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Non-Affine Option Pricing

KYRIAKOS CHOURDAKIS

This article presents a procedure to approximate
European option prices for models with stochastic
volatilities and jumps, focusing on the non-affine
case. Unlike simulation-based methods and methods
that solve the relevant partial differential equations
numerically, the approach exploits the probabilistic
structure of the specification. A continuous-time
Markov chain is constructed that mimics the under-
lying volatility processes. Option prices can conse-
quently be derived for the approximating process in
semi-closed form, that is, up to an integration error.

It is shown that as the state space of this chain
becomes denser, the discrete state process converges to
its continuous state counterpart, allowing a good
approximation of the derivative contracts in ques-
tion. The approach is generic and can be applied to
a very wide class of stochastic volatility models, pos-
sibly augmented with jumps and a correlation struc-
ture. An experiment using three common models
shows that an easy-to-implement approximation
based on a relatively coarse grid can lead to very
accurate option prices.

odels with stochastic volatilities
and jumps are widely used by
both academicians and practi-
tioners to capture the salient
features of various financial time series. Heston
[1993] was the first to recognize that knowl-
edge of the characteristic function of the log-
return density can lead to efficient computation
of option prices. Bakshi and Madan [2000]
generalize this approach, proving the rela-
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tionship between characteristic functions and
option prices. Bakshi, Cao, and Chen [1997]
provide examples of such characteristic func-
tions for the jump-diffusion square root
stochastic volatility model, while Dufhie, Pan,
and Singleton [2000] treat a general class of
processes that they call affine jump diffusions
(AJD).

The AJD class comprises processes whose
components (drift, covariance matrix, and
jump intensities) have an affine dependence
on the state vector. Duffie, Pan, and Singleton
[2000] show that the characteristic function
of such processes will have an exponential
affine form, with the coefficients solving a
system of complex-valued ordinary differen-
tial equations. For specific models, such as the
one in Bakshi, Cao, and Chen [1997], this
system admits closed-form solutions; in such
cases the option prices can be represented in
semiclosed form by numerical inversion of the
characteristic function.

Despite its richness, the class of AJDs
might not be able to capture all features of the
data. Affine square root volatility processes,
such as the one in Heston [1993}, do not allow
rapid volatility increases such as are observed
in the data; non-affine specifications, such as
the log-variance models, are better able to
accommodate such features.!

In addition, models with strong non-lin-
earities in the drift or the volatility of the
volatility constitute departures from the AJID
class.? Other promising non-affine specifica-
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tions include ones where the spot/volatility correlation and
the jump distribution explicitly depend on the state pro-
cess too.

Closed-form solutions for options in a non-affine
environment are yet to be developed. Thus, one is lim-
ited to numerical approximations, normally constructed
either by numerically solving the relevant partial differ-
ential equations or by simulating the underlying asset.

We present a generic methodology that allows good
approximation of the characteristic function of the log-
return density for the non-affine cases. This is achieved
by building a continuous-time Markov chain with a pro-
gressively denser state space, which can approximate vir-
tually any state process quite well. The correlation structure
and the jump densities are also allowed to depend on the
same state process.

The approximation could be viewed in the same
light as the trinomial tree building procedure of Hull and
White [1994]; in both cases, the instantaneous drift and
volatility are replicated.® The approach can be seen as a
generalization of the two-regime model of Naik [1993];
option prices for multistate regime-switching models
follow naturally in semiclosed form.

The approximation of diffusions using Markov
chains is not a novel approach. It has with roots in the sem-
inal work of Kushner, summarized in Kushner [1990] and
Dupuis and Kushner [2001]. For the diffusion to be
approximated, a continuous-time Markov chain is con-
structed for a given state space, with probabilities that pre-
serve the instantaneous drift and volatility structure.

For any given state, only the neighboring states need
to be (instantaneously) reached for this construct, resem-
bling a trinomial tree in continuous time.* If a jump dif-
fusion is approximated, more states need to be reached.’

For ease of exposition, we consider one volatility
factor. Multiple factors are a natural generalization, dis-
cussed in Kushner [1990], while approximations of jump
diffusions are covered in Kushner and DiMasi [1978].

