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Default Correlation Dynamics
with Business Cycle
and Credit Quality Changes

Mi AE Kim AND ToNG Suk Kim

The structural model for default correlations developed
here can deal with temporal and cross-sectional dif-

ferences. Corporate debt and first passage-tine models

are extended to incorporate systematic risk factors in
the asset value dynamics. Using the extended models,
we analyze the relationship between default proba-
bilities and default correlations, credit quality, and
business cycle fluctuations. These extensions provide
an easily implementable approach to default proba-
bilities and default correlations that uses both firm-
specific and macroeconomic information and allows
theoretical justification for recent empirical findings.

A few potential uses of the model include pricing
credit derivatives subject to market risk and multiple
defaults, and managing credit portfolio risk,

efault correlation has become an

important factor in pricing credit

derivatives and managing credit

portfolios. There is increasing evi-
dence of temporal and cross-sectional difter-
ences in defaults and their potential impact on
default correlations. Ignoring such differences
may introduce a substantial bias in valuation.
Gersbach and Lipponer [2000], for example,
have demonstrated that adverse macroeco-
nomic shocks can increase default correlations,
and this effect may account for more than 50%
of the increase in credit risk.

Another aspect of importance is cross-
sectional differences in default correlations.
Das, Fong, and Geng [2001] provide some evi-
dence that default correlations among high-

grade issuers are higher than among low-grade
issuers. Findings by Nagpal and Bahar [2001],
however, point the other way; default corre-
lations among high-grade issuers are found to
be lower. Analytic clarification is in order.

Duttie and Singleton [1999], Jarrow and
Yu [2001], and Yang [2002] are among those
who have tried to incorporate macro-depen-
dencies and cross-sectional differences in a
reduced-torm framework. Although the
market-based reduced-form approach has
many desirable properties, the absence of spec-
ification of a default-triggering mechanism
and the model’s dependence on data make a
companion structural form model a necessity.

The structural approaches to date, how-
ever, fall short of explaining dependencies and
difterences in the default correlation structure.
While Zhou [2001] extends Merton’s [1974]
model by allowing local correlations in firm
value dynamics, the result 1s not adequate to
accommodate the issues at hand, particularly
in addressing persistent macro-dependencies.

We develop a structural model for default
correlation dynamics that is capable of dealing
with the observed macro-dependencies and
cross-sectional difterences. The classic Merton
[1974] model and the first-passage-time model
of Zhou [2001] are both extended to incor-
porate stochastic macroeconomic factors in the
asset value dynamics. These extensions allow
default probabilities and default correlations to
be explicitly dependent on macroeconomic
shocks.
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Using these analytical models, we investigate the
features of default correlations induced by changes in the
market environment and their implication. The macro-
dependence we introduce produces a clustering effect, as
it is designed to do; it makes both default probability and
default correlation high in a bearish market. Cross-sec-
tional differences in default correlations can also be
induced by the impact of systematic risk factors on asset
values. Our model reveals that default correlations of high-
grade firms with less idiosyncratic risk tend to be greater
than those of low-grade firms.

Our primary contributions are as follows. First, we
suggest an easily implementable approach to default prob-
abilities and default correlations that uses both firm-spe-
cific and macroeconomic information. Second, we provide
a theoretical justification for various defaule correlation
dynamics that appear in the empirical literature.

I. MODEL

We first present a basic default correlation structure
and develop an extended Merton model and an extended
first-passage-time model for default correlation dynamics,
accounting for macroeconomic shocks.

Assumptions

Assumption 1. The macrocconomic state variables Y, have cor-
related mean-reverting Gaussian distributions:

dY, = k.0, = Y,)dt + 0,dWy.,, 1<n<N (1)
where K, 6, and O, are positive constants, and W, n a stan-
dard Bmwnnm Hmrmn under the spot probability measure. The
macroeconomic state variables are allowe d to be correlated; no
v and W, ( < N) are correlated
F
with instantancous correlation m(ﬁnmm\ p) -

This assumed dynamics of the state variables is the

Brownian motions W,

same as the instantaneous spot interest rate process of

Vasicek [1977]. Since economywide state variables, such
as the default-free spot interest rate, production growth
rate, and inflation rate, are mean-reverting, it is reason-
able that state variables are assumed to follow an Orn-
stein-Uhlenbeck process.”

Assumption 2. The asset value 1
diffusion process:

. of firm m has a lognormal
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¥ T o :
“7 = (@ - Y (t) + bw) dt + 0dWy;,
forl<m<M (2)

where a is an N X 1 vector of constants; a ! is the transpose of the
; Y(t) is an N X 1 vector; h 15 a constant; O, is the stan-
dard d( ma!mn of asset returns; mrd H

vectora,
is a standard Brownian
motion under the spot probability meastire. The asset values are
assumed to be correlated with each other as well as with the macro-
cconomic state variables: E|d WV, .'n'Hf"l ‘,‘l =Py ,]dn'(l <i,j< M),
and E[dW,, dW, | =p,. . di (1< mSM, 1<n<N).

The elements of the vectora! =(a . a . ...,a, ) are
expected asset return sensitivities of firm m to common
risk factors Y(f), and the constant b is a firm-specific
expected asset return portion not affected by common
risk factors. To incorporate macroeconomic shocks nto
the stochastic asset value process, the instantaneous expec-
tation of the asset return is assumed to have a level depen-
dence on stochastic common risk factors.

Although the instantaneous variance of asset returns
may also be subject to economywide shocks, we do not
incorporate this dependence here because the assump-
tion on business cycle-adjusted stochastic asset value
process is sufficient to illustrate the impact of the business
cycle on asset value dynamics. In addition, even if all
variables are assumed to follow a multivariate normal dis-
tribution, the assumption does not necessarily make the
tail-dependence of firm returns go to zero. In a model such
as Zhou [2001], where default correlations are induced
only by joint movements of the local changes of Gaussian
type, tail-dependence would go to zero as correlations go
farther into the tail.

In our model, however, the macro-dependence
could induce non-negligible extreme tail-dependence
except when the macroeconomic variable goes to the
extreme tail at the same time. In other words, the extreme
tail-dependence of two different firms could sull be quite
high, depending on the state of the macroeconomic vari-
able and the sensitivity of each firm’s returns to the macro-
economic variable

The relation between systematic risk factors and
asset values is modeled in two ways: through dependence
at the expectation level, and through correlated shocks.
To be specific, dependence of expected asset returns on
the macroeconomic state is the first way, and instanta-
neous correlation between the unexpected changes in

asset returns and the state variables, p,. . is the other.

IH n
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Assumption 3. The default of a firm is triggered by a decline

in its asset value. For each firm m, there is a time-dependent value

K, (1) such that the firm continues to operate and meets its con-
o i g -

tractual obligations as long as V' (f) > K (1).

We measure credit quality (or credit grade) by
leverage, 1V/K. The default boundary can be defined in
various forms. For example, Black and Cox [1976] take
an exponential form in time t because the expected debt
value usually takes this form. In practical applications, the
default boundary is a weighted average of the firm’ long-
term and short-term liabilities. The default boundary can
also be stochastic, moving together with firm value and
the business cycle.

