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Static Hedging of Asian Options
under Lévy Models

HANSJORG ALBRECHER, JAN DHAENE,
MARC GOOVAERTS, AND WIM SCHOUTENS

A simple static superhedging strategy for the payoff

of an arithmetic Asian option in terms of a pori-

folio of European options based on stop-loss trans-
forms is applicable under general stock price models.

The hedge obtained is optimal in some sense.

Numerical illustrations of the hedging performance
are given for various Lévy models calibrated to market
data of the S&P 500.

ven in the Black-Scholes world,
pricing of arithmetic Asian options
is not straighttorward. There 1s gen-
erally no explicit analytical expres-
sion for the average, so we have to use Monte
Carlo simulation techniques to obtain numer-
ical estimates of the price (see Broadie and
Glasserman [1996] and Broadie, Glasserman,
and Kou [1999]). Alternatives are to follow a
partial differential equation approach (Dewynne
and Wilmott [1993], Vecer [2001, 2002]) (or
a partial integro-differential equation approach
in more general market models; Vecer and Xu
[2004]). Typically these approaches do not lead
to practicable hedging strategies.
Approximations of the distribution of the
average that produce closed-form expressions
have also been studied (see, e.g.. Turnbull and
Wakeman [1991], Vorst [1992]), but in general
it 1s ditficult to assess the approximation error,
and this method is often unsatisfactory for
hedging purposes. For an approach based on
fast Fourier transforms, see Benhamou [2002].
Another route 1s to try to derive upper

and lower bounds for the option price. This
can be done by use of comonotonic theory as
described in Dhaene et al. [2002a, 2002b] and
Vanmaele et al. [2002]. We follow this path
and derive a static (super)hedge for fixed-strike
Asian call options based on a buy-and-hold
strategy consisting of European call options
maturing with and before the Asian option.

This is useful because European call
options are typically available on the market
and quite liquid. Moreover, only when the
contract is struck does one have to take a posi-
tion in these calls, and no dynamic trading is
needed.

Static hedging has several advantages over
dynamic hedging. It is less sensitive to the
assumption of zero transaction costs (both
commissions and the cost of paying to mon-
itor the positions). Furthermore, dynamic
hedging tends to fail when liquidity dries up
or in the face of large market moves, but it is
particularly in these situations that eftective
hedging is needed (see, e.g., Carr, Ellis, and
Gupta [1998] and Carr and Picron [1999]).

The hedging error of our simple super-
hedging strategy is very small if the option is
in the money. For options at and out of the
money, the strategy can be quite conservative,
but it 1s still much cheaper than the trivial
superhedge of the Asian option by a European
option with identical strike and maturity (when
dividend yield ¢ is lower than the continuously
compound interest rate 7).

The procedure we develop may be used
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with general stock price models. We focus on models that
describe the asset price by an exponential of a general
Lévy process. It has come to be realized that the stock
price dynamics are much better described by a Lévy model
than by the classic Black-Scholes model (see, for instance,
Schoutens [2003]). In a Lévy model, the Brownian motion
is replaced by a more general Lévy process, taking into
account the typical non-normality of asset returns.

Among the Lévy models that are analytically
tractable and at the same time fit empirical data well
enough are the NIG-, the VG-, and the Meixner-Lévy
models. For NIG- and VG-Lévy models, Albrecher and
Predota [2002, 2004] observe that Asian option prices in
these more realistic models difter significantly from cor-
responding Black-Scholes prices.

Lévy market models are incomplete, except in the
Brownian and the unrealistic Poisson cases. There are
many equivalent martingale measures for risk-neutral val-
uation of derivative securities. Qur approach is based on
the risk-neutral densities of the distribution of the asset
price, and thus works for all equivalent martingale mea-
sures that produce tractable numerical estimates of these
density functions.

I. STATIC HEDGING STRATEGY FOR
ARITHMETIC AVERAGE OPTIONS

We assume throughout an arbitrage-free friction-
less market model, which consists of a riskless bond (bank
account) and one risky financial asset, a stock or an index.
The market dictates that there is a fixed interest rate r >
0, and that the bond price process behaves (determinis-
tically) as B = { B, = exp(rf), t 2 0). The stock price pro-
cess follows a stochastic process and is denoted by S =
{S,, 2 0}. We assume that the stock pays a continuous
compound dividend yield at a rate g per year.

We always work with the natural filtration F = [
= {F,0 <1< T}of S Later on, we choose an exponen-
tial of a Lévy process for the stock price process, after we
develop the theory for a general model.

In an arbitrary arbitrage-free incomplete market
model with an equivalent martingale measure ), the price
of a European-style arithmetic average call option with
strike price K, maturity T, and n averaging days 0 <1, <

. <1,< Tat time t 1s given by:
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T.N. “‘1 =
AA = exp(—r(T - 1)) Eq [(%}h_ — I\')

]

_oexp(=r(T —1)) = e 41
= fﬁq (;S,k—uh) |f:

where ris the risk-free interest rate, S, is the asset price
at time 1, and (x — K)" means max (x — K, 0).

The main difficulty in evaluating this expression is
that typically the distribution of the average i, S, /n,
which 1s a sum of dependent random variables, is not
available. We focus on upper bounds based on a portfolio
of European options. Assume for simplicity that we are
at time ¢ = 0 and that the averaging has not yet started.

First, note that forany K|, ..., K =0 with K= [,
K, we have almost surely

n k3 i +
Z S, —nK| = ((S,I — B )44 (8, = ”Kn})
k=1

n
< Z (8¢, — rA[\';..)+'

k=1

Hence:

5 7'T n £
AAG(K,T) = %E@ (Z.‘)‘,&r:l\') l}'“

k=1

exp(—rT") o i B, o RO
S— ; Eq [(~"n nky) ’fu]
ST} > exp(rty) ECo(n. ty) (1)

k=1

L

where EC(k,, t,) denotes the price of a European call
option at time () with strike /5, = nK, and maturity f,.

In terms of hedging this means we have a static
superhedging strategy: For each k, buy exp(—r(T—1))/n
European call options at time r = 0 with strike £, and
maturity f,, and hold these until their expiration. Then
put their payoft in the bank.

Since relation (1) holds for all combinations of
Kk, 2 0 that satisfy ik, = nK, we have a variety of
portfolios of n European options whose payoff dominates
the Asian option. The simplest choice is 5, = K (k= 1,
-oes ). If g < 1, we have EC(K,f) £ EC (K, T) for every
K2 0and 0 <1< T. This trivial choice shows that the
Asian option price is dominated by the price of a Euro-
pean option with the same strike and maturity:
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A (K,T) € EC,(K,T)

For superhedging purposes, we naturally look for the
combination of £ that minimizes the right-hand side of
(1). As Dhaene et ‘al. [2002a] show, this optimal combi-
nation can be determined by using stop-loss transforms
and the theory of comonotonic risks.

We briefly summarize these techniques and adapt
them to our setting of general market models. Let F(x)
be a distribution function of a non-negative random vari-
able X. Then (in accordance with actuarial practice) its
stop-loss transform @, (m) is defined by:

Qp(m) = [ . (@ —m)dF () = E[(X - m)ﬂ

Jin

for m = 0.

A convex ordering of distribution functions F(x)
and G(x) (or equivalently of the corresponding random
variables) on the non-negative real line can be defined as
follows. F(x) is said to precede G(x) in convex order (F
< G), if the corresponding means of the distribution
functions (random variables) are equal and:

D, (m) <P (m) forall m=0

If we write

A= Z S,
k=1

g £ o) = PQ(‘l x| F) for the distribution func-
tion undu () of A , given the information F, we have

gy ST =) -
ik An

In this way we transform the problem of pricing an
arithmetic average option into calculation of the stop-
loss transform of a sum of dependent risks. Concretely,
we look at bounds for stop-loss transforms based on
comonotonic risks. A positive random vector (X, ...,
X)) with marginal distribution functions F (x,), ..., F,(x )
is called comonotonic if the joint distribution function
Fy ’\,”(.\‘1, ceer X,) = min{ F(x,), F (x,)} holds for
EVELY By oy X, 210

It immediately follows that the distribution of a
comonotonic random vector (X, ..., X ) with given

n
marginal distributions F,(x,), ..., F (x,) is uniquely deter-
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mined. A comonotonic random vector (\'I, .oy X ) has
the same joint distribution as (F;'(U), . il ’)) whcre
U is a uniform (0, 1) |..mdom vanablc. Fur a detailed
account of comonotonicity and its connection to stochastic
orderings, see Dhaene et al. [2002b].

Note that comonotonicity represents the strongest
possible positive dependence among the marginals. That
is, all components of (X|, ..., X ) are non-decreasing func-
tions of the same random variable U,

Dhaene et al. [2002b] show that an upper bound
for the stop-loss transform of the sum of arbitrary depen-
dent positive random variables £i— ¥« with marginal dis-
tributions F,(x,), ..., F, (x,) is given by the stop-loss
transform of the sum & = ¥i_, %, where (Y, ..., Y}) is
the comonotonic random vector with marginal distribu-
tions Fy{x,)s ..., F (%)

Z X <ex 'z Y

k=1 k=1

Let Fy(x) denote the distribution function of
v—1 Yr. Then we have the relation for its inverse:

Feltm) =Y Fx}(#) (3)
k=1

for x 2 0.

From Theorem 6 in Simon, Goovaerts, and Dhaene
[2000], it follows that the stop-loss transform of a sum of
comonotonic random variables can be obtained as a sum
of the stop-loss transforms of the marginals evaluated at
specified points:

(FA. (m)))., m=0 4

Gy (m) = Zq’,u‘.n
k=1

given that the marginal distribution functions involved are
strictly increasing (which will always be the case in our
applications).

At the same time, we have:

Pp. (m) = ((Zh —m) )E iE(H'k —mix)™)
k=1

= D, " (g ) (5)

whenever ¥, mp=m,
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Thus the stop-loss transform of the comonotonic
sum given by (4) represents at the same time the lowest
possible bound in terms of a sum of stop-loss transforms
of the marginal distributions.

We apply this result to our setting of an arithmetic
Asian option. Let F(x,; t,) (k= 1, ..., n) denote the con-
ditional distribution of S under the risk-neutral mea-
sure () (given the information available at time t = 0).
That 1s, for X b, >

Fxg;ty) = Po (St < aklFo) (6)

Combining (1), (2), (4), and (5), we have the optimal

combination of strike prices £

ke =F ' (Fse(nK)ity), k=1,..., n (7)

We have obtained the optimal static superhedge in
terms of European call options with maturity dates equal
to the averaging dates.

For practical determination of the strike prices &,
the distribution function of the comonotonic sum
F(x) as given by (3) must be calculated and evaluated at
nK (note that the marginal distribution functions are
strictly increasing and continuous). If the risk-neutral den-
sity (or an approximation of it) is available, this can be
done numerically in a straightforward way. The , are
then obtained by evaluating the inverse distribution func-
tion of F(x; ).

II. LEVY MARKET MODEL

Suppose @(u) is the characteristic function of a dis-
tribution. If for every positive integer n, ¢(u) is also the
n-th power of a characteristic function, we say that the dis-
tribution 1s infinitely divisible.

One can define for every such infinitely divisible
distribution a stochastic process, X = {X, 2 0}, called
a Lévy process, which starts at zero and has independent
and stationary increments so that the distribution of an
increment over [s, s + t], 5, 120, 1.e., X, — X, has (¢(u))’
as its characteristic function.

Every Lévy process has a modification with sample
paths that are almost everywhere continuous from the
right and limited from the left (cadldag) and this modifica-
tion is itself a Lévy process. We work with this cadlag ver-
sion of the process. The cumulant characteristic function
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Y(u) = log®(u) is often called the characteristic exponent (see,
e.g., Bertoin [1996]).

We assume the market consists of one riskless asset
(the bond) with the price process given by B, = exp(r)
and one risky asset (the stock or index). The risk-neutral
model for the risky asset is given by

. expl(r—q)t)

S =Sy—r—
: O Elexp(X,)]

exp(Xy)

The factor exp((r— q)/ E[exp(X)] puts us immediately in
a risk-neutral setting by a mean correcting argument.

Note that the argument underlying the choice of a
risk-neutral measure is consistent with the classic risk-
neutral mean-correcting technique used in a Black-Scholes
setting. We should stress, however, that our proposed
hedging strategies are not restricted to this particular
choice of a risk-neutral density.

In this case, we have for (6):

Frgity) = Pgq (S, < wp|Fn) (8)
exp((r—gq)t) .. . C
= P (S‘“mup(.\m >’ ~rki}_ﬂ) )

= Po(Xu, < log(ze/So) + (i) — (r q)-r[fn) (10)

There are three popular Lévy processes often used
in the modeling of financial assets: the variance gamma
(VG) process, the normal inverse Gaussian (NIG) pro-
cess, and the Meixner process. To obtain the price
EC(K,T) of a European call option with strike K and
time to maturity T under these models, one can use the
Carr and Madan [1998] formula, which is formulated in
terms of the characteristic function of the underlying Lévy
process. Let v be a positive constant such that the a-th
moment of the stock price exists (typically a value of a
= 0.75 will suffice). Then:

exp(—alog(K))

BOE T)= = f h exp(—ivlog(K))p(v)de (11)
U 0

where

a6} exp(—rT)Elexp(i(v — (o + 1)i) log(St))] (12)

o4+ oa—v+i(2a+ 1w
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o exp(=rTe(v — (a + 1)i) (13)
et ta—1v2+i2a+ 1) )

The fast Fourier transform can be used to invert the
generalized Fourier transform of the call price. Using Equa-
tion (11), one can typically calculate the complete option
surface over all strikes and maturities in a fraction of a second.

Variance Gamma Process

The VG(C, G, M) law has a characteristic function
of the form:

: GM :
Bl SR} = (GM + (M — G)iu + -u?)

Its density function is given by:

: " aGM)©
fvelz; C, G, M)(z) = \(/.?l“()m exp (

2 o-1/2
(G+ M) -

Keoo12((G+ M) |x)/2)

(G - M)z
2 )x

where C, G, M > 0, I'(x) denotes the gamma function,
and K (x) denotes the modified Bessel function of the
third kind with index 1. This distribution is infinitely
divisible and has the convolution property: ¢,..(1: C, G,
M) = ¢, (u;C/n, G, M))".

Thus one can define the VG process X" = { X9,
t = 0} as a process that starts at zero and has independent
and stationary increments and where the increment X"
— XU over the time interval [s, t + s] follows a VG(C,
G, M) law. Sometimes another parameterization of the VG
distribution is used (see, e.g., Schoutens [2003]).

The class of variance gamma distributions as a model
for stock returns was developed by Madan and Seneta
[1990] (where the symmetric case G = M is considered);
see also Madan and Milne [1991]. Madan, Carr, and

Chang [1998], discuss the general case with skewness.

Normal Inverse Gaussian Process

The normal inverse Gaussian (NIG) distribution
with parameters o > 0,| 8| < cv, and 6 > () has a charac-
teristic function given by:

SPrING 2005

dnra(uia, 3,8) = exp (ﬂb‘ (\/nz — (B +iu)? — a2 - ;f-?))

One can see that this is an infinitely divisible char-
acteristic function with ¢ .(u; v, 3, 8) = (¢ (1 v, 3,
0/n))". Hence we can define the NIG process XM =
{XNO 12 0}, with X{M9 = (), stationary and indepen-
dent NIG distributed increments:

To be precise, XM has a NIG(cv, 3, td) law. The

density of the NIG(«v, 3, d) distribution is given by:

. § . :
fvrele; o, 3.6) = = exp (r\\/(w' — 32+ :5;:‘) X
i

Ryi(avé? + x?)
V2 + x?

The NIG distribution was developed by Barndorft-
Nielsen [1995]. See also Rydberg [1997].

Meixner Process

The density of the Meixner distribution is given by

() +5)
i (83

where @« > 0, -t < G < m and § > 0.
The characteristic function of the Meixner(a, /3, 0)
distribution is given by:

S (2cos(3/2))*
eizner (L . B = 2 _ L A e%
Bcagre (8 %) 2amT (2d)

\ 26
o s0s(3/2
(.bA-IF&J'TN‘T ( o, .3- "-") = ( M— )

i ui— ig
cosh S5

The Meixner(c, /4, d) distribution is infinitely divis-
ible: @y it @y By 0) = (P et @5 By 6/m))". Tt thus
generates a Lévy process that we call the Meixner process.
More precisely, a Meixner process X WMo = { X (e
=0} is a stochastic process that starts at zero, i.e., X M
= (), and has independent and stationary increments, and
where the distribution of X" is given by the Meixner
distribution Meixner(ax, 3, d1).

The Meixner process was developed in Schoutens
and Teugels [1998] and extended to fitting stock returns
in Grigelionis [1999]. This application in finance is worked
out in Schoutens [2002],
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EXHIBIT 1

Lévy Models (mean correcting):
Parameter Estimation (S&P 500)

Model Parameters

VG 8 « M
1.3574 5.8704 14.2699

NIG o Jé} 4
6.1882 -3.8941  0.1622

Meixner @ I5) 0]
0.3977 -1.4940  0.3462

Black-Scholes o

0.1812

EXHIBIT 2

Strike Prices «, for Hedge Portfolio (monthly averaging)

ITI. NUMERICAL RESULTS

We illustrate the performance of the static hedge port-
folio for the Lévy market models applied to a liquid market.
For completeness, we also include the Black-Scholes model.
We calibrate our model parameters to the set of vanilla options
on the S&P 500 as given in Schoutens [2003, Appendix CJ.
The yearly risk-free interest rate and the dividend rate are
given by r= 0.019 and g = 0.012, respectively.

Exhibit 1 provides results of the calibration in the
least squared sense, that is, with the minimal value of:

100K/Sy g VG model

NIG model

Meixner model

BS model

80 0.083 92.82 94.87 95.14 91.26
0.167 89.23 90.66 90.65 87.84
0.250 86.39 87.23 87.03 85.29
0.333 83.59 84.34 84.07 83.18
0.417 81.42 81.84 81.57 81.36
0.500 79.54 79.62 79.41 79.75
0.583 T7.87 77.64 1751 78.28
0.667 76.37 75.83 75.80 76.94
0.750 75.00 74.18 74.24 75.70
0.833 73.74 72.65 72.82 74.54
0.917 72.56 T1:23 71.50 7345
1.000 71.46 69.90 70.27 72.42

90 0.083 98.36 08.23 08.50 95.86
0.167 96.56 96.40 96.71 94.16
(0.250 94.86 94.67 94.90 92.86
0.333 92.88 93.06 93.19 91.77
0.417 91.30 91.56 91.59 90.81
0.500 39.91 90.17 90.12 89.94
0.583 88.64 88.86 88.75 89.14
0.667 87.49 87.62 87.48 88.41
0.750 86.43 86.46 86.29 87.71
0.833 85.43 85.36 85.18 87.06
0.917 84.50 84.31 84.13 86.44
1.000 83.62 83.31 83.14 85.85

100 (0.083 100.84 100.33 100.38 100.12
0.167 101.33 100.48 100.57 100.13
00.250 101.49 100.51 100.63 100.12
0.333 101.11 100,47 100.59 100.10
0.417 100.75 100.38 100.48 100.07
0.500 100.36 100.25 100.32 100.04
(0.583 99.96 100.09 100.12 100.01
0.667 99.57 99.91 99.90 99.97
0.750 99.19 99.72 99.65 99.93
(.833 08.82 99.51 99.39 99.88
0.917 05.46 99.29 99.13 99.84
1.000 O8.11 99.06 98.85 99.79
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lse = Z (Market price — Model 1:1'i('c>)2

aptions

We examine an arithmetic Asian call
option with a maturity of one year and aver-
aging every month (i.e., 12 averaging days)
and every week (i.e., 52 averaging days). To
set up our hedge portfolio, we have to deter-
mine the inverse distribution function of the
asset price at these 12 and 52 days.

We do this by discretizing the real line
in an appropriate range and numerically
building up the distribution function from the
density function. The inverse is then found by
a bisection method from the table using linear
interpolation between grid points. It turns out
that 40,000 points in the grid are sufficient (in
the sense that a further increase does not
change the significant digits of the results).

Next, the inverse of the distribution of
the comonotonic sum is built up according
to (3) and then itself inverted. Finally, the
strike prices &, of the European options are
obtained by evaluating the inverse distribution
functions of the marginals according to (7).

For the models discussed, this numer-
ical procedure to obtain the strike prices for
our hedging strategy is both accurate and
very quick. For monthly averaging, it takes
less than a minute on a standard PC to deter-
mine the entire hedge portfolio.

Exhibit 2 shows the strike prices as a
percentage of the spot price for this example
with monthly averaging under various
models calibrated to the S&P 500 (all num-
bers are rounded to their last digit). Note
that the optimal strike prices are little dif-
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EXHIBIT 2 (continued)

Strike Prices «, for Hedge Portfolio (monthly averaging)

100K /Sy tx

VG model

NIG model

Meixner model

BS model

110 0.083 101.87 102.35 102.24 104.09
0.167 103.61 104.21 104.09 105.80
0.250 105.24 105.583 105.72 107.11
0.333 106.93 107.28 107.19 108.21
0.417 108.42 108.62 108.56 109.18
0.500 109.81 109.86 109.34 110.05
0.583 111.12 111.03 111.04 110.86
0.667 112.36 112.14 112.18 111.61
0.750 113.53 113.20 113.27 112.31
0.833 114.65 114.20 114.31 112.97
0.917 115.72 115.17 115.30 113.60
1.000 116.74 116.10 116.26 114.21

120 0.083 106.63 106.05 105.86 107.83
0.167 109.81 109.68 109.55 11121
0.250 112.52 112.61 112.54 113.85
0.333 115.20 115.18 115.16 116.11
0.417 117.54 117.53 117.54 118.13
0.500 119.71 119.73 119.75 119.98
0.583 121.76 121.80 121.84 121.70
0.667 123.72 123.78 123.84 123.31
0.750 125.60 125.69 125.75 124.84
0.833 127.42 127.54 127.61 126.30
0.917 129.19 129.33 129.40 127.7
1.000 130.91 131.07 131.15 129.04

ferent for the various Lévy models, but the Black-Scholes
model calibrated to the same data produces strike prices
that are significantly closer to the strike of the Asian option.

The price of the hedging strategy 1s then casily deter-
mined using the Carr and Madan European call option
pricing formula and (1). Exhibits 3-6 compare the Monte
Carlo simulated price of the Asian option AA ;- and the
comonotonic superhedge price AA_with the prices of
two simple superhedging strategies: the trivial superhedge
using the European option price EC with identical strike
and maturity (note q < r), and the superhedge (1) with all
K, = K with price AA .

For the Monte Carlo price, we use 1 million sim-
ulated paths. The VG process is simulated as a difference
of two gamma processes (see Schoutens [2003, Section
8.4.2]). NIG paths are obtained as described in Schoutens
[2003, Section 8.4.5], and Meixner paths are obtained by
a compound Poisson approximation as described in
Schoutens [2003, Section 8.2.1].

In Exhibits 3-6, we can see that the more in the
money the Asian option is, the less the difference between
the option price and the comonotonic hedge. For an
option with moneyness of 80%, the difference is typically
around 1.5%. For the classic hedge with the European
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call the difference is almost 10%.

For options out of the money, the difference increases,
but it is still substantially smaller than the differences for
the other two simple hedges. In view of'its easy and cost-
effective implementation, this comonotonic approach
seems to be competitive in these cases also.

Exhibits 7-10 give the corresponding results tor the
same Asian options with weekly averaging. This lets us
investigate the sensitivity of the hedging performance to the
number of sampling points.

In principle, we would expect the relative difference
between the price of the option and the price of the
comonotonic hedge to increase for an increasing number
of sampling points (as we limit each additional component
by a comonotonic dependence structure). Yet, as Exhibits
7-10 show, this effect is not very pronounced for the values
in this numerical example, indicating that the strategy is
quite robust with respect to number of sampling points.

Note that the Black-Scholes model underestimates
the prices of Asian call options for in-the-money options
and overestimates them for out-of-the-money options.
The comonotonic hedge, however, turns out to perform
in a similar way with regard to the moneyness of the
option.
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IV. CONCLUSION

The pricing of exotic derivatives rests in general on
rather weak foundations. Schoutens, Simons, and Tis-
taert [2004] note that calibration of a variety of market
models may produce widely differing prices of exotic
options, which indicates that obtaining concrete super-
hedging strategies is of utmost importance.

We have shown that static hedging of an Asian
option in terms of a portfolio of European options is a
simple and quick alternative to current approaches. Unlike
most current techniques, this approach is applicable in
general market models whenever we have the risk-neutral
density of the asset price distribution or an approxima-
tion of it. A static hedging strategy is much less sensitive
to the assumption of zero transaction costs and to hedging
performance in the presence of large market movements;
no dynamic rebalancing is required. These advantages
may sometimes offset the difference between the hedging
price and the option price, even for OTM Asian options.

Our method is not restricted to Asian options. It
works whenever one is faced with a payoff defined as a
sum of dependent asset prices (such as basket options).
From the structure of the technique, one can see that the
stronger the dependence of the involved asset prices, the
better the performance.

ENDNOTE

Albrecher acknowledges support from the K.U. Leuven
(Fellowship F/03/035) and the Austrian Science Foundation
Project S-8308-MAT. Dhaene and Goovaerts acknowledge
the financial support of the Onderzoeksfonds K.U. Leuven
(GOA/02: Actuariéle, financiéle en statistische aspecten van afhanke-
lijkheden in verzekerings- en financiéle portefenilles).

ExHIBIT 3

Black-Scholes Option Prices as Percentage of Spot (monthly averaging)

100K /Sy AAne AA. AA,, EC
80 20.0727 20.1523 20.2756 21.0819
90 11.0662 114577 11.5952 13.2550
100 4.5532 5.1833 5.1835 7.4552
110 1.3491 1.8359 1.9573 3.7642
120 0.2944 0.5174 0.6952 1.7243
EXHIBIT 4
VG Option Prices as Percentage of Spot (monthly averaging)
100K /Sy AApne AA, A4, EC
80 20.5233 20.7895 20.9331 22.0739
90 11.7384 12.1649 12.3462 14.2015
100 4.5979 5.0555 5.0764 7.7T732
110 0.9585 1.2261 1.5090 3.3712
120 0.2108 0.3364 0.4824 1.2554
EXHIBIT 5
NIG Option Prices as Percentage of Spot (monthly averaging)
1 00]\'/8() AAer ,4.4(- A .flf_,- E-‘Cv
80 20.6067 20.9335 21.0906 22,3345
90 11.7500 12.2184 12.3885 14.3309
100 4.4899 5.0184 5.0223 7.7433
110 0.9208 1.2477 1.5039 3.3441
120 0.1865 0.3149 0.4660 1.2381
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EXHIBIT 6

Meixner Option Prices as Percentage of Spot (monthly averaging)

1 (.)()f\'/b'n AA MC A .“, .4_4,:_.. O
80 20.7128 20.8870 21.0459 22.2530
90 11.8590 12.2050 12.3861 14.3029
100 4.5133 5.0147 5.0204 7.7499
110 0.8768 1.2471 1.5085 3.3476
120 0.1961 0.3382 0.4862 1.2601
ExXHIBIT 7
Black-Scholes Option Prices as Percentage of Spot (weekly averaging)
100K/ S AAye AA, AAy, EC
80 20.0198 20.0964 20.2280 21.0819
90 10.9226 11.3088 11.4833 13.2550
100 4.3373 4.9738 4.9741 7.4552
110 1.1970 1.6747 1.8345 3.7642
120 0.2342 0.4390 0.6384 1.7243
ExHIBIT 8
VG Option Prices as Percentage of Spot (weekly averaging)
100K /Sy AApnc AA, AA, EC
80 20.3915 20.6882 20.8543 22.0739
90 11.5263 11.9870 12.2064 14.2015
100 4.3138 4.8178 4.8365 T.19732
110 0.8012 1.0884 1.3991 3.3712
120 0.1651 0.2905 0.4409 1.2554
ExHIBIT 9
NIG Option Prices as Percentage of Spot (weekly averaging)
100K /S, AApye AA, AAy, EC
80 20.5274 20.8217 21.0036 22.3345
90 11.6063 12.0419 12.2443 14.3309
100 4.2758 4.7829 4.7861 7.7433
110 0.8010 1.1060 1.3948 3.3441
120 0.1543 0.2696 0.4250 1.2381
ExuisiT 10
Meixner Option Prices as Percentage of Spot (weekly averaging)
1()01{/51, AA MC AA, ,4_4!-,- EC
80 20.3915 20.7760 20.9615 22.2530
90 11.5263 12.0285 12.2430 14.3029
100 4.3138 4.7785 4.7834 7.7499
110 0.8012 1.1071 1.3993 3.3476
120 0.1651 0.2914 0.4446 1.2601

SeranG 2005

THE JOURNAL OF DERIVATIVES

71



REFERENCES

Albrecher, H., and M. Predota. “On Asian Option Pricing for
NIG Lévy Processes.” Journal of Computational and Applied Math-
ematics, 172 (2004), pp. 153-168.

— "Bounds and Approximations for Discrete Asian Options
in a Vartance-Gamma Model.” Grazer Math. Ber., 345 (2002),
pp. 35-57.

Barndorff-Nielsen, O.E. “Normal Inverse Gaussian Distribu-
tions and the Modeling of Stock Returns.” Research Report
No. 300, Department of Theoretical Statistics, Aarhus Uni-
versity, 1995.

Benhamou, E. “Fast Fourier Transform for Discrete Asian
Options.” Journal of Computational Finance, 6 (2002).

Bertoin, J. Lévy Processes. Cambridge Tracts in Mathematics,
121. Cambridge: Cambridge University Press, 1996,

Broadie, M., and P. Glasserman. “Estimating Security Price
Derivatives Using Simulation.™ Management Science, 42 (1996),
pp- 269-285.

Broadie, M., P. Glasserman, and and S.G. Kou. “Connecting
Discrete and Continuous Path-Dependent Options.” Finance
and Stochastics, 3 (1999), pp. 55-82.

Carr, P., K. Ellis, and V. Gupta. “Static Hedging of Exotic
Options.” Journal of Finance, 53 (1998), pp. 1165—1190.

Carr, P., and D. Madan. “Option Valuaton Using the Fast
Fourier Transform.” Journal of Computational Finance, 2 (1998),
pp. 61-73.

Carr, P., and J. Picron. “Static Hedging of Timing Risk.” The
Journal of Derivatives, 6 (1999), pp. 57-70.

Dewynne, J.. and P. Wilmott. “Partial to the Exotic.” Risk, 6
(1993), pp. 40-44.

Dhaene, J., M. Denuit, M.J]. Goovaerts, R. Kaas, and D.
Vyncke. “The Concept of Comonotonicity in Actuarial Sci-
ence and Finance: Applications.” Insurance Math. Econom., 31
(2002a), pp. 133-161.

——. "The Concept of Comonotonicity in Actuarial Science
and Finance: Theory.” Insurance Math. Econom., 31 (2002b),
pp- 3-33.

Grigelionis, B. "Processes of Meixner Type.” Lith. Math. |., 39
(1999), pp. 33-41.

T2 STATIC HEDGING OF ASIAN OPTIONS UNDER LEVY MODELS

Madan, D.B., P. Carr, and E.C. Chang. “The Variance Gamma
Process and Option Pricing.” European Finance Review, 2 (1998),

pp. 79-105.

Madan, D.B., and F. Milne. “Option Pricing with V.G. Mar-
tingale Components.” Mathematical Finance, 1 (1991), pp. 39-55.

Madan, D.B., and E. Seneta. “The V.G. Model for Share
Market Returns.” Journal of Business, 63 (1990), pp. 511-524.

Rydberg, T. “The Normal Inverse Gaussian Lévy Process:
Simulation and Approximation.” Communications in Statistics:
Stochastic Models, 13 (1997), pp. 887-910.

Schoutens, W. Lévy Processes in Finance: Pricing Financial Deriva-
tives. New York: Wiley, 2003.

——. "The Meixner Process: Theory and Applications in
Finance.” EURANDOM Report 2002-004, Eindhoven, 2002,

Schoutens, W., E. Simons, and J. Tistaert. “A Perfect Cali-
bration! Now What?” Wilmott Magazine, March 2004,

Schoutens, W., and ].L. Teugels. “Lévy Processes, Polynomials
and Martingales.” Communications in Statistics: Stochastic Models,
14 (1998), pp. 335-349.

Simon, S., M. Goovaerts, and J. Dhaene. “*An Easy Computable
Upper Bound for the Price of an Arithmetic Asian Option.”
Insurance: Mathematics and Economics, 26 (2000), pp. 175-183.

Turnbull, S., and L. Wakeman. “A Quick Algorithm for Pricing
European Average Options.” Jourmal of Financial and Quantita-
tive Analysis, 26 (1991), pp. 377-389.

Vanmaele, M., G. Deelstra, J. Liinev, J. Dhaene, and M.
Goovaerts. “Bounds for the Price of Discretely Sampled Arith-
metic Asian Options.” Forthcoming, 2005.

Vecer, J. “A New PDE Approach for Pricing Arithmetic
Average Asian Optons.” Journal of Computational Finance, 4
(2001), pp. 105-113.

— "Unified Asian Pricing.” Risk, 15 (2002), pp. 113-116.

Vecer, ]J.. and M. Xu. “Pricing Asian Options in a Semi-
Martingale Model.” Quant. Finance, 4 (2004), pp. 170-175.

Vorst, T.C.F. “Prices and Hedge Ratios of Average Exchange

Rate Opuons.™ International Review of Financial Analysis, 1 (1992),
pp. 179-193.

1o order reprints of this article, please contact Ajani Malik at
amalik(@iijournals.com or 212-224-32035,

SPRING 2005



©Euromoney Institutional Investor PLC. This material must be used for the
customer's internal business use only and a maximum of ten {(10) hard copy print-outs
may be made. No further copying or transmission of this material is allowed without
the express permission of Euromoney Instituitonal Investor PLC.

The most recent two editions of this title are only ever available at
http :/Avww.euromoneyplc.com