In the case of the option pricing problem, we show
in Chourdakis [2002] that the characteristic function for
hidden Markov chain models with jumps is available in
closed form. Therefore, one can easily compute option
prices for the approximating model in semiclosed form
by inverting the characteristic function (following, for
example, Bakshi and Madan [2000]).

As the Markov chain converges to the underlying
process, the option prices based on this specification will
converge to the true ones. A number of practical con-
siderations are also suggested, providing a number of tech-
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niques to use if computation time is expensive.

Three experiments are run in order to assess the
usefulness of this approach. Two affine specifications and
one non-affine specification are used for this investiga-
tion. The square root stochastic volatility process without
and with jumps is used as a yardstick, as the option prices
can also be retrieved in semiclosed form as in Bakshi,
Cao, and Chen [1997].

[t is found that even a relatively coarse 20-point grid
can offer very accurate prices in the absence of jumps. A
tighter 80-point grid is necessary when jumps are allowed.
The log-variance process serves as the non-affine example,
where the approximated prices easily match their simu-
lated counterparts.

I. APPROXIMATION PROCEDURE

Suppose that the data-generating process, under
risk-neutrality, is summarized as

dlog; = p(z—)dt + o(x;— )dW, + dg(z:— ) J (ze-) 1

duy = a(zy—)dt + f(z—)dZ; (2)

where x indicates the state process, which is assumed to
be stationary; o(x) transforms the state process into the
volatility of the diffusion; g(x) is a Poisson process with
intensity A(x); and J(x) is the jump size. Finally, the covari-
ance d (I/V, Z> =p(x)dtis allowed to be state-dependent
too.

Concept of Local Consistency

The process x is approximated by a Markov chain
" that lies in a discrete subset R" C R where h denotes
the spacing between discrete points.® The instantaneous
transition probabilities are collected in the rate matrix of
the Markov chain Q. The transitions over an infinites-
imal interval ¢ are given by

P{ah(t+8) = el (t) = e } = 1giy + afs + 0(0)

where 1, is the indicator function (10.:0 = 11f (j=1),
and 1(i=i) = 0 otherwise). The instantaneous transition
probabilities are defined in such a way as to maintain the
instantaneous drift and the volatility of x, obeying the
local consistency concept as defined in Kushner [1990].
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Suppose that the grid R" tends to cover the domain
of x as h 14 0. The associated filtration is generated as F(1)
=0 {x"(u), 0 < u < 1}, and E!denotes the expectation
taken, condmom] on this ﬁltmtlon. The Markov chain
x"(f) that lies in the grid R" will approximate the diffu-
sion with infinitesimal drift a(x) and variance ((x) if the
functions « and f3 are such that weak uniqueness holds
for the stochastic differential Equation (2) and for some
0 > 0and § > 0, with Ax'(1) »(t + ) — x"(¢):

El {Aa:"(t)} =a (wh(t)) § + O(hes)
er {aah(r) - €} {Aw”(t)}}2 =6* (a"(t)) 6 + O(h2)

‘Aajh(t)) =0(h)

One such approximation scheme can be found in
Piccioni [1987]. The rate matrix Q" is of the Jacobi form,
with elements given by:

L 1 J 1 _ J
qg—l,i = mﬂ%’”i )+ e (=)

1 1
h _ 2 p2c.hy _ — R
Qi = hgﬁ (i) h a(z)]
. 1 1
Q2}'+1,i = o B*(z) + Efﬁ(fﬂ?) 3)

for all interior states, while the first and last [n-th] state
are made reflective.” The superscripts = denote the pos-
itive/negative part of a function, and the grid R"=
{xt, xh, ..., x"}. More accurate results for coarser grids
can be constructed by setting the “corrected” matrix

elements:

1 1
(1?—1,2' = Wﬂi)(m?) ~ o

1
h 201
qi; = “ﬁﬁ (7)

ofa)

1 1
th+l,i = W/B?("I;?) + éﬁa(m?) 4)

Of course for the transition probabilities to be well
deﬁned the grid cannot be too coarse; an upper value
h < mhqs to be set. If this condition is violated, the
uncorrected set of rate matrix elements can be used.

