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Electricity swing options hedge electricity price risk
and also partly hedge the risks in the option own-
er’s electricity consumption. The swing derivative
sets instantaneous and cumulative boundaries for
electricity consumption, and it specifies the price at
which the option owner can buy energy. The name
swing option comies from these consumption bound-
aries, as consumption swings between lower and
upper boundaries.

Swing options can be priced and hedged with reg-
ular electricity forwards and call options. A numer-
ical example illustrates how swing options can be
used to model and hedge power plant operation.

ne major difference between the
stock market and many com-
modity markets, especially the
electricity market, is that com-
modity usage is usually given by an exogenous
consumption process, while a stock investor can
choose asset holdings. Therefore, in commodity
derivative markets there is a need to produce
derivative instruments that take into account
uncertain commodity usage. One example of
this kind of instrument is a swing option.
The aim of this article is to model elec-
tricity swing options in terms of regular elec-
tricity derivatives. Our pricing model helps
demonstrate how different variables affect swing
option prices and also gives a practical hedging
strategy for the options. The model can be used
in the optimization and hedging of power plant
operations.
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Swing options have been traded in elec-
tricity over-the-counter (OTC) markets for
many years, but their embedded optionality is
sometimes mispriced. A swing option, also
called a variable base-load factor, is an agreement
to purchase energy at a certain fixed price
during a fixed time period (see, e.g., Barbieri
and Garman [1996], Garman and Barbieri
[1997], and Pilipovic and Wengler [1998]).

The option gives some flexibility on both
the purchased energy amount and the pur-
chase timing. In practice, swing option owners
do not always use this flexibility to maximize
the option value because often they are unable
to control their electricity usage. Purchase
constraints are therefore selected so that the
consumption process remains within the con-
straints with a high probability.

There are two types of swing options.
The first type is called a one-swing option, and
the other is a full-swing option. Under the
one-swing option, a single consumption swing
right is acquired; under the full-swing option,
the number of swing rights is equal to the
number of delivery dates in the delivery period.

These option types have similar instan-
taneous and cumulative consumption con-
straints (power and energy boundaries), and
thus can be analyzed following our framework.
Using this model, we can price and hedge
more general swing options that may have con-
stantly changing instantaneous consumption
constraints. We examine an option seller that
to protect itself assumes the option owner max-
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imizes the value of the swing option by optimizing the
consumption process.

A swing option is a portfolio of electricity forwards
and options. These derivatives are traded on OTC mar-
kets and electricity exchanges (e.g., Nord Pool (Scandi-
navia), APX (U.S. and the Netherlands), NYMEX (New
York), and VicPool of Victoria, Australia). Results
obtained from our model show that the higher the instan-
taneous and cumulative consumption upper boundaries,
the higher the swing option price, because then there is
more optionality in the swing option, so the electricity
consumer can better hedge consumption uncertainties.
In this high optionality case, the swing option price
depends on uncertainties in the electricity forward curve,
as the value of the flexibility is an increasing function of
the forward volatility.

In a numerical example, we illustrate application of
the model in a power plant’s production optimization and
hedging. For instance, hydropower plants can be modeled
under our framework because water reservoir constraints
are similar to swing options’ consumption constraints.
The optimization of hydropower plant operations is con-
sidered in Pereira [1989], Gjelsvik, Ratting, and Reyn-
strand [1992], and Keppo [2002].

Many other authors also consider commodity and
electricity derivative pricing. The basic financial asset
pricing methods can be found in Harrison and Kreps
[1979], Harrison and Pliska [1981], Dufhie [1992], and
Heath, Jarrow, and Morton [1992]. Black [1976] and Wolf
[1982] derive pricing models for commodity contracts.
Deng, Johnson, and Sogomonian [2001] study electricity
spark and location spread options.

Keppo and Risinen [1999] derive a pricing model
for an electricity contract that does not have explicit con-
straints on electricity consumption. An extension is illus-
trated in Keppo and Risinen [2000], where fixed budget
instruments are introduced. These instruments allow
customers to fix the amount they spend on electricity
consumption. The difference between fixed budget instru-
ments and swing options is that swing options assume the
option owner optimizes electricity consumption, while
in the models of Keppo and Risinen the electricity con-
sumption process is an exogenous stochastic variable.

Swing option pricing is considered in Thompson
[1995] and Jaillet, Ronn, and Tompaidis [2001]. In both
cases, swing option prices are solved using numerical tech-
niques, e.g., a lattice-based method. We instead first char-
acterize swing option prices in terms of electricity forwards
and options that are traded in electricity financial markets.
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Because of the swing option’s path-dependence and
Bermudan exercise style, we are not able to obtain an
analytical pricing function for swing options (for the
pricing of Bermudan options, see Carr and Yang [2001],
Carriére [2001], Broadie and Yamamoto (2002), and
Schweizer [2002]). The swing option’s optimal con-
sumption process depends not only on the current elec-
tricity spot price (and the cumulative energy usage) but
also on the whole electricity forward curve, which is a
function of several risk factors, so optimal exercise of the
Bermudan option feature depends on multidimensional
uncertainty (for the modeling of electricity forward curves,
see, e.g., Koekebakker and Ollmar [2001] and Audet et
al. [2004]). This means that the numerical pricing algo-
rithms are hard to implement and the swing option price
depends to a great extent on the forward curve model.

By assuming Markov electricity consumption pro-
cesses, however, we solve for the swing option’s analyt-
ical lower boundary in a linear optimization model. This
lower boundary and the corresponding hedging strategy
are easily implemented in everyday industry practice.

I. MODEL

We consider an electricity market where financial
instruments are traded continuously within a time horizon
[0, 7). We denote the swing option’s delivery period by
[T, T,], which is a subset of [0, 7]. The swing option’s
owner has to purchase at least a minimum amount of
energy at a certain price during T, — T,. The owner also
has an option to purchase more energy at the same fixed
price during the same delivery period.

We assume the option seller expects the option’s
owner to select a consumption process, p, that maximizes
the option’s value. In the probabilistic structure of the
market, a filtered complete probability space (€2, F, P,
(F) <<y satisfies the usual hypotheses (see, e.g., Protter
[1992]). Here Q is a set, Fis a g algebra, Pis a probability
measure on F, and (F), ., is an increasing family of &
algebras. Two assumptions characterize our electricity
market.

Assumption 1. There are European call options and
forward contracts on the electricity price. The electricity
derivative market is complete and there is no arbitrage.

