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Computing Option Price
ensitivities Using
Homogeneity and Other Tricks

OLIVER REISS AND UWE WysTuP

No practittoner softunare aur surtve withonr pro-
veding derivatives of option prices vl respeer fo
usiderlyimg pwarker or model paramerers, the so-calfed
Corecks, The prescie a dist of conmmon Coreeles and
explodr homogenerry properties of firancial nnrkets
foderiie aany model-idependens elationsbips
amony Careeks

e apply thie resedis to Entropeanr stple options aand
nadvi=asser optiops, and avond (he=consining coni-
puttations of derfvatres,
he computation of sensitvities of
opton prices. the so-called Grecks,
v often cumbersome—Dbuoth tor the
nathematictan and for syinbohic
calcularors. We provide methods to avord dit-
ferentiation as much as possible.

Nl.l?lj.' Cireeks are related. The relation-
ships are based on both model-independent
homogeneiry ot tine and price level of 4
tinancral product and model-dependent rela-
tonships such as the partial ditferental cqua-
tton that the valoe function must satsty and
the assutied diseriburnion of the underlving,

| hie basie marker model we use 1s the
Black=Scholes model. This model supports
the homogeneity properties that are vahd
ceneral, but s structure 1 so simple that we
can concenerate o the essencial elentents.

For '-ipL‘fILI] cases, we look at the Greeks of
European options m the Black-Scholes model

1y o L.IE]J'I.L'II'-'.JITI'[. [t turns RIRLN lh.[t (RIBLE ”L'L'Li"'-

o know only two Greeks m order to caleulate
all the other Greeks withour ditferentiating.

Another mteresting example s a0 Euro-
pean dervative security depending on two
assets. For such rmmbow opoons, the analvsis
of risk due to chunging correlanon of the two
assets 18 very nnportant. We wall show how this
risk s related o simultaneous changes of the
two underlyving securities.

There are several advantages ot these

|'Il. e Rt 1":-_’_L'I'JL']T}" I'L'IJ LTS,

| Thme saving i computing derivatives.

|

Reabust tmplementioon compared to

Gireeks via ditference quotients.

-

Checks on the qualicy and consistency of

Grecks produced by tmite-ditference.

tree, or Monte Carlo methods.

4. Computation ot Greeks for Monte
Carlo-based values,

5. Evidence of relatnonships among Greeks

that wouldn't be seen merely by looking

at difference quotients.

I elited work abourt the computation ot
Carecks micludes Pelsser and Vorst [ 1994, who
show how to compute Greeks i a binomial tree,
and Carr [2001], who views Greeks as values of
suitable dermvative securities and then computes
them using risk-neutral valuation. I'he compu-
taition of Greeks using Monte Carlo simulation
has been discussed by Broadie and Glasserman
| 1996 and Glasserman and Zhao [ 1999).
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[. FUNDAMENTAL PROPERTIES

We hist notatton and the commonly used Greeks and
their svmbols in Exhibits 1 and 2. We do not claim this
list 15 complete, because one can always define more
dertvanives of the option price function.

Homogeneity of Time

[n most cases, the price of the option 18 not a func-
tion of both the current time f and the marturity time
T, but rather onfy a function of the time to maturicy
T= T — fimplying the relations

Q=4 = =1, = =tp = —Dual® (1)

Scale-Invariance of Time

The principle of the scale-invariance of tme holds
in general. Tn a market model, parameters may be quoted
on an annual basis. We illustrate this idea in a Black-
Scholes framework, i which the volatility is a model
parameter, The same 1dea can easily be applied to other
market models,

We may want to measure time in units other than
years, 1 wlich case imterest rates and volatilities, which
are normally quoted on an annual basis, must be changed
according to rules as tollows tor all a > 0);

T

.
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The options value must be nvariant under this
rusmliﬂg:

T

LTV QT o Y= vl —oaroag vao, o) (3)
i

We differentiate this equation with respect to o and
obtam for a = |

1
=70+ rp+ it | .)’T‘T* (4)

!

a general relationship among the Greeks thera, rho, rhog,
and prega. Applymg the same principle to a derivative

-‘-1-2 COmaPUrrsG Ot PR SERSETIVITIES UISING FIOMOGENELTY AnND TR TRICKS

based on muluple underlyings (1, ... n):

VALY s e B T Ve O vosa i 1 Tasi i 1 =
T

U Ly avos gy = (B GFY s oaes e NSO Lo vy AT ) (5)

(1,

we obtain Theorem 1 (scale invarianice of time):

| i ]. i
=70 +rp+ Z Gipy, 5 Z [.I:}-.I'_-j-gflll. (6)

i=1 =1

where (D” denotes the differentiation of ¢ with respect
Lo G;;-

Scale-Invariance of Prices

The general 1dea 15 that values of securities may be
measured in a different unit, just like values of European
stocks are now measured in Euro instead of local curren-
cles. Option contracts usually depend on strikes and bar-
ricrs. Rescaling can have different effects on the value of
the option.