We consider two well-established specifications: the
square root volatility process of Heston [1993], and the log-
variance process of Melino and Turnbull [1990]. The former
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belongs to the affine class and is used to assess the quality
of the approximation, while the latter is non-affine and
illustrates the usefulness of the approach in those settings.
The jump-diffusion square root volatility process of Bakshi,
Cao, and Chen [1997] is considered to examine how the
approximation procedure deals with the discontinuous case.

Square Root Process

The square root stochastic volatility model takes the
form

1
leg}/t = rdt — —2‘.'Kt_ —+ \/.’L't_dVVg

d.’IIL = '19('17 - a;t_)dt + QD\/.’I}{,_dZt,

where the state variable x denotes the latent variance. After
applying It6’s lemma to the state process in order to take
logarithms, we parameterize the process as:

1 Ti—
dlogY; = rdt — 3 exp z¢— + exp 7;—'dW,,

2
dxy = 0 ((u - ;%) exp (—w¢—

where x now denotes the logarithm of the variance.
The various functionals take the form

) — 1) dt +  exp ——=dZ,

@
J:x—>exp§

oo ((5-£) epon)-1)

ﬁ:x—upexp%m

€

Assuming that ¥ > 0, which imposes stationarity,
— 2 . . .
and that 7> %, which is necessary for the variance to
remain positive, one can apply Equations (4) to compute
the non-zero elements of the rate matrix Q. This matrix
will have typical “corrected” elements:
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ExHIBIT 1

Examples of Grid Construction and Conditional Distribution of Volatility for Heston Model
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Log-Variance Process

The non-affine example is the log-variance stochastic
volatility model of Melino and Turnbull [1990], which has
been estimated in Andersen, Benzoni, and Lund [1998],

Chourdakis [2002], and Chernov et al. [2003]:
1 Ty—
dlogY; = rdt — 5 OXP Ti— + exp TdW}
dz; = 9(log v — m;_)dt + pdZ,

where the process x is the logarithm of the variance.
In this case, the various functionals take the form:

exp 2
1T o exp =

o P3
a:z— 9 (logs —xz)
B:zx—ep

Assuming that ¥ > 0, a condition that ensures
stationarity, the “corrected” rate matrix will have the typ-
ical elements:

2
s _
(th—l,i oz n (logv - f?)
h 992
4 = Y]
h e Y = h
Git1i = 553 T 7 (logv - mz)

In both examples, the instantaneous probabilities
are intuitive. As the distance from the long-run mean
increases, so does the probability of moving toward this
long-run mean. As the discretization interval £}0, the

SpPRING 2004

elements ¢'_, , q"’,_l", — + oo, while g, = —eo, implying
that the trinomial structure converges to a binomial one
with zero probability of remaining at the current state. In
addition, it is trivial to verify that the local consistency con-
ditions are satisfied.

Volatility Forecasts

The theory of continuous-time Markov chains can
be used to forecast future volatilities. Given the initial
volatility o(0) and its corresponding value on the grid
x(0) = e, the conditional distribution of the future volatility
can be easily expressed by the matrix exponential:

{P {mh(t) = ¢;]z"(0) = ei}}n LT-exp{tQ"}

j=1

These conditional densities can provide useful informa-
tion for construction of the approximating chain. In par-
ticular, the probabilities can be used to adjust the width
of the grid in such a way as to ensure that as many as pos-
sible realizations of the latent process remain feasible.

Exhibit 1 presents the conditional densities for the
Heston model. (The calibrating parameters of the process
are the same as in Exhibit 4, Panel B.) The logarithm of
the variance is modeled, and the support of the distribu-
tion is truncated to the interval R = log(0.01 X 7}, 4.50
X 7) C R. One can observe that this choice ensures that
only variances with negligible probabilities are omitted.

Densities for two grid sets are presented. In Exhibit
1, Panel A, the interval R is divided using 20 equidistant
points. In Panel B, the number of points is increased to
80.