Default Correlation Structure

Suppose there are two random variables, D, (1) and
D, (1), that describe the default status of two firms over a
given horizon t:

1 if firm m defaults by £, m € {1.2}
Dp(t) = (3)

0 otherwise

It 15 reasonable to assume that when one firm

defaults, the other firm may have a higher likelihood of

defaulting. Because both firms are subject to the general
economy, their industry, or their region, they are likely
to have a positive default correlation. This phenomenon
is what Zhou’s [2001] structural default correlation model
tries to address.

In Zhou's model, however, the default correlation
between two firms is caused only by the local asset return
correlation. The default correlation between two firms
with a trivial local asset return correlation would thus be
almost zero, yet the firms may exhibit a high correlation
during economic downturns despite their trivial asset
return correlation. Addition of common economywide
risk factors to the stochastic asset value movements would
be necessary to account for such dependence.

The default correlation p, (f) over a given horizon
t is defined as:

E[Di(t) - Dy ]—E[D] 1] E[Da(t)]
v Var| -Var[Dy(t)]

poc(t) = (4)

Because D (1) 1s a Bernoulli binomial random vari-
able, we have:

E[Du(t)] = P(Dn(t)=1).
Var[D,,(t)] = P(Dwm(t) =1)-[1 — P(Dm(t) =1)]

where P(A) is the probability that event A occurs.

The default correlation is useful in determining joint
default probability and in evaluating the probability that
either firm defaults. The joint default probability is:

P(Di(t)=1and Dy(t) =1) =
P(n <tand 7y <t) = E[Dy(t) - Dy(t)] (5)

where T (=min (¢ V, () <K (1)}) is the first time that
the firm m asset value reaches 1t5 default threshold level
K (). The probability that either firm defaults is:

m

P(Dy{(t) =1 or Dy(t) =1)
= P(Dy(t) = 1) + P(Dy(t) = 1) — P(Dy(t) = 1 and Ds(t) = 1)

= E[D\(1)] + E[Dy(t)] — E[Dy(t) - Da(t)] (6)

One can easily see that, given the individual default
probabilities, positive default correlation reduces the prob-
ability that either firm will default.

Extended Merton Model of Default Correlation

We first investigate a simple case of two firms that
can default only at maturity, as in Merton’s model. Propo-
sition 1 describes the joint default probability with one
systematic risk factor, which is easily extended to the case
with multiple systematic risk factors.

Proposition 1. With deterministic default threshold level K (t),
the joint default probability with maturity t is:

P(Vi(t) < K (t) and V5(t) < Ky(t))

/fmn /lfz Mp (7\1‘2 — 2par(t)zy + .f/g)d rdy
o 2m/1— paglt)? 2(1 = pag(t)?) '

= BV N(dy(t), da(t), par(t))
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where form =1, 2

('rm“) S, (1) ' "MH(” - 51“)52(”

Mu(t) = InVia(0) + (J,,‘, - 5) ) g
[ [[j(f‘ H)(};; = H) + Hl‘J

~ W, '{7,”5 ¥
S2(t) = ait+2anm (’;‘ Libid ) [t — B(t: k)] +
K

o (S) [t — 2B(t; &) + B(1;2x)]

L'I_g“) = 1 (;)- [.’ - QB“F\) + B(th)] +

ay

—(prayoad) [t = Blt:s)] +

r%(ﬂ\',s"”l [f - + T TPy vyl (7)
Bltik) = (1—e™/x
BV N(a.b.p) = cumulative probability distribution function

for a standard bivariate normal variable.

The covariance between asset returns S, ,(f) has three
components. The first component |the first term i Equa-
tion (7)] represents the common dependence of expected
asset returns on the systematic risk factor. The second com-
ponent (the second and third terms in the equation) repre-
sents the correlated shocks between asset returns and common
risk factors, and the third component (the fourth term in the
equation) corresponds to the local asset return correlation.
The first two components reflect the interdependence among
firms caused by economywide fluctuations.

Given the default probability of each single firm and
the joint default probability of both firms, default corre-
lations can be easily obtained using Equation (4). The
Merton model of default correlation (the standard struc-
tural model) is obtained as a special case when expected
asset return has zero sensitivity to systematic risk factors.

Extended First-Passage-Time
Model of Default Correlation

Because the assumption that a risky bond may default
only at its maturity is restrictive and unrealistic, the first-pas-
sage-time model has been developed and widely used.
Notable examples include Black and Cox [1976], Leland and
Toft [1996], Longstaft and Schwartz [1995], and Zhou
[2001]. Of these, Zhou [2001] 15 the first to develop a model
for two firms, while all other models are for a single firm.
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Generalizing Zhou's approach, we develop a first-
passage-time model with common economywide risk fac-
tors. The joint default probability of two firms with a single
risk factor is expressed in Proposition 2. This approach can
be easily extended to a case with multple systematic risk
factors and multiple firms (see Appendix A).

Proposition 2. Discretize time into n equal intervals, and define
date 1, = jt/n, = jAt forj € (1, 2, ..., n). Similarly discretize
Yespace into nequal intervals between some chosen minimum
Y and maximumY, and define Y, = Y + iAY fori € (1, 2,

ny), where AY = (Y- Y)n,. With a deterministic default
threshold level K, (0. form =1, 2, the joint default probabili-
ties during time period t under the first-passage-time model are:

P(Dy(t) =1 and Dy(t) = 1)

Ty ny

DD ity (8)

J=1 =]

where

g(Yit)) = AYU(Y, t)Vie (1.2,...ny)
=1 my
g(Yit;) = AY —ZZq(};.r,.)m;.r_,-l}’,,‘f.-)]
v=1 u=]1
ny), Vj € (2,..,n)

Vie (1,2,..

W(Y,t) = m(¥i#Y.0)X

a1 (Ye 8|15, Y5, 0) I':(Yr-"“u ¥0.0) . J
BV N = SOV I 12 Yo, 0
(_1 Y, t]id. Y0, 0)" Xy (¥, ]2 ¥, 0) o 15 ¥a.0)

(Y, tYs,8) = w(Y, tYs, )X

BVN piy (Yt =0,%,8) i (MG10=0,¥,,8)
UAE (Yl =10,Y,,8) T (VL2 =0,%,8)’

e tit =0, =0, 5;..5-))

Here, m (Y, t|Y,, s) is the transition density for the systematic
risk factor; f"' is the logarithm of the leverage ratio K (1) /V (1);

ALY, r|l"' N emd X (¥, t | 1P, Y, Sare Ih{ expecta-
tion mrd standard deviation of I", re \p(mm’ly, conditional upon
the values {Y, |, Y }. ©(Y, I[I' EY, i rhe correlation

between ! cm(” cmldrnmml upon {Y 1 L,

Proof: See Appendix B for proof of the proposition and
for the definitions of-,um. Zm‘ and ©.

Using the result of Collin-Dufresne and Goldstein
[2001], we can easily obtain the default probabilities of
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tirms exposed to fluctuation of systematic risk factors. The
default correlation can then be derived using Proposition
2. Our extended first-passage-time model of default cor-
relation nests Zhou's [2001] model as a special case when
asset values are not affected by the systematic risk factor.

