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This research develops approximations for the dis-
tribution of losses from default in a normal copula

[framework for credit visk, with particular emphasis

on approximating low probabilities of large losses.
The starting point is an approximation q/' the rate
of decay of the tail of the loss distribution for mul-
tifactor heterogeneous portfolios,

This decay rate is used in three approximations: a
homaogeneous single-factor approximation, a sad-
dlepoint leuristic, and a Laplace approximation.
The furst of these methods is the fastest, but the last
two can be surprisingly accurare at very low loss
probabilities. The accuracy of the methods depends
primarily on the structure of the correlation natrix
in the normal copula. Caleulation of the decay rate
requires solving an optimization problem with as
many variables as there are factors driving the cor-
relations, and this is the main computational step
underlying these approxiniations.

Also derived is a two-moment approximation that

its a homogeneous portfolio by matching the mean
. g pori A%

and variance of the loss distribution. While the coni-
plexity of the other approximations depends pri-

marily on the mumber of factors, the complexity of

the two-moment approximation depends primarily
on the size of the portfolio.

alculation of the distribution of

losses from default—especially the
tail of the distribution—is a pre-
requisite to calculation of value at
risk, shorttall risk, and related risk measures.
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Approximations for the distribution of losses
are developed here in a normal copula frame-
work for credit risk of the type associated with
the CreditMetrics approach now in wide-
spread use.

The starting point is an exponential
upper bound on the tail of the loss distribu-
tion and an approximation of its rate of decay.
I use these to develop several related approx-
imations of the entire distribution. The
simplest uses the decay rate to match a single-
factor homogeneous portfolio to a general
portfolio. The limit of the loss distribution for
the homogeneous porttolio as the number of
obligors increases is then used to approximate
the loss distribution of the original portfolio.

A second approximation is based on a
heuristic application of a saddlepoint method
for approximating tail probabilities, and a third
applies the classic Laplace method for approx-
imating integrals. I also derive a two-moment
approximation that fits a homogeneous port-
tolio by matching the mean and variance of the
loss distribution; this approximation is largely
unrelated to the others.

In numerical tests, none of these methods
is found to be consistently more accurate than
the others. It does appear, however, that when
the various methods give similar results, they
are all consistent with the exact values (as esti-
mated by Monte Carlo). Thus, the approxi-
mations serve as informal checks on one
another, That is, getting very difterent values
from the various approximations provides a
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warning that at least one value is not accurate. The sad-
dlepoint heuristic and the Laplace approximation are par-
tcularly well suited to approximating very low probabilities.

The key determinant of the accuracy of the approx-
mmations (excluding the two-moment method) 1s the cor-
relation structure in the normal copula used to model
dependence among obligors. The approximations work
best with smoothly distributed correlations and have dif-
ficulty when the correlations fall into a small number of
widely dispersed clumps. The correlation matrix is often
specified through a matrix of factor loadings; the approx-
imations work best when these loadings are such that large
losses tend to result from movement of the factors in a
single, most likely direction. The approximations work
less well when different directions of factor movements
can result in losses of similar magnitude with similar prob-
ability, as can occur with highly structured block-diagonal
loading matrices.

Computationally, the most demanding step in eval-
uating the exponential upper bound and the approximate
decay rate 1s the solution of an unconstrained non-linear
optimization problem. If the correlation matrix is speci-
fied through a factor model, then the dimension of the
optimization problem equals the number of factors. For
models with, say, 50 factors, the optimization problem
can usually be solved in seconds from an arbitrary starting
point, and much faster from a good starting point. Good
starting points are determined primarily by the matrix of
factor loadings. As this matrix is unlikely to change much
from one day to the next, a bank that calculates risk mea-
sures daily would have a good starting point available from
the previous day’s calculation.

The two-moment approximation requires evalua-
tion of bivariate normal probabilities for calculation of the
variances of the exact and approximating loss distributions.
For the exact distribution, the variance calculation involves
O(m’) bivariate normal probabilities, where m is the
number of obligors in the porttolio. The complexity of this
method is thus determined primarily by the size of the
portfolio rather than the number of factors.

In developing approximations, I have in mind appli-
cations in risk measurement and risk management. This
influences the modeling framework we consider and also
our focus on tail probabilities. It should be noted, however,
that for pricing many CDOs, the key step is calculating
the distribution of losses at muldple dates (as in Andersen,
Sidenius, and Basu [2003]). The methods we propose here
are thus potentially relevant to valuing CDOs as well.
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L. PORTFOLIO CREDIT RISK:
NORMAL COPULA MODEL

[ consider the distribution of losses from detault over
a fixed nme horizon—one vear, for example. The nota-
tion is as follows:

m = number of obligors to which the portfolio is
exposed;
¥ = default indicator for the k-th obligor;
= 1 if the k-th obligor defaults, and 0 otherwise;
p, = marginal probability that the k-th obligor
detaults:

loss resulting from default of the k-th obligor;
and
L =Y +..+¢Y =totalloss from defaults.

The objective 1s to calculate (or approximate) the tail
distribution P(L > x), especially for large values of x. (We
take the loss to be a positive quantity and thus look at the
upper tail of the distribution.) The individual default prob-
abilities p, are assumed known, either from credit ratings
or from the market prices of corporate bonds or credit
default swaps, We take the ¢, to be known constants for
simplicity, although it would suffice to know the distri-
bution of ¢ Y.

The focus of most credit risk modeling lies in cap-
turing the dependence among the default indicators Y,

.-, Y. In the normal copula model (as in Gupton, Finger,
and Bhada [1997] and Li [2000]), dependence is intro-
o X}

of latent variables. Each default indicator is represented as

duced through a multivariate normal vector (X

>xt k=1, ...,

with x, chosen to match the marginal default probability
p,- The threshold x| is sometimes interpreted as a default
boundary of the type arising in Merton [1974]. Without
loss of generality, we take each X to have a standard
normal distribution and set x, = ®7'(1 — p,), with @ the
cumulative normal distribution. Thus:

P(Yy =1)= P(X) > —® ' (p)) = (2 (px)) = p

Through this construction, the correlations among
the X, determine the dependence among the Y. The
underlymg correlations are often specified through a factor
model of the form:
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ExHIBIT 1

Exponential Upper Bound on Indicator
of Event that Loss L Exceeds Level x

explt (L—x))
1(L>x)
l -
o ;
' X [
Xe=anZy+ -+ apaZaq+ brex (N
where
Z,, ..., Z, are systematic risk factors, each having an
N(0, 1) (standard normal) distribution;
a1, ..., a,, are the factor loadings for the k-th obligor,
lngllﬂlt"d non—negntivc;
I , A T y = .
b = /1~ (afy + -+ afy) so that X is N(0, 1); and
€ 1s an idiosyneratic risk associated with the

k-th obligor, also N{(0, 1) distributed.

Write A for the m X d loading matrix with (k, j)-th
entry a;,. The correlation between X, and X, €Tk, is given
by the (k, £)-th entry of A4 The underlying factors Z,
are sometimes given economic interpretations (as industry
or regional risk factors, for example), but not always.

II. APPROXIMATING THE DECAY RATE

[ now turn to how to approximate the rate of decay
of the tail of the loss distribution P(L > x) as x increases.
The random variable L is bounded by the maximum loss

m

(:nn.x = Z C

so P(L > x) = 0 for all x larger than this maximum. But
because default probabilities are generally low, the tail prob-
ability P(L > x) becomes negligible at values of x much
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smaller than -fw‘\_. It is therefore meaningtul to discuss the
rate of decrease of the tail, even though L is bounded.

Firse, we will define a fanuly of upper bounds on P(L
> x| 7). the tal of the conditional loss distribution, given
the factor outcome 7. These bounds depend on a para-
meter 8. Next, we find the value of the parameter giving
the tightest bound for given x and Z. Then, we remove
the dependence on the factor outcome Z by finding the
most likely value of Z leading to losses larger than x. This
provides our basic approximation of the tail of the loss
distribution near a given threshold x, which we then
extend 1n various ways.

Tail Bound

An important tool in the analysis is the conditional
cmnelant generating function of L:

(0, 2) = log Elexp(BL)|Z = 2], @& R. ze R
where Z= (Z,..... Z)' is the vector of risk factors in (1).
This function becomes relevant to bounding the til of

the loss distribution through the observation that for any
6= () and any loss level x:

1L >z} <elile) (2)

This 1s illustrated in Exhibit 1. Taking the conditional
expectation of both sides of (2), we get

P(L > .I'\Z} < E\z AL —_,-'“Z ? OB Z)—br (,))

so (6, Z) incorporates information about the tail of the
conditional loss distribution.

To calculate the conditional cumulant generating
function, observe that, conditional on the risk factors,
the default indicators Y|, .... Y, become independent.

The conditional default probabilities are
pilz] =P = 1]2 = 2)

=P(X >0 Y1 —p)|Z =2)

agz +® ' pi)
- (f) 4)

where a, = (a,,. .... a,) 1s the (row) vector of factor load-
ings for the k-th obligor, and @' (1 —p,) = -®'(p,) by
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the symmetry of the normal distribution. The conditional
cumulant generating function is then

i
(A, z) = logE |:('xp (f)‘ Z(-k'}].) |Z = :]

k=1

m

= Z log Elexp(fer Yi) | Z = 2]
k=1

™

= E:IUg(Iﬁpr;)UH” 71)) (5)
k=1

For each z.4/(-, 2) has certain basic properties shared
by all cumulant generating functions. In particular, it passes
through the origin: it is convex; and its derivative at the
origin is the (conditional) mean of L, which in this case 15

P m

3% (0:2) = E[L|Z :lfgymt%k (6)

Because L 1s bounded, (0, 2) is finite for all 8 and =.
The bound (3) holds for all 82 (). To get the tightest
bound, we optimize the choice of 8 and define, for fixed

zandany xe€ (0, ):
Fo(z) = min (¢(0. z) — Or) = —max (6 — (6. z)) (7)
a0 020

The function x = —F (z), called the Legendre-
Fenchel dual of the function 8+ (8, z), is a standard
tool in approximations of low probabilities. (See, e.g.,
Dembo and Zeitoum [1998]. The usual definition takes
the maximum over all real 8; the two definitions comcide
for large x. For our purposes, it is more convenient to
restrict 6 to be positive from the outset.)

Because 10+, 2) 1s strictly convex, the maximum in
(7) 1s attained at just one point, which we denote by 6 (z)
and call the (conditional) twisting parameter. (As 1 explain in
Glasserman [2004, p. 531], this parameter determines the
amount by which the (conditional) default probabilities
must be adjusted or twisted to make the (conditional)
expected loss greater than or equal to x.) If the slope of
(-, 2) at the origin 1s higher than x, then the maximum
1s attained at G\,(:) = (); otherwise, 1t is attained at the
unique solution to the first-order condition:

i)
—if(@,z) —x =10
oo
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Using (0), we may therefore write

Bfz) = unique @ such that (e, 2) /00 = x. & > E[L|Z = z]
S B 2 <E[L|Z = 2]

(8)

The twisting parameter 8 () may be loosely inter-
preted as a measure of how much higher the loss level x
is than the conditionally expected loss E| L| Z = z|. With
(8) we may write F_as:

Fir(z) = §(0:(2): 2) — Os(2)2 9)

Our interest in this function stems from the obser-
vations 1n the Proposition.

Proposition

1. Forany 0 < x < /{

max

PlLsa)<E {(.M.m]

2. The function = +> F (2) is (coordinatewise) increasing
with =, decreasing with x, and F () < 0 for all z.
3. F(2) = O ifand only ifE[L|Z = 2] 2 x.
4. 1f E (") is concave, then
P(L>c) <e™ (10)
where
J(2) = — max{Fy(z) — %:T:} (1n

These assertions are substantiated in Appendix A;
here we offer some interpretation. For each loss level x,
exp[F ()] should be viewed as a measure of the rarity or
likelihood of the event { L. > v}, conditional on the fac-
tors 7 taking the value = (recall Equation (3) and Exhibit
1). For this reason, we call F () (or |F (2)]) the condi-
tional rate at x. When E[L|Z = z]| 2 x, the third statement
above says that the event is not rare because exp[F (2)] =
1. Also, the second statement says that the event { L. > x|
becomes less likely as x increases and more likely as the
tactor level = increases. (Recall that all the factor loadings
a,, are non-negative.) Similarly, exp(—/(x)) should be
viewed as a measure of the unconditional rarity of {L >
x}. The point = _at which the maximum in (11) occurs:

2y = argmax{F,(z) — 1273} (12)
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may be interpreted as the most likely value of the factors
leading to losses greater than x.
When (10) holds. it seems reasonable to take

J(z) = o (méxx{F,.(:)—%:ﬁ:}) (13)

as an approximation of the decay rate of P(L > x), in the
sense that (an upper bound on) log P(L > x) has a slope
of'—j(x) at the point x—the dcriv;ltive_f(.\') tells us some-
thing about how quickly the tail of the loss distribution
P(L > x) is decreasing at x. This is the premise of our first
approximation. In fact, we view the rate J(x) as poten-
tially more usetul than the bound itseltin (10). Even when
the bound is too loose to be informative, the decay of the
bound will often parallel the decay of the probability itself.

The validity of the concavity assumption underlying
(10) is determined primarily by the loading matrix A, and
fully satistying this condition turns out to be restrictive.
Concavity holds i a single-factor model of identical
obligors, but it virtually never holds in a multifactor model,
It would hold if all rows of the loading matrix A4 were mul-
tiples of each other, but such a case could be reduced to a
single-factor model. We will see some evidence of the ways
the structure of the matrix A determines deviations from
concavity and the accuracy of our approximations.

Inspection of the proof of the proposition shows,
however, that concavity is a bit more than what we need
to qustify (10). It would be enough tor Equation (A-1) to
hold at = = 2, the maximizer of F (2) — 2T2/2. What we
need, loosely speaking, is for F () — 272/2 to drop off
quickly as = moves away from z , and this (admittedly
vague) property can hold even if concavity fails. There are
also ways to justify expressions like the right side of (10)
as asymptotic approximations (as in Glasserman, Heidel-
berger, and Shahabuddin [1999] and Glasserman and Li
[2003]). but I do not pursue that route here.

Properties of the Bound and Rate

From the expression in (13), it is not evident how
one would calculate the derivative defining J(x). It turns
out that this derivative is calculated automatically as a
by-product of the maximization over = required to cal-
culate J(x).

Before explaining this point, I discuss some further
properties of the rate F_and its calculation. Evaluation of
F (2) requires finding the twisting parameter 6 (z) by
solving the equation in (8) if x > X p, (2)¢,. Although

28 TAIL APPROXIMATIONS FOR PORTFOLIO CREDIT RISK

B () does not have a simple closed-form expression,
finding it numerically is just a scalar root-finding problem.
The dervatives of 4(-, z) can be written out explicitly
and used to implement a second-order Newton method,
for example (see Appendix B). If some of the ¢ are very
large, then terms of the form exp(fc) can create numer-
ical ditheulties, so 1t is a good idea to choose units for the
losses in which the ¢, are not too large.

. Evaluation of J(x) requires optimization ot F (z) -
2 /2 over z, which 1s the most compurtationally
demanding step in the approximations. The optimization
is faciliated by the availability of explicit expressions for
the first- and second-order derivatives of F (2) with respect
to the components of z. These are detailed in Appendix
B. With these expressions, [ optimize using a line search
Newton method with Armijo backtracking as in Nocedal
and Wright [1999, pp. 35-42|. When there are many fac-
tors, it may be preferable to use a quasi-Newton method
to avoid evaluation of the full Hesstan.

Let z_maximize F (2) —z— 2 "2/2, so that

J(x) = - (F_,.(;., ~ 1] ;,,.) (14)

In Appendix B, we show that

J(r) = 0,(z) (15}

To evaluate F (z) we need to find the twisting para-
meter # (2), so in the course of computing the optimizer

2 we evaluate # (2 ) anyway. Thus, the derivative J(x) is

X
available as a by-product of the optimization. This 1s an

important simplification, particularly for the method below.

III. FITTING A HOMOGENEOUS PORTFOLIO

In this section and the next two, [ present strategies
for converting the properties in the Proposition to approx-
imations for P(L. > x). First, | use the infinite-obligor
limit of a homogeneous portfolio to approximate P(L >
x). The decay rate J(x) is used to select the approximating
portfolio.

Consider, then, a model with identical default prob-
abilities (p, = p), 1dentical exposures (¢, = 1), and identical
loadings (a,, = p) on a single factor Z. Each default indi-
cator takes the form

Yi =1{pZ + \v,/ll — pPep > o (1 —pl}, k=1.....m (16)
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with conditional default probabilities

pp(z) = pls) =PI =1l2==

P + @ p)
V'hl = ,r)!

Let L, =Y + ... +Y denote the loss for this portfolio
and t“(tc‘lld tht‘ ‘} ,to an infinite sequence Y, Y, Y, ...,
of the form in (1 6) using independent and 1dtnm.1lly dis-
tributed N(0, 1) random variables ¢, ¢

1 €5.++. Because the
Y, are conditionally iid (given Z) and thc ¢, are all equal

to 1, we have

Li/m >q) — P(E[Y|Z] >q) =
[)(IJ(Z) 2% f[) = [ = ("_u_'u':q}

where

O (g)/1 - p? — CI"(]:)) (17)

Guplg) =@ (
P

for 0 < ¢ <1 and G, p(0) = 0. This is the loss distribu-
tion for the infinite-obligor limit of a homogeneous port-
folio. This distribution has two parameters, p and p.
This distribution has been derived and applied by
authors including Vasicek [1991]. Lucas et al. [2001],
Schénbucher [2001], and Kalkbrenner, Lotter, and Over-
beck [2004]. It has also been incorporated into the Basel
Committee’s internal ratings-based approach to credit risk.

Approximation

In using this distribution as an approximation tor a
general portfolio, I interpret ¢ to be the loss level express-
ed as a fraction of the maximum possible loss £ . Thus,
I seek an approximation of the form:

PlLr>z)=]1—-

Gp p( / max ) O<or< Finax

for which I need to select the parameters p and p.
I choose p to match the expected loss E[L|. On the
one hand, we have

in

ElL]= Zp;,r

"l\l.l!
/ PUL > a)de=

J0

and on the other hand we have
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Crnax 1
./“ [] = G;u.,u(- / mch] dg .= !mn.\' A [l — C;p.,';(q” dq

m

. p!lunx = J” Z C

k=1

To equate these two means, | choose p = p with

m m

p=Y me ) Y e (18)
k=1

k=1

This 1s the exposure-weighted average of the default prob-
abilities, and 1s thus appealing on intuitive grounds as well.

I choose p to match the approximate decay rate of
the tail of L. For this, I pick a relatively high loss level x,
and calculate f{ ) for the original portfolio. Recall that |
interpret this as an approximate decay rate in the sense that

;— log P(L > .x1) = =J(x1) (19)
dr

I therefore choose p so that

d ’
T l“" Gp el I I/{lln\ & _‘[(J-! )‘nmk‘ (2())

diy

(Because Lis discrete, its distribution is not differentiable
and we are ignoring this in (19). The function J(x) is in
a sense a smoothed approximation of log P(L > x).)
Given the value c)f'_f(.\'i), one can solve numerically
for a value of p that makes the two sides of (20) equal. A
further approximation makes it possible to write the
required value of p explicitly, with no evident impact on
the quality of the overall approximation. At high values
of x, 1 — ®(x) is well approximated by ¢(x)/x, with ¢ the
standard normal density. Accordingly, from (17) we have

log(1 = Gyalq) = —3
2 >

(‘I’ (9)v/1—p* - ‘I"(ﬁ)

Differentiating with respect to ¢ and using the
resulting derivative on the left side of (20) yields a quadratic
equation for 4 = /1 — p?. The required root is given by

—bh + Vm

1)

2a

with
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- T
o= JE)+ St N
b= —d ' ()/(® " (g1)) max

s AR ; o o 2
g, = x,/€__and then p= V142, ]
I can summarize the approximation in steps as follows:

1. Choose a high value of x| (where P(L > x,) = 0.001
—0.01) and tind
2, = ﬂ]’gj:]l;l.‘({F\ (2)— =" z/2}
usimng, e.g., a Newton method with derivatives as in
Appendix B.

. Set f(x,) = 0, (=) with 0, (2) as in (8). (This is avail-
able as a by~pr0duct of Step 1.)

3. Set py = /1 =42 with 4 the root of the quadratic

equation given i (21).
4. 8etp = Lpe /.
. Return the approximation

I

a1

/!

I(.l'/‘rmnx)v’ 1 — !Jlf — I(P)
m

P(L>x)r1~0

forallD <x</f .
max

It should be noted that this procedure requires just
one optimization over = to compute a single decay rate
Fiiss ve 1 feseletsd e i dsesy ¥ate. (99) 5§
Jx)). Once p, is selected using this decay rate, (22) pro-
vides an approximation of the entire curve of P(L > x).

[n choosing x,. we use a rule of the form

i in

Iy = Z PRt + v Z cry prll — py) (23)
k=1 k=1
IfY,, ..., Y, were perfectly correlated, this would set x|

at v standard deviations above the mean. We generally use
v=1/2 or v = 2 because this usually results in a low value
for P(L > x,). Yet (23) and these values of v are fairly arbi-
trary, and we will see that one can often do better with
better information about where P(L > x) becomes low.
There are usually a wide range of values of x, that pro-
duce very similar approximations. If J(x,) < 0 then x| 15
too small and should be increased.

As x approaches 0, the approximation on the right
side of (22) approaches 1; the distribution for the infi-
nite-obligor limit assigns probability 0 to a loss of exactly
(). The actual loss L is (), with positive probability, how-
ever. We therefore cannot expect the approximation to be
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accurate for low values of x. But even though the approx-
imation in (22) invariably starts at a higher level than the
true tail probability, it drops very quickly and can be sur-
prisingly accurate for even moderately high values of x.

The optimization problem that defines J{x) may have
multiple local maxima, but these are ignored by (22). A
natural way to try to incorporate them in (22) uses a mix-
ture of M homogeneous distributions of the form:

M
P(L>a) =3 wi(l — Gppla/bnes)) (24)
§=1
where the weights w, sum to 1. Each p, is the value fit using
a local maximum = . The w. should give less weight to =z,
far trom the origin, weighting them in inverse proportion
to their norms, for example. [ have found this extension
helptul in some examples with two local maxima, but to
limut the number of alternatives I do not pursue this exten-
sion here.

Numerical Examples

I illustrate the approximations discussed so far with
some numerical results for test portfolios (used in subse-
quent sections as well).

Portfolios A1 and A2. As a first illustration, con-
sider a portfolio (which I call A1) of m = 1,000 obligors
in a ten-tactor model. The marginal default probabilties
and exposures have the form:

pr = 0.01-(1+sin(167k/m)), k=1.....m (25)

iy = [:')k'./m]):. Mi= 1. & % (26)

Thus, the marginal default probabilities fluctuate
between 0 and 2% with a mean of 1%, and the possible
exposures are 1, 4, 9, 16, and 25, with 200 obligors at
each level. This i1s a lumpy exposure profile compared
with the fixed value of ¢ implicit in the homogeneous
approximation.

Finally, for the factor loading matrix, we generate
the a,, independently and uniformly from the interval
(0, 1/yd ). d = 10. The upper limit of this interval ensures
that the sum of squared entries in each row of A does not
exceed 1,

In fitting a homogeneous portfolio, we need a rule
for selecting the point x| at which to match the decay
rate. To provide a systematic comparison, we use (23)
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ExHIBIT 2
Homogeneous Approximations for Portfolio A1
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The left panel displays probability on a log scale. The vight panel gives a magnified view ar low loss levels,

with v = 1/2 and v = 2. As already noted, these values
are fairly arbitrary, and they do not necessarily provide
the best possible approximation.

The left panel in Exhibit 2 compares the approxi-
mations with loss probabilities estimated using Monte
Carlo simulation. The horizontal axis shows loss levels, and
the vertical axis shows the probability that the loss exceeds
each level, on a logarithmic scale. The solid line shows the
Monte Carlo estimates; the dashed line is the approxi-
mation at v = 1/2 (x; =579, p, = 0.4889); and the dotted
line is the approximation at v = 2(x, = 2005, p, = (.4859).
The three curves are nearly identical over a wide range
of loss levels and tail probabilities.

The right panel of Exhibit 2 shows a magnified view
of the distributions at low loss levels. The homogencous
approximations have no chance of matching the correct
value at 0, but they catch up with the correct values
remarkably quickly. (The wobbly pattern in the Monte
Carlo curve results from the lumpy exposure profile.)

The excellent performance of the approximation in
Exhibit 2 is typical of many examples I have tested in which
the elements of A are randomly generated. To illustrate this
point, I consider a modification referred to as Portfolio A2.
The modified portfolio has just 100 obligors. The marginal
default probabilities are as in (25) but multiplied by 2.5 so
that they lie between () and 5%. These changes should make
the portfolio less amenable to the approximation. The expo-
sures have the lumpy form in (26). I consider a five-factor
version of the model, with each entry of the loading matrix
A uniformly distributed between 0 and 1/V'5,

The results are displayed in Exhibit 3. The two
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approximating curves (calculated at v = 1/2 and v = 2)
are virtually indistinguishable and are indicated by the
dashed line. The solid line shows Monte Carlo estimates.

Portfolio B. The next example has five factors and
496 obligors, grouped into sets of sizes 256, 128, 64, 32,
and 16. Within each group, the obligors have 1dentical
factor loadings, given by the row vectors:

6, 1/V6, 1/V6,1/V 6, 1/V6)
1/V5,1/V'5, 1/V5, 0)
4, 1/V4,1/V4,0,0)
1/V3,0, 0, 0)
1/V'2, 0, 0, 0, 0)

The exposures ¢, are constant within groups, taking
the values 25, 16, 9, 4, and 1. The default probabilities are
inversely proportional to the exposures, with p, = 0.05/¢,.

This structure 1s designed to be quite far from a
single-factor model, but it also differs from Portfolios Al
and A2 in that the randomization in those models made
all factors equally important. Here, the first three factors
are of roughly equal importance, and the last two factors
are significant but have somewhat less impact.

The results are displayed in the right panel of Exhibit
3, based on v = 1/2 (x, = 255.5) and v = 2 (x, = 946.3).
Although not quite as effective as in Al and A2, the curves
provide decent approximations, with the one fit at x, =
255.5 a bit more accurate at higher loss levels.

Portfolio C. While it is useful to see examples where
an approximation works well, it is also instructive to see
examples where it does not. Qur next portfolio 1s there-
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EXHIBIT 3

Homogeneous Approximations for Portfolios A2 (left) and B (right)
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fore specifically designed to defeat any attempt to fit a
homogeneous approximation to the actual loss distribution.

We consider a two-factor model with m = 1,000
obligors and all ¢, = 1. The first 150 obligors have a mar-
ginal default probability of 5%, a loading of (.8 on the first
factor, and a loading of zero on the second factor. The
last 850 obligors have a marginal default probability of
0.1%, and they are sensitive only to the second factor,
with a common loading of 0.7. This example is intended
to be difficult rather than realistic.

For loss levels below 150, this portfolio behaves
nearly like a single-factor model with just the first 150
obligors. At higher loss levels, the second factor and the
remaining obligors become relevant. As a result, the loss
distribution (as estimated through simulation) has an inflec-
tion near 150): see the solid line in Exhibit 4. The inflec-
tion begins a bit below 150, around 146.

Exhibit 4 compares several homogeneous approxi-
mations against Monte Carlo estimates. As before, |

include the approximations fit using v = 1/2 and v = 2
in (23), which give x, = 38.1 and x, = 127.5, respec-
tively. (The figure has two curves fit at 127.5. At this
point, the relevant one is the lower curve.) Both of these
values of x, are smaller than 150, so for comparison we
include the curve fit at 200, above the inflection.

In all three cases, the approximation does what it is
designed to do, in the sense that in each case the slope of
the approximating curve runs parallel to that of the true
curve at the corresponding value of x. But, because of
the unusual shape of the distribution, this strategy does
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not result in accurate approximations.

The curve fit at 127.5 (the lowest one) is particu-
larly vulnerable to the shape of the distribution. Becanse
127.5 is near the inflection, this approximation sees only
the rapid decline in the tail probability as the loss level
approaches 150. To try to match this rate of decline, it
selects a much lower value of p (0.3170, compared with
0.6263 at 38.1 and (.5870 at 200)), and thus ends up under-
estimating the tail of the loss distribution. The other curve
fit at 127.5 uses only the first 150 obligors in computing
P (which results in p = 0.8040). It therefore fits the ini-
tial portion of the tail distribution quite well, but of course
completely misses losses above 150

Portfolios D1 and D2. The next example, like Port-
folio C, 1s designed to be difticult and to highlight some
properties of the homogeneous approximation. | con-
sider a portfolio of 1,000 obligors in a 21-factor model.
The marginal default probabilities fluctuate as in (25),
and the exposures ¢, increase linearly from 1 to 100 as k
increases from 1 to 1,000. The 1,000 x 21 factor loading
matrix has the block structure:

Fla p (27)

with R a column vector of 1,000 entries, all equal to 0.8;
Fa column vector of 100 entries, all equal to 0.4; G a 100
x 10 matrix; and ¢ a column vector of 10 entries, all equal
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EXHIBIT 4
Homogeneous Approximations for Portfolio C
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to (0.4. Think of the first factor as a marketwide factor, the
next ten factors (the F block) as industry factors, and the
last ten (the G block) as geographic factors. Each obligor
then has a loading of 0.4 on one industry factor and on one
geographic factor, as well as a loading of 0.8 on the mar-
ketwide factor. There are 100 combinations of industries and
regions, and exactly ten obligors fall in each combination.

The highly structured form of the matrix A and the
extreme variation among the exposures ¢, make this a
challenging example for the homogeneous portfolio
approximation. This is illustrated in the left panel of
Exhibit 5. The approximations fit using v = 1/2 (x, =
2684) and v = 2 (x, = 9282) do a poor job. We obtain a
better fitat x; = 30,000, but it too degrades beyond prob-
abilities of about 0.5%.

The right panel of Exhibit 5 shows results for a
slightly perturbed version of the same porttolio. We replace
each entry a,, of the original loading matrix with

0.9ay; + 0.1(Ux; — 0.5) (28)

where the U are independently and uniformly distrib-
uted over the unit interval. The average absolute change
in the entries of A is .03, and the maximum absolute
change is 0.13. The change in A 1s therefore small. The
results in the right panel of Exhibit 5 indicate that adding
asmall amount of noise in this way makes the model more
amenable to approximation.

I am not suggesting one should deliberately add
noise to factor loadings. The purpose is instead to illus-
trate the circumstances that are favorable or unfavorable
to the approximation.
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The approximation works better with greater vari-
ability 1n the factor loadings. A loading matrix estimated
from data would not have the highly structured form of
the matrix A in (27) unless this structure is imposed on
the estimation procedure. Companies are often sensitive
to more than one industry factor and more than one geo-
graphic factor, so even with this interpretation a real
loading matrix is unlikely to have the sharply delineated
block structure in (27). We expect estimated loading
matrices to look more like the perturbed version, and
thus to be more amenable to approximation.

IV. SADDLEPOINT HEURISTIC

In 1ts simplest form, the approximation I next pro-
pose 1s

PL>z2)~=1-—- 4’[\,”2.1(.1')) (29)

Explaining how [ arrive at this expression and how it
might be refined requires a digression on saddlepoint
approximations. | refer to (29) (and (31), below) as a sad-
dlepoint heuristic to distinguish it from rigorous approx-
imations of the type in Jensen [1995].

Background

Consider an arbitrary random variable 1"with cumu-
lant generating function

r(f) = log E[exp(AV)]

The argument used in Item 1 of the Proposition simi-
larly shows that P(I”7 > v) < exp|-I(r)] where:

Ifw) = max(ov — kla)) = auv — Kla,) (30)

and o is the point at which the maximum is attained. Sad-
dlepoint methods convert this bound on tail probabilities
into approximations using higher-order derivatives of 4.
Of the many possible saddlepoint approximations
in the literature, we consider the Lugannani-Rice for-
mula, which 1s
PV >uv)&=1—-®(r)+ ¢(r) (l\ - %)

with
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EXHIBIT 5

Homogeneous Portfolio Approximations for Portfolios D1 (left) and D2 (right)
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= \,f'l‘_?(n,.'r' —kley)) = V 21 (v)

and

A = n‘.\/fr."’l,'nf.} = I"(.")/V’;[”( i)

The last equality follows from the Legendre-Fenchel trans-
formation in (30), along the same lines used to derive (B-
3) in Appendix B.

Saddlepoint approximations have been used to mea-
sure portfolio credit risk by Maran, Thompson, and
Browne [2001] in a model with independent obligors (or
in a finite mixture of such models) and by Gordy [2002]
in the CreditRisk+ model for which the cumulant gen-
erating function is known. A direct application is not
possible because of the intractability of the cumulant gen-
erating tunction of L. Rather than try to evaluate or
approximate this cumulant generating function, we
approximate its Legendre-Fenchel transtorm.

Approximation

Set =@ (L/¢ ). The Proposition implies that

PV < v) <exp (—=J(P(v)nax))
so let

I(v) = (@), )
In a purely heuristic approximation, I proceed as though
I(v) were in fact the Legendre-Fenchel transform of the
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cumulant generating function of 1. The resulting approx-
mation is

P(L > a)=1— & V/Q.—I(.r'l)

(P 1
; 2 J( Vv s o
(,)(VI_I[J))( 11(!.) \‘/2](?})

\.\"’jth W= (D L{"\./‘{.‘um\)

I’(yj = .].(_.i')(,'f?{i‘)'{ul.‘x..\'

and

T ) = j(.r')c;-‘)z(r')f';“:mx — .j(.f')f;-')[i‘)f'l'm“‘\

I noted previously that ](\) =0 (z ). Although an
explicit expression 1s also available for [ in (46), 1t is some-
what simpler to use a central difference approximation of
the form

-- J{(z+ h)—J{x —hk)
o {a f:)qh J(a 1)

If I{v) were in fact the Legendre-Fenchel dual of a
cumulative generating function, it would be convex; 1"(v)

would always be positive; and the VI"(1) appearing in the
approximation would always be meaningful. But no such
guarantee applies to our heuristic use of J. Also, the last
term in (31) 15 often quite small; omitting it yields the
simplified approximation in (29).
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Adjusting the Mean

Neither (29) nor (31) is consistent with the known
value of the expected loss, E[L] = 32 prex . To make them
consistent with E[L], I propose scaling these approxima-
tions. This sometimes improves accuracy.

Consider any approximation of the form P(L > x) =
1 — G(x). If we could calculate

me = [ (1 — G(x)) dx
Jo

we could make the approximation consistent with the
mean loss through the adjustment

m

PUE a1 E—Z[J,U;,ll*(ﬂ )

me; =

where integrating both sides over x from 0 to o now
yields E[L]. In practice, accurate calculation of . may be
difficult, especially if each evaluation of G is time-con-
suming. Also, the approximations in (29) and (31) are
intended for large values of x, but the integral of the
approximations would be heavily influenced by their values
at low x where the probabilities P(L > x) are greatest and
the approximations least accurate.

To avoid undertaking a numerical integration of the
approximations, we apply a simple adjustment based on the
homogeneous portfolio distribution GG . We fix p as in
(18) and choose p to fit a multiple of 1 — € 7 1O the approx-
imation | — G. We then use this multiple to scale 1 — G.
In more detail, the approach includes steps as tollows:

1. Choose points x, and evaluate G(x), i =1, ..., n
(e.g., n = 20).
. Find p to minimize the sum of squared differences

n—1 2
= o\l Im'n‘ 1-G Lip
5 (1o - Gpeltie o) 1= Gl

=1 p_u /’{mu\}

2

3. Calculate the average ratio

(T; Jt’n/In |\)
lc P 1€
L 8 — Glx;)

4. Return the scaled approximation ¢"(1 = G(x)). i =
| p—

Step 2 finds the value of p for which log(1 — G;
(x/€ ) is most nearly parallel to log(1 — G(x)). Step 3 cal-

culates the average displacement between the two curves,
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and Step 4 shifts log(1 — G) by this amount. If 1 — G(x) were
exactly equal to a multiple of some log(1 — Gip £
the adjusted approximation would integrate to E[L].

A drawback of this adjustment is that it is very sensi-
tive to the choice of points x; at which the approximation
is evaluated. In numerical examples we find that the adjust-
ment can improve the accuracy of the approximation, but

)s
max

it can also make it worse. Its application requires care.

V. LAPLACE APPROXIMATION

The method here uses Item 1 of the Proposition.
Calculating the upper bound E[exp(F (Z))] is in prin-
ciple a problem of integrating over the distribution of the
vector of risk factors Z. This is impractical unless there
are very few risk factors, especially since a separate inte-
gration is required at each loss level x.

The Laplace approximation (as in, e.g., Wong [ 1989,
Section 1X.5]) provides an alternative to numerical inte-
gration. It is based on a quadratic approximation of the
logarithm of the integrand in

EI'" .'-",(Zl] = (zﬁ)—r.'/".z / (‘F.(;)—:' /2 s

JiRd

The quadratic approximation results from a Taylor
expansion of the exponent F () — =" 2/2 near the point

at which this expression is maximized, i.e., near:

zp = argmax{F,(z)

Bol—
I8
gt

This 1s precisely the optimization problem that
appears in the definition of J(x). The Laplace approxi-
mation is then

EleF7)] 1A (32)
\,/‘(ll.‘t([ — v',_"r".l{:f))

where V,F_denotes the Hessian of I, with respect to z. The
Hessian can be calculated using futmulas in Appendix B.

I apply the right side of (32) as an approximation of
P(L > x), although I have derived it as an approximation
to a bound on this tail probability. The method in the last
subsection can be used to adjust the approximation to try
to match the known value of E[L].

Because the Laplace approximation is based on a
quadratic approximation of F (z) — z'2/2, it works best
if this function is at least concave. To put this another way,
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EXHIBIT 6

Saddlepoint Heuristic (filled circles) and Laplace Approximation (empty circles)

for Portfolios A1 (left) and A2 (right)
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Squares in right panel show mean-adjusted Laplace approximation. Solid lines are Monte Carlo estimates.

the approximation uses information about the integrand
only near its maximum, ignoring the possibility of local
maxima. The impact of local maxima is driven primarily
by the structure of the factor loading matrix A. We can
reasonably expect that F (z) — z'2/2 will be strictly con-
cave in the neighborhood of the global maximizer = , so
that V,F (z ) — I will be negative-definite and the denom-
mator 1 (32) strictly positive.

The approximation may be summarized as tollows.
At each x:

1. Solve the optimization problem in (12) to find =
and evaluate f(x) = F (2) —z"2/2.

. Compute the Hessian V,F

88

i (2,) using (B-6).
3. Evaluate the determinant det(I - V,F (z ) and return
the approximation

—J{
@ x)

P(L > ) ~ -
VAet(I = VaFy(z)

After the approximation has been evaluated at multiple
values of x, one may optionally apply the mean adjust-
ment in the last subsection.

This method, like the saddlepoint heuristic, requires
resolving the optimization over = (and over @) at each x
at which the approximation is evaluated. Fortunately, the
optimal points |z .6 (z )| usually change slowly with x,
so the optimal value for each point provides an excellent
starting value for the optimization at the next point.
Starting each optimization at the previous optimum can
thus reduce the total tme required.
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Exhibit 6 shows both the saddlepoint heuristic (29)
and the Laplace approximation for Portfolios Al and A2.
For Portfolio A1, the two approximations give nearly iden-
tical results, and both are very close to the true probabil-
ities as estimated by Monte Carlo (the solid line in the
figure). For Portfolio A2, the saddlepoint heuristic is nearly
exact, but the Laplace approximation appears to be off by
a constant factor (a constant displacement on a log scale).
The mean adjustment in the last subsection produces the
points marked by squares in the figure. The mean adjust-
ment has a negligible effect on the saddlepoint heuristic
in this example, so that case is omitted for clarity.

The lett panel in Exhibit 7 similarly illustrates the sad-
dlepoint heuristic and Laplace approximation for Portfolio
B. The saddlepoint heuristic 1s again quite accurate. The
Laplace approximation sags near the middle of the distribu-
tion. Although it is not shown in the graph, the values of
Elexp(F (£))] are quite close to the true loss probabilities
P(L > x). This indicates that the main source of error in the
Laplace approximation is the method used to approximate the
integral over the normal distribution, rather than the error
in using ltem 1 in the Proposition as an approximation.

Portfolio C provides a more interesting example.
The right panel in Exhibit 7 compares the saddlepoint
heuristic (the filled circles) and the Laplace approxima-
tion (the empty circles) with Monte Carlo estimates (the
solid line). The figure shows the distribution over a very
wide range of loss levels.

Despite the unusual shape of the distribution, the
saddlepoint heuristic 1s nearly exact over the full range.
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ExHIBIT 7

Saddlepoint Heuristic (filled circles) and Laplace Approximation (empty circles) for Portfolios B (left) and C (right)
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The Laplace approximation also manages to trace the shape
of the distribution, although again it appears to be dis-
placed over most of the range. Both approximations are
remarkably accurate even at probabilities as low as 107",
(I obtain precise Monte Carlo estimates of such low prob-
abilities using the importance sampling method 1n
Glasserman and Li [2003], which draws on some of the
same tools used here to derve approximations.)

Because of the special structure of this porttolio, the
optimal solution z_in (12) undergoes an abrupt change
as x approaches 150. As x increases from ( toward the
inflection, the first component of = increases while the
second stays close to O—losses in this range are most likely
to occur because ot large moves in the tirst factor. At x
= 146, we get an optimal solution of == (3.4230, 0.0086)
but at x = 147 the optimum flips to (0.0345, 3.4412)
because at higher loss levels the second factor becomes
more important than the first. As x continues to increase,
both components of = _increase. These features are auto-
matically detected by both the saddlepoint heuristic and
the Laplace approximation, permitting these methods to
capture the shape of the loss distribution.

Exhibit 8 shows results for Portfolios D1 (left panel)
and D2 (right panel). The filled circles show the saddle-
point heuristic, and the empty circles the Laplace approx-
imation. The dotted line shows the approximation fit at
x, = 30,000 (included tor comparison).

As in the other approximations, we see greater accu-
racy in the perturbed case. The saddlepoint heuristic and
the Laplace approximation do particularly well at low
probabilities.
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VI. MATCHING TWO MOMENTS

The last approximation proposed differs from the
others in that it does not use the decay rate from the
Proposicion. Rather, it uses the limitng distribution for
a homogeneous portfolio, but it selects p by matching
variances rather than decay rates.

I noted previously that the distribution C;]‘ 5 has mean
p. That leaves the parameter p free for the choice of vari-
ance. I choose p so that the variance of the approximating
distribution matches that of the actual distribution. In order
to do this, we first need to evaluate the two variances.

The second moment of the limiting distribution is
given by

rl
/ q“) dGs(q)
Ju

!
= 2/ qll — Gpala)) dg
s

- &-1(5) — JT—22
= 2/ tD(u)tIJ( 2. S d ”) i) du

'H
= 21*(& L€ L@ (p) - \/l = n”&]/’p)
= 2P (a —€£<0. p&s+ \/1 —plE <@ ‘(p))

— 20, (0,07 ) —\/1 - p2/v2)

where £, £, and &, are independent N(0, 1) random vari-
ables, and @ (-, -; 1) denotes the bivariate normal distri-
bution with correlation r.
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EXHIBIT 8
Saddlepoint Heuristic (filled circles) and Laplace Approximation (empty circles) for Portfolios D1 and D2
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Dotted lines show the howogeneous approximation with x , = 30,000.

The variance of the limiting distribution 1s thus 125,000 evaluations take 7 to 20 seconds. At these speeds,
given by: calculation of ©; takes less than two seconds for m = 100
and about 30 to 90 seconds for m = 1,000—not instan-

g . s — 5 taneous, but not prohibitively slow either. The calcula-
oy =28 (“‘q) (P): —y1 ”*/‘/E) -P (33) tion could be accelerated by bucketing the marginal
probabilities p, and correlations a,a " and computing just
This is the variance of the limiting loss as a fraction of one value of the bivariate normal for each bucket.
the maximum loss £ . The variance of the limiting loss Kalkbrenner, Lotter, and Overbeck [2004] use similar
itself 1s therefore f fmxﬁé. mformation to fit a homogeneous distribution G, . They
For the variance of the actual loss distribution, we have select p = pas | do, but they select p so that the value of

1t m—1 m 1l
o = Var[L]| = Z r-'f_VarD',;.] ) Z Z ;e Cov|Yy, Y] Var [Z PCh .\'A] (34)

k=1 k=1 j=h+1 k=1
with
is the same in the approximating single-factor portfolio as
Var[Yy] = pi(1 — py) in the original portfolio. This results in the explicit formula
and g g I‘kf‘k(ﬁkﬂ;)J{;f-{; =~ piehd -
T Cime S 5
Cov[¥. Y] = P(Xp< & (P, X; < I(pr'. )) — prp
= Oy(P I([JA-).‘I’_](]{,}:fU,-H‘,T) — Prpj _ » o i
and taking the square root yields p. The motivation for
in light of (1). I now solve numerically for p satisfying matching the variance (34) 1s unclear, although this may
("flmﬁé =g serve as a proxy for the variance of the loss L. Because the
The most tme-consuming step in this approxima- variance in (34) requires the covariances between pairs
tion 1s the calculation of the loss variance 6], which (X, X)) but not pairs (Y, Y), this method does not require
requires O(nr?) evaluations of the bivariate normal distri- calculation of bivariate normal probabilities and is thus
bution. Agca and Chance [2003] compare several methods extremely fast.
for evaluating the bivariate normal, and report that Matching two moments gives results for Portfolios
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ExHIBIT 9

Comparison of Two-Moment Approximation and Other Homogeneous Approximations

for Portfolios B (left) and C (right)
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Al and A2 similar to those already presented, so I pro-
ceed to the other cases. Exhibit 9 shows two-moment
approximations (dashed lines) for Portfolios B and C. For
comparison, the figure also includes the best approxima-
tions from Section 111 (fit at 255.5 and 200.0).

The two-moment approximations do quite well.
Although no homogencous approximation can capture
the inflection in the actual distribution for Portfolio C,
the one selected through the two-moment approxima-
tion does a rather good job overall. For this case, the
method in Section 111 is faster, because its complexity is
more dependent on the number of factors while the com-
plexity of 6; depends mainly on m.

Exhibit 9 also shows the approximations resulting from
(35), labeled KLO. This method often works very well; its
comparison with the method in Section 111 depends on the
value of x| at whichj(.\'l) is computed. Like any homoge-
neous approximation, it has difficulty with Porttolio C.

Exhibit 10 displays similar comparisons for Portfolios
D1 {left) and D2 (right). The two-moment approximation
works well in both cases. The approximation from Section
IT fit at 30,000 and the KLO approximation based on (35)
are accurate at least out to probabilities as low as 1%, Per-
turbing the loading matrix improves the accuracy of the
approximation in Section 11, but it seems to have no ettect
on the two-moment and KLO approximations.

VII. SUMMARY

I have presented several methods for approximating
the distribution of losses from default in a normal copula
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model of credit risk. These approximations provide alter-
natives to Monte Carlo simulation. Numerical examples
indicate that they can be quite accurate. None of the
methods proposed here consistently outperforms all the
others, but a few patterns emerge from the examples pre-
sented here and other numerical tests:

* The method for fitting a homogeneous portfolio
based on matching the expected loss and a decay rate
15 fast. [t requires solution of an unconstrained opti-
mization problem in as many variables as there are
systematic risk factors. It gives very accurate results
with randomly generated factor loading matrices. It
works less well with block-diagonal loading matrices,
tor which different combinations of movements in
the underlying factors can have similar effects.

* The saddlepoint heuristic and Laplace approximation
are particularly well suited for very low loss probabil-
ities. They are computationally more demanding
because they require a separate optimization for each
point at which they are evaluated. The saddlepoint
heuristic 1s often more accurate than the Laplace
approximation, although not always. The simplified
version of the saddlepoint heuristic in (29) appears
to be at least as accurate as the full version.

+ Fitting a homogencous porttolio by matching two
moments often works well. This method requires
O(m?) evaluations of the bivariate normal distribu-
tion, where m 15 the number of obligors. Unlike the
other methods, this one is relatively insensitive to
the number of factors.
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ExHIBIT 10

Comparison of Two-Moment Approximation and Other Homogeneous Approximations

for Portfolios D1 (left) and D2 (right)
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A shortcoming of all these methods is the absence
of error bounds. This makes it impossible to know whether
a particular approximation works well with a particular
portfolio without comparing the approximation to results
from Monte Carlo simulation. But the effectiveness of the
approximations appears to be determined primarily by
general features of the factor loading matrix that are
unlikely to change often. This makes it possible to test an
approximation against Monte Carlo and, if it 1s found to
work well, to continue to use the approximation in the
future with only occasional checks against Monte Carlo.