13
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Correlation Structure

State-dependent correlations can also be constructed,
by rewriting an approximation of Equation (1), given that
x_ =, as

o(zh
dlogY; = {/.L(w?) ~ oty 2 ;;a(fv?)} dt +

1— p2(ah)o(al)aw; +

o) ﬁg imt +dg(at).J () )

where the state changes Ax! are given by

+h  with prob. ¢}y, ,dt + o(dt)
Azl ={ —h  with prob. g, 4t + o(dt)
0 with prob. 1 — (q,fq_u + q,{"_l,i)dt + o(dt)

©

The process Ax! is therefore usually zero, except
when the Markov chain changes state. This is of course
in line with the intuition behind the spot-volatility cor-
relation, which dictates that changes in the volatility should
be accompanied by changes in the conditional mean. This
approach also follows Naik [1993] where fixed size jumps
are considered to add correlation in a regime-switching
framework.

As an example, if a constant correlation p is per-
mitted, the log-variance process admits the approximation

5 h h
dlogY, = «¢r — DT _ £19 (log U — .’L'é") exp 2 dt +
2 © 2

V1 —p?exp 7dW* + exp de:c,

II. OPTION PRICING PROCEDURE

We next explain the pricing of options and the var-
tous considerations involved.

Characteristic Function

‘We show in a theorem how to compute the char-
acteristic function of a state-dependent process in closed
form. This will serve as the approximation of the char-
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acteristic function of the initial process in Equations (1)
and (2). The proof of the theorem can be found in Chour-
dakis [2002].

Theorem (characteristic function): Consider a process of the
Sform (5) with the underlying Markov chain having rate matrix
Q" with elements given in (6). Then, the characteristic function
of log ,)4(3—)), given the initial state x(0) = x!, will satisfy

di(u) =17 - exp{tB(u)} -

where ¢ is an (n X 1) vector of ones, and e, is the i-th (n x 1)
unit vector. The matrix function B(u) has elements of the form:

q'hvl q,h (“)
g Uy (u)
0 otherwise

when j =1

Bji(u) = when j =i+ 1

The functions ¥ are defined as

Uh(u) = ip(2t)u — % (1 - pQ(:zzf’)) o3 (ah)u? +
Al (d)J (w; zl) — 1)

\I/?i(u):exp{:i:lp( &) E%;hﬂ}

Finally, ¢ ), is the characteristic function of the jump size.

Option Pricing

The approximate characteristic function underlies
the computation of option prices. Appendix A shows for-
mally that under certain conditions option prices based
on the approximating Markov chain converge to their
true counterparts. The option price of the approximating
model can be found by inverting the characteristic func-
tion of the log-return on maturity.

Bakshi and Madan [2000] show that under general
assumptions, a call option with strike K and time to matu-
rity ¢ will be priced as:

C = S(0)I) — K exp{—rt}I,
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where

N

. .
b (u) exp{—iflog
II, = 1-}-l/Re{ []( ) { Y(O)} du
T id
0

for n = 1, 2, and quantities defined as follows:

p2)(u) = B(u)

by (u) = fu-?t)
$(—1)

The function ¢ is the characteristic function of
log{ Y(1)/Y(0)}. The result of the theorem leads to the
approximation C" = C of the price, where the approxi-
mate characteristic function ¢ is used instead of ¢. The
subscript / indicates that the initial variance is equal to
o*(¢), which is equal to the true initial variance.

Computational Considerations

The numerical inversion of the characteristic func-
tion can be avoided if one uses the FFT method of Carr
and Madan [1999]. The FFT procedure will reduce the
number of computations from O(IN?) to O(Nlog, N), sig-
nificantly shortening computation time. The FFT pro-
cedure requires N number of characteristic function calls,
demanding N matrix exponential computations.