II. IMPLICATIONS OF THE MODEL

We can analytically show the relation between
default probabilities and business cvcles. We also show
that changes in default correlation are related to both
credit qualities and economic conditions.

Default Probability
Depending on Business Cycle

Crouhy, Galai, and Mark [2000, 2001], Dhas, Fong,
and Geng [2001], Erlenmaier and Gersbach [2001], and
Fridson, Garman, and Wu [1997] show default probabil-
ities to be dependent on the credit quality of each issuer
cross-sectionally and to vary with the business cycle over
time. A company’s ability to pay its bondholders depends
on its ability to generate profits, which may be sharply
impaired in a recession. In fact, many empirical results
show high default probabilities in a recessionary economy.

Current structural models, however, are not
equipped to explain such regularities. In the structural
models we have to date, the macroeconomic impact enters
the system only implicitly through firm value, and there
is no way to isolate the macro effect. An explicit repre-
sentation of this dependence in the system 1s necessary.

The default probability of an issuer in the extended
Merton model is:

P(Vi(t) < Ku(t)) = N(d(1)) (9)
where
o In [\'m(f) o -‘1'1111“)
dm(t) = 5.0 (10)
M, (t) = InV,(0)+ (hm — inf) L+t
a [B(t;5) (Yo — @) + 01] (11)

{J‘}”Y(’-m{)

m .
K

S2(t) = o*t+ 2am, ( ) [t — B(t; x)]

+a?, (?—‘)-{f —2B(t:x) + B(t;2r)] (12)
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Blt;r) = (1-e™)/k (13)

Equation (9) can be used to explain the observed
phenomenon of default clustering. Assume, for example,
that the economywide variable Y represents the produc-
tion growth rate. If the instantaneous asset return is directly
proportional to the production growth rate, the expected
asset return, M (f), is greater in a bullish market (Y, > 6)
than in a bearish market (Y, < 6) as shown in Equation (11).

Equation (12) shows that the variance of asset return,
S2(f). is composed of two parts. One is the firm-specific
(diversifiable) risk represented by the first term of the asset
return variance, and the other is the economywide (sys-
tematic) risk associated with the second and third terms of
the asset return variance. The systematic uncertainty of the
asset return 1s related to the sensitvity of the asset return
to the market condition, a,, and the correlation between
macroeconomic shock and asset value, P, v While the
Merton model cannot tell the difference between two firms
when they have the same asset return variance, the extended
model can make finer distinctions by decomposing the
total variance into idiosyncratic and systematic parts.

The default probability of a firm in the extended
Merton model is the same as in Merton’s default model
if the asset value does not depend on the business cycle
(e, a, = 0). Firm value, however, fluctuates with the
state of the economy in general (i.e., a, # 0), and so does
the default probability.

The sensitivity of the default probability to Y|, rep-
resenting the current economic condition, is

ON (di(t))

oy, (14)
As shown in Equation (14), the partial derivative of the
default probability with respect to an economywide shock
has the opposite sign from a regardless of investment
horizon .}

When asset returns are positively related to the eco-
nomic state variable (in other words, when sensitivity a
1s positive), asset values increase with the level of the state
variable and, as a result, default probabilities decline.

Exhibit 1 shows that negative (positive) macroeco-
nomic shocks increase (reduce) default probabilities. It
also shows that differences in default probabilities induced
by market conditions increase with the investment
horizon. The average default probability across different
maturities 13 11.04% higher in downturns than in normal
times. In addition, there 15 a greater difference in default
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ExHIBIT 1

Relation Between Default Probability and Market Environment in Extended Merton Model

025 T T T T T T T
- YO =0.08
s ¥, 50008 A
0.2
2 015F
=
]
a
2
o
5
L
2 o1t
0.05
0 1 1 1 1 1 | 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Maturity (years)
Y, is implicitly assumed to be a negative market indicator such as the unemployment rate. Parameter values: 1'/K = 2, a =—0.3,

=025 Kk=0.1,0=0.08 6 =0.03, and Ppy=—"0.1.

probabilities when firm values have more systematic risk
exposures.

Default Correlation
Depending on Credit Quality

Recent credit risk research shows that default cor-
relations between high-grade firms are quite different
from those between low-grade firms, regardless of invest-
ment horizon. For example, Das, Fong, and Geng [2001]
show that the default probabilities of higher-grade firms
are more correlated and have greater higher-order
moments, using a monthly time series of one-year default
probabilities for 7,000 non-financial U.S. public firms
rated by Moody’s. Default correlations are obtained from
the correlation of hazard rates estimated from the Moody's
default probability data. The results indicate that the cor-
relation of default probabilities depends on the credit
quality of issuers.*

The default risk of a credit portfolio, in fact, is made
up of two parts. One part 15 the default probability of

Fart 2005

each individual issuer, and the other part is the default
correlation between issuers, which is the source of the
diversification effect in portfolio value. Accordingly, as
the default correlation increases, the diversification effect
1s diminished, and there is a greater probability of a large
loss due to multiple defaults. This association makes accu-
rate estimation of default correlation a necessity in man-
aging the default risk of portfolios.

Exhibit 2 presents the correlation of default prob-
abilities and changes in default probabilities. It shows that
correlations of default probability among high-grade
firms are almost six times higher than those among low-
grade firms.

Other authors suggest higher default correlations
among low-grade issuers than high-grade issuers. Barnhill
and Maxwell [2002] find that, as credit quality deterio-
rates, systematic risk exposure (as measured by the equity
beta) increases, which in turn raises the default correlation.
Gersbach and Lipponer [2000] and Zhou [2001] also find
that default correlations decline as credit quality improves.
Zhou [2001] explains the cross-sectional variation in the
13
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EXHIBIT 2
Average Correlation Within Class

Average correlation within class  Aaa/Aa

Baa Ba B Caa/Ca/C

Default Probability Levels 0.5033  0.3628  0.1696  0.0888  0.0945 0.0869
Default Probability Changes 0.1656  0.0810  0.0572  0.0313  0.0268 0.0588

Monthly time series of probabilities of default for ULS. non-financial public firms over January 1987—October 2000 obtained from Moody's Risk Management Services.

detault correlation with fixed local asset return correla-
tion as determined by the stock return correlation, regard-
less of the credit quality. His approach assumes that the
systematic risk exposure is equal for all the firms, but that
the distance-to-default differs in explaining the cross-sec-
tional default correlation dynamics.”

Although there are contrary results in the litera-
ture, a consistent conclusion is that default correlations
are positively related to the systematic risk exposures
of firms, regardless ot credit quality, which cannot be
explained in the structural approaches such as Merton
[1974] and Zhou [2001].

It can be shown that default correlations rise as the
systematic risk exposures of 1ssuers increase, using Propo-
sitton 3, which 1s based on the extended Merton model
of default correlation. When two firms have equal tfirm-
specific parameters, we can analytically show the depen-
dence of the default correlation on the systematic risk
exposures of issuers.”