In a competitive electricity market, there are options
and forward contracts continuously traded on exchanges
and in the OTC market. This implies that the electricity
derivative market has priced the risks associated with the
electricity price process.
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In deriving our swing option pricing model, we use
different-maturity forwards and European call options
that have the same strike price as the swing option under
consideration. Given the no-arbitrage condition, all the
electricity derivative portfolios with the same future pay-
offs have the same current value; i.e., the law of one price
holds in our electricity market. If this were not the case,
traders would sell the overpriced portfolio and buy the
lower-priced portfolio and collect arbitrage profits from
the market.

Market completeness means that tradable instruments
are priced according to the same unique linear pricing
function (see, e.g., Duflie [1992]). Therefore, in the elec-
tricity market there must be at least as many derivative
contracts as there are sources of uncertainty. For instance,
if the market is driven by n independent Brownian motions,
then we assume there are at least u electricity derivative
instruments traded in the market. Note that without the
derivative instruments the electricity market is incomplete,
because electricity is a non-tradable instrument.

We denote by f{t, T') the T-maturity electricity for-
ward price at time ¢. By allowing T to vary from ¢ to 7,
we get the whole forward curve f{t,-): [t, 7] — R,. There
are huge cycles in the forward curve because of cycles in
electricity demand. The maturity T = ¢ corresponds to
the starting point of the curve f{t, ) = S(f), which is the
electricity spot price at time . We assume that at each
time t € [0, 7] there is a right continuous electricity for-
ward curve.

The T-maturity European call option price at time
t1s denoted by C(t, T, K), where K is the strike price of
the option, which equals the swing option’s strike price
(defined later). We assume there are call options for all
maturities, and for all t the curve C(t, -, K): [t, 7] > R,
is right continuous.

Assumption 2 characterizes the derivative price pro-
cesses and other stochastic processes followed.

Assumption 2. The stochastic variables follow right
continuous semimartingale processes that are driven by
continuous and jump uncertainties in the probability space
(Q, F, P) along with the standard filtration {F: t€ [0, }}.
These variables are of the class of functions g(t, @): [0, 7]
% £ — R that satisfy:

1. (t, @) = g(t, w) is B X F-measurable, where B
denotes the Borel ¢ algebra on {0, 7].

2. g(t, @) 1s F-adapted.

3. E[¢(t, w)] < e forall te [0, 1].
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Assumption 2 implies that we have both continuous
and jump uncertainties in the electricity market. For sim-
plicity, we work in Hilbert space L*(Q, F, P). Semi-
martingale processes in financial markets are examined in
Delbaen and Schachermayer [1994, 1998], Goll and
Kallsen [2000], and Carr and Wu [2004].

Under Assumptions 1 and 2, the price of a T-matu-
rity electricity derivative instrument at time t is given by
the risk-neutral pricing formula:

n(t, T) = " " ED(S(D)|F] (

—_—
~—

forallt € [0,T], T e [O,T]

where r 1s the risk-free interest rate that is for simplicity
assumed to be constant, E€ is the expectations operator
under the risk-neutral pricing measure Q, and ®(-) is the
payoff function.

If 7t is the value of a T-maturity forward contract we
get that the forward price at time ¢

£, T) = E2[S(T)F] @)

because now ®[S(T)] = S(T) —ft, T), and the value of
the forward contract when initiated is by definition zero,
i.e, m(t, T) = 0. The pricing measure (J can be estimated
from the electricity forward prices, because, given
Assumptions 1 and 2, the only unknown term in Equa-
tion (2) is the Radon-Nikodym derivative dQ/dP.

By the definition of a swing option, there are con-
straints on the swing option’s consumption process. The
objective of the swing option holder is to maximize the
value of the contract by selecting the optimal consumption
process among those processes that satisfy the cumulative
and instantaneous constraints, namely, the energy and power
constraints:

7
e[()w S ‘[p(y)dy < eup

To

P S p(t) S p,(Dforalit € [T;, T, 3)

where p(): [T, T,] = R, is the swing option’s stochastic
consumption process; ¢, and e,, are constant lower and
upper boundaries for the total energy purchased; and
Pron(): [T T = R and p”p(-): [Ty, 7,1 = R, are deter-
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ministic right continuous lower and upper boundary func-
tions for power. Hence, p,  and p,,are the constraints on
instantaneous power consumption, and ¢, and e,, are the
constraints on cumulative electricity purchased.

The instantaneous constraints imply that the option
owner must buy at least p, (f) and cannot buy more than
p”p(t) at each time t € [T}, T}]. Due to the cumulative con-
straints, total purchases during T, — T, must be atleast ¢, |
and cannot be more than ¢, . Because of the instanta-
neous constraints, the cumulative constraints must satisfy:

T T
[Py < €, < [P, (DY @)

To Ty

We assume that the swing option seller hedges the
option by trading electricity derivative instruments.
Because the value of the hedging portfolio equals the
swing option price, we have

T

[ep Sty - Kldy =

t

e2(r) + [aMO(y) (5)

where p*(-) is the optimal consumption process of the
swing option; which satisfies Assumption 2 and Equation
(3); K is the electricity price of the swing option (the
strike price); z(1) is the value of the hedging portfolio at
time f; and M¥(-) is a martingale under Q corresponding
to the discounted gains and losses from the swing option’s
hedging strategy.

Thus, the left-hand side of (5) is the discounted cash
flows from the swing option, and the right-hand side is
the discounted gains and losses from the hedging strategy.
Each time t € [T, T,] the swing option’s cash flow equals
p*(O[S() — K]. If p*(¢) > 0, which is the case for all states
of the world if p; (1) > 0, and if S(1) < K, the cash flow
is positive. If p*(f) > 0 and S(#) < K, the cash flow is neg-
ative; i.e., if the strike price K is high enough, the swing
option holder might incur losses, because the consump-
tion process has to satisfy the instantaneous and cumula-
tive lower boundaries in (3).

As we noted earlier, the objective of the swing
option’s owner is to maximize the value of the contract
by controlling electricity consumption. Therefore, by
taking the conditional expectation under Q, Equation (5)
can be represented as follows:
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T,

20, T, 1) = supE® | [ p(n[SG) - Klay|F

plea

~T,

forallre [0, 7] (6)

where 2(t, T, T}) (=2()) is the arbitrage-free swing option
price at time ¢ for delivery period [t v T, T\|; tv T; =
max[t, T;]; and A is a non-empty set of consumption
processes that satisfy the conditions of Assumption 2 and
the constraints in Equations (3) and (4).

Thus, according to (6), the swing option is defined
by the set of parameters (p, (), p"p(~), Clonr Cup T, T,, K),
and the price is given by the usual risk~neutral pricing
equation.