Hssentially we consider several types of homogene-
ity classes. Let v(x, &) be the value function of an option,
where x is the spot (or a vector of spots) and k the strike
or barrier or a vector of strikes or barriers.

Detinition (fromogencity classes): We call a value func-
tion k-hemogeneous of degree wif for all a > O

e, ah) =

oo, k) (7)

We call an option whose value function is strike-
homogeneous of degree 1 a strike-defined option and an
option whose value tunction is barrier-homogencous of
degree O a barricr-defined option.

T'he value function of a Furopean call or put option
with strike K 1s then K-homogeneous ot degree 1 a digi-
tal option that pays a fixed amount if the stock price 15 higher
than a barrier B 15 B-homogeneous of degree (). The path-
mdependent barrier call option paving (S — k) o g 18
(&, K)-homogencous of degree 1. A power call with cap

paving min (C, [(S = &)']") has a homogeneity structure of
(S, ak, @ C) = a*0(S, K, C). |

We show how such a scale-invariance can be used to
determine some relations among the Greeks, We explain
this using two examples. [n the first example. we analyze
a strike-detined option, and in the second one we con-

centrate on a barrer-defined option. Generalization to
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Opuons with some more parameters ke a capped call or
IF'H:HVL‘.F' {..'{” {5 E‘Lf?’lﬂl {.l‘-”f“'.

Strike Delta and Strike Gamma. For o soke-detined
value function we have for all o, fr =

ab ey = oderbur, i) (™)

We ditterentice wath respect to o and get tor a = 1

el by = Do b by & Bk e D) ("))

We nove ditterentiare wiath respect to b get tor b = |
v k) = Ully ==ty dr o Sl o+
e + e & Sk (100

= N £ 07T F Lakeig L kAP § TR,
(Hh

[ we evaluate Equation (9) at b = 1 we get
= A+ hA, (12}

We ditferentiate this cquation with respect to £ and
obtamn

lj' — Y f j.lfl T J\E A. [],]'J

by = =<3 (1)

Tovether with Eoguation (1 1) we conclude

W

W= =™ (15)

Barrier Delvi and Barrier Gamma. For o barrier-
Jenned value Tunetion we have Tor ol g b =1

P, £ Poferfie ol f3 ) ( 1 64)

We ditterentiate wich respect to aand get at 0 = |

I} = v e e+ o e 0EBGEB (17)

WOk M

IFwe set b = 1 we get the relation

Ar+ AR =0 (18)

Now we ditterentiate Equation (17) with respect to
boand el Al h=|:

0 = 0 +2e,gads + J"Ir”:!ril'll: (1)

We can also ditferentiate the relation berween delr

and barner delta with respect to B and get

vpae + BIPL AT = £
With Equation (1Y) we canclude:
T 4 wA = BT + BAY (21)

n o eeneral we obtan Thearcem 2 (price homopeneiry):
In general btain Th 2 (price homageneiry)

I I

p= A =Y Al (22)
Jr=1]

j.:l

ti i

Y e Ty = Y Kkt (23)
[ra— : P of
rig==I Fope=

for strike-detimed oprons and

7 i

0= wd + ) BAT (24)
= 1

Z rf:JIH‘I_}__:-I.Ii.I =

= =1

Y BB’ LY BAY
A Pl
L A= =] (35)

tor barrier-detined opnions.
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II. EUROPEAN OPTIONS IN THE
BLACK-SCHOLES MODEL

We start with relations among Greeks for European
claims i the n-dimensional Black=Scholes madel:

ds;(t) = Sit)llr— @) dt + o, dW;(t)]
l'_l]]' L —— T {:2(1}
Cov(W,(1). W,(1)) = gy, (27)

where ris the risk-free rate, g, the dividend rate of asset i or
foreign interest rate of exchange rate i, 6, the volatility of
asset 4, and {H”'I. H”’Hj a standard Brownian motion (under
the risk-neutral measure) with correlation matrix .

Let v denote today’s value of the payoff S, (T). ...,
S (1)) at maturiey T' Then 1t is known that i satisfies the
Black-Scholes partial differential equation:

1 Th
E § : <{T e :]'-".J' S "“""{"_i;“”'é-f’; (EH}

Relationships Among Greeks Based
on the Lognormal Distribution

The value function r has a representation given by
the n-fold mtegral:

g =g / f ( . .Ei',_{iI}r-_'”""ﬁ”'" Ea L. ) glF, <) di.

(29)

where [, = r— ¢, — %0 and (X, <) is the p-variate stan-
dard normal density with correlation matrix .