Proposition 3. The partial derivative of the default correlation
P with respect to systematic risk exposure ... is:’

a,rlp(' o f)/)n(v (l)[{\g
dpvy dpar  dpvy

(15)

and the partial derivative of the asset return correlation p ,  with
respect to the correlation between asset value and macroeconomic
shock p, ., has the same sign as a:

dpar 1 |, , 2, (00 Bl
Dovy SN0 [_’u(_l — Py )ott ( . ) (t B(_i‘.h_))} (16)

where P . is used as a proxy for systematic risk exposure, S*(r)
= Var,[In V()] and B(t; K) = (1 — e ™) /K.

Proof: See Appendix C.
When a is positive (i.e., when the systematic risk

factor has a positive effect on expected asset return), asset
return correlation p , , increases with p, .. using Equation
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(16). Therefore, default correlation p,, . is higher when
the level of systematic risk exposure is high, as shown in
Equation (15).7

The first two graphs in Exhibit 3 show that the
default correlation in the Merton model declines, the far-
ther the firm 1s from default. Panel A plots the relation
between distance-to-default (and Panel B the relation
between default correlations) and the investment horizon
for different credit qualities.

Panel B illustrates that default correlations always
drop with improving credit quality in the Merton model,
which 1s not always consistent with empirical findings.
By Proposition 3, however, default correlation can increase
with credit quality, where firms in a high-quality class are
more subject to systematic risk than those in a low-quality
class (see Panel D of Exhibit 3).

The last two graphs in Exhibit 3 illustrate the possi-
bility that default correlations can increase even though asset
values are farther away from the specific default threshold.
For example, default correlations among high credits with
P,y = —0.5 (a = —0.5) are 22.62% higher than among low
credits with p, .= 0 (a = 0) for a ten-year maturity.

In fact, high-grade firms producing export goods
can be more exposed to foreign exchange risk than low-
grade firms producing mainly domestic consumer goods.
Reevaluation of the domestic currency causes asset values
of the high-grade exporters to deteriorate, thereby causing
more frequent defaults among the high-grade exporters.
Consequently, default correlations among high-grade
firms can be higher than among low-grade firms.

Of course, when all firms are equally exposed to
systematic risk, low-grade firms may simultaneously
default more easily than high-grade firms with negative
market shocks. This phenomenon is often observed in a
real world because of the higher default probabilities of
the low-grade firms.

Default Correlation
Depending on Business Cycle

Default correlations vary with time and depend on
prevailing economic states as empirical findings show.
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EXHIBIT 3
Relative Business Cycle Effects on Asset Values with Different Credit Qualities in Extended Merton Model

Panel A. Term Structure of Distance to Default—

No Systematic Risk Exposures

35}

25+

Distance to Default

T T T T T T T

<<
=
=
n

5 4 6 8 10 12 14 16 18 20

Maturity (years)

Panel C. Term Structure of Distance to Default—

With Different Systematic Risk Exposures

35}

Distance to Default

VIK =
VIK=

2 4 6 8 10 12 14 186 18 =20
Maturity (years)

Panel B. Term Structure of Default Correlation—

0.4

0.2

Default Correlation

No Systematic Risk Exposures

T T T T T T T T

VK =
VIK =

L i i

§ 10 12 14 16 18 20
Maturity (years)

n
ES
oF

Panel D. Term Structure of Default Correlation—

0.4

0.35

0.3

Default Correlation
5 g8 B
(2] n v

o

o
o
a

With Different Systematic Risk Exposures

T T T T T T T

VIR =P
VIK=P

2 4 6 8 10 12 14 16 18
Maturity (years)

[
o

In Panels A and B, the sensitivities of the low-grade (high-grade) asset valies to a systematic risk factor are a, = 0fay = 0). In Panels C and D, the sensitivi-
ties of the low-grade (high-grade) asset values to a systematic risk factor are a
K=0.1; 8=0.08Y,=0.05 and 6 = 0.03.
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. = 0 fa,; =—0.5). The other parameter values are g, =0, =0.3; P, = 0.5;
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They tend to be greater in stresstul markets than under
normal conditions. That is to say, default correlations are
greater when default probabilities are high.

Using a structural model, Barnhill and Maxwell
[2002] show that asset values are more sensitive to macro-
economic conditions in downturns since average credit
quality declines as economic conditions deteriorate. Gers-
bach and Lipponer [2000] also tind that negative macro-
economic shocks heighten default correlations, thereby
engendering cyclical effects as portfolio diversification
benefits decline.

Using reduced-form models, Das et al. [2001] and
Das, Fong, and Geng [2001] also suggest a relation
between the default correlation and the business cycle.
Their results parallel those of structural models in that
default correlations are estimated to be higher when mar-
kets move down.

Although this effect is frequently mentioned in the
default correlation-related empirical research, theoretical
analysis has not been yet developed in the structural
models.

With the introduction of a variable Y| representing
the current market environment, it can be shown that the
direction of default correlation movement is related to
economywide conditions, as indicated in Proposition 4.
We use in deriving it the fact that default correlations are
positively related to the asset return correlation.

Proposition 4. By the chain rule, the partial derivative of the
default correlation p . with respect to the current business con-
dition Y, is:”

dppc = dppc . dpar ) dpar, (17)
()‘n ()[)| R 0[)_,1 I (nr]

and the partial derivative of the asset level correlation p ,, with
respect to Y, has the opposite sign of the sum of the a_ as follows:""

dpar
aYp

= —2par(m +az) B(t: x) (18)

where B(t: k) = (1 — ¢ K.

Proof. See Appendix D,

For example, suppose the unemployment rate reflects
a negative economywide shock. Then the default corre-
lation for an unemployment rate of 5% is 12.9%, while
the default correlation for an unemployment rate of 8%
is 13.5% for parameter values of ¢, = a, = -0.3; I|/K, =
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Vy/Ky = 2: py gy, = 0.5 and r = 1. This difference in
default correlations caused by the business cycle can be
more casily seen using the first-passage-time approach.
In fact, the impact of a macroeconomic shock on default
correlation strengthens in a recession when credit-risky
portfolio management is more necessary, so considera-
tion of the business cycle in determining default corre-
lation 1s essential.

When financial market stress contracts the invest-
ment or production of all firms, profits decline and firms
have diminished capacity to pay their liabilities. Many
firms may default simultaneously due to general market
shocks although their interdependence 1s small. On the
other hand, interfirm dependencies may have a material
impact on defaults even when macro-dependence is rel-
atively low.

Interrelatedness created by the chaebol system in
Korea 1s a clear case. This interdependence can, of course,
be explained by the local asset return correlation alone.
Both types of dependencies are needed for a full expla-
nation of the default dynamics.

ITI. COMPARISONS WITH THE
EXTENDED FIRST-PASSAGE-TIME MODEL

We compare the extended first-passage-time model
first with Merton [1974] and then with Zhou [2001].

Extended First-Passage-Time Model
versus Extended Merton Model

The extended Merton model can be used to explain
empirical evidence on the properties of default probabil-
ities and default correlations. The sign of the relationship
between default correlations and business cycles and credit
quality in the extended Merton model is, in general, the
same as in the extended first-passage-time model. The
business cycle effect on default correlation dynamics is
stronger in the extended first-passage-time model, how-
ever, because it recognizes that many firms may defaulc
at different times over the investment horizon, due to
economywide shocks.