As indicated in (5) and (6), we will see that swing
options can be replicated by a basket of regular electricity
derivatives, and the amounts of these derivatives depend
on the instantaneous and cumulative consumption con-
straints. In practice, the constraints are set so that the real-
ized consumption process of the option’s owner is between
the boundaries with a high probability. Because the real-
ized consumption is unknown when the swing option is
sold, however, and because in many cases the option owner
is not able to control the consumption process, there is
always a risk that the realized consumption is outside the
given region. Therefore, the option owner always bears
some consumption risk.

The swing option owner buys or sells the excess or
the shortage of energy on the spot market. Thus, with
swing options, planning the power and energy constraints
is very important in serving consumer needs. An example
of a different contract that also hedges the stochastic con-
sumption process 1s given in Keppo and Risinen [2000].

II. PRICING

We can price swing options using different elec-
tricity derivative instruments. First, we divide the swing
option’s consumption into three terms as described in
Proposition 1:

Proposition 1. The swing option’s electricity con-
sumption can be represented as:

p(t) = p,, (1) + pg(t) +
peO{S() 2 K} forallte [T, T} 7

where py(-) € Ag, p() €A, (pg), Ag is the class of
stochastic processes that satisfy the conditions of Assump-
tion 2, and:
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h Ui
JpS(y)dy = elow - Jplow(y)dy
T

T

0 < pS([) < pnp(t) - plow(t) for a” te [7;)’ 7;]

A(pg) 1s the class of stochastic processes that satisty
the conditions of Assumption 2, and

.
0< J.pc(y)]{S(y) 2 K}dy < € = €l

TO
0 < pc(HS() 2 K} < p, (1) = p,,, () = pg(t)
forallt e [TO, T.]

Lif S(t) 2 K

indi HSH) 2K} =
and the indicator 1{S(:) } {O, otherwise

Proof. Because with p . the lower instantaneous and
cumulative constraints (power and energy constraints) are
zero, and because the owner of the swing option maxi-
mizes the value of the swing option, the holder selects
pc(t) = 0if S(f) < K. Therefore, the third term of (7) is
P(H1{S(1) 2 K}. From Equation (7) we get:

. < ]. Pioe(Y) + p(¥) + < e
low = 5 pc()’)l{S(y) > K} = Yup

and

Piow®) S P (1) + ps(t) + pc(DI{S(t) 2 K} < p,, ()
forallt e [T, T}

These are the same as Equations (3) and (4). QE.D.

All the consumption terms in Equation (7) are non-
negative, and the two last terms are stochastic. The first
term, p, . 18 the lower power boundary in (3). Thus, each
time t € [T, T,], the swing option owner consumes at
least this minimum power. The set A for the second
term, p,, corresponds to additional purchases, whose
cumulative value equals the difference between the lower
energy boundary, ¢, , and the cumulative lower power
boundary:

T,
fp,(,l.,(y)dy

T
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Therefore, p, + p_is the minimum consumption required
> Plow s . ) ’ ]
to satisty both of the swing option constraints in Equa-
tion (3).
Note that there is some optionality in the timing of
p because the option holder can select the times when
ps() > 0, but the cumulative value must satisfy

7 7
Ips(y)dy = el(m' - jpll)||'(y)d)’
To

T

If the swing option’s holder selects p((f) > 0, the cash flow
at time ¢ 1s [p, () + p(D}[S() — K], and the owner loses
the opportunity to use this consumption option in the
tuture and the possibility to collect even higher cash flows.
This assumes p (f) = 0, which it will be, due to the con-
straints of p, as is explained below. In some cases, how-
ever, the cumulative constraint on p forces p(f) to be
strictly positive, even though we might have negative cash
flow at time t.

The set A for the third term, p., is the set of pur-
chase patterns that have timing and quantity optionality.
Thus, the holder of the swing option can set p () = 0 for
all e [T, T,]. Because the holder maximizes the swing
option value, the third term is modeled as p ()1{S(#) 2
K3}; i.e., the third term is non-zero only if S(f) 2 K.

The maximum cumulative value of p. is €p ™ Clour
If the swing option’s holder selects p(r) > 0, then the
cash flow at time ¢ 1s [p, () + p(D][S() — K] 2 0 (now
setting p (f) = 0). That is, due to the quantity optionality,
if p(1) > 0, the cash flow at time ¢ is positive. By using
the consumption option at time f, however, the option
owner loses the opportunity to use this option in the
future, i.e., forgoes the possibility of even higher profits
in the future.

To sum this up, the first term in Equation (7) is the
deterministic lower instantaneous consumption constraint;
the second term corresponds to the lower cumulative
consumption constraint; and the last term corresponds to
the upper cumulative constraints.

Now, by using Proposition 1 and Equation (6), we
get Proposition 2, which characterizes the swing option
price in terms of electricity forwards:

Proposition 2. The swing option price is given as
follows:
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7

2, T, T) = J.e""‘"”p,w(y)(f(t, ¥) — K)dy +

Ty

[P = o WE1 2, ) - K]

Ty

Qi n(Pi(y) > 0,8(y) 2 K) -
0,00 (P3(») > 0, S(y) < K) + |dy

Qf(n)(pc(y) > 0 ps(y) )
for all 1€[0, 7], T,€[0, T;), T,&(0, 7] 8

where the optimal consumption terms p* (-) and p* ()

satisfy

j[p,,,,(y) = P WP} (3) > 0}dy = e(0)

7

i

and f{r, T) = EC[S(T)| F] is the T maturity forward price
at time f; Q_/(r, 7y 18 the electricity forward martingale mea-
sure corresponding to f{t, T) (see, e.g., Geman [1989] and
Bjork [1998]); Q n0<x,0<y)= E%.n[1{0 < x}1{0
< y}|F] is the probablhty under Qﬂt 7 that x and y are
strictly positive;

Ty

es(t) = €,,, - hmm@—jmm@

T T

is the cumulative constraint of p at time ; and

Ty
ec(t) = € = Clow — J Pé()’)dy
To
is the cumulative upper constraint of p. at time f.

The proof is in the appendix.

Proposition 2 implies that swing options can be priced
and hedged in terms of regular forwards. These different-
maturity forward contracts have forward prices equal to the
swing option’s strike price, and these forwards can be repli-
cated using the current forward contracts and risk-free
instruments. For instance, "~ 2(f(t, T) — K) in Proposi-
tion 2 is equal to the value of one T-maturity forward con-
tract plus "~ (fit, T) — K) in the risk-free asset at time .
Therefore, the presence of a risk-free asset and a forward
curve implies the presence of the forwards used in Propo-
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sition 2. From now on when we refer to forward contracts,
we mean forwards with forward price equal to the swing
option’s strike price.

