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Ho and Lee introduced the fivst no-arbitrage model
of the evolution of the spor interest vare. Hull and
Whire extended this work to include mean reversion
of the spor intevest rate. TVhen witing about the
itmplermentation of their model in discrete time, Hudl
and White nse a search process at each date and for-
witrd induction o identify the fevel of interest rates
i trinomial lattice.

W devive an analytical selution for the lerel of

interest vates. Te apply onr analytical solution to-an

example creared by Hodl and W iee,

asicek [ 1977 imunated an important

stream of rescarch relatimg to the

evolution of mterest rates. Cox,

Ingersoll, and Ross | 1985] added an
equiibrinm model of the evolution of inter-
est rates. While analytcally tractable, these
models do not provide valuations consistent
with the absence of arbitrage.

Ho and Lee [1986] address this disad-
vantage with a no-arbitrage model that incor-
porates the market terni and volatility structure
of interest rates, Heath, Jarrow, and Morton
| 1992] extend the basic Ho-Lee model to
imcorporate the enare strucrure of forward
rates: Ho and Lee assume interest rares are
normally distributed. Black, Derman, and Toy
[ 1990] and Black and Karasinsk: [1991] con-
tribute no-arbitrage models char assume inrer-
est rates are lognormally distributed. Thas
croup of models relies on numerical methods
tor ther implementation.
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Hull and Wlate (FIW) [1990, 1993, 1994,
and 1990] extend the Ho and Lee approach
by adding Vasiceks 1dea of a mean-reverung
mterest rate. In addibion to therr theoreacal
modeling, HW [1996] propose a numerical
miplementation ol thewr model requiring a
search process at cach date o dentify the level
of mterest rates. This. m turn, requires imple-
mentation through forward mduction.

We complement HWS work by deriv-
e an analynical solution for the level of mnter-
est rates and illustrate the soluton by applying
it to an example used by HW [ 1996].

I. THE ANALYTICAL
IMPLEMENTATION

The HW model expresses the continuous-
ime evolution of the mstantancous Spot rate as:

arit) = {uﬂ ]+ [1(*{{’:} — it })}n'; +

ait)dz(r) (1)

I Equation (1), the spot nterest rate at date
f 15 1(t). The drift in the spot rate 1s composed
of two terms, 2 pure” drift terim g(r). and a
1T TEVETSION [erm, EII Yit) — r[rj|. The mean
reversion ternl causes the iterest rate to revert
to a time-varying “normal” value, ¥(1). at the
Imstancaneous rate oL We write the instanta-
neous volatlity ot the spot interest rate, G(r),
i terms of a standard Wiener process for
which dz(r)~ N(0, 1)dr .
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The discrete-tume analogue of Equatton (1) for the
change 1 the spot rate over the time iterval Ar e for
the tme pertod |r 1+ Ar], 1527

Arfr) = [p{r] (1= k}[}'[r] - r(x']”fiu+
fuﬂ(r}w-'fdrd.:{'f_] (=)
where o) and &(1) are the spot rate and the volanhny of
the spot rate at time ¢ tor the nme interval from 7o ¢ 4

Ar: os a posttive constant (< 1) Az(r) 18 a ume-nornial

random virtables:

P ¥
R (2-A)

|
' =2 AL 1o
= k=i
2 (2-B)

and the time=varying normal rare of merest at date 118

)= 0= 1) #ul-
=y(r=2)+pu(r = 2)+pfr-1)

!

Without loss of generality, we can set + = 0 and
Ar =1, ind rewrite the equaton tor the evolunion of the

‘il"” ¥ Tk N

M) = ()=o)

:.u{l'r} +- [I - J'cj["p’_f”}— r'r"!HJ +ho|O)Az{0) (3]

This yields, for example, tor date 1

r{]] = rtll:}+ I_L{H) f: [] —,L')I“-{rl}J— H[IJ] I-J':{'}'{H),ﬁ_:([lj
— r[_ll)+|,1[1i}+*f([]}— r{li)—Lﬂf{”}—i—L'J'[[JJ-i-l"rG{H]&:{H}
() (o) -] ehof)aslo)

Wt 2

The mean reversion effect causes the devianion of the spot

mterest rate from the time-varying normal value at date

0, () — (), to decrease to R[r(0) —y(()] at date 1.
Stmularly, the sport rate at date 2 15

(2)= 1)+ (1) (1 K){1) - (1)] b))
= (1) +u(1) + & (1) = y(1)] + bo(1) (1)

At date 1, the nme-varying normal rare 1s Y(1) = y(0) +
L), which grves (/1) = y(1) = kl(0) =y | +ba((HA=(L).
Substituting this expression mto the equation above, we

obitam

f(2) = y(0)+ (o) +p(1) +
Ff{k{r(“) — T(n)l +I+cr(1)&:(l)} +
ho(1)A=(1)
= y(0) + 0] + (1) +
bflr[qr} - y(n}] +kbo(0)A=(0)+

ho(1)Az(1)

