a particular set of employee stock
options awarded to a specific employee. Thus, for instance, if an
employee received 100 ESOs with the same contractual terms on
January 15, 2005, then these options would be classified together
as a single grant. If the same employee received two sets of options
with somewhat different contractual terms, the two sets would
be treated as two different ESO grants even if both sets of options
were granted on the same date. Similarly, if two different
employees received ESO grants on the same date with identical
terms, then each employee’s award would be termed a separate
“grant.”” As we discuss later, grants made on the same date with
identical contractual terms but made to different employees may
be combined for calibration purposes into “aggregated” grants.

*Examples of utility-based models include Rubinstein
[1995], Huddart [1995] and Marcus and Kulatilaka [1994].

'For other examples of reduced form ESO valuation
models, see Hull and White [2004] and Carpenter [1998].

The intrinsic values are net of dilution (See Rubinstein
[1995]).

“We thank the referees for raising this point.

"Early exercise may be rational for traded options only if
the stock pays dividends. Otherwise, the option’s intrinsic value
cannot exceed its continuation value. We note that neither of
the companies included i our empirical analysis pay dividends.
Therefore, the alternative modeling distinction discussed above
would not affect these companies’ ESO valuation using our
calibrated matrix model.

"We thank the referees for raising this point.

"FAS123R paragraph A.3.

"FAS123R paragraph A.4.

"For instance, a typical monthly-vested schedule would
stipulate an initial vesting of 20% of all ESOs granted one year
from the grant date, with the remaining 80% vesting on a
monthly basis over the subsequent 48 months.
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“About 1,843 individual grants out of 54,720 for Com-
pany B did not have a defined vesting schedule available for
company B and were hence not included in the calculations.

“In the case of monthly-vested grants, this vesting date
refers to the date when the first allocation of grants was vested.

"Although all grant cohorts contained ESOs written on
the same company’s shares, their remaining vested life sub-inter-
vals do not coincide in terms of calendar time and hence the min-
imum stock prices recorded over such sub-intervals would not be
identical across grant cohorts. For instance, consider two 10-year
option grants (that were immediately vested upon grant). Suppose
the first grant was made on January 1, 2000 and the second was
made on January 1, 2001. Then, the first grant’s sub-interval i =
1 would span its first six months of vested life (from January 1, 2000
through June 30, 2000), while the second grant’s first sub-interval
i= 1 would span its first six months of vested life (from January
1, 2001 through June 30, 2001). It is clear from this example that
the stock’s minimum price recorded during the first grant’s sub-
interval i= 1 would not coincide with the stock’s minimum price
recorded during the second grant’s sub-interval i = 1.

"*Since there are 10 columns in the matrix, each denoting
a particular 5, sub-group, going across a particular row of the
matrix, each cell would include 10% of all grants rank-ordered
by their respective moneyness ratios, s,

""However, even for lower values of i, each cell in the
matrix would contain 10% of all grant cohorts for that sub-
interval i (i.e., holding the sub-interval row, i, constant).

"An ESO is considered exercisable within a sub-interval
i if the minimum stock price during the calendar period span-
ning the grant’s sub-interval i was higher than the ESO’ exer-
cise price.

"Thus, by definition, the lower S/X bound for the first
moneyness decile is 1.0. Similarly, the upper bound for the last
moneyness decile is unbounded (empirically set at 10,000 in our
early exercise matrices).

"We thank the referees for raising this issue.

#Our analysis was based on grant data from one of the two
companies in our dataset. An ESO grant to an individual
employee on a particular date is referred to as a “individual
grant.” Such an individual grant consists of a specified number
of employee stock options that vest over time. Our probit analysis
was based on a sample of 414,310 individual grants that con-
tained 1,671,776,932 options granted. These individual grants
were aggregated into 113 “aggregate” grants based on the grant
date, grant price, expiration date, and vesting schedule. The
selected individual grants satisfied the following criteria: 1) grants
were made on or after 1/1/1996, during which period implied
volatility data for the company was available; 2) the aggregate
grant consisted of at least 100 individual grant holders, 3) the
aggregate grant consisted of at least 1,000,000 options granted.
The resulting sample covers 81% of all individual grants, and
65% of the total shares granted, by the company over the Jan-
uary 1, 1996—June 30, 2005 period. The final sample used in
our probit analysis contained 1,905 observations of the ratio of
exercised options as a percentage of vested and exercisable options
(that were vested and in the money), and which satisfied the
above selection criteria. The implied volatility was “matched”
to the extent feasible with the ESO’ remaining life as of the
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exercise date. That is, the implied volatility was taken from the
traded option on the company’s stock that had a remaining life
that was nearest to that of the ESO’ remaining life at exercise
date. Since traded options” maturities are generally 2 years or less
while that of ESOs may be considerably longer, in those instances
where the remaining ESO life was greater than 2 years, we used
the implied volatlity from the longest-lived traded options at
the time. The implied volatility data was obtained from Option-
Metrics, the best-known vendor of such data.

*'The risk-free interest rate was the constant maturity
Treasury rate available from the Federal Reserve as of the ESO’s
exercise date. Such rates were available for 1-, 3-, 5-, 7- and
10-year maturities. Accordingly, we used the risk-free rate quoted
as of the exercise date for the maturity that was nearest to the
ESO’s remaining life at the time.

*To run piecewise-linear regressions, we defined three
tranches for the remaining time to maturity. The first tranche
was defined to include remaining vested life, i was 1-0.50 (the
option’s early life during which period the vesting is not com-
plete). In the second tranche, i was 0.05-0.5, and in the last
tranche, i was 0.05 or lower.

PR esults are available from the authors upon request.

*The same effect also tends to increase the continuation
value of the option, but relatively less so.

BThis is consistent with the hypothesis that the contin-
uation value increases with the option’s remaining life, which
tends to reduce the odds of early exercise.

*The cancellation of such unvested options has no reper-
cussions in either our valuation model or in the booking of
ESO expenses from an accounting perspective.

T Although we make such an assumption for the purpose
of our stylized ESO valuation exercise in this paper we should
point out that it could also plausibly be assumed that the sub-
ject company may start paying dividends at some future date,
before the ESO being valued expires.

*We estimate the expected term as the average period by
which ESOs were exercised. We based this analysis on a sub-
sample of all grants issued by the subject companies. In particular,
we considered only those grants that had expired. Hence, for
such grants we had a complete history of all exercise decisions.

*See Poon and Granger [2003] for a detailed review on
the subject.

“The IV is the value of the volatility parameter in some
theoretical option valuation formula (such as the Black-Scholes
or the Cox, Ross and Rubinstein model) that would make the
theoretical price equal to the actual observed option price.

3See Christensen and Prabhala [1998], Lamoureux and
Lastrapes [1993], Canina and Figlewski [1993] and Day and
Lewis [1992].

“However, such studies do not consider very long run
forecasts of several years that would span ESOs’ contractual lives.

B0ptionMetrics, a subscriber-based data vendor, was
used for each of the subject companies. (See OptionMetrics
[2005] for a detailed discussion of how the vendor calculates
implied volatilities.)

#Clearly, alternative voladlity estimates would result in dif-
ferent estimated ESQO values. However, since the focus of this
paper is on the calibration of early exercise probability and not on
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volatility estimation, we have abstracted from analyzing at length
the numerous alternative ways in which volatility estimates could
be derived and their corresponding impact on ESO valuation.

BT1-79)/71 = 11%.

%This conclusion is also consistent with the results drawn
based on Hull and Whites [2004] model.

"We thank the referees for raising this point.
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