With our parameter values, the percentage incre-
ment in default correlations due to the market environ-
ment can be almost four times higher in the extended
first-passage-time model than in the extended Merton
model, particularly when asset value dynamics are highly
sensitive to market conditions. For example, the percentage
mcrement of the default correlation with a one-year matu-
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ExHIBIT 4

Relation Between Default Correlation and Time for Given Local Asset Return Correlations
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rity in bearish market conditions over that in normal times
15 2.54% 1n the extended Merton model, while it is 8.83%
in the extended first-passage-time model."

Extended First-Passage-Time Model
versus Zhou Model

Zhou’ default correlation model explains joint default
events by the local asset return correlation between two
firms. Exhibit 4 illustrates the relation between default cor-
relation and time for given local asset return correlations
when asset values are not exposed to general economic
conditions. It shows that default correlations increase with
local asset return correlations and converge over time."”

Zhou's model cannot explain the default clustering
phenomenon that has been observed in recent financial
crises in East Asia and the United States, and it also cannot
be used to obtain the joint default probability of multiple
firms. Exhibit 5 plots the relation between default corre-
lations and the investment horizon under varying degrees
of dependence of asset values on market shocks.

Farr 2005

Implications of this dependence are that:

Default correlations persist longer when asset values are
more related to negative macroeconomic shocks.
When there is no systematic risk exposure in asset
values, default correlations initially increase and then
slowly decline with time, which is the same as the
results in Zhou's approach. Default correlations among
issuers with negative systematic risk exposure increase
persistently with time, while default correlations among
different credit classes with positive systematic risk
exposure decline more rapidly than those without sys-
tematic risk exposure for longer time horizons. Hence,
joint default events over a long enough time horizon
can occur because of negative economywide shocks.
Default correlations are not always lower than local
asset-level correlations because default events are affected
bv macroeconomic fluctuations and not just local asset-
level correlation. This result is consistent with the
default clustering phenomenon observed across firms
in different industries or in different regions.
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* The difference in default correlations due to sys-
tematic risk exposure is very sensitive to the level
dependence of asset values on macroeconomic risk
factors. For example, the default correlation between
firms with a = —0.1 is almost 20% to 30% higher
than for matching firms with @ = 0 for long invest-
ment horizons.

*  Generally, default correlations between firms exposed
to positive economic shocks are lower than when
the firm values do not have macro-dependencies.

When multiple defaults due to economywide shocks
are ignored, default correlations may decline as the time
horizon lengthens. This phenomenon can be explained
by the fact that multiple defaults over a long horizon are
caused mainly by 1diosyncratic factors in such a model.
But when market shocks are considered, the default cor-
relation term structure may change. Under assumed
macro-dependence, however, the cumulative effects of
the comovement of asset values during economic down-
turns would result in higher default correlations over a

long time horizon than for firms without it.

Exhibit 6 depicts the relation between default cor-
relations and the investment horizon for firms with dif-
ferent credit qualities and different systematic risk
exposures. The average default correlation among high-
grade firms (1’/K = 4) with higher systematic risk expo-
sure is nearly 29.4% higher than average default correla-
tion among low-grade firms (I'//K = 2) with lower
systematic risk exposure. '

Undoubtedly, when all the firms in various credit
classes are assumed to have equal systematic risk expo-
sure, default correlations among firms in a specific credit
class rise as the credit qualities of firms decline, which is
consistent with the results of Barnhill and Maxwell [2002],
Crouhy, Galai, and Mark [2000, 2001], Erlenmaier and
Gersbach [2001], Gersbach and Lipponer [2000], and
Zhou [2001]. Therefore, our extended first-passage-time
model covers the two contrary opinions on the relation
of default correlations and credit quality.

Another noteworthy indication of the superiority of
the extended first-passage-time model over the Zhou

ExHIBIT 5

Relation Between Default Correlation and Level-Dependence of
Asset Values on Market Shock in Extended First-Passage-Time Model
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EXHIBIT 6

Relation Between Default Correlation and Credit Grades with
Different Systematic Risk Exposures in the Extended First-Passage-Time Model
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model lies in its power to explain the business cycle-
adjusted default correlation dynamics. Zhou contends
there are dynamic cyclical eftfects on default correlations
because the credit qualities of firms are dynamic. This
indirect reflection of the business cycle, however, cannot
be used in explicitly forecasting default correlations based
on prevailing market conditions.

Exhibit 7 plots the relation between default corre-
lations and the investment horizon for various states of the
economy. Default correlations among firms with higher
macro-dependence are nearly 20% higher in downturns
than in normal times (see Panel D). The difference in
default correlations due to diftering market environments
sharply increases initially and then declines as the invest-
ment horizon lengthens, and it also increases with sys-
tematic risk exposure (see Panels C and D)."

Although Zhou provides an analytical formula for
calculating joint default probabilities, his solution cannot
be applied to cases involving more than three firms.
Another drawback to Zhou'’s model occurs when the
nstantaneous expected asset return is not equal to the
growth rate of the firm’s habilities, in which case his results

FaLL 2005

depend on the double integral of Bessel functions, a bur-
densome calculation. Our approach can be preferable to
derive the joint default probabilities of multiple firms with
general deterministic default threshold functions.”

IV. APPLICATIONS

In current structural models default correlations are
analyzed with only firm-specific information. Without
considering general economic conditions—which have
been shown to critically influence the probabilities of
multiple default events as well as a single default event—
we cannot correctly price credit derivatives and manage
the credit risk of bond portfolios. The business cycle-
adjusted default correlation analysis has some useful appli-
cations here.

Credit Derivatives Pricing

Among the fastest growing over-the-counter deriv-
atives products are credit derivatives, of which the credit
default swap is the most actively used product. The market
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ExHIBIT 7
Relation between Default Correlation and Market Environment in Extended First-Passage-Time Model

Panel A. Term Structure of Default Correlations— Panel B. Term Structure of Default Correlations—
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Panel D. Term Structure of Difference in Default
Correlations—Higher Macro-Dependencies

Panel C. Term Structure of Difference in Default
Correlations—Lower Macro-Dependencies
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In Panels A and Ca =—=0.1and p,. =—=0.1. In Panels B and D a ==0.3 and p,.,. = ~0.3. The other parameters are V,/K, = V,/K, = 2; 0, =0, =0.3;
k=0.1,0=0.08; 6= 0.03; and p, v, = 0.5.
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for credit default swaps, as measured by the notional
amount of contracts traded per year, has grown from
about $919 billion in 2001 to over $8,422 billion 1 2004.
The valuation of credit default swaps has attracted much
interest both practically and theoretically. Default corre-
lation analysis is important in the valuation of credit
default swaps with counterparty default risk and basket
credit default swaps. Ignoring the impact of general eco-
nomic shocks on default probabilities or default corre-
lations can be a critical error in determining a default
swap premium.

Another straightforward application of business-
cycle-adjusted default correlations is the valuation of
corporate bonds secured by another firm with a higher
credit grade. For example, a letter of credit (LOC)-
backed security transfers the risk of default from the
debtholder to the LOC bank. If both the LOC bank
and the debt obligor default, the LOC-backed security
must be priced lower than when we don’t consider the
business cycle. In particular, the LOC-backed security
must be priced much lower if we incorporate the default
correlation between the LOC bank and the debt obligor
into determining joint default probability, and it needs
to be priced much lower in recessionary periods than in
normal times.