This approach, although theoretically appealing,
might stretch computing resources to unacceptable levels.
To avoid this, one can use knowledge of the character-
istic function to compute the moments, and use them to
compute the option prices. The moments are given as
derivatives of @', and the k-th uncentered moment is
given by

1 -
]\/fk = FLT . z - e

Say that the first m moments are used for the den-
sity approximation. Appendix B shows how the whole
set of matrices {B%}7%, can be simultaneously computed.
The procedure is very efficient, requiring the numerical
computation of only one matrix exponential. The matrix
exponentials of sparse matrices such as the ones involved
here can be computed very rapidly using the ExpoKit
procedures of Sidje [1998].

There are a number of ways to approximate a den-
sity based on the moments. Jarrow and Rudd [1982] and
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Jondeau and Rockinger [1998] give such methodologies
using Hermite polynomials or Gram-Charlier expansions
around the normal distribution. Gallant and Nychka
[1987] construct a so-called semi-non-parametric density,
widely used for simulation-based estimation procedures.

Although they are simple to implement, these
methodologies generate densities that are typically mul-
timodal and in some cases negative. This feature is not
generally encountered in financial time series, which typ-
ically exhibit high skewness and kurtosis, but are typically
unimodal. Moreover, if departures from normality are
substantial, the inadequacies of the series approach are
revealed in the tails of the distribution (as noted in Kendall
and Stuart [1977]), which can make them unacceptable
for option pricing purposes.

Here the Pearson [V density is used (see, for example,
Kendall and Stuart [1977]), which can accommodate higher
moments without sacrificing its unimodality and non-neg-
ativity. The Pearson IV density is based only on the first four
moments, making its implementation straightforward.

Using this approach, one numerical integration is
needed, and the call price is given by:

C = exp{—1T} / (¥ (0) expy — K) fp(y)dy

K
log _Y(‘O)

where f, is the Pearson IV approximating density. Appen-
dix C gives the form of the Pearson IV density, as well as
the necessary condition. If the Pearson conditions are vio-
lated, an Edgeworth expansion is used instead.®

When a parametric density is fit to the theoretical
moments, a second approximation is introduced. To assess
the quality of both approximation steps, Exhibit 2 presents
the real and imaginary parts for the approximate charac-
teristic functions of the Heston model, whose character-
istic function is available in closed form. Therefore, useful
comparisons can be made.

Together with the exact characteristic function, three
approximations are given. The first approximation uses
the Markov chain method, the second approximation the
Pearson IV density, and the third approximation an Edge-
worth expansion.

One can clearly see the high quality of the Markov
chain approximation. Both the real and imaginary parts
of the characteristic function are matched. Note that there
are apparent discrepancies between the true and the
approximate densities, however. This suggests that a pro-
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EXHIBIT 2

Approximate Characteristic Functions for Different Maturities
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the moments.

cedure that exploits the characteristic function directly
should price options more accurately, but when we inves-
tigate pricing performance, we find that the density
approximation gives very accurate option prices.

III. ASSESSMENT OF THE APPROXIMATIONS

‘We conduct an experiment to assess the pricing per-
formance of the approximation procedure. Three different
specifications are used in order to examine the robustness
of the pricing performance with respect to different models,
different parameter values, and the presence of jumps. The
base parameters for these experiments are reported in Exhibit
3, following parameters estimated in the literature.’

Square Root Case

The square root stochastic volatility model (SV-H)
of Heston [1993] is the cornerstone of this experiment.

16
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EXHIBIT 3

Parameter Set Used in Calibration Exercise

po v U o p A g gy
SV-H 0.0 70 002 05 =05
sv-Lv. 0.0 5.0 In0.02 0.5 -0.5
sv-H-J 0.0 70 0.02 05 -0.5 0.5 0.0 0.05

SV-H: Square root SV model. SV-LV: Log-variance SV model. SV-H-J:
SV-H model augmented with jumps.

This specification belongs in the affine class, and its char-
acteristic function 1s known explicitly, rendering option
prices available in closed form. It can be used as a yard-
stick to explore the efficiency of the Markov chain approx-
imation algorithm across different moneyness and maturity
intervals. .

Exhibit 4 presents the pricing errors of the approx-
imation for different maturities.'” The good performance
of the Markov chain approximation is apparent. Errors
are smaller than $0.02 for options on an asset with spot
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EXHIBIT 4

Maturity Effects
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0.02, 0.3, -0.5).

price $100.00. The approximations show a very good fit
even for relatively short maturities, and relative errors are
reduced as the maturity lengthens.