We use the absolute values of forward contracts in
Equation (8) because then the numeraires are always pos-
itive ( see, e.g., Bjork [1998]). This is done in order to rep-
resent swing option prices in terms of forward contracts
in Proposition 2. Note that if f{t, T) 2 K, then "9 |f{1,
T) — K| = ¢ 9ft, T) — K), which is the value of one
long forward contract at time #; and if (f(t, T) < K, then
e T=0flt, T) ~ K|= e T=-9K = f{t, T)), and this is the
value of the short position.

Proposition 2 is quite obvious, as it says that, given
the optimal exercise times of swing rights that satisfy the
consumption constraints, i.e., given that p*% (f) > 0 and

pi6) > Oforall te [T, T,], the swing option price is equal
to the portfolio of forward contracts, and the forward
holdings are given by the probabilities O 1) w&T) >
0,8(T) 2 K); Qp, n@¥T) > 0, (T) < K); and Q/(1 T
(PE(T) > 0, p¥ (T) = 0), where T €[T,, T,]. Note that
these probabilities are not under the objectlve measure P
but under the forward measures.

The exercise events when p* (1) > 0 or pE(T) > 0
depend on the energy used during [T, #] as well as the for-
ward curve and its uncertainties. Therefore, solving for these
exercise times is difficult even using numerical methods.

The first integral in Equation (8) is the value of the
lower instantaneous consumption boundary. The term
Qﬂ”)(p’g (T) > 0, S(T) 2 K) is the probability under the
forward measure Q/( that p%(7T) > 0 and S(T) 2 K, and
Q/(r nws(T) >0, S(T) < K) is the probability that p¥(T)
> 0 and S(T) < K. According to the appendix, we have
the expectation under the risk-neutral probability measure:

EQpy(TY(S(T) = K)|E] = |£(t. T) = K| [p,,(T) = P, (T)] X

[Q/m(P3(T) > 0.5(T) 2 K) = 0, (p3(T) > 0, 5(T) < X))

where t€ [0, T| and T € [T, T,]. Therefore, in (8) the term:

[P (D) = P (D], T) - K]
O, r)(PQ(T) >0,8(7T) 2 K) -
Qs (P(T) > 0,8(T) < K)

is the present value of p¥(T) units of T-maturity forwards.

Note that p% (T) € {p”p(T) p[ow (T), 0} and it is an F -
measurable random variable; i.e., its value is unknown
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before time T. Similarly, the expectation:

EYpi(T)(S(T) - K)F] =
|fG, T) - K|[p“p(T) - p[()w(T)] %
O, T)(p:I(T) >0, pi(T) = 0)

and this gives that in (8) the term

[p“l’(T) - pl()w(T)] e_r(T—')lf(t, T) - KI
Qs (Pe(T) > 0. 5(T) = 0)

is the present value of p(T) units of T-maturity forwards.
Combining terms, we see that Equation (8) represents
the net present value corresponding to the consumption
terms of Proposition 1 under optimal policy.

These equations imply several facts about the swing
option’s optimal consumption strategy. First, the second
and third consumption terms satisfy p¥(T)p%(T) = 0 for
all Te [T, T|], due to the representation of Proposition
1. Second, the optimal consumption process is either p,
orp,;ie, the consumption process swings between the
instantaneous lower and upper boundaries. As illustrated in
the appendix, this is due to the fact that the swing option
value is linear with respect to pgand p., and the instanta-
neous consumption at time ¢ never violates the cumulative
upper constraint if

Jp(y)dy <e,

0
According to Equation (8}, if the swing option seller
holds T-maturity forward contracts at time ¢ as follows
Pun(T) + [Pop(T) = P ()] %
Qrun(Pi(T) > 0,5(T) 2 K) -
Q0. (P3(T) > 0,8(T) < K) + |if f(t.T) 2K
Qr.ry(Pe(T) > 0, p(T) = 0)

Pun(T) = [P (T) = P, (T)] X

Q. (Pi(T) > 0, S(T) 2 K) -

Qs ry(Ps(T) > 0, 8(T) < K) + |if f(1,T) <K
Q. (Pe(T) > 0. pi(T) = 0)

32 PRICING OF ELECTRICITY SWING OPTIONS

forall T e [T, v t, T|], the swing option is hedged.

Note that the seller needs to hold forwards with
maturities between T;, and T,, and if this holding of T-
maturity forwards is negative, the seller has a short posi-
tion. Because the forward holdings depend on probabilities
that are calculated with respect to information at time t,
these probabilities change over time, so the hedging
strategy of a swing option is dynamic.

To illustrate this, let us assume that (0, T) > K for
all T e [T, T}]. In this case, if the forward prices on
[T5, T] increase and the forward prices on [T, T,] decline,
then the forward holdings corresponding to maturities
between T, and T increase and the forward holdings cor-
responding to maturities between T'and T decline, where
Te [T, T,]. This is because in the last equation above the
term

Qo (PH(T) > 0.8(T) 2 K) = 0.1 (p5(T) > 0,5(T) < K) +
Q. (Pe(T) > 0, pi(T) = 0)

increases for all T e [T, T and declines for all T € [T,
T,]. Note that when the forward prices increase, there is
a higher probability that the corresponding spot price
S(T) 2 K, so it 1s more likely that the optimal consump-
tion at time T is p”P(T).

In Proposition 2 we use only forward contracts to
hedge the swing options. We can also solve for the cor-
responding swing option’s replication strategy by using the
forwards and call options. This is given in Corollary 1:

Corollary 1. The swing option price is given by:

7
2, T, T) = j e F(, y) — K)dy +

~T,

T,
J (£ = P 1f 1 ¥) ~ K]

Ty

Qf(z,,v)(/’;()’) >0,8(y) 2 1()_
Qrin(P5(¥) > 0.8(y) < K

T

J.[p"p(y) - phm-(y)] X

T,

C(t, 3, K) Qcyy 1 (P2() > 0, pi(y) = 0)dly
forallr e [0, 7). 7, € [0, 1), T, € (0, 7]

dv +

)

where
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Ty

[ [P0 = PO P5(») > 0}dy = e5(r)
T

T

[ [P0 = P Pe(y) > 0}{p(y) = O}dy = ec(t)

~Ty

the T-maturity European call option price with strike price
Kat time tis C(t, T, K) = "™ EQ[1{S(T) = K}(S(T) -
K)| FJ; QC(,’ T 1 18 the martingale measure corresponding
to C(t, T, K);and Qo jo(x >0,y > 0) = Ecrio [1{x
> 0}1{y > 0} | F] is the probability under QC(:,T,K) that x
and y are strictly positive.

The proof is in the appendix.

In Corollary 1 we have written Proposition 2 in a
different form by using the call option measures, Q, - Ky
Thus, we get from the last integrals of (8) and (9):

QC(/.'I‘,K)(I)(.J(T) > O’ P;(T) = 0)
0,,.(PT) > 0,p,(1) = 0)

e, T - K|
ct, T,K)

forallz e [0, T), Te [Tu, 7:]

That is, the ratio of the probabilities is given by the
ratio of the absolute value of the forward and the call
option price. The representation of Corollary 1 is more
convenient than Proposition 2 in the sense that the indi-
cator in p. is modeled using call options, so it is easier to
understand the consumption terms of the swing option.
P T P 1s the minimum consumption that satisfies both
swing option constraints in Equation (3), so it is modeled
using forward holdings. Because p% has quantity option-
ality, this consumption term is modeled with call options.

From Corollary 1, we get thatif p, = p,, OF ife,,=
€ the portfolio consists only of forwards. Further, if ¢, ,
Prow = 0, and Copr Pup 0, then there are only options. In
this case, the swing option price depends more on the for-
ward curve volatility because the forward curve uncertainty
affects the call option prices. Since option prices are always
positive, an increase in ¢ and p,, never reduces the swing
option value.

Proposition 2 and Corollary 1 imply that the swing
option is equivalent to a basket of regular electricity deriva-
tives. That is, swing options can be represented in terms
of established electricity derivatives. Note that because the
consumption process depends on the market forward and
call option prices and because these prices are stochastic,
the swing option’s replication strategy is dynamic.

up
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The purchase times, where p% (1) > 0 or p¥(s) > 0,
are stopping times of stochastic analysis, which are solved
similarly to exercise strategies of Bermudan options.
Bermudan derivatives fall in between American and Euro-
pean derivatives because they have a set of permitted exer-
cise dates. Bermudan options are examined in Carr and
Yang {2001], Carriére [2001], Broadie and Yamamoto
[2002], and Schweizer [2002]. The optimal purchase times
can be solved using stochastic dynamic programming. This
implies that since there are at most four consumption alter-
natives we get the optimal decision at time ¢ by assuming
an optimal consumption policy on (t v T, T,] and by
comparing the swing option value under the alternatives:

P8 = Py, (1)
ps(t) = {0 I

and

up(t) - (;w([)
pet) = {P 12

where we assume that p(f) = 0, py(r) = p”p(t) = P, and
P = pup(t) — Pio(D) are admissible. That is, they satisfy the
conditions of Proposition 1 (and if one or more is not admis-
sible, then we just have fewer alternatives to compare).

This dynamic programming problem is hard to solve
because the swing option’s optimal consumption strategy
depends on the whole forward curve and its uncertainties
as well as on the cumulative consumption process. In other
words, the problem is a multidimensional stochastic con-
trol problem.

According to Koekebakker and Ollmar [2001] and
Audet et al. [2004], there are more uncertainties in the
electricity forward curve than there typically are in the
yield curve. Further, the stochastic processes of the elec-
tricity forward curve’s risk factors are more complicated
than risk factor processes in regular financial markets.

Because of these problems in applying stochastic con-
trol techniques to modeling swing options, we develop a
practical pricing and hedging approach that gives a lower
boundary for the swing option. We model p¥(-) and p(-)
using Markov processes that depend on the electricity spot
price. This implies that the probabilities of Equation (9)
are indicator functions of time because otherwise there is
no guarantee that the power and energy constraints are sat-
isfied. Because the class of Markov consumption processes
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is smaller than the initial space A, we get the result:
Corollary 2. The swing option’s lower boundary is
given by

Ty

Gy Tos T = [ €700, 3) = K) i (3)ely +

Tovt
T
[ (£, 3) = K) P = Iy € Ts 0}y +
Tovt

T

| ct,y, K)[ Py = Pun Wy € e}y

Tyvit

forallre [0, 7], T, € [0, T;), T ,& (0, 7] (10)

where

P + [P ©) = P O I €T5 00} +
i} [t v 7, 7] - R,

is the optimal Markov consumption process at time ¢ for
t}_le- lelture time period [tV T, T]; and I'J(r) and T (1) are
disjoint sets. These sets are obtained from the linear opti-
mization problem at time t:

} eI (f(e,y) — K)

max

Fs(nee] Tyvt [pup(y) - plow(y)]l{y € FS(I)}dy

n C(t, y, K) x }

+ max
reelirh s, s [ P (¥) = P,(,W(Y)]l{y € To(n}dy

subject to

7

[P0 = POty € Te()}dy = e,(0)

T,

h

[ [P0 = Py € Te@{y & Ts()}dy = ec(2)

Ty

where

T,
&5(1) = €y = [ Pron()ely -

T, "
[P = POy € T3 () }ay
T
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and
e(t) = € = Cy —
T,
J [P0 = POt {y e ey € T5(3)}ay
T

Proof. Under the Markov consumption strategies,
we get from Corollary 1:

7

a0 T 1) = [ e, (1 y) - K)dy +

~Ty

j [P,,p(y) - P,o..v(y)]e”"‘""lf (t,y) - K|

Ty

[ Qf(t~.\')(S(y) 2 K)

l{y € Ff(r)}dy +
- Qf(l.,\')(S(y) < K):l ’

Ul
[ [P = Po]C, 3, Ky € TeO}dy

~Ty

where events p*% (1) > 0 and p%(f) > 0 are modeled with
the indicator functions. Indicator functions are used
because otherwise there is no guarantee with spot price-
dependent Markov strategies that the consumption con-
straints are satisfied.

According to Equations (A-2) and (A-5) in the
appendix, we have:

E[py(TY(S(T) = K)F] = £, T) = K|[p,(T) = Piou(T)] X
[Qf(r. T)([);(T) > 0,8(T) 2 K) - Q/(:,T)(P;(T) >0,8(T) < K)]

By using Equation (A-5) again and the Markov
assumption, we get:

EC[(S(T) - K)|F] =

Qf(r.r)(S(T) 2 K) - ]

f(t,T) - K
l Il:Qf(:, T)(S(T) < K)

Using this with (2) and the second integral above
gives Equation (10). Q.E.D.

Because of the Markov assumption, Corollary 2 solves
the swing option’s lower boundary. We select the sets T'g
and I, (times where py(f) > 0 and p (1) > 0), given the cur-
rent forward curve and European call option values. Since
the forward curve and option prices change constantly,
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 these sets and therefore also the asset holdings are dynamic.

By the definition of a swing option, there is some
freedom on the purchase timing of p¢ and p., but the
Markov assumption implicitly partly ignores the swing
option’s Bermudan option characteristics. Because a
Bermudan derivative is always more valuable than the
corresponding European derivative, Corollary 2 gives the
lower boundary of the swing option. This is similar to
approximating a Bermudan option with the highest Euro-
pean option as follows:

X@r) = max X (t, 7)

where X(#) is the price of the Bermudan option at time
t, D is the set of its possible exercise dates, and X(t, T) is
the price of a T-maturity European option at time t.
Because the Bermudan option is more valuable than any
European option on the right-hand side, this equation
gives a lower boundary for the Bermudan option price.
The difference between the lower boundary and the true
value depends on the stochastic process for the under-
lying asset as well as the option parameters. Broadie and
Yamamoto [2002] report in their numerical example about
a 3.5% difference between a European option and the
corresponding Bermudan option.

The optimization problem of the additional elec-
tricity purchase

[P0 = PO 1 eTs (0} + 1T (}]

in Corollary 2 is a linear optimization problem that can
be solved using standard techniques (for linear optimiza-
tion problems, see Taha [1997]). Note that if f{r, T) £ K
then e"™f(t, T) — K) £ 0 and C(¢, T, K) 2 0. In the opti-
mization, we thus try to select I'(f) and I' (£) so that 1{T
[y} =0and H{T € T'()} = 1. That is, at points
where the forward curve is above the swing option’s strike
price K, we prefer to use forwards, and at points where
the curve is below the strike price, we prefer options.
This is illustrated in our numerical example.
From Corollary 2 and Equation (A-1) in the appen-
dix, we get the lower and upper boundaries of a swing
option. That is, the swing option price z satisfies

2 (1, Ty T) S 26, Ty, T) < 2, (1, Ty, T}) < oo (11)
where
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7 e—r(y—t)[f(t, y) — K]plow(y) +
Zup(t’ 72)’ T|) = J

it €3, K 2yp) = P )]

Thus, Corollary 2 gives the correct swing option
price if

7
€, 2 fp,,,,(y)dy

T

and

elaw < J.p[()w (y)dy
%
(also if € = o) This is a special case, however, that is
ruled outin (4). In general, 2, (1, T, T,) should be closer

to z(t, T, T)), the closer e _and ¢,  are to
llp

low

jpup(y)dy

Ty

and
T
J. pl()w (y) dy
T

The difference between the true value and the lower bound-
ary depends on the forward curve and its uncertainties.

Because of the additional consumption jumps be-
tween the power constraints, i.e., p% () + p%() = 0 or
pHO + pE( C D) = Ppo, (D), we can model different swing
options in our fjramework If we use discrete time inter-
vals Ty=1 <..<t_ =T, where AT=17_, — T forall
ie {1, ..., n}, Corollary 3 models the one-swing option
whose swing period is equal to AT.

Corollary 3. If A in Equation (6) is a set of con-
sumption processes satisfying

(T, = TPy <AT Y, p(t) S (T, = TP +
ie{l,...n}

(pup - plnw)AT
P(T)) =P Proy SP(T) <p,, forallie {2,... n} (12)

where electricity consumption is constant over a discrete
time interval and the lower and upper boundaries are con-
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stant, then Equation (12), Proposition 1, Proposition 2,
and Corollaries 1 and 2 solve the one-swing option price
at time £,

Proof. From Proposition 2 we get p(T) = p, or p(T)
= Py and at the beginning of the swing option delivery
period we have p(T,) = p, because p(T,) = p, .. If the
option holder chooses p(1) = p,, at some point 7. > T,
then due to the cumulative constraints we must have again
p(‘L;.) = Py, for all j > i. Thus, there is only one swing from
QE.D.

By using Proposition 2 and Corollaries 1-3 we get
the value of the one-swing option at time f. Note that
Proposition 2 and Corollaries 1 and 2 directly give the full-
swing option price. By using the cumulative boundaries
e, and e, We can give constraints for the time that the
consumption process p equals p, and p . That is, if we
use the same discrete intervals as in Corolfary 3, and if the
consumption process satisfies:

Piow O P,y and the time spent in Pup 1s AT.

(T; - ]B)pl()\v + (pup - pl()w)klr)wA'z’-S

AT Y p(E) S (T = TP + (Pap = Prow JhpAT

ie{l...n}
Pow S P(1;) Sp,, forallie {1,...n} (13)
where 0 <k, <k _ < n, then consumption is equal to

kpAT
7eg(100%)

K & 1
p,pat least K 100%) of the time and at most

of the time.

III. EXAMPLE

We illustrate our swing option pricing model using
two examples. For simplicity, we compute the option’s
lower boundary; i.e., we use Corollary 2. The first example
solves a swing option price’s lower boundary with dif-
terent energy constraints, and the second illustrates how
the pricing model can be used in optimizing and hedging
the electricity production process. We use forward price
data from the Scandinavian Exchange Nord Pool (the
Nordic Power Exchange) for the year 2001.

The Scandinavian electricity market is hydropower
dominated; roughly 50% of the electricity supply is hydro-
based. The winters are cold, and much of the precipita-
tion comes as snow. In the spring the snow melts, causing
floods whose timing varies considerably from year to year
as a function of the temperature. There is a significant
electricity heating load, but nild summers do not require
much air conditioning, so electricity demand is concen-
trated in the winter season.

The time-dependent variation in demand results in
seasonal, weekly, and daily patterns in electricity spot
prices and the electricity forward curve. These price vari-
ations are smoothed to some extent in the Scandinavian
market because of hydropower production.

Exhibit 1 illustrates the one-year forward curve
during 2001 in terms of block electricity forward prod-
ucts whose underlying asset is the average electricity price
over a four-week period. Because in the pricing of swing
options we need a forward curve on the electricity spot
price that has instantaneous duration, we have interpo-

EXHIBIT 1

Forward Curve Based on Nord Pool’s Block Products in 2001

Price (NOK/MWh)
160 -

140
120 4
100 1

80

60 -
40 -
20

i

NOK is Nonwvegian krone.
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EXHIBIT 2

Historical Volatility Curve Based on Nord Pool’s Block Products in 2001

Volatility (annual)
0.35 W
0.3 -

0.25

L

0.2 1

0.15 -

0.1 A

0.05 A

Jo"oq"& , S &
Y g, Po, o, Ty Yy,

lated the block data points to better model the forward
curve on the spot price.

As would be expected, according to Exhibit 1, the
forward price is higher during the winter and lower during
the summer. Usually the price variation is much greater
in Scandinavia, but 2001 was unusual in that the price
was always quite close to the yeatly average price. Hydro-
logical conditions changed from relatively wet conditions
to dry at the beginning of 2001. The change was due to
cold and relatively dry weather in the first months of 2001,
reflected as a sharp rise in the spot electricity price. Hydro-
logical conditions then improved during the year, causing
the spot price to fall toward autumn.

Exhibit 2 illustrates the corresponding historical
volatility curve. Usually in Scandinavia, volatility is high
during the spring because the melting snow causes floods
whose timing depends on temperature. As we have noted,
in winter 2000-2001 there was less snow than normal.
Therefore, there was little uncertainty about the spring
flood, and the volatility in Exhibit 2 is significantly lower
than usual.

We assume the current date is December 1, 2000, and
the swing option’s delivery period is one year, from Jan-
uary 1, 2001, to December 31, 2001. The strike price is 100
NOK/MWh (average forward price 112 NOK/MWh),
and the annual continuously compounded risk-free rate
is 5%, where NOK is the Norwegian krone. Now from
Exhibits 1 and 2, we can solve the European call option
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prices of Corollary 2 by using the Black [1976] model.

This is llustrated in Exhibit 3. The option prices for
the summer months are low and for the winter period
high because of the forward curve in Exhibit 1.

Swing Option Example

We analyze the swing option price’s lower boundary
under different energy (cumulative) constraints. The results
are illustrated in Exhibit 4. .

Comparing the first row and the second row, we
see that if the energy lower boundary is raised, the price’s
lower boundary drops, because some call options are
replaced with forwards. The third row implies that if the
upper energy boundary is dropped, the swing option’s
lower boundary drops even more, because, according to
Corollary 2, the call option holding is reduced.

Production Example

Now we show how the swing option model can be
used in electricity production optimization and hedging.
We assume production costs are constant and equal to
100 NOK/MWh. For reason of production constraints,
the minimum production power p, = 500 MW and the
maximum production power Py = 1,000 MW.

There are also boundaries on cumulative production,
so the energy constraints for production between January
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ExHIBIT 3
Call Option Prices

Price (NOK)
60 1

50 -
40
30 A
20 A

10

EXHIBIT 4

Lower Boundary of Swing Option Price Under Different Consumption Constraints

€iow (MWh) ey MWh) ~ piow MW)  py(MW) Swing Option Price (NOK)
400 800 0.05 0.1 10456
600 800 0.05 0.1 10196
600 600 0.05 0.1 9693

1 and December 31, 2001, are ¢, , = 4 (10°) MWh and €
= 8 (10% MWHh. In the case of a hydroelectric plant, these
upper and lower energy constraints correspond to the size
of the water reservoir (see Pereira [1989], Gjelsvik, Rot-
ting, and Reynstrand [1992], and Keppo [2002]).

From the swing option’s instantaneous and cumu-
lative constraints, we see that owning a power plant is
similar to holding a swing option with strike price equal
to production cost, so we model the production strategy
using Corollary 2. Exhibit 5 illustrates the production
strategy that corresponds to the forward holding p¢ and
that can be hedged by selling the electricity forwards.

Note in Exhibit 5 that production is high during
the winter and low during the summer. This is due to
the shape of the forward curve in Exhibit 1.

Exhibit 6 illustrates the optional production strategy
P Optional electricity is produced during the summer
if the electricity spot price is higher than production cost.
Because this optional production strategy corresponds to
the call option holding, this part of the production can
be hedged by selling call options.

38

PRICING OF ELECTRICITY SWING OPTIONS

According to Exhibits 5 and 6, the energy produc-
tion strategy of a hydropower plant, for example, can be
modeled as p, + pg + p., where p, + pgis a produc-
tion strategy that depends only on time and p. is an
optional production strategy that depends on time and
electricity spot price. Therefore, the production compo-
nent p, + pg can be hedged by selling forwards and p.
by selling call options.

IV. CONCLUSIONS

We show in the pricing and hedging of electricity
swing options that the swing options can be replicated
using regular electricity forwards and call options. There-
fore, the pricing of swing options can be based on elec-
tricity market data available from electricity exchanges.

The hedging strategy for a swing option may be
solved following a constrained optimization problem.
Because this optimization problem requires numerical
methods, we introduce a practical hedging strategy that
replicates the swing option’s lower boundary. In this

SprING 2004



EXHIBIT 5
Production Strategy

Production Py, + Ps(MW)
1200 -

1000 -
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EXHIBIT 6
Optional Production Strategy

Production g, (MW)
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200 -
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Y 7,

0 (NS
4 9,

hedging strategy, the minimum energy amount is modeled
using electricity forward holdings and the optional energy
amount using call option holdings. Because electricity
options are functions of the forward volatility, electricity
forward curve uncertainty affects the swing option price
more if there is flexibility in the purchased energy amount.

The pricing model helps us understand how dif-
ferent variables affect swing option prices. By providing
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a hedging strategy, the model also makes the production
of these instruments easier.

As a numerical example illustrates, the swing option
pricing framework helps in the optimization and hedging
of power plant operation, because many power plants have
production and consumption constraints that follow pat-
terns of swing options.

39
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APPENDIX A
Proof of Proposition 2

From Proposition 1 and Equation (6), we get by using
dynamic programming, since p . is a function of p¢ (see Hillier
and Lieberman [2001]):

T

0 T, T) = Je (£, 7) = K)p,, ()dly +

T

sup {EQ[IE’("”(S()}) - K)Ps(y)dylFl +

PsEAg T,

sup Ea[fe””")l{s(y) 2 KYS(y) - K )pc(y)dylF,J}

Pc€Acips) 7,

(A-1)
where t < T,

. e—r(,v—l)[f(t’y) _ K]plow(y) +
2T, T < [§ e, > €, }C, v, K)

5 = Pon )]

dy < oo

and the T-maturity European call option price with strike price
Kattme tis C(t, T, K) = e "™ ER[1{S(T) 2 K }(S(T) - K) | F).
Note that the optimal consumption p;, + p&?) + pi(f) depends
on power and energy constraints as well as on the forward curve
and its dynamics.