Simce we do not want to assunie differentiability
of the payott £, but we know that the transition density ¢
15 ditterentiable, we detine a change in the variables

Ky R ~RIL el Loy ;
i = S(0)eTVTE T wwhich leads to

W= e— / f{if“':lb{
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bt e -
1t LT dy

So(0)
]_[ Ui t/a: (A0

”E\/T — aly

Properties of the Normal Distribution

We collect some properties of the multivariate nor-
mal density function . We suppose that the vector X of
i tandom variables with means zero and unit variances has
4 non-singular normal muldvariate distribution with
probabihty density function:

i {'“[ poee e g FOET T e e oy B :I =
— Ly . I i
(27) 2" |C| = exp =% Cx (31)

Here C is the inverse of the covariance matrix of X,
which is denoted by <.

Then the identity developed by Plackett | 1954 can
be proved casily by writing the density in terms of its char-
acteristic function: Theorem 3 (Plackett’s identity):

i)y %
; = L m 7
4 :",J'.r'.,r,i*::r'_I (32)
In the two-dimensional case, this reads as:
D G aee) Freo (. 5¢)
1S iy (33)

which can be extended readily to the corresponding
cumulative distribution function:

ONY (ecyis)  OPNG G,y o)

S (¢ }'j f|

= g (eoyig) (34)
Correlation Risk and Cross-Gamma. Using the

e & ity )
abbreviation g W= T, by, - the cross-gamma and correla-

tion risk are
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(1 = ' lfi;
= i ' /JI‘: --.”-j""}x"l'--

lllll..,”l

[vokinge Plickets idenney (32) that o, e leads

to: Theorem 4 (cross-ganmia=correlation visk velattonshup):

il S O(USH) Py
=~ f— ; J i I§T fT'I.'.F e T . e il
4 ' J PN (01AS ) (A7)

Interest Rate Risk and Delta. A sunular computation
vields: Theorem 5 (delt-ho relarionsiip):

(A S (0] e
= == r——— 9
iy, SN ) (1)
f.;.l" ki | rljj'
_ T I Y‘ _""II,I:IH — .
Y OS] (39)
!

Volatility Risk and Gamma. The first and second
dervative of the density ¢ satisty:

I

Y, = {f E gl ’ ()
= |

0> 0N O =y 1)
.

+— |
'or the j~th vesa we find thos

ll'-iln"

. il !
T - = 4 IR ~ 2l \)—‘.r A 1]
foT, | _J'I ] ‘LT S E o
-

LTSRS RN

(i
[[ iy (42
Ly . A
x I“ -""l'||||.'l - I:'r r||r.|' | -J'rT“ ]l'
i = = -
'I |'T|- \ T
= = Wy (43)

where we onnt the arguments of fand g to stimplhity the
Hotatien,

For the cross—mamimas, we derive:

(1=
T T (0 ) e (D T =
T, £ 5y ] r-l“-l"?lll'|I1H!.J’.4""I,.',-|:‘”]

0% oggedd W 14
. / g i ]—[ i/ (=)

T "
X : ' .
‘H,.H'm = E 1€ 5 E Ll iy —A My —
== =1

Z ,,F‘,I{ '” T ?’-f"l i {‘_I_I'.'”

i=1

We now mulaply by« and sum over £ remem-
berme that « s the myerse matrix of C, and obtin:

1

-j:_‘f.
3 Torps (DS T | =
I.I'.-_-ll'\..lhr.r | _J, _.‘| .I L E}IHIJ[{'HE‘IJIHIL‘I‘Ih
. / L.
Nty T - — {
i | ] ff f l_[,ﬂ'hl'T.fT H‘ 1)
A H
g : o
JFJII:_T_P'..‘: F;f J_ S J'rlr'.lf'll,l-'_
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[n summary, we obtmn Theorem 6 (panpna-rega

+'r.";rrr'nm'm';1}:
(1 0 r :
a =Y GemakS, (ST X
.r}f‘lf|I ! '
=
()=
D8, (0115, (1) (45)

In one dimension, the ganmma-veea and delta-rho
relationships are also mentioned by Shaw [1998]. Shaw
shows there that v - 0TS (r)eg ., satisties the Black-
Scholes partial differental equaton and is hence identcally
zero tor path-mdependent options. We note tha the gamma-
vega relationship does not hold tor barrier options, sunply

because gamma and vega are not equal at the barrer.

[1l. THE ONE-DIMENSIONAL CASE

Results for European Options
in the Black-Scholes Model

The relattonships among Greeks for European
aptions i the one-dimmensional Black—Scholes model are
hsted in Exhibie 3. An interpretation of the gamma-vega
relattonship i Equation (111) has been given by Taleb
[1996]. There are surely more relations one can prove, but
the next theorem wall give a deeper msighe o the rela-
tions of the Greeks,

Theorenm 7. 1 the price and rwo Greeks g g0 of

4 European option are given by:

g B G = 1A AN AP o)

rl'f'__l = (rr-_g — { Inl. -[-IJ'. . I_IH_ ‘-I.:'.h [“'}} {51 b}

thewn all the other Greeks (& G W (G5) can be calculated.
Furthermore, if © and another Greek from G, is IV,
it 