Exhibits 5, 6, 7, and 8 examine the robustness of
the approximation with respect to the initial volatility (v,);
the strength of mean-reversion parameter (¢); the volatility
of volatility (¢); and the stock-volatility correlation (p).
The time horizon in this experiment is set at three months.

The results are as expected. Pricing errors increase
slightly as the voladlity process becomes more erratic, namely,
when mean reversion weakens, or when there is greater 1ni-
tial volatility, volatility of volatility, or correlation.

Nevertheless the pricing performance is very robust,
and pricing errors remain below $0.05. The at-the-money
contracts are typically overpriced by 1% to 4%. Overall, the
performance of the 20-point grid is close to the 80-point
one, indicating that a coarse grid can be very effective in
capturing the features of the underlying asset price process.

Jump-Diffusion Stochastic Volatility Case

The presence of jumps is a well-documented fea-
ture of asset returns, examined in detail in Merton [1976],
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Bakshi, Cao, and Chen [1997], and Bates [1998, 2000].
An SV-H model augmented with simple Poisson/log-
normal jumps that are independent of the state processes
(SV-H-]) is in the affine class, with the characteristic func-
tion given in Bakshi, Cao, and Chen [1997], among
others. Such a specification is investigated here, in order
to examine whether or not the presence of such jumps
affects the accuracy and efficiency of the algorithm.

Exhibit 9 presents the pricing performance of the
approximation for different maturities, one, three, and
nine months. The pricing errors are generally below $0.10
for the 80-point grid. When a coarser grid is employed
the errors increase rapidly, indicating that unlike the pure
diffusion case a tight grid is significant when jumps are
present.

Exhibit 10 shows how the pricing errors change
according to jump parameters. Extreme values for the
expected jump size (,LLJ), the jump volatility (aj), and the
jump intensity ()\J) are used to investigate their effects.

One can see the sensitivity of the approximation,
mainly to changes in the distributional parameters of the
jump size. Even in the extreme cases, however, the tight
80-point grid is fairly robust, and the pricing errors are less
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EXHIBIT 5
Initial Volatility Effects
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EXHIBIT 6
Mean Reversion Strength Effects
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EXHIBIT 7
Volatility of Volatility Effects
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EXHIBIT 8
Correlation Effects
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EXHIBIT 9
Jump Effects for Different Maturities
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ExHIBIT 10
Jump Parameter Effects
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ExHIBIT 11
Price Differences for Non-Affine Log-Variance Model
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than $0.15 for a three-month call with underlying price
of $100.00. In relative terms, the worst mispricing occurs

near the money, where the call is overpriced by as much
as 5%.

Non-Affine Case

Pricing errors for the non-affine log-variance model
(SV-LV) of Melino and Turnbull [1990] are presented in
Exhibit 11 to illustrate the usefulness of the approach in
computing option prices for such specifications. The log-
variance stochastic volatility model (SV-LV) is used as the
non-affine example, and the true option prices are com-
puted using simulation. !

Overall, the approximation displays excellent per-
formance; the pricing errors are under $0.04. The relative
mispricing of near-the-money contracts varies between
zero and 2%.

IV. CONCLUSIONS

Our approximation methodology can be used to
price options for a very general class of models with
stochastic volatilities and jumps. The procedure can be

SPRING 2004

very efficient in the case of non-affine specifications,
where semiclosed-form solutions do not exist. The
approximation is based on replication of the underlying
diffusions using a progressively denser continuous-time
Markov chain.

Although the approach is generic, allowing multifactor
volatility structures and jumps that depend on the underlying
processes, we illustrate it using three one-factor widely used
models to assess the performance of the approximation pro-
cedure. When compared to their true (closed-form or sim-
ulated) results, option prices appear to be approximated well.
The density approximation and the derived call prices are
robust in terms of the model parameters and the nuisance
parameters that dictate truncation of the processes’ support.
It is demonstrated furthermore that even a relatively coarse
grid can result in quite accurate prices.