Next we represent Equation (A~1) under the electricity
torward measures. That is, by using the absolute value of a T-
maturity forward contract that has forward price equal to K as
a numeraire with the second term of (A-1) we get (see, e.g.,

Geman [1989] and Bjork [1998]):

ﬂ:s(t T) = Equ_r) (S(T) - K)pS(T)
e T|f (1, T) - K| IS(T) - K|

_ | [HS(D 2 K} -
- 1{S(T) < K}
forallr e [0,T], T € [T,.T;]

}uTﬂ=p¢ntK>

(A-2)

where L, T) = T E[p (TY(S(T) - K) | EJs ft, T) = E2[S(T)
|F), P(] S(T) — K| > 0) =1, and the numeraire forward con-
tract (forward price K) is equal at time ¢ to a portfolio of one long
forward contract with forward price fit, T) and e ™(fl, T) — K)
in the risk-free asset.

Note first that if fit, T) = K'in (A-2), we set T {t, T) = 0.
Second, we can use the absolute value of the forward contract
as a numeraire since |fly, T) — K| > 0, with probability one,
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for each y € (t, T]. In the same way, the third term of (A-1):

m.(t, T)
eI (e, T) - K|
— EQf(v.T! I{S(y) 2 K}(S(T) - K)I)C(T)lF
IS(T) - K| e

- Equ.n[l{S(T) > K},DC(T)|Fr]

= pe(t, T, K)forallt € [0,T], T € [T;,T;] (A-3)

where T (t, T) = e ™ E2p (T 1{S(T) = K} S(T) - K)F].
Thatis: p(t, t, K) = p(0(1{S() 2 K} - 1{S(r) < K}) and
Pttt K) = pa(14S() 2 K},
From (A-1), we now get by changing the order of the
integrations (we assume technical conditions for this; see [keda

and Watanabe [1981]):

7

Z(t, TE)’ Tll) = _[ e_r(y—’)plow(y)[f(t? y) - K]dy +
Ty
T,

sup [ (st 3, K) + pett, y, KO£, ) - Kidy

Ps€As.PcE€ACPs) T
' (A-4)

where t v T =max [t, T] and t < T.

This optimization problem is hard to solve because it 1s
path-dependent and also depends on the Radon-Nikodym
derivative 247 46 well as on the forward curve dynamics.

P
Because the objective function is linear with respect to p and

Per p?(t), p&) € 10, p”p(t) = Pou(0]; and because if

-

[pndy <e,,

0

instantaneous consumption p(f) does not violate this cumula-
tive constraint (p (¢} is bounded), we can characterize the
optimal terms p(t) = p*(t, @) and pX(f) = p¥(t, @) by using
indicator functions as follows:

pi(t, @) = [p, (1) = p, O pi(t, ©) > 0}
pe(t, @) = [p, (0 = p, O pi(1, 0) > 0}
forall e [T,,T;] (A-5)

where we assume that we know the sets {@ | p* ((t, @) > 0} and
{@ |p* 1, @) > O}forall te [T, T}, and where we have written
the consumption terms as functions of event @ € € to empha-
size the fact that electricity consumption is a stochastic process. As
we will see, the main problem in the swing option pricing is to
solve these sets. They depend on the forward curve and its uncer-

tainties at time t as well as the energy used up to time t.
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By using Equations (A-4) and (A-5) we can characterize
(A~1) as follows:

T

W T Ty = [ e p, ((f(t,y) - K)dy +
~Ty

Ul

[ [P0 = Pi)] %

Ty

Qi (P3(¥) > 0,5(y) 2 K) -
e INF ) = K) O (P3(3) > 0.8(y) < K
Qs (Pe(y) > 0.p5(y) = 0)

<K)+ |dy

(A-6)

where Qp (x> 0,y > 0) = ECn[1{x > 0}1{y > 0} | F] is
the probability under Qﬂ”) that x and y are strictly positive;

j [p,,p(y) - p,,,.‘,(y)]l{pé(y) > 0}dy = eg(1)

T,

T,
[P0 = P OI{PE) > O}dy < ec(0)
To

T ~T
eS(,) = eluw - Ipl{1>\~(y)dy - J‘ ps()’)dy
To To
and
T,
eC(t) = eup - eluw - j pC(y)dy
T
This gives Proposition 2. Q.E.D.
APPENDIX B
Proof of Corollary 1

To prove Corollary 1, we proceed in the same way as
for Proposition 2.

By using the electricity call option as a numeraire with
the third term of Equation (A-1) we get:

ﬂc(t’ T) Qeor.x
e = E (1.T.X) T F - t’ T
C(, T, K) [Pe(TIF] = pet. T)
forallr € [0, T}, T e [T,,T}] (B-1)

where Te(t, T) = < EC[p (D1{S(T) 2 K}S(T) ~ KF]
and European call option C(t, T, K) = ¢ ™ EC[1{S(T) =

K}S(T) = KFJ.
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That is, p(t, § = p{f). Note that in (A-3) the indicator
1{S(T) 2 K} is inside the expectation, because the numeraires
of (A-3) and (B-1) are different. Because C(t, T, K) > 0 for all
T > t, we have T (t, T) 2 0. As in the proof of Proposition 2,
we can use the value of the call option as a numeraire since it
1s always positive.

From (A-1), (A-2), and (B-1), we get by changing the
order of the integrations:

T

T = [ e p, (1Y) = K)dy +

Ty

T,
sup{ T bt 071,30 - Kidy =

Ps€As | T,

7
sup J pct, MC(, y, K)dy}

Pc€Ac(ps )'Vn)

(B-2)

where t < T,. By using (A-5) and (B-2) we get

T, T = [P, Of(y) - K)dy+

T, -

[ 1P = Pu]e " 1f (1 y) - K]

T,

. ps(y) > 0,

[qu.y)(pS(y) >0,8(y) 2 K) _'Qf(l,y)[szy) <K de'*'

I

[ [P0 = PoO]C 3, K)o (PE(y) > 0, pi(¥) = 0)dy
Ty (B—3)
where

T,

[ [P = PP p3(3) > O}dy = e,(0)

v,y

and, because the value of an option is always non-negative, we
have now the equality constraint for p:

T

[ [P0 = PO pe() > O}dy = e (1)

Ty

This gives Corollary 1. Q.E.D.
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ENDNOTE

The author is grateful for comments from Benjamin
Kanoui, Jukka Ruusunen, and livo Vehviliinen; and also from
anonymous referees, Sophie Shive, and conference participants
at the INFORMS Annual Meeting 2001.
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