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t'liis irscanii dcrclops iippivxitnatioiis for llic dis-

irihiiiion of /cyyc.v from dcjiWilt In .f noriiial coptiLi

fnuiicu'ork for credit risk, with particular ciiiplmsls

on (ipproximatini^ low prohahilitics of /(irijc losses.

Till- stiirtiii^'^ point is .IH approximation of titc rate

of decay of the tail of the los< ilistiihiitioii for niiil-

tijactor lietcro\iencoits portfolios.

'I'fiis decay rate is used in tfnee approxiuiations: a

homoi^ciieons single-factor approxiuiation, a sad-

dlepoint ficuristic, and a Laplace approxiuiation.

The first of these methods is the fastest, hut the last

tii'O can he S!irprisin<^ly iicairate at I'ery Unp loss

probabilities. The accuracy of the inetfiods depends

primarily on the structure of the correlation matrix

in the normal copula. (Calculation of tfie decay rate

/'(•(/;///'['>• soh'in^ an optimization problem with as

many variables as tliere are factors drivin^i the cor-

relations, and this is the main computational step

underlyin^^ these approximations.

Also derived is a two-moment approximation that

fits a homoijeneous portfolio by matchin<^ the mean

and variance of the loss distribution. 11 liile the com-

plexity of the other approximations depends pri-

marily on the number of factors, the complexity of

the tii'o-momeut approximation depeiids primarily

on the .w'~(' of the portfolio.

C
alculation of the distribution of
losses from default—especially the
tail of the distribution—is a pre-
reqttisite to calculation ot value at

risk, shorthiil risk, and related risk measures.

Approximations for tlie distribution of losses
are developed here in a normal copula frame-
work tor credit risk of the type associated \vith
the CreditMetrics approach now in wide-
spread use.

The starting point is an exponential
upper bound on the tail ot the loss distribu-
tion and an approximation of its rate of decay.
I use these to develop several related approx-
imations ot' the entire distribution. The
simplest tises the decay rate to match a single-
tactor homogeneous portfolio to a general
portfolio. The limit of the loss distribution for
the homogeneous portfolio as the number of
obligors increases is then used to approximate
the loss distribution of the original portfolio.

A second approximation is based on a
heuristic application of a saddlepoint method
for approximating tail probabilities, and a third
applies the classic Laplace method for approx-
imating integrals. I also derive a two-moment
approximation that fits a homogeneous port-
folio by matching the mean and variance of the
loss distribution; this approximation is largely
unrelated to the others.

In numerical tests, none of these methods
is tound to be consistently more accurate than
the others. It does appear, however, that when
the various methods give similar results, they
are all consistent with the exact values (as esti-
mated by Monte C'arlo). Thus, the approxi-
mations serve as informal checks on one
another. That is, getting very ditierent values
from the various approximations provides a
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warning that at least one value is not acctiratc. The sad-
diepoint heuristic and the Laplace approximation are par-
ticularly well suited to approximating very low probahilities.

The key detcniiinant of the accuracy of the approx-
imations {excluding the two-moment method) is the cor-
relation structure in the normal copula used to model
dependence among obligors. The approximations work
best with smoothly distributed correlations and have dit-
hculty when the correlations fall into a small number of
widely dispersed clumps. The correlation matrix is often
specified through a matrix of tactor loadings; the approx-
imations work best when these loadings are such that large
losses tend to result from movement of the factors in a
single, most likely direction. The approximations work
less well when different directions of factor movements
can result in losses of similar magnitude with similar prob-
ability, as can occur with highly structured block-diagonal
loading matrices.

Computationally, the most demanding step in eval-
uating the exponential upper bound and the approximate
decay rate is the solution of an unconstrained non-linear
optimization problem. If the correlation matrix is speci-
fied through a factor model, then the dimension of the
optimization problem equals the number of factors. For
models with, say, 50 factors, the optimization problem
can usually be solved in seconds from an arbitrary starting
point, and much faster trom a good starting point. CJood
starting points are determined primarily by the matrix ot
factor loadings. As this matrix is unlikely to change much
from one day to the next, a bank that calctilates risk mea-
stires daily would have a good starting point available from
the previous day's calculation.

The two-moment approximation requires evalua-
tion of bivariate normal probabilities tor calculation of the
variances of the exact and approximating loss distribtttions.
For the exact distribution, die variance calculation involves
O{nr) bivariate normal probabilities, where lu is the
number of obligors in the porttblio. The complexity of this
method is thus determined primarily by the size of the
portfolio rather than the ntunber of tactors.

In developing approximations, 1 have in mind appli-
cations in risk measurement and risk management. This
influences the modeling framework we consider and also
our focus on tail probabilities. It should be noted, however,
that for pricing many CDOs, the key step is calculating
the distribution ot losses at multiple dates (as in Andersen.
Sidenius, and Basu [2()()3|). The methods we propose here
are tluis potentially relevant to valuing C^DOs as well.

I. PORTFOLIO CREDIT RISK:
NORMAL COPULA MODEL

I consider the distribution of losses from default over
a fixed rime horizon—one year, tor example. The nota-
tion IS as follows:

;/( - ntiinber of obligors to which the portfolio is
exposed;

Vj., — default indicator for the ^-th obligor;
— 1 if the A'-th obligor defaults, and 0 otherwise;

p, = marginal probability that the A'-th obligor
defaults;

Cj^ = loss resulting from default of the i.'-th obligor;
and

L = c.Y. + ... + c Y = total loss from defaults.
I 1 III III

The objective is to calculate (oT approximate) the tail
distribution P{L > x), especially for large values of .v. (We
take the loss to be a positive quantity and thus look at the
upper tail of the distribution.) Tbe individual default prob-
abilities /)̂ , are assumed known, either from credit ratings
or from the market prices of corporate bonds or credit
default swaps. We take the c^ to be known constants for
simplicity, although it would suffice to know the distri-
bution ot t\Y^.

The focus of most credit risk modeling lies in cap-
turing the dependence among the default indicators Y'
..., V . In the normal copula model (as in Gupton, Finger,
and Bhatia [1997] and Li [2(KH)|), dependence is intro-
duced through a multivariate normal vector (X.. ..., X )
of latent variables. Each default indicator is represented as

y^, = l{X^^> x ^ l k = 1 Ill

with .v̂ , chosen to match the marginal default probability'
/'̂ ,. Tbe threshold A ,̂ is sometimes interpreted as a default
boundary of the type arising in Merton |1974|. Without
loss of generality, we take each X̂ , to have a standard
normal distribution and set .v, = $""'(1 -Pi), with 0 the
cumulative normal distribution. Thus:

P{Y, = 1) = P{X, > -

Through this construction, the correlations among
the X̂ , determine the dependence among the ŷ .. The
underlying correlations are often specified through a factor
model of the form:
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E X H I B I T 1

Exponential Upper Bound on Indicator
of Event that Loss L Exceeds Level x

kd'^d + (1)

where

Z| , ..., Z^ are systeniiuic risk factors, eacli having an
.V((), 1) (standard normal) distribution;

(3̂ ,1, ..., tij,̂ ^ are the factor loadings for the k-xh obligor,
assumed non-negative;

(>* = \l^-{^li^--- + 4,i) so that X^ IS :V({), 1); and
ê  is an idiosyncratic risk associated with the

^'-th obligor, also X(0, 1) distribtitcd.

Write ,4 for the m X d loading matrix with {k. /)-th
entry rt^... The correlation between X^_ and X ,̂ (. T k, is given
by the {̂ , f)-th entry of ^ ^ . The underlying factors 7.
are sometimes given economic interpretations (as industry
or regional risk factors, for example), but not always.

II. APPROXIMATING THE DECAY RATE

I now turn to how to approximate the rate of decay
of the tail of the loss distribution P{L > x) as x increases.
The random variable L is bounded bv the maximum loss

smaller than ( . It is therefore meaningful to discuss the
rate of decrease of the tail, even though L is bounded.

First, we will define a family of upper bounds on P(L
> x\ Z), the tail of the conditional loss distributitin, given
the factor outcome Z. These bounds depend on a para-
meter 6. Next, we find the value of the parameter giving
the tightest bound for given .v and Z, Then, we remove
the dependence on the factor outcome Z by finding the
most likely value of Z leading to losses larger than A". This
provides our basic approximation of the tail of the loss
distribtition near a given threshold .v. which we then
extend in various ways.

Tail Bound

An important tool in the analysis is the conditional
cuuuihmfgcucratiugjmiclioi! ot L:

= logE[exp(^L)|Z= ; ] , Jft, r

where Z— (Z, 'Z'^ ' is the vector of risk factors in (1).
This function becomes relevant to bounding the tail of
the loss distribution through the observation that for any
6>{] and any loss level .v:

(2)

This is illtistrated in Exhibit 1. Taking the conditional
expectation of both sides ot (2), we get

(3)

so ih{9, Z) incorporates information about the tail of the
conditional loss distribution.

To calculate the conditional cuinulant generating
function, observe that, conditional on the risk factors,
the default indicators V' ..,, Y. become independent.
The conditional default probabilities are

= z)

SO P{L > x) — (1 for all .v larger than this maximum. But
because default probabilities are generally low, the tail prob-
ability P{L > x) becomes negligible at values of .v much

(4)

where iĵ , - (iĵ .j a^_^^ is the (row) vector of factor load-

ings tor the iL'-th obligor, and < & - ' ( ! - p^) = -O"'(;i^,) by
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the syninictry ot the nonual distribution. The conditional
cunuihuit generating function is then

Using (6), we may therefore write

^ logE
k I

k=\

k=i

For e;!ch z.(;•(•, z) h.is certain b.isie properties shared
by all eumulant generating functions. In particular, it passes
throtigh tlie origiti: it is convex; and its derivative at the
origin is the (conditiDiial) mean of L, which in this case is

d_

m (6)

Because L is bounded, l"(0, ~) is finite tor all 0and z.
The bound (3) holds for all 0>{). To get the tightest

bound, we optimize the choice of 0 and define, for ftxed
c and any -v G (II, /' ):

- Ox) = - max (7)

The function .v •-> -F^.(c), called the Legendre-
Fcnchel dtial of the function 0 >-^ il'{Q, ~), is a standard
tool in approximations ot low probabilities. (See, e.g.,
l.^embo and Zeitouni j]998|. The usual definition takes
the maxiniuni over all real 6; the two definitions coincide
tor large -v. For our purposes, it is more convenient to
restrict 9 to be positive from the outset.)

liecause (,•'{•. ~) is strictly convex, the maxinunn in
(7) IS attained at just one point, which we denote by 6^{::)
and call the {conditional twisting paramclcr. (As I explain in

Glasserman f2(J(.)4, p. 5311, this parameter determines the
amount by which the (conditional) default probabilities
must be adjusted or twisted to make the (conditional)
expected loss greater than or equal to .v.) It the slope of
'(/''(-, z) at the origin is higher than .v, then the maximum
is attained at 0 {z) = 0; otherwise, it is attained at the
unique solution to the first-order condition:

siicli tliiit i}i;'[(^. z)/O0 ^ .;•. .;• > E{L\Z = z]

.T<B[L\Z = z\

(8)

The twisting parameter 6 (z) tnay be loosely inter-
preted as a measure of how much higher the loss level x
is than the conditionally expected loss E[LjZ — ^ j . With
(8) we may write F̂ . as:

FAz) = <HO.r{z).z)-eAzU (9)

Our interest in this function stems from the obser-
vations in the Proposition.

Propo.<ition

1. For any 0 < x< ^

P{L>-r}<

2. 'I he fnnction z ^~> P [z) is (coordiiiatcwiscj ii

with r . dccn\isin<j_ with x. and /•' (z) < I) tor all

3. P .{z) — 0 /'/ and only if E[ L | Z - ;r| > .v.

4. If F.(-) is concave, then

> x) <

where

(10)

(11)

These assertions are substantiated in Appendix A;
here we offer some interpretation. For each loss level .v,
exp[F (c)] should be viewed as a measure of the rarity or
likelihood of the event [L > x\, conditional on the fac-
tors Z taking the value z (recall Equation (3) and Exhibit
1). For this reason, we call F,{z) (or |F.(;r)|) the co}ui\-
tional rale at .v. When E|L|Z - z| > A', the third statement
above says that the event is not rare because exp[F (^)] =
1. Also, the second statement says that the event {L> x\
becomes less likely as .v increases and more likely as the
factor level c increases. (I^ecall that all the factor loadings
(î^̂. arc non-negative.) Similarl}, exp(-J(.v)) should be
viewed as a measure of the nnconditional rarity of {L >
.v|. The point ĉ . at whidi the inaxiiiitim in (11) occurs:

(12)
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may be interpreted as the most likely vnluc o\ the hictors
leading to losses greater than .v.

When (10) holds, it seems reasonable to take

(13)

as an approximation of the decay rate of P(L > .v), in the
sense that (an upper bound on) log P{L > x) has a slope
of-J(.v) at the point x—the derivativeJ(,v) tells us some-
thing about how quickly the tail ot the loss distribution
P{L > x) is decreasing at .v. This is the premise ot our first
approximation. In fact, we view the rate J{x) as poten-
tially more usekil than the bound itself in (10). Even when
the bound is too loose to he informative, the decay of tlie
bound will often parallel the decay of the probability itself.

The validity of the concavity assumption underlying
(10) is determined pritnarily by the loading matrix A, and
fully satisfying this condition turns out to be restrictive.
Concavity holds in a single-tactor model of identical
obligors, hut it virtually never holds in a multitactor model.
It would hold if all rows of the loading matrix A were mul-
tiples of each other, but such a case could be reduced to a
single-factor model. We will see some evidence ot the ways
the structure of the matrix A determines deviations fi'om
concavity and the accuracy ot our approximations.

Inspection of the proof of the proposition shows,
however, that concavity is a bit more than what we need
to justify (ID). It would be enough for Equation (A-1) to
hold at z — z , the maximizer of F (z) — z^zi2. What we

.v' .v^ '

need, loosely speaking, is for F (̂ ) - z^zIT. to drop ofT
quickly as z moves away from c- , and this (admittedly
vague) property can hold even if concavity fails. There are
also ways tojustifv' expressions like the right side of (10)
as asymptotic approximations (as in Glasserman. Heidcl-
herger, and Shahabuddin |1999| and Glasserman and Li
[2003]), but I do not pursue that route here.

Properties of the Bound and Rate

From the expression in (13), it is not evident how
one would calculate the derivative defmingj(.v). It turns
out that this derivative is calculated automatically as a
by-product of the maximization over z required to cal-
culate/(.v).

Before explaining this point, I discuss some further
properties of the rate F. and its calculation. Evaluation of
F {z) requires finding the twisting parameter Q {z) by
solving the equation in (8) if .v > "^^p^ ̂ ^)^k- Although

QJ^z) does not have a simple closed-form expression,
finding it numerically is just a scalar root-fniding problem.
The derivatives of i/''{', -) t\̂ n be written out explicitly
and used to implement a second-order Newton method,
for example (see Appendix B). It some ot the ĉ , are very
large, then terms of the form exp(6'c,) can create numer-
ical difficulties, so it is a good idea to choose units tor the
losses in which the (^ are not too large.

Evaluation ot /(.v) requires optimization of F {z) -
z z/2 over z, which is the most computationally
demanding step in the approximations. The optimization
IS faciliatcd by the availability of explicit expressions for
the first- and second-order derivatives of F {z) with respect
to the components of z. These are detailed in Appendix
B. With these expressions. I optimize using a line search
Newton method witli Arniijo backtracking as in Nocedal
and Wright [1999, pp. 35-42]. When there are many fac-
tors, it tnay be preferable to use a quasi-Newton method
to avoid evaluation of the full Hessian.

Let z maximize F {z) — z — z^z/2, so that

(14)

In Appendix B, we show that

(15)

To evaluate f {z) we need to find the twisting para-
meter 0 {z), so in the course of computing the optimizer
c , we evaluate 0 {z ) anyway. Thus, the derivative_/(.v) is
available as a by-product of the optimization. This is aii
important simplification, particularly for the method below.

III. FITTING A HOMOGENEOUS PORTFOEIO

In this section and the next two, I present strategies
for converting the properties in the Proposition to approx-
imations for P{L > A"). First, I use the infinite-obligor
limit of a homogeneous portfolio to approximate P{L >
A). The decay rate }{x) is used to select the approximating
portfolio.

Consider, then, a model with identical default prob-
abilities (j)^— p), identical exposures {c^= 1), and identical
loadings {ii^^^ = p) on a single factor Z. Each defuilt indi-
cator takes the form

= I in (16)
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with conditional dchuilr probabilities

p , { z ) = p{z) = P(Y, = [\Z ^

Let L — Y. + ... + Y denote the loss for this portfolio
11/ 1 III r

and extend the V'̂ . to an infinite sequence Y, Y^, Y^, . . . ,

of- the |-orm in (16) using independent and identically dis-

tributed /\'((), 1) random variables e, f,, f.~,.... Because the

V'̂ ,̂ are conditionally iid {given Z) and the ĉ , are all equal

to 1, we have

where

(17)

for i) < q < \ and G^,pH)) = 0. This is the loss distribu-
tion for the infinite-obligor limit of a homogeneous port-
tolio. This distribution has two parameters, p and p.

This distribution has been derived and applied by
authors including Vasicek [1991], Lucas et al. |2001|,
Schonbucher [2001], and Kalkbrenner, Lotter, and Over-
beck [2O(l4|. It has also been incorporated into the Basel
C'oniniittee's internal ratings-based approach to credit risk.

Approximation

In using this distribution as an approximation lor a
general portfolio, I interpret q to be the loss level express-
ed as a traction ot the maximum possible loss /' . Thus,
I seek an approximation of the form:

P{L 0<X

for which I need to select the parameters p and p.
I choose p to match the expected loss E[L|. On the

one hand, we have

( • = 1

d.r = dq

To equate these two means, I choose yj —p with

(18)
k=l

This is the exposure-weighted average of the default prob-
abilities, and is thus appealing on intuitive grounds as well.

I choose p to match the approximate decay rate of
the tail of /_,. For this, I pick a relatively high loss level .v,
and calculate _/(.Vj) for the original portfolio. Recall that I
interpret this as an approximate decay rate in the sense that

dx

I therefore choose p so that

d
dq

(19)

(20)

(Because L is discrete, its distribution is not ditferentiable
and we are ignoring this in (19). The function_/(.v) is in
a sense a smoothed approximation of log P{L > x).)

Given the value of /(.v.), one can solve numerically
for a value of p that makes the two sides of (20) equal. A
further approximation makes it possible to write the
required valtie ot p explicitly, with no evident impact on
the quality of the overall approximation. At high values
of A", 1 - O(.v) is well approximated by 0(.\')/x, with <p the
standard normal density. Accordingly, from (17) we have

log(l -Gp

Differentiating with respect to q and using the
resulting derivative on the left side of (20) yields a quadratic
equation for 6 = v l̂ - p- . Tlie required root is given by

6 =
2«

(21)

with
and on the other hand we have
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ih - x,/( anci then p — \/] — 6'^ .
I can summarize the approximation in steps as follows:

1. Choose a high value of.Y; (where P{L > .v,) = 0.001
-0.01) and find

using, e.g., a Newton method with derivatives as in
Appendix B.

2. Set j(.v,) - 6*̂. (c^.) with e^{z) as in (8). (This is avail-
able as a by-prodtict of Step 1.)

3. Set p] = vT-S^ with S the root ot the quadratic
equation given in (21).

4. Setp-I,/y//,,,,^.
5. Return the approximation

accurate tor low values ot: .v. But even though the approx-
imation in (22) invariably starts at a higher level than the
true tail probability; it drops very quickly and can be sur-
prisingly accurate for even moderately high values of .v.

The optimization problem that defines /(.v) may have
multiple local maxima, but these are ignored by (22). A
natural way to try to incorporate them in (22) uses a mix-
ture of Af homogeneous distributions ot the form:

M

PiL > ,r) (24)

where the weights w. sum to 1. Each p is the value fit tising
a local maximum z. The u>^ should give less weight to z
tar trom the origin, weighting them in inverse proportion
to their noriiis. for example. 1 have tound this extension
helpful in some examples with two local maxima, but to
limit the number ot alternatives I do not pursue this exten-
sion here.

PiL > .r) ^ 1 - $ n-)-!
Pi

for all 0 < .V < ^ ,
ni.ix

It should be noted that this procedure requires just
one optimization over c to compute a single decay rate

J{x^). Once p, is selected using this decay rate, (22) pro-
vides an approximation ot the entire curve ot P{L > x).

In choosing x.. we use a rule ot the form

Numerical Examples

I illustrate the approximations discussed so tar with
some numerical results for test portfolios (used in subse-
quent sections as well).

Portfolios Al and A2. As a first illustration, con-
sider a portfolio (which I call Al) of ni = 1,000 obligors
in a ten-factor tnodel. The marginal detault probabilties
and exposures have the tbrm:

(23)

If y, , ..., Yj^ were perfectly correlated, this would set .V|
at (/standard deviations above the mean. We generally use
v-\l2 or V — 1 because this usually results in a low value
tor P(L > A-|). Yet (23) and these values of î  are fairly arbi-
trary, and we will see that one can otten do better with
better intormation about where P{h > .v) becomes low.
There are usually a wide range ot values ot .v. that pro-
duce very similar approximations. If_/(A"|) < 0 then .Ŷ  is
too small and should be increased.

As X approaches 0, the approximation on the right
side of (22) approaches 1; the distribution tor the infi-
nite-obligor limit assigns probability 0 to a loss ot exactly
0. The actual loss L is 0, with positive probability; how-
ever. We therefore cannot expect the approximation to be

= 11.01

^, = i\U-/m]f. k = l m

(25)

(26)

Thus, the marginal default probabilities tluctuate
between 0 and 2% with a mean ot 1%, and the possible
exposures are 1, 4, 9, 16, and 25, with 200 obligors at
each level. This is a ltinipy exposure profile compared
with the tixed value ot î , implicit in the homogeneous
approximation.

Finally, tor the tactor loading matrix, we generate
the (1̂ ,̂  independently and unitormly trom the interval
(0, \/',d),d— 10. The upper limit of this interval ensures
that the sum ot squared entries in each row ot A does not
exceed 1.

In fitting a homogeneous portfolio, we need a rule
tor selecting the point .V| at which to match the decay
rate. To provide a systematic comparison, we use (23)
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E X H I B I T 2

Homogeneous Approximations for Portfolio Al

.S'ii//(/ Hill's dir Moiitc daiio

ihv kfr fhiin'l ili.<phiy.< prohtihiliiy on ili'. I'lic rij^lil panel _i^ivci a ma^fiificd t'icw at low loss

witli I' - 1/2 and \' - 2. As already noted, these values
arc fairly arbitrary, and they do uoi necessarily provide
the best possible approxmiation.

The left panel in Exhibit 2 compares the approxi-
mations with loss probabilities estimated using Monte
Carlo simulation. The horizontal axis shows loss levels, and
the vertical axis shows the probabilit\' that the loss exceeds
each level, on a logarithmic scale. The solid line shows the
Monte Carlo estimates; the ciashed line is the approxi-
mation at V ^ 1/2 {.V| - 579, P| - 0.4889); and the dotted
line is the approximation at i' ̂  2(A-| = 2005. p, = 0.4859).
The three curves are nearly identical over a wide range
t>f !c)ss levels and tail probabilities.

The right panel ot Exhibit 2 shows a magnified view
ot the distributions at low loss levels. The homogeneous
approximations have no chance of matching the correct
\'alue at 0, but they catch up with the correct values
remarkably quickly. {The wobbly pattern in the Monte
(~arlo curve results trom the lumpy exposure profile.)

The excellent performance ot the approximation in
Exhibit 2 is typical ot many examples I have tested in which
the elements of/^ are randomly generated. To illustrate this
point. I consider a modification referred to as Portfolio A2.
The nuidified portfolio has just 100 obligors. The marginal
detank probabilities are as in (25) but multiplied by 2.5 so
that they He between 0 and 5%. These changes should make
the porttblio less amenable to the approximation. The expo-
sures have the lumpy form in (26). I consider a five-factor
version of the model, with each entry of the loading matrix
A uniformly distributed between 0 and 1/V5.

The results .\Y^ displayed in Exhibit 3. The two

approximating curves {calculated at v - 1/2 and v - 2)
are virtually indistinguishable and are indicated by the
dashed line. The solid line shows Monte Carlo estimates.

Portfolio B. The next example has five factors and
496 obligors, grouped into sets of sizes 256, 128, 64, 32,
and 16. Within each group, the obligors have identical
tactor loadings, given by the row vectors:

1,0)
K 1/VT, l/VT, 0, 0)

{1/vT, 1/Vy, 0,0,0)
( i /VT, 0 , 0 , 0 , 0 )

The exposures c. are constant within groups, taking
the values 25, 16, 9, 4, and 1. The default probabilities are
inversely proportional to the exposures, with p, - O.i)S/c..

This structure is designed to be quite far from a
single-factor model, but it also difFers from Portfolios AI
and A2 in that the randomization in those models made
all tactors equally important. Here, the first three factors
are ot roughly equal importance, and the last two factors
are significant but have somewhat less impact.

The results are displayed in the right panel of Exhibit
3, based on r - 1/2 (.Y| - 255.5) and i' - 2 (x, - 946.3).
Although not quite as effective as in Al and A2, the curves
provide decent approximations, with the one fit at -v. —
255.5 a bit more accurate at higher loss levels.

Portfolio C. While it is usetul to see examples where
an approximation works well, it is also instructive to see
examples where it does not. Our next portfolio is there-
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E X H I B I T 3
Homogeneous Approximations for Portfolios A2 (left) and B (right)
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fort Specifically designed to dete.it any .ittcmpt to ht a
homogeneous approximation to the actual loss distribution.

We consider a two-factor model with iii = 1,000
obligors and all c^— ̂ - The first 150 obhgors have a mar-
ginal default probability of 5%, a loading oi O.H on the first
factor, and a loading of zero on the second factor. The
last 850 obligors have a marginal dehuilt probability ot
0.1%, and they are sensitive only to the second factor,
with a common loading of 0.7. This example is intended
to be difficult rather than realistic.

For loss levels below 150, this portfolio behaves
nearly like a single-factor model with just the first 150
obligors. At higher ioss levels, the second factor and t!ie
remaining obligors become relevant. As a result, the loss
distribution (as estimated through simulation) has an inflec-
tion near 150; see the solid line in Exhibit 4. The inflec-
tion begins a bit below 150, around 146.

Exhibit 4 compares several homogeneous approxi-
mations against Monte Carlo estimates. As before, I
include the approximations ht using r = 1/2 and v — 2
ill (23), which give x^ - 38.1 and .v, - 127.5, respec-
tively. (The figure has two curves fit at 127.5. At this
point, the relevant one is the lower curve.) Both ot these
values of AT, are smaller than 150, so for comparison we
include the curve fit at 200, above the inflection.

In all three cases, the approximation does what it is
designed to do, in the sense that in each ease the slope of
the approximating curve runs parallel to that ot the true
curve at the corresponding value of .V|. But, because of
the unusual shape of the distribution, this strategy does

not result in accurate approximations.
The curve fit at 127.5 (the lowest one) is particu-

larly vulnerable to the shape of the distribution. Because
127.5 is near the inflection, this approximation sees only
the rapid decline in the tail probability as the loss level
approaches 150. To try to match this rate of decline, it
selects a much lower value ofp (0.317(J, compared with
< 1.6263 at 38.1 and 0.5870 at 200), and thus ends up under-
estimating the tail of the loss distribution. The other curve
tit at 127.5 uses only the first 150 obligors in computing
p (which results in p - 0.8040). It therefore fits the ini-
tial portion of the tail distribution quite well, but of course
completely misses losses above 150.

Portfolios Dl and D2. The next example, like Port-
folio C, is designed to be difficult and to highlight some
properties of the homogeneous approximation. I con-
sider a portfolio of 1,000 obligors in a 21-factor model.
The marginal default probabilities fluctuate as in (25).
and the exposures î , increase linearly from 1 to 100 as k
increases from 1 to 1,000.The 1,000x21 factor loading
matrix has the block structure:

F

F 9 I (27)

with R a colunm vector of 1,000 entries, all equal to 0.8;
Fa column vector of 100 entries, all equal to 0.4; Ga 100
X 10 matrix; and g a column vector of 10 entries, all equal
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Homogeneous Approximations for Portfolio C
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to 0.4. Think of the first factor as a marketwide factor, the
next ten factors {the P block) as industry factors, and the
last ten (the G block) as ideographic factors. Each obHgor
then has a loading ot 0.4 on one industry factor and on one
geographic factor, as well as a loading of O.S tJti the niar-
ketwidc factor. Tlicrc are 100 combinations ot industries and
regions, and exactly ten obligors tall in each combination.

The highly structured form of the matrix A and the
extreme variation among the exposures ĉ., make this a
challenging example tor the homogeneous portfolio
approximation. This is illustrated in the left panel oi
Exhibit 5. The approximatit)ns fit using c = 1/2 (x. =
26H4) and v = 2 (.v, = 9282) do a poor job. We obtain a
better tit at .Vj = 30,000, but it too degrades beyond prob-
abilities of about 0.5%.

The right panel of Exhibit 5 shows results for a
slightly perturbed version ot the same portfolio. We replace
each entry a^. of the original loading matrix with

-0 .5) (28)

where the U^. are independently and unitortnK' distrib-
uted over the unit interval. The average absolute change
in the entries of A is 0.03, and the maximum absolute
change is 0.13. The change in A is therefore small. The
results in the right panel of Exhibit 5 indicate that adding
a small atnount ofnoise in this way makes the model more
amenable to approximation.

I am not suggesting one should deliberately add
noise to factor loadings. The purpose is instead to ilkis-
trate the circumstances that are fiivorable or unfavorable
to the approximation.

The approximation works better with greater vari-
ability in the factor loadings. A loading matrix estimated
from data would not have the highly structured form of
the matrix A in (27) unless this structure is imposed on
the estimation procedure. Companies are otten sensitive
to more thati one industry factor and more than one geo-
graphic factor, so even with this interpretation a real
loading matrix is unlikely to have the sharply delineated
block structure in (27). We expect estimated loading
matrices to look more like the perturbed version, and
thus to be more amenable to approxitnation.

IV. SADDLEPOINT HEURISTIC

In its simplest form, the approximation I next pro-
pose is

P{L (29)

Explaining how I arrive at this expression and how it
might be refined requires a digression on saddlepomt
approximations. I refer to (29) {and (31), below) as a sad-
dlepoint heuristic to distinguish it from rigorous approx-
imations of the type in Jensen |1995].

Background

Consider an arbitrary random variable Kwith cumu-
lant generating function

The argument used in Item 1 of the Proposition simi-
larly shows that P{V> u) < exp[-/(i-')] where:

= a,,v — (30)

and a , is the point at which the maximum is attained. Sad-
dlepoint methods convert this bound on tail probabilities
into approximations using higher-order derivatives of A'.

Of the many possible saddlepoint approxiinations
in the literature, we cotisider the Lugannani-Rice tbr-
mula, which is

P{V > V) 0(r) { I - -
A /•

with
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Homogeneous Portfolio Approximations for Portfolios Dl (left) and D2 (right)
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and

Tlie last equality follows from the Legendre-Fenchel trans-
torniatioii in (30), along the same lines used to derive (13-
3) in Appendix B,

Saddlepoint approximations have been used to mea-
sure portfolio credit risk by Martin, Thompson, and
IJrownc [20(>] | in a model with independent obligors (or
in a finite mixture of such models) and by Gordy [2002|
in the CreditRisk+ model for which the cuinulant gen-
crating function is known. A direct application is not
possible because ot the intractability ot the cuinnlant gen-
erating function ot L. Rather than try to evaluate or
approximate this cnnuilant generating tunction. we
approximate its Legendre-Fenchel transform.

Approximation

Set V^ 0~^{L/i^^^^^). The Proposition implies that

so let

In a purely lieuristic approximation. I proceed as thougli
l{i') were in tact the Legendre-Fenchel transform of the

cuniiilant generating function ot V. The resulting approx-
imation is

(31)

ith I' ^ <t> Ux/f

and

I noted previously that /(.v) - ^^.(-^.). Although an
explicit expression is also available tor j in (46), it is some-
what simpler to use a central difference approximation of
the tbrm

J{.r)
J{.T+h)-J{x-h)

2h

If I{i') were in fact tlie Legendre-Fenchel dual of a
cumulative generating function, it would be convex; /"(r)
would always be positive; and the V/"(r) appearing in the
approximation would always be meaningful. But no such
guarantee applies to our heuristic use ofj . Also, the last
term in (31) is often quite small; omitting it yields the
simplified approximation in (29).
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Adjusting the Mean

Neither (29) nor (31) is consistent with the known
value ot the expected loss, E[L] = KA-7'A'*A- • To make them
consistent with E[L], I propose scaling these approxima-
tions. This sometimes improves accuracy.

Consider any approximation of the form P{L > x) ~
I - G{x). If we could calculate

a= r {I - G(.r}) tlx
Jo

we could make the approximation consistent with the
mean loss through the adjustment

1
"'6-

where integrating both sides over .v from 0 to '̂ o now
yields E|L|. In practice, accurate calculation ofiii^. may be
difficult, especially if each evaluation of G is time-con-
suming. Also, the approximations in (29) and (31) are
intended for large values of x, but the integral of the
approximations would be heavily influenced by their values
at low .V where the probabilities P(L > x) are greatest and
the approximations least accurate.

To avoid undertaking a numerical integration ot the
approximations, we apply a simple adjtistment based on the
bomogenecnis porttblio distribution G^ . We tix p as in
(IS) and choose p to tit a multiple ot 1 - Ci to the approx-
imation ! - Ci. We then use this multiple to scale I - G.
In more detail, the approach includes steps as tollows:

1. C^hoose points ,v. and evaluate G(.v )̂, / — 1, ..., n
(e.g.. „ - 20).

2, Find p to minimize the sum ot squared ditferences
• I - I

E,= l \ --G,^^(-'-</^max)

^. Calculate the average ratio

4. Return the scaled approximation (•'(! -

Step 2 finds the value of p for which log(] - G.
{x/a ) is most nearly parallel to log(l - G(.v)). Step 3 cal-
culates the average displacement between the two curves.

and Step 4 shitts log(l - Cj) by this amount. If 1 - Ci(.v) were
exactly equal to a multiple of some log(l - ^-,o (-•̂ •/̂ •,,,ĵ )'
the adjusted approximation would integrate to E[L].

A drawback of this adjustment is that it is very sensi-
tive to the choice of points .v at which the approximation
is evaluated. In numerical examples we find that the adjust-
ment can improve the accuracy of the approximation, but
it can also make it worse. Its application requires care.

V. LAPLACE APPROXIMATION

The method here uses Item I of the Proposition.
Calculating the upper bound E[exp(F.(Z))] is in prin-
ciple a problem of integrating over the distribution of the
vector of risk factors Z. This is impractical unless there
are very tew risk factors, especially since a separate inte-
gration is required at each loss level .v.

The Laplace approximation (as in, e.g., Wong [1989,
Section IX.5]) provides an alternative to numerical inte-
gration. It is based on a quadratic approximation ot the
logarithm oi the integrand in

dz

The quadratic approximation results from a Taylor
e.xpansion of the e.xponent ^'(-r) - c z/2 near the point
at which this expression is maximized, i.e., near:

'•}

This is precisely the optimization problem that
appears in the definition of7(-\). The Laplace approxi-
mation is then

(32)

where V,F. denotes the Hessian of F. with respect to z. The
Hessian can be calculated using tormulas in Appendix B.

I apply the right side of (32) as an approximation o^
P{L > .v), although I have derived it as an approximation
to a bound on this tail probability. The method in the last
subsection can be used to adjust the approximation to try
to match the known value of E|L].

Because the Laplace approximation is based on a
quadratic approximation of F,{z) - ;r^z/2, it works best
it this tunction is at least concave. To put this another way,
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Saddlepoinl Heuristic (filled circles) and Laplace Approximation (empty circles)
for Portfolios Al (left) and A2 (right)
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the approximation uses information about the intfgnind
only near its lnaxiniuni, ignoring the possibihty of local
maxima. Tbe impact of local maxima is driven primarily
by the structure of'the factor loading matrix A. We can
reasonably expect that F _{z) - z~^z/2 will be strictly con-
cave in the neighborhood of the global maximizer -r̂ , so
that V^/' _{z ) — I will be negative-definite and the denom-
inator in (32) strictly positive.

The approximation may be summarized as follows.
At each .v:

1. Solve the optimizatmn pR)bleni in (12) to find z ,
and evaluate_/(.v) - F .̂(-) " ^ ^ - / 2 .

2. Compute the Hessian V-,F{z ) using (B-6).
3. Evaluate the determinant det(I — V-,/'" {z )) and return

the approximation

P(L > r) ̂

After the approximation has been evaluated at multiple
values of .v, one may optionally apply the mean adjust-
ment in the last subsection.

This method, like the saddlepoint heuristic, requires
resolving the optimization over z (and over 0) at each .v
at which the approximation is evaluated. Fortunately, the
optimal points \z ,,6,{z ) | usually change slowly with x.
so the optimal value for each point provides an excellent
starting value for the optimization at the next point.
Starting each optimization at the previous optimum can
thus reduce the total time required.

Exhibit 6 shows both the saddlepoint heuristic (29)
and the Laplace approximation for I\)rtfolios Al and A2.
For Portfoho Al, the two approximations give nearly iden-
tical results, and both are very close to the true probabil-
ities as estimated by Monte Carlo (the solid line in the
figure). For Portfolio A2. the saddlepoint heuristic is nearly
exact, but the Laplace approximation appears to be ofl by
a constant factor (a constant displacement on a log scale).
The mean adjustment in the last subsection produces the
points marked by squares in the figure. The mean adjust-
ment has a negligible effect on the saddlepoint heuristic
m this example, so that case is omitted tor clarity.

The left panel in Exhibit 7 similarly illustrates the sad-
dlepoint heuristic and Laplace approximation for Portfolio
B. The saddlepoint heuristic is again quite accurate. The
Laplace approximation sags near the middle of the distribu-
tion. Although it is not shown in the graph, the values ot
E[exp(F^(Z))] arc quite close to the true loss probabilities
P{L > A"). This indicates that the main source of error in the
Laplace approximation is the method used to approximate the
integral over the normal distribution, rather than the error
in using Item 1 in the Proposition as an approximation.

Portfolio C" provides a more interesting example.
The right panel in Exhibit 7 compares the saddlepoint
heuristic (the filled circles) and the Laplace approxima-
tion (the empty circles) with Monte C^arlo estimates (the
solid lint-). The figure shows the distribution over a very
wide range of loss levels.

Despite the unusual shape of the distribution, the
saddlepoint heuristic is nearly exact over the full range.
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E X H I B I T 7
Saddlepoint Heuristic (filled circles) and Laplace Approximation (empty circles) for Portfolios B (left) and C (right)
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The Laplace approximation also manages to trace the shape
of the distribution, although again it appears to be dis-
placed over most of the range. Both approximations are
remarkably accurate even at probabilities as low as 10""'".
(I obtain precise Monte C^arlo estimates of such low prob-
abilities using the importance sampling method in
Glasserinan and Li [2003], which draws on some of the
same tools used here to derive approximations.)

Because of the special structure of this portfolio, the
optimal solution ^ in (12) undergoes an abrupt change
as ,v approaches 150. As .v increases from () toward the
inflection, the first component of ^ . increases while the
second stays close to (.)—losses in this range are most likely
to occur because ot large moves in the first factor. At x
= 146. we get an optmul solution otz^ = (3.4230, 0.0086)
but at X - 147 the optimum flips to (0.0345, 3.4412)
becaLise at higher loss levels the second fictor becomes
more important than the first. As x continues to increase,
both components of ::. increase. These features are auto-
matically detected by both the saddlepoint heuristic and
the Laplace approximation, permitting these methods to
capture the shape of the loss distribtition.

Exhibit 8 shows results for Portfolios Dl (left panel)
and D2 (right panel). The filled circles show the saddle-
point heuristic, and the empty circles the Laplace approx-
imation. The dotted line shows the approximation fit at
X. = 30.000 (included for comparison).

As ill the otlier approximations, we see greater accu-
racy in the perturbed case. The saddlepoint heuristic and
the Laplace approximation do particularly well at low
probabilities.

VI. MATCHING TWO MOMENTS

The last approximation proposed differs from the
others in that it does not use the decay rate from the
Proposition. Rather, it uses the limiting distribution for
a homogeneous portfolio, but it selects p by matching
variances rather than decay rates.

I noted previously that the distribution G- has mean
p. That leaves the parameter p free tor the choice of vari-
ance. I choose p so that the variance of the approximating
distribution matches that of the acttial distribution. In order
to do this, we first need to evaluate the two variances.

The second moment of the limiting distribution is
given by

tp{a) du.

- 2 *

where ^, ^p and -̂, are independent ,V((), 1) random vari
ables, and O,(-, •; r) denotes the bivariate normal distri
bution with correlation r.
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Saddlepoint Heuristic (filled circles) and Laplace Approximation (empty circles) for Porlfolios Dl and D2
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The variance of the limiting distribtition is thus
given by:

~2 (33)

This is the variance oi the liniitiiig loss as a h'aetion o\

the liiaxiiiuini loss i ,. T h e variance ot the liiiiiciiig loss

itseit IS therefore f- Oz.
ni.ix p

For the variance ot the actual loss distribution, we have

evaluations take 7 w 20 seconds. At these speeds,
calculation ofoj takes less than two seconds for ni — iftO
and about 30 to 90 seeonds tor ni — 1,000—not instan-
taneous, but not prohihitively slow either. The calcula-
tion could be accelerated by bucketing the marginal
probabilities /»̂ , and correlations (ĵ d̂̂  and computing just
one value of the bivariate normal for each bucket.

Kalkhrenner, Lotter, and Overbeck [2004] use similar
information to fit a homogeneous distribution G- . They
select /) — /) as I do, but they select p so that the value of

k=\
^, t. <y
k-=\ /=A--i-l

. Yj]

1th

Var (34)

is the same in the approximating single-factor portfolio as
in the original portfolio. This results in the explicit formula

and

in light of (1). I now solve numerically for p satisfying

Ill.lN p I.

The most time-consuming step in tins approxima-
tion is the calculation of the loss variance CT^", which
requires O(fir) evaluations of the hivariate normal distri-
bution. Agca and enhance [2003] compare several methods
for evaluating the bivariate normal, and report that

,•2 (35)

and taking the square root yields p. The motivation for
matching the variance (34) is unclear, although this may
serve as a proxy tor the variance ot the loss L. Because the
variance in (34) requires the covariances between pairs
(X., X,) but not pairs (V., V',), this method does not require
calculation of bivariate normal probabilities and is thus
extremely tast.

Matching two moments gives results tor Portfolios
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Comparison of Two-Moment Approximation and Other Homogeneous Approximations
for Portfolios B (left) and C (right)
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Al and A2 similar to those already presented, so I pro-
ceed to the other cases. Exhibit 9 shows two-moment
:ipproxiinations (dashed lines) for Portfolios B and C. For
comparison, the figure also includes the best approxima-
tions from Section III (fit at 255.5 and 200.0).

The two-moment approximations do quite well.
Although no homogeneous approximation can capture
the inflection in the actual distribution for Portfolio C-,
the one selected through the two-moment approxima-
tion does a rather good job overall. For this case, the
method in Section HI is taster, because its complexity is
more dependent on the number of factors while the com-
plexity ot <Jr^ depends mainly on »(.

Exhibit 9 also shows the approximations resulting from
(35), labeled KLO. This method often works very well; its
comparison with the method in Section III depends on the
value of .V| at which/(.V|) is computed. Like any homoge-
neous approximation, it has ditTicult>' with Portfolio C

E.\hibit Ul displays similar comparisons tor Porttolios
1.) I (tett) and U2 (right). The two-moment approximation
works well in both cases. The approximation from Section
111 fit at 3f 1.000 and the KLO approximation based on (35)
are accurate at least out to probabilities as lciw as 1%. Per-
turbing the loading matrix improves the accuracy of the
approximation in Section III, but it seems to have no effect
on the two-moment ajid KLO approximations.

VII. SUMMARY

I have presented several methods for approximating
the distribution ot losses trom detault in a normal copula

model of credit risk. These approximations provide alter-
natives to Monte (^arlo simulation. Numerical examples
indicate that they can be quite accurate. None of the
methods proposed here consistently outpertorms all the
others, but a few patterns emerge from the examples pre-
sented here and other numerical tests:

• The method tor fitting a homogeneous portfolio
based on matching the expected loss and a decay rate
is fast. It requires solution ot an unconstrained opti-
mization problem in as many variables as there are
systematic risk tactors. It gives very accurate results
with randomly generated factor loading matrices. It
works less well with block-diagonal loading matrices,
for which different combinations of movements in
the underlying factors can have similar effects.

• The saddlepoint heuristic and Laplace approximation
are particularly well suited tor very low loss probabil-
ities. They are computationally more demanding
because they require a separate optimization for each
point at which they are evaluated. The saddlepoint
heuristic is often more accurate than the Laplace
approximation, although not always. The simplified
version of the saddlepoint heuristic in (29) appears
to be at least as accurate as the full version.

• Fitting a homogeneous portfolio by matching two
moments often works well. This method requires
O{i]r) evaluations of the bivariate normal distribu-
tion, where lu is the number ot obligors. Unlike the
other methods, this one is relatively insensitive to
the number ot tactors.
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Comparison of Two-Moment Approximation and Other Honrogeneous Approximations
for Portfolios Dl (left) and D2 (right)
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A shortcoming of all these methods is the absence
of error bounds. This makes it impossible to know whether
a particular approximation works well with a particular
portfolio without comparing the approximation to results
from Monte Carlo simulation. But the effectivL-ncss ot the
approximations appears to be determined primarily by
general features of the factor loading matrix that are
unlikely to change often. This makes it possible to test an
approximation against Monte Carlo and, if it is found to
work well, to continue to use the approximation in the
hiture with only occasional checks against Monte Carlo.

Finally, 1 should note that the analysis is limited to
the normal copula. The normal copula has zero tail-
dependence, which in our context means that the default
indicators become nearly independent when the mar-
ginal defuilt probabilities are very low. It seems reason-
able to expect that some oi the tools discussed here extend
to the I copula, which has strictly positive tail-depen-
dence, but that remains a topic tor investigation.

APPENDIX A

Proof of the Proposition

Proof of Proposition.
1. Because (3) holds for all 6> 0, it a)';o holds for the niin-

lniiini over d> (), so:

P{L> x\Z) <e'-'^^^
Taking cxpectstions of both sides yields the first assertion
in tiic Proposition.

2. Because we have assumed that all factor loadings d,. arc
non-negative, every ;;^(^) in (4) is an increasing function
of 2-, so ?/''{ ,̂ z) is an increasing function o( z for all 9>

0. Because the maximum in (7) is achieved at 9> 0, F
(-) is also an increasing function. That F is decreasing
with .V is most easily seen from Equation (B-7) in
Appendix B. Taking B = 0 in (7) yields 0, so in taking
[he nuixinium over 6 we get F {z) < 0.

3- It .V " ElLl Z ~ z\, then the twisting parameter 0 .(z) is 0,
and thus F^(;£) = 0. If.v > E[L\Z= - ] , then l9̂ (̂̂ ) > 0.
The strict convexity of ij' (-, z) implies that tor any 9^ ^i^)'-

the second equality rollowing from (S).
At 0 = 0 (where {ij) (0, z) =^ i)) this reads

i.e., F.(^) < 0.
For assertion (4), we use the fact that if F.(.) is concave,

rhen tor any z:

(A-I)

where the row vector V F , is the gradient of F, with respect to
z. (More generally, the argument holds using subgradients if
differentiability were to fail.) Exponentiating both sides and
taking expectations, we get

(A-2)

Now suppose z , maximizes the concave function F ,(z) - z" zl2.
Tlien c ^satisfies the first-order conditions z^ ~ V F iz ).
Because (A~2) holds, in particular, at c = ^ ., we then have
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which is ). •
APPENDIX B

Calculation of Derivatives

111 this appendix, I record expressions for derivatives that
are useful in optimizing over 6 (to evaluate F.), optimizing over
c (to evaluate / ) , and computing approximations. I use the
symbol V to denote gradients with respect to z and a dot (as
inJ) to denote derivatives with respect to x. I follow the con-
vention that gradients are row vectors. As in (4), a^ denotes the
h-th row of the loading matrix A and is therefore a row vector.
All other vectors are assumed to he column vectors.

Derivatives of ip and 6

Directly from (5) we get

and

(B-1)

Also:

_ 1
(B-2)

where (4) gives

For all z at which EfL | z] < x, the relation (8) defines Ojzj
as a diiferentiable flmction of x and z. The expressions that follow
apply on this set. Where c >
and so too are its derivatives. By differentiating both sides of
(8) with respect to .v, we get

For the gradient with respect to z, we itistead differen-
tiate (8) with respect to z to get

~

In the first term. V takes che gradient with respect to the second
argument of Ẑ'-'. By rearranging this equation we get:

(B-4)

Derivatives of F

We continue to work on the set {{x, z): E[L\z] < x}
because F^{z) is identically 0 on the complement of this set. By
differentiating (9), we get:

~

in view of (S).
Write V2 '̂ for the Hessian F. From (B-5) we get

. z) + ^ (B-6)

The second term is the matrix formed by the outer
product of (B-1) and (B-4). The first term is

-DP

with

X, 9jz), is identically zero and

Also:

d
(B-3) jr-F.
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Derivatives of /

With ^̂  as in (14), we have

Differentiation vields

Andersen, L., J. Sidenius, and S. Basil. "'All Hedges in One
Basket."" Risk, 16 (2003). pp. 67-72.

witb 6 evaluated at c^ in each instance. Here, the seeond
equality follows from (S) and the third from (B-5) and the fn st-
order eondition Vi\,(Cj.) = z,. . We bave tbus veritled tlie
important simplification in (15).

For tbe second derivative ot /. we have

JU-) = 9Az,) + veAz,)z, (B-H)

To evaluate ^.' (the derivative of c witb respect ro .v),
we differentiate both sides of tbe fnst-order eonditions Vl-\(:: )
= ^ ' to tret

We can use (B-7) to replace the Hrst term with -V9 {z ) ' and
thus get

provided tbe indieated matrix inverse exists. Using tbis in (B-
H), we get

Tbe derivatives of 9 can be evaluated as in (B-3) and (B-4).

ENDNOTE
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