APPENDIX A
Convergence of Option Prices

This appendix shows that the option prices C' computed
using the Markov chain approximation converge to their true
counterparts C.
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Formally, the price of a European exercise derivative is
given by C' = E{g(Sh), where g is the terminal payoffs, S" is
the underlying asset price at the maturity T, based on the
Markov chain approximation procedure, and E! is understood
as the (risk-neutral) expectation at time zero, under the prob-
ability measure dictated by the Markov chain approximating
process. C = Eg(S.,), where S,.and E  are the asset price and
the expectation based on the diffusion in Equations (1) and (2).

As pointed out in Jacod and Shiryaev [1 987, p. 516] and
Kushner [1990], the weak convergence x* = x, and subse-
quently §* = S will imply convergence in the distribution of
si £+ Sr . Under the continuous mapping theorem one can
conclude that g(Sk) 2 g(Sr) for any continuous payoff func-
tion ¢, implying the convergence of the corresponding
derivative prices C* = Eog(S}) — Eog(Sr) = C (see, for example,
Billingsley [1968]).

The condition for this approximation and weak conver-
gence to be valid are very general, namely, that the instanta-
neous drift and volatility are locally Lipschitz continuous
functions. Then local consistency can be achieved. Local con-
sistency ensures the convergence of option prices. For an
example where the local consistency is not satisfied and the
convergence breakes down, see Hubalek and Schachermayer
[1998]. Weak convergence would ensure the convergence of
all derivatives that have continuous payofls.

APPENDIX B

Derivatives of the Matrix Exponential
and Computation of B}

The procedure for differentiating the matrix exponential
can be found in Mathias [1997]. Specifically, in order to calculate
the first m moments, one has to take the first s derivatives, which
can be obtained simultaneously using a procedure as follows:

1. Create a sequence of matrices

B; = ﬁB(’“)(O) for k € {0,...,m}
where B®(0) has as elements the k-th derivatives of the

elements of B(u) evaluated at 4 = 0. The elements of
these matrices will have the form: For k = 0:

Bi() = Q"
For k = 1, the matrix B} will have elements:
(J 1)05, (O;HJ?) when j =1

when j=ix1

0 otherwise
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For k = 2, the matrix B will have elements:

((l"‘)

2
:|:1/) )Wh} when j =4+ 1

L
2

1—p «f)) o2 () + M) (0;2])  when j =i
qﬂ

otherwise

For k 2 3, the matrix B; will have elements:

: M)l (0 )
% x qj’1 {:i:lp(l")——i—h} when j =141

0 otherwise

when j =14

2. Construct the block upper triangular block Toeplitz
[BUTBT] matrix, using as blocks the elements of the matrix
sequence above:

B; B B;,
s |0 B
0 0 B;

3. The matrix exponential of the matrix exp B will have as
block elements the (N X N) matrices of derivatives:

1 g~
sorexpB(u
ka6 ! ( )u=0

In other words, the k-th derivative of the matrix expo-
nential function B(u) evaluated at 1 = 0 will be given by

k! times the (1, k) block [with dimensions (N X N)] of
the matrix exp B, denoted BZ-

APPENDIX C
Pearson IV Density

Say that the first four uncentered moments are i, through
ni,. The corresponding cenitered moments are given by:

oy = mg — mff
w3 = mg — Imam) + 2m'f

fa = mg — dmzmy + ()'771277'1% — 377'1,?

Measures of the skewness and kurtosis are given by:

SprING 2004




2
13
Hy

fha
=14
13

The Pearson IV density exists if the condition:

4(482 — 361)(282 — 361 — 6) > B1 (B2 + 3)?

is satisfied. Exhibit C illustrates the solution of the inequalities,
in terms of the skewness and kurtosis coefficients. Then, one
can define:

. 6(62—B1—1)
C26,-30,-6
v = —sign(ms) rlr—2vh

16(r — 1) — Bi(r — 2)?