(5}
and i general:
F—|
r(r)=y(0)+ X p(i)+
L’l.[u}-«,r(_u}lJr
g K ho( F)A=( 1) (6)

Equation (6) indicates that the spot rate is the sum
ot a2 ser of non-stochastic drft terms and o ser of stochas-
te terms: the latter are all normally distributed. Conse-
quently. the spot imterest rates are normally distributed as

Follonas:

(1)~ N(v(0) + (o) + 4 (0) = v(0)], &7(+{1)
f(2) ~ NCy(0) + (o) +p(1) +

(o) =(0)]

o (1) + ;(1}))
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and m general:

'M“NTW+EEU—Wm%WFﬂM}E

|'.:I|

idﬂ]

1=l
(7)

The mputs for an HW no-arbitrage inverest rate
model m discrete tune are 1) aset of known prices of pure
discount bonds that mature at daces 1.2, 3. ... 0 TP,
P(2). P(3). .. Py, and 2) the volanlity (standard devi-
won) of future one-pertod normally distriburced spot
interest rates, {o(t), ofl), ..., ol = 1)}."

An evolutiaon of the spot interese rate thae precludes
arbitrage must satsty the local expectations condition
that all bonds, regardless of maturiry. offer the same
expected rate of return ma given period under the cquiv-
alent martingale probability (EMP) distribution, Q. This
15 equivalent to the expectation that the discounted value
of each bond's terminal payment is equal o its given
marker {(imtal) value”

Let the present value, at date + = 0, of o bond’s ter-
muinal payment be given by pln) = exp[=X ())]. There-
tore, the no-arbicrage condittons wall be stated as

.’J(l] i J,._,_-Ir;a[ﬂ |_!] _ l':':,"l[r' im ‘: o)

1”(2] . Lot (1) = ],-:.I:I,JIP(E]] = !J'Iﬂl,{f{'f”ii-lll|';.i-‘

and. m general:

=il

Pn) = exp —”Ei _f-(_f'} ] = "-:I:-JIf"(”_)]

=1

= [ :'.1';{ - J')] (8)

=13

E4-] s the expectanion at date O under the EMP dhstri-
bution 2, and {j) s the forward rate for the meerval
from f to § + 1.

From statistics, we know that if < 15 normally dis-
cributed. N 67). then:”

()
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Theretore, tor date 1 = 2:

P(2)=EL[p(2)
:FU1|*“”W}

{;[||J+ .f:'lll‘:'[rl:_l :I” b lﬁ'l[J[ I”

==

Upon sumplification:

Ini(2) = —,-(H) — .-'-'3;,“'[1[[}] + -l;l:}“ﬁ[r[llj]

L

Lﬁhuﬂz—MPﬂywhﬂ+%ﬁﬂdH)

Because In P(2) = —f{0) — f{ 1) = —=r(0)) — {{1). upon substi-
tution 1 the cquation above:

f_l-,‘r'[r(”I:_j'“(l]-'-%ﬂj[i'(”) (1))

The expectation of the spot rate at date 1 1s the forward
rate plus a term determined by the variance of the spot
rate, “o-|r(1)].

Taking the expectation of Equation (4). we have:"

L'"E'J["{.’_}]: f(0) +u(n) (11)

From EBEquations (10) and (1), we derive:
| | _ sy
u(0) = (1) =rfo)+ <o («(1)) (12)

Thus, the drift term, g(0), 1s equal to the suim of two
effects: 1) (1) — r(0) 15 the difference between the torward
rate and the spot rate. e, the spor mterest rate drifts up
or down toward the torward rate, and 2) AG7[r(1)] 15 2 pos-
itve drift adjusoment term (DAT) that 1s reqguired to pre-
clude arbitrage.

Let O(r) denote the DAT for date r. Then:

3([3]:—15‘1(1*“]) (13)
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Now, we can work out the detatds tor dire 1= 3,

3) = )]

= {3 v {J[““'“:'“*‘-'JJ

:,','|a{u]+.|||+.: ”]“ l_rr (11460 2)]

_f'

Stnplityimg:

[ 3) = =if0) - L’,',*'ll['_}‘“ P2
;Gj(a(l}+|{2]}

=—1((}) = /(1) - :i. o (11)) -
el + 300+ 2)

L [H2)] = = (3) = (o) = r(1)+
Lo ()2 - o ()

We know that lnP(d) = —=f{0)y — f{1) = {2) = — (i)
= (1) =12). Upon substitation w the equation above:

S I(2))= (2)+

;ﬁ:[t'(|}+a'(zi]_El-,ﬁ_l{"“” (14)

The expectatton at dace 1= O ol the spot rate ar dave
28 the forward rate plus a term deternnned by the var-
ance; Sot el + rn2)] = sot ()]

Takinyg the expectation of Equation (5). we have:

I","|;ﬁ2]_

=t(0)+p(0)+ (1) (15)
From Equations (14) and (15) we derme:

p(1) = £(2) = (o) = p(n) +
~a (11 £1(2)) =50 (1)

WO e 2]

Subsorute Equattion (12) mto the above to een

ity = r{2)=1{1)+
_“WWUHHH—GWWH (16)

The drifv rerm, p(l), 1s equal to the sum ot two
cttects: 1) 1(2) = (1) is the ditference benween the forward
rate at date 2 and the torward rate at date 1, and 2)
Ao e(1) A+ 2y = a7 )] s the posiove DAT required o
preclude arbitrage.

Let O 1) denote the DAT ftor date 1. Then:

50 = Lo o) +o(2) - ) 17

It we add COUAtIons bor (5{' 1 oand o 1) IE'.LII.IiI[iHHH (1.3)

and (17)]. we get

|
".-"r:

n({l})f—nwﬂ(*)) a'(r(1))

— | B e

=20 ((1)+1(2)) =5 07((1)

[ we add equanons tor g(O) and g 1] |Equatons (12)

and (16} we aet

o+ pft)= (1) =rn)+ %n(,“}] !
1(2)= (1) 50 ( 1)+ 1(2) = o)
= 1{2) = o)+ 26> (r(1) + #(2))—

| mmz s
o (r1))
which can be simiplified to

S () = 1(2) o) + X 80 (18)

i— 1 =i

The resuls of the first tvo dates can be generalized
tor the case of date r;
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ExHIiBIT 1

Initial Prices and Yields in the Hull and White Example

Maturity I 2 3 4 5 6 7 : 9
Price SRR b JEBE TN £0.8277 S0, T390 f0, 70065 £ GR30 LR L3537 A $0.5139
Yield 5.093% 5.795%, 6, 305"% 6.733% (3,943, 7.087% 7.274% 7.308% 7.397%
I | [I. IMPLEMENTATION EXAMPLE
i !4 i
E' [:‘(r}]= f)+=o7 X r{._;)]—
- =1 We illustrate implementation with reference to an
| o \ cxample developed by Hull and White [1996]. They
APes i P ¢ : : S e
35 :I'(-’]J Vi<isT-| (19) ustrate implementation of their model by pricing

L y=|
“ g _ ol ! (Y [N 1
o-| X olf)|+ = >G5 X J'(_.I"} Viz3
=1 — =1 1=\ J ‘:j”}
In addition:
o | ot .
Y b{n]: G- Er{_[)]—
i =1) - =] :
[ af it oo
~a | X ;'] Vo=
2 | (21)
} P )
Y )= _.I"(F +1) - r(il) =
=1
i ﬁ(u] Yr=>1 (232)

L

Fquanions (19)—(22) give the necessary recursive
relations to evolve the HW no-arbitrage model ol spot
mterest rates. The mputs are the set of market prices of
(pure) discount bonds, a structure of volatilities for the spor
rates, and other paramemric values.

Our discussion 1s general 1o the sense that it applies
cquallv well ro mmplementation based on mteresr rate

trees and Monte Carlo simulation.®
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three-year put option on a zero-coupon bond thac pays
S100 m mine years, The exercise price s $63; the volatil-
ity, 5, 18 constant at 1% per year tor all dates; and the speed
of reversion to the mean, O s 0,10, Exinbit 1 displays the
prices and yields of the zero-coupon bonds.

The HW implemention uses a trinomial lattice with
upper and lower bounds. First, HW adenaty the step
sizes and the probabilities necessary to achieve the desired
volatithty, around zero, of interest rates. Second. they find
the expected value of the mrterest rate at each date that i
consistent with the nmnal conditons. Thas requires the use
of search process and torward induction. We display HW's
results in Exhibit 2.