Finally, I should note that the analysis is limited to
the normal copula. The normal copula has zero tail-
dependence, which in our context means that the default
indicators become nearly independent when the mar-
ginal default probabilities are very low. It seems reason-
able to expect that some of the tools discussed here extend
to the ¢ copula, which has strictly positive tail-depen-
dence, but that remains a topic for investigation.

APPENDIX A
Proof of the Proposition

Proof of Proposition.

1. Because (3) holds for all 8= (), it also holds for the min-
imum over 02 (), so:

P(L > x|Z) € ¢4

Taking expectations of both sides yields the first assertion
in the Proposition.

2. Because we have assumed that all factor loadings ay, are
non-negative, every p () in (4) is an increasing function
of z, so (6, z) 1s an increasing function of = for all 8=
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0. Because the maximum in (7) is achieved at 8= (),
(-) 15 also an increasing function. That F_is dec rtasms_:
with x is most easily seen from Equatmn (B-7) in
Appendix B. Taking 8 = 0 in (7) yields 0, so in taking
the maximum over 8 we get F (2) 0.

3. Ifx” E[L| Z = z], then the twisting parameter 6 (=) is 0,
and thus F () = 0. If x > E[L| Z = 2], then 6 (“) > (),

The strict convexity of i (-, z) implies that for any Q:t 6.(2):

i
(f, 2 MBL(z), 2 —a(fp(z), 2
w(6,2) > (Bs(2), 2) + 500 (2),

Y(0:(2), 2) + 2(f — 0.(2))

0O —0.(2)) =

the second equality following from (8).
At 8 =0 (where (1 (0, 2) = 0) this reads

0> (6(2), 2) —x8,(2)

ey =) = 0,
For assertion (4), we use the fact that if F(.) is concave,
then for any =

Fy(Z) € Fy(2) + VF(2)(Z - 2)

(A-1)

where the row vector VF_is the gradient of F_with respect to

2. (More generally, the argument holds using subgradients 1f
dtf’[cruntlablhty were to fail.) Exponentiating both sides and
taking expectations, we get

E[e™#)] < exp (F(2) - VE(2)2+ {VE(IVE(R)T) (A-2)

Now suppose = maximizes the concave function F (2) —2'2/2.
Then z 'satisfies the first-order conditions =

3 r - V’\(:\)
Because (A-2) holds, in particular, at = = T WE then have
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which 1s exp(-](x)). [

APPENDIX B
Calculation of Derivatives

In this appendix, I record expressions for derivatives that
are useful in optimizing over 8 (to evaluate F ), optimizing over
= (to evaluate J), and computing approximations. [ use the
symbol V to denote gradients with respect to 2 and a dot (as
in J) to denote derivatives with respect to x. I follow the con-
vention that gradients are row vectors. As in (4), a, denotes the
k-th row of the loading matrix A and is therefore a row vector.
All other vectors are assumed to be column vectors,

Derivatives of ¢ and 6

Directly from (5) we get

d e )(.u.firk —
—lf Z:: -l+p'1‘( (fﬂ(:;\,_ U
and
o2 ” 7 el 2)(1 = pr(z))ck S
a3 Y\ 2) =
62 ) =1 [1 4 pr(z)(efer —1)]2
Also:
Ve " Hrk i . (B j)
?! =1 1 _1_]);‘{ (f”‘"k - 1) ]Jk[ﬁ) )

where (4) gives

Pyt = (HA.: + @1 (])k)) ap

A 1l= cuﬂ; V1= aral

For all > at which E[L| 2] <, the relation (8) defines 6 (2)
as a differentiable funcuon of x and z. The expressions that follow
apply on this set. Where E[L|z > x, 0.(z), is identically zero

and so too are its derivatives. By differentiating both sides of

(8) with respect to x, we get

J‘.E

Wi.ﬂ(ﬂ;(:),;)ﬁ](:) =1
SO

. o2

bo(z) = 1/%ww;(:),:) (B-3)
WiINTER 2004

For the gradient with respect to =, we instead differen-
tiate (8) with respect to 2 to get

0‘.!

In the first term, V takes the gradient with respect to the second
argument of ¢ By rearranging this equation we get:

Vbu(2) = V001, 2)/ gt (0r: 2) (B-4)

Derivatives of F_

We continue to work on the set {(x, z): E[L|z] < x}
because F (2) is identically 0 on the complement of this set. By
d;ﬂcrenmatmg, (9), we get:

VE(z) = Eé"‘"( B.(2), 2)V8:(2) + Vii(8.(z). 2) — Vb.(2)z
= Vi (B:(2), 2) (B-5)

in view of (8).
Write V,F for the Hessian F . From (B-5) we get

VaF.(z) = Vot (O, 2) + ivu (

2 o ,2) V8:(2)  (B-6)

The second term is the matrix formed by the outer
product of (B-1) and (B-4). The first term 1

Vo (8. z) =

Z e (1 + pr(ef — 1)) Vapr(z) — 25 Vpy(z) T Vpi(2)
[+ p(z)(ePex — 1)]2

k=1
with
24! 24O
Vape(z) = (m' ) )" a2 + & (i) ay a
17“‘\“3. \/l—a;‘a‘
and
o [ arz + @ {px
Vpi (2)Vpa(z) = ¢° g (k) ooy
\ 1 — u.krz;_r
Also:
7

5 s
5 — (2] = %U (B, 2)0s — By — 04(2) = —04(2) (B-7)
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Derivatives of |

With =_asin (14), we have

](‘) — H,ﬂ (‘:.z' = f-"(H.l.'( Zr )~ B % :‘;-T 2y
Ditferentiation yields

i i i) g
J@) = Opr+ VO30 + 0, — —0(B(2), 2) [0 + V2] —

A
Vf‘-"(ﬁ.r- :‘:‘Ji.r + 2 I :r

s

Op = [V (B 22) = 25 | 32

b g

= B

with 8 evaluated at = in each instance. Here, the second
equality follows from (8) and the third from (B-5) and the first-
order condition VF,(z;) = 2. We have thus verified the
important simplification in (15).

For the second derivative of J, we have

J(w) = 0,(z0) + Vb (22) 3, (B-8)
To evaluate = ' (the derivative of 2 with respect to x),

we differentiate both sides of the first-order conditions VF (=)
=z ta get

iVF!(:!} ' &= VZF;{ :.J")'i.)‘ = :r
dur

We can use (B-7) to replace the first term with -V@ (z )" and
thus get

:J . _([ i VEFI'(_':.n ])_lv(f.r(-:‘r)-r

provided the indicated matrix inverse exists. Using this in (B-
8), we get

J(x) =0, — VO.(I — VoFe(2,)) 'V, ()T (B9
The derivatives of 8_can be evaluated as in (B-3) and (B-4).

ENDNOTE
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