Besides credit default swaps and LOC, the macro-
dependencies of default correlations must be incorpo-
rated into pricing a portfolio of debt such as collateralized
bond obligations and collateralized debt obligations.

Credit Risk Management

The problems of analyzing portfolios with credit risk
are well known. The most critical and difficult part of
aggregate credit analysis is estimating default correlations.
During the portfolio holding period, however, constant
use of the average default correlation across investment
horizons induces fatal error in managing credit portfolio
risk, especially when macroeconomic conditions are
stressful. In fact, the impact of default correlations on credit
portfolio risk is more critical during recessions.

Stochastic macroeconomic factors have an impact on
credit portfolio loss distribution and credit value at risk
(VaR). As economywide environments fluctuate, default
probability, default correlation, and loss given default also
change, which in turn changes the shape of a portfolio loss
distribution. Under our model, when firm value moves
with the business cycle, default correlations increase during
economic downturns. In this case, there is also a greater

FaLr 2005

probability of a large loss, and a porttolio loss distribution
will have a facter tail.

This phenomenon can also be caused by an increase
in the default probability of cach firm during recession.
In these cases, credit VaR (unexpected loss under a given
confidence level) would be higher, and the capital require-
ments should be higher as well.

Moreover, notice that the portfolio loss distribu-
tion depends on the level of macroeconomic conditions
and deviations from the long-run mean. This implies
that the default correlation and the probability of default
of each firm will change as macroeconomic conditions
change. As a result, the shape of the loss distribution
given a specific time horizon will change dynamically.
This would necessitate dynamic adjustments in measuring

credit VaR.

V. CONCLUSION

We have developed an extended Merton model
incorporating systematic risk factors that affect asset value
movement in order to illustrate the relation between
detault probabilities and default correlations, credit grades,
and business cycle fluctuations. We also extend the frame-
work into a first-passage-time approach. The model rep-
resents an easily implementable approach to default
probabilities and default correlations, using both firm-
specific and macroeconomic information. Our results are
consistent with empirical evidence concerning both time
series and cross-sectional default correlation dynamics.

First, default probabilities and default correlations
are higher in economic downturns. Second, default cor-
relations among firms in a high-grade class with a higher
level of systematic risk can be higher than default corre-
lations among firms in a low-grade class with a lower level
of systematic risk. Further, when all firms in various credit
classes are assumed to have the same systematic risk expo-
sure, default correlations increase as the credit quality of
firms declines.

This approach is useful in pricing credit derivatives
that are exposed to market risk and multiple defaults, such
as credit default swaps, basket credit default swaps, and
collateralized bond obligations. The approach also has
critical implications for managing the credit risk of bond
portfolios, since default correlations have a greater impact
on credit portfolio risk during recessionary periods.
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APPENDIX A

Extended First-Passage-Time
Default Correlation Model with
Multiple Firms and Multiple Factors

The asset value dynamics generally depend on multiple
macroeconomic factors, such as interest rate, production growth
rate, market portfolio index, and unemployment rate. Deter-
mining the joint default probability of multiple firms while
incorporating these macro-dependencies is necessary for man-
aging the credit risk of bond portfolios. We extend the first-
passage-time default correlation model to a case with multple
firms and multiple common factors.

et ¥ =Y = (V1. Vi, ¥V and i =L ={L, L

, 1" define the systematic risk vector and the logarithmic
debt-to-asset value ratio vector, respectively.

Define g1, Y, s|1,, Y, 0
first time all firms have defaulted is at time s, and that multiple
macro factor Y assumes the value Y_ at that time. Let A be a
set including all the subsets of {1, 2, 3, ..., M} except the null

3} (ae A) gll=0.*>D0,
o+ 0] is the probability dumty that
firm ] ;md firm 7; haw dCfdultLd t\actly at time s and other
firms have defaulted prior to time s. Then Equation (A-1)

holds:

| as the probability that the

set. For example, when a = {1,
3 =
=,

glls. Yo, 50l0. Yo,0] = > gall. Yy, 5010, Yo,0]  (A-1)

acA
Then the (N + 1)-dimensional generalization of the Fortet

[1943] model is:'*

7(le. Ye. tlo. Yo.0)

/ds[ / d’)] d}

alls; Yius 8)1ps Yos Ol (ls Yoes tls = 0, Yis 8) (A-2)

Integrating both sides of Equation (A-2) by

0 v [P o M
Jo Jo Ok ¢

produces the equation:

of 20 oC .
\I!(Yt,r)zl f/s/ [ dy} ... dy®
J0 —00 g -

9(Ys. 8)0(Ye. 1. Ys, 8) (A-3)
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where

WY, f) = /

0

WYt Ye, 8 / /(muqu
0

7(l. Ye. t]ls = 0, Y, 5) (A-5)

/ dll - diM (L, Yo tlo. Yo, 0) (A-4)
0

9(Ys,s) = g[ls, Ys. s/lo, Yo.0] (A-6)

Discretize time into ", equal intervals, and define
date t. = jt/n = Atforje (1,2, ...,n). For 1 <n < N,
similarly discretize Y'-space into ny, equal intervals
between some chosen minimum Y” and maximum Y,
and define Y! = Y" + jAY"forie (1,2, ...,
AY" = (Y" = X9 e

The discretized version of Equation (A-3) is:

flym), Where

J Myt Ny N
Zi: }ZqYu.f YWY, 3| Y, to)
v=1 yl=1 ulN=1

where
N

¢(Yu.t,) = At [[ AV g(Yo.t,)
n=1

The joint default probability of multiple firms influ-
enced by market risk is:

i Rty N
Z Z Z q(Yi. t;) (A-7)
j=1il=1

where

N
g(Yit)) = JJAY"¥(Y,.t:)

n=1

a(Yut;) = JIAY"[¥(Yit)) -

n=1
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J—1 Ty ny-N

Y Y ¥t

v=1 yl=1 ulN=1

for Vj € (2.....14)

P(Y4, t5]Y e t0)]

Applying Bayes’ rule to the multivariate density

nd, Y, t|L, Y, V) gives:
(s Yoy Hls Youy ¥) =

W(Yt,fl]v,Y Tr(lt-lel.-lv-Y\h l.') V{(’} (A~8)

Using this in Equations (A-4) and (A-

WY t) = w(Yt.r|ln.Y0_U}/ /
Jo 0

dif - diMr (1, 1Ye, Lo, Yo,0) (A-9)

5), we obtain:

(Y.t Yo 8) =

5)

/ [ rﬂrl .- -a”t‘” >4
Jo

T ltf|Y| ls = O.YS\S) (A—l())

Because (Y, 1) follow a joint Gaussian process, we can
apply the projection theorem to obtain the conditional
mean and covariance of 1 with respect to Y, as tollows:

,(-'{Yt. ”]5 Y,.p -"5) = -zlt.|Yt] = lt] + COV, “t t]x

COV, Yol (Y. — ES[Ye])