Our first task is to dlustrate how to eluminate o
numerical search procedure and forward mduction to
identify the mean value of the interest rates. Specifically,
given the mitial one-pertod mrterest rate, 3.0928%, how
do we analyucally derive the subsequent mean values of
61.20269%, 7.3393%, and 8.0538%¢

I ecall that:

G ()] = () + ;GE(F{ )
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EXHIBIT 2

Intermediate Calculations for Four-Epoch Trinomial Lattice—Hull-White Short Rate Example

Calibrating Variances in Lattice

Transition Probabilities Node Rates

Steps r P =0 =1 i=2 =3
i i
2 N T S A AR 1 IR4T G S i L % e b
| i 12306, (V.07 12188 I P T | Gy, 4T 10 1 o7
[ Ly 10y L) Culpta ] U, 10T R NIRRT P AN CY OM M CVLEHOO N,
=| .2 THE (16370 ] 25 o A & o AT — | At — [ G R,
-2 LY OIRGT (Y Oh] iy IR AR ~3 20790 — . 2979,
Calibrating Prices in Lattice
Transition Probabilities Node Rates
) 2  — . A=
Steps 3 r. Pd i=0 i=:1 =72 =3
L [) se3 TR L N9T [0).637 2% Ny f
l (1 ] 234 LGOS 0 (2SS N, 1215%, KOOSR 0D T8
\ A LR RIS AN AT 3 1 2EY, (. 530 24600 T A39AY, w38,
| I3RS () (571 3 1 256 4 B30 S0 e 8 R
- AT DAL 1.89493 L0411 4% 1.7539%

trom Equations (1), (15), and (19). Also:

o |r(1)+1(2)] = ﬁj.(h:{ﬁ:{li} +EAz(0] + ,ﬁ,..—{l)l)

I
(24-A) :”:-"J{(l"‘*)'l*"‘}

= (110003 4 6284 = 1L 00E Y49

(1) = (0] p{o) 4+ hsAs (1)

(2) = o(0) 4 plo) + p( 1)+ (kA= (0) + A=(1))
(24-13) {T'Ilr'{i]+ r{]}-ﬂ(ﬁ“ = U'.[.I'J_-ﬂ'l +k+k:]¢ﬁ:[[])+

A = il uf A=(1)(1+ k) + A<(2)
A 3) = (0) + () + (1) +u(2) + (11 + ( })

h‘.(k:ﬂ:{nﬁkﬂgﬂh._;3:{3}) (24-C) ::IH_‘--'HHLHHIL+.-[_l+k)'+Il

: % = (000009063 2 0462 = 000 LTS
trom Equations (4), (5}, and (6), The CNPresstons lor K and : 1

b are wiven m Equations (2-A) and (2-B).
With this mtormanon, we can caleulate the varances With this mformanon, we can derve analyucally the

of the sum of the spot rates: values that HW derve throueh searches:

[j‘.[n [JI = ﬂ“'.(h-:l j;tib']” ]r.'l'r’lr[ ] ]l: — Il R A T S50 4 (0,3 (0L DTS R)

=h7e™ = 0.95207 (0,000 1) 0 S0

=40 OO0

WOk 240 LAl JOL AL Wl ivanivies 5"]'



—1nth, 8277 + Int), 8906 +

Il

E[H2)]
(L5) (0, 0004 19489 — (LO0OD063)
=7.33934

ES[(3)]= —1n0.7639 + 1n0.8277 +

(L5000 109 TR = 0.0004 1949

= o3, 15 38%,

These results match those produced by HW's search
method, as shown i Exhibit 2.

I11. CONCLUSION

HW develop an attractive no-arbitrage model of the
evolution of the spot interest rate that incorporates mean
reversion. Thetr implementation of the model requires both
the use of a scarch method to identify the expected value
of the spot mterest rate at each date and forward induction.
The analytical expression for the expected value of the
future spot rates that we derive eliminates need for the
search process.

Our mplementation applics equally well to interest
rate binomial trees, trinomual lattices, and Monte Carlo
simulation implementation of the model, and it can be
adapted to incorporate additnonal complexities such as time-
varyimg volatility.

ENDNOTES

'Hull and White [1996, p. 20] write the first term as a{6(/)
= njde theretore, a =ocand B8(1) = p(t) + oefry. We write the model
as we have because the derivation of p(f) is a central result.

See Hull and White [1996, p. 29], Jamshidian | 1989],
and Arnold [1974] tor the use and development of the com-
ponents & and b used in this discrete-time expression.

Tor simplicity, we assume that ¥ = o0 for the
renmunder ot the article,

"We can illustrate the equivalence with respect to the
expected rate of return on the two-period bond tfrom date zero
to date 1. 5[] is the expectations operator under the equiy-
alent martingale probabilicy distribution €

1y

.M[ —nl:-” -u[_—u'l:-]
=i ¢ L & o
= () or =¢ ™ or P(2) = 1';'.{{:1{'_”“' "I"]

e {"
P(2) ‘ P(2)

See Mood, Graybill, and Boes [1974, p. 117] for a dis-
cusston of this result.
"Reecall that tor simplicity we have set w{(0) = #0).
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Boyle

result,

[978] was the tirst to point out this general

"Monte Carlo implementaton of the HW model may be
mportant tor the valuanon of path-dependent securities, At least
one derivatives firm values amortizing ndex swaps using Monte
Carlo mmplementation of the HW modcl.
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