a ‘f—é (16(r — 1) — Bu(r — 2)2)
_ r+2
m=

Define the function f* and its moments as

(1 + 3—2) - exp {—I/ tan~! g}

f*(llll) = + 2 —m
o> (1 + ‘;‘g) exp{—vtan~! £} dz
+oo
mi = / zf*(z)dz
—0o0
-+00
mi= [ - i s
—00

The numerical integrals are very smooth, and are computed
very efficiently. The Pearson IV density is constructed as

fou) = o/ L ( " =) - ml)

ENDNOTES

'For example, Chernov et al. [2003] add a jump com-
ponent to the affine Heston [1993] specification, in order to
compare its empirical performance with the non-affine log-
variance specification. As discussed in Ghysels, Harvey, and
Renault [1996], such an Ormstein-Uhlenbeck diffusion for the
logarithm of the variance can be seen as the continuous-time
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ExHisiT C

Admissible Skewness/Kurtosis Area
for Pearson IV Density

8 |

Kurtosis

-1.5 -1 -0.5 0 0.5 1 1.5
Skewness

limit of the popular AR(1)-EGARCH (1, 1).

2Ait-Sahalia [1999] suggests that the short interest rate
exhibits a variable degree of mean reversion. He finds that the
mean reversion is much stronger, the farther it is from the long-
run mean. Similar arguments could well be made for the
volatility process.

*There are two main differences between our approach of
this paper and Hull and White [1994]: 1) the approximation here
is set in continuous time, and 2) the underlying volatility rather
than the asset price is approximated using the Markov chain.

*The trinomial tree has to be thought of in an instantaneous
sense. In any positive time interval all states are reachable.

It is interesting to note that procedures such as trinomial
trees must be used for the numerical solution of various PDEs
encountered in finance; see, for instance, Hull [2003]. In these
procedures both the time and the state space are discretized; an
example is given in Benzoni [1999]. Here a different purely
probabilistic approach is taken, where only the state space needs
to be discretized. From another standpoint, Ait-Sahalia [2002]
uses a similar Markov chain to investigate whether a discrete
sample belongs to a diffusion.

*The process that is approximated is the volatility pro-
cess. Jump diftusion here indicates a stochastic volatility with
jumps in the volatility, and not the conditional mean. Normal
jumps in the conditional mean are included in the first place.

%The points need not be equidistant. An equal distance
is used here for ease of exposition, and since without loss of gen-
erality non-linearities are introduced by the function o{x).

’One could employ other schemes, such as maintain the
instantaneous mean and volatility matching at the endpoints of
the interval too. This would require transition from the end-
points to states that are not adjacent, rendering the rate matrix
non-Jacobi and putting an extra burden on computation. Asymp-
totically all such schemes are equivalent, and indeed experi-
mentation shows that even in small samples the differences are
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negligible. The border states can alternatively be made absorbent.
In experiments we conducted, the differences are also negligible.

¥The necessary condition requires that the kurtosis exhib-
ited be high enough for moderate values of skewness. In the
Monte Carlo experiment, this is always satisfied, and the Pearson
approximation is always used. If the condition fails, implying
that the distribution is close to normal, density series expansions
are justified instead.

’The literature on estimating and filtering stochastic
volatility models is vast. Andersen, Benzoni, and Lund {1998],
Chernov and Ghysels [2000], Chourdakis [2002], Pan [2002],
and Eraker, Johannes, and Polson [2003], among others, serve
as a guide in the choice of parameter values.

1%The volatility support is truncated into the interval (0.01
X 7 4.5 X 7}, which excludes realizations with probabilities of
order 107 or lower. Experiments with larger grids reveal that
the results are very robust with respect to the width of the sup-
port, given that it is wide enough to include the bulk of the
probability mass. Two grids are considered: a relatively coarse
20-point grid, and a denser 80-point grid. Option prices are
based on the Pearson IV approximating density where appli-
cable, and on an Edgeworth expansion when not.

"The simulations were performed using the Euler dis-
cretization scheme of the relevant diffusions. A time step of
approximately 0.001 years is typically used, and 100,000 paths
are typically simulated. An antithetic variable procedure is
employed to reduce the variance.
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