S(Ye.tlls. Yo 5) = COVi[le|Ye] = COV,[l] —
COV,[l, YL JCOV,  [Y JCOVi[Ye. L]

O(Y. 1L, Ys,5) = CORR[L|Y]

Since multiple common factor processes are Markov,
the equation:

(Y, t|ls, Ys. 5) = 7(Yy, Y5, 5) (A-11)

holds, and the final expressions are:

\p(Yt.” = W(Yf.f'Y().UJ‘\I"}\'” (Z(Yt”]UYU[”
O(Y,. tlp. Yo.0))

V(Y. t|Yss) = 7Yy, s, s) MV Ny (Z(Ye. t|ls = 0. Yy, 5),

O(Yy.t]ly = 0.Y,. 5))
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Z(Yt "“':Yn "") o .“(Yt- ”l‘aYb S)T ° ‘\(Yt- f‘ls Y!i' \)

where

"‘\(.YI.~{A|IS'YS<'S) — (}:I_I‘E;]E;,'i) “\—:!l! o Emm

for all m € (1.2,..., M); MVN, () means an M-dimen-
sional standard multlvarlate normal distribution; A ¢ B
means the multiplication of element by element in the
matrices A and B; and ka defines the m X k element of
the M x M matrix Z.

APPENDIX B
Proof of Proposition 2

In order for both firms to start out solvent and end up
defaulting, it is necessary that there is a first time when both
have defaulted. Call that time 5. Note that at this time, firm 2
has defaulted previously (and now the value of I is positive) and
:'ﬁ' = 0 (1.e., it has just defaulted), or firm 1 has defaulted previ-
ously (and now the value of [ is positive) and [7 = 0 (i.e., it has
Just defaulted), or [! =17 =0 (i.e., both firms have just defaulted).

Define g,[1)= 0,1} >0, Y,, 5|1}, [}, Y, 0] as the prob-
ability density that firm 1 has deﬂm]tud L.\1(.t]}' at time & and
firm 2 has defaulted prior to time s. Analogously, define g,[I!
> 0,12 =0,Y, 8|}, 17, Y, 0] as the probability density that
firm 2 has defaulted exactly at ime s and firm 1 has defaulted

prior to time .

Finally, define g, ,[l/= 0,17 =0, Y,, s|l}, I3, Y, 0] as
the probability density that both firms havx. defaulted a.\actly
at time 5. Let g[l!, 17, Y, 5|1, 15, Y|, 0] be the probability
density that the first time both firms have defaulted is at time
s. and that the stochastic process Y takes on the value Y at that

g?

time. In other words, Equation (B-1) holds.

gl B Y, slls 12, Y5, 0) = gl =0,2>0,Y,,s|l, 2, ¥,0]
+gafll > 0,12 =0,Y,, s/l 2. Y4, 0]
tg12[l) =0, =0,Y,,s|8, 12, %, 0]
(B-1)

Then the two-dimensional generalization of the Fortet
[1943] model is:

wlil, 12, Ve I I8, ¥56.0) =

ot o0
/ ds / dY,g (I} = 0,82 > 0,Y,, s|lj, 12, Y5, 0]
J 0 o —20
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EXHIBIT 8

Difference in Joint Default Probabilities (%) for Log-Leverage Ratios All Zeros at Time s

when Both Firms have Defaulted for the First Time

PV Va Maturity (years) 1 2 3 4 5 10

0.5 Analytical solution 0.2 24 57 89 11.7 21.5

Monte Carlo simulation 0.3 24 52 88 11.6 23.7

0:3 Analytical solution 0.1 14 38 64 87 17.1

Monte Carlo simulation 0.1 1.4 3.8 6.5 93 20.3

w2, YLt = 0,82 >0,Y,,s Rl ; o - ;
Vel Yo Bl = 0.4y > 0,%,9) / / diydix(l}, 2, Yt} = 0,12 =0,Y,,5) (B-5)
t vha Jo Jo
-l-f d.‘w‘/ r”;_qg[f: il .’f == ({1 };...s'l."tl,. ."('), Yo, 0] ‘

0 S 9(Yes) = glly. 2. Y,, sl 5. Y0, 0] (B-6)

w({lL 1 Y A = 0,8 =0,¥,,8)
t o0
+f d.u.-/ dYegially = 0.2 = 0,Y,, s|3, 12, Y5, 0]
(1] -0
w12, Y = 0,02 = 0, ¥,,%)

When these equations are discretized, we can get the
aggregate probability density g(-), but not three unknowns in
each equation, namely, g,(-), g,(-), and g, ,(-). Furthermore, at
tnme s when both firms have defaulted for the first time, one
of three cases occurs, namely, [I! =0, [ > 0]; [I! > 0,17 =0];
or [I!= 0,17 = 0]. Because we cannot know which case hap-
pens, we assume that the value of [ 1s zero at time s. This
assumption may have some impact on joint default probability
over a long horizon, but the impact is still relatively small (see
Exhibit 8).

Then Equation (B-2) holds:

wily, i, Yo 00 B, ¥, O] =

t nOC
/ ds / d¥,
0 —o0

gl .Y, 5|3, 12, Yy, 0]

#

ol B Yt =02=0Y,4 B2

" OC

o dl}dl} pro-

Integrating both sides of Equation (B-2) by [~ |
duces the equation:

{ o
W(Y;. 1) :f r'fs/ dY,g(Y,, s)u (Y. t.Y,.s) (B-3)
0 Jox
where

D = / / difdi= (1}, 2, Y, 1|13, 13, Yp,0)  (B-4)
(1] JAO

WYt Y., s) =

Discretize time into n, equal intervals, and define date 4
=jt/n, = jAtforje (1,2, ..., n). Similarly discretize Y-space
into n,. equal intervals, and define Y, = Y + iAY fori e (1, 2,

s 1y), where AY = (Y - Y)/n,.
The discretized version of Equation (B-3) is:

ny

J
¥(Y;.t;) = ZZq(};,_r,,)._-'(y,.fjng,‘r,.)

v=1 u=I1
where

(](Ym fr') - At&yf}(yu- fr)

The joint default probability of firm 1 and firm 2 influ-
enced by market risk is obtained as follows:

ny ny

P(Dy(t) =1 and Do) =1) =3 Y q(¥it)  (B-7)

=1 i=1

q(Yi,t1) = AYWU(Y. t). Vie (1.2....ny)

=1 my

aYit)) = AY |9(Yit;) =YY a(Va t)0(Ya tylYin ts)

r=1 u=1

Yie (1,2,....ny), Vi€ (2.....1y)

Applying Bayes' rule to the trivariate density (I}, 12, Y;. t|
I112Y,. v) gives:

w(l, &, Ve, 813, 2, Yo v) =

7(Y;, n’|.'f,. ff Y., t‘)?r(f,].f;“]. f|‘l;.1!],. lf Y,,v) V{v} (B-8)

24 DEFAULT CORRELATION DYNAMICS WITH BUSINESS CYCLE AND CREDIT QUALITY CHANGES FALL 2005



Using this in Equations (B-4) and (B-5), we obtain:

U(Y;,t) = n(Y,t|l. 12,0

/ ' / Al dRa(Il 2 Y 1L 2. Y,.0)  (B-9)
40 JO

(Y, t|Yes) = w(Yut|ll =0,2=0,Y..5)

f] Al (DL, )Y, 1 = 0.2 = 0.Y,, s)
i} ]

B-10)

Because (Y, I', F) follow a joint Gaussian process, we can
apply the projection theorem to obtain the conditional mean
and covariance of I, I with respect to Y, as follows:

o (Yo I3 Y5)

N Clou,[lF, ¥

= B = B+ = (= BY)

Tia(Ye. (4. 12.Y))

Cov I, Y| Cou,[I2. Y]
Y]

= Cou,[lj . {}|Y)] = Cou,[l) . If] -

Var,

oYLl I2Y,)

Cou[i}, 12V

= Corr[l,E|Y)] =
orrg[ly Y] VVar [i} Y, ]Var,[i?Y]]

where
- Ku(t) 1 5
EiR] = mpoy= (F"“*i”"") ==

 [B(t — s:5)(Yo — 0) + 6(t — 8)]

EY)] = Y,e "t 44(1— ¢t-2)

' : WiV O
Varyli"'] = on(t — ) + 2am (’—"”‘} s )X

K
[(t — s) — 2B(t — s:k) + B(t — s:2x)]

Var,[Y]] = & B(t — s:2k)
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, 5 N
Cov I, Y}] = (‘ +,U\-,,,5-r,'r,,7()) B(t — s: k) —
:

0?
—B(t — s:2k)

K

Cov[l}, ] = aay (%) [(t —s) —2B(t—s:k)+
B(t — 5;2r)] + a109pv,1,(t — 8) +
) “
?(li\')y("!d} [“ — -‘v'} = B” — & h)} +

% (priyord) (£ = 5) = Blt — 5:)]

f_—rrf)/h_

Consequently, the final expressions are:

Bt:x) = (1-

U(Y.t) = @(Yi,t|Ye.0)x

R o

BVN (i’,' (_}{'f“‘;' Yo, 0) iz (¥, tio, Yo, 0) oy .2, Yy, U))
= (Yo t1), Yo, 0) Ea (Yo ]2, Yo, 0)

WYtV 8) = ml(¥id|Yo,8)X

BN i (Yt = 0.Y,,8) po (Y t|2=0,Y,,s)
AL (Yl =0.Y,,8) T (Vi 2 =0.Y,,8)

oYtk =0,2 = n.};..s-))

B17N(*) 1s the standard bivariate normal distribution function,

1O /
ank{ LIH = E?H?” -

APPENDIX C

Proof of Proposition 3

The asset return variance of firm m is:

Varg[ln Vi, (¢)]

K

v PV Y md
= oit+ 2an, (&> [t — B(t; k)]

2

-
il
+a;, (-) [t —2B(t; k) + B(t; 2x))
»
(E=1)
and the covariance between asset returns is:

e 8
Covg[ln Vi(t). InVa(t)] = ajaq (g) [t =2B(t; k) +
%
B(f, 2!‘\)] +l’.’—1(72!)"!|_74! -+
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1 .
?(,()\‘2\'(72(3) [J‘ — H(f I‘\)] +
(Lo B N
—(privaid) [t — B(t;x)] (C-2)
where p,. ..is the correlation between the asset return of firm
m and the macroeconomic variable Y.

The expected asset return correlation p , (1) conditional
on time-0) information is found to be:

B Covg[In Vi(t). In V(t)] §
par(t) = \/l-'m'g[ln Vi(1)|Varg[Iln Va(t)] (C-3)

Using Equations (C-1) and (C-2), the partial derivative
of the asset return correlation with respect to the correlation
between the asset value and macroeconomic shock can be easily
obtained as Equation (16).

APPENDIX D
Proof of Proposition 4

The variance of the asset level 1s;
Varg[V (t)] = 2MO+5E? (50 _ 1) (D-1)

where M(f) = E [In V(n)], §(f) = Var |In 111)], and the covari-
ance between asset levels is:

Covg[Vi(t), Va(t)] = e~ 211 M,u:+},»*f“'+i»*ﬂ““('{,!-“[]“ Vi(t), In Va(t)]
(D-2)

The asset level correlation p ,, (1) is defined as:

CY(_H’UU/.] (?‘). 1/'2(”]
\/1“’{1‘7'0["”1 (."}] 1"H‘I'(][1’5(f)]

paclt) = (D-3)

Using Equations (I-1) and (1D-2), the partial derivative
of the asset level correlation with respect to market condition
Y|, can be easily obtained as Equation (18).

26 DEFAULT CORRELATION DYNAMICS WITH BUSINESS CYCLE AND CREDIT QUALITY CHANGES

ENDNOTES

'See Barnhill and Maxwell [2002], Crouhy, Galai, and Mark
[2000, 2001], Erlenmaier and Gersbach [2001], Gersbach and
Lipponer [2000], and Zhou [2001].

“Although macroeconomic state variables may or may
not take on negative values, this does not affect general resules
on the relationship between default probabilities and defaule
correlations, credit grades, and business cycle fluctuations.

“Since all the other values except 4, in Equation (14) are
always positive regardless of time, the sign of the partial derivative

AN (dm (1))
avy
15 determined only by a_.

“Defaule probabilities are obtained using combined infor-
mation from the balance sheet and stock market data.

*Das, Fong, and Geng [2001] show the converse: that
higher-grade firms have higher systematic risk exposures than
lower-grade firms.

“This means the two firms have the same instantaneous
expected asset returns and standard deviations of asset returns:
i = & = b and o = = o

"The default correlation p,, . is positively related to the
asset return correlation p,, as shown in Gersbach and Lip-
poner [2000] and Zhou [2001], where the sign of

Lyl = &y = &

dppc

dpyy
is determined by the sign of

dpan
dpyy

*Of course, when a is negative (i.e.. when there is a neg-
ative macro shock on asset values), the value

dpan
dpyy

1s negative, and this means asset return correlations increase as
there is greater systematic risk exposure, and the p,, .increases
with absolute systematic risk exposure.

“Since the signs of

dppe
par

and

H[J,\R
dpar,

are positive, the sign of

dppe
Apyy,

1s determined by the sign of

dpar
Yy

"The asset level correlation may be negative, but
A1, T3y 8

P4, 15 assumed to be generally positive in our discussion of the

relation between p ,, and Y.
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""For parameter values of a, = a, = -0.3; V|/K, = ',/ K,
=20,=0,=03;x=0.1; 6= 0.08; 6= 0.03; p., = Py
= —(.3; and p].I vy = 0.5.

“Local asset return correlation means Py, such that
E[dW  dWV, .’] = p”l.{dr. '

" Average defines the mean of default correlations across
various investment horizons.

"The effect related to the horizon occurs because macro-
economic state variables are assumed to follow a mean-reverting
diffusion process.

5Zhou assumes that the time-dependent default boundary
K(1) takes an exponential form ¢ K, where A is the growth rate
of the firm’ liabilities.

“All the elements of 1_ are assumed to be zero at time §
when all firms have defaulted for the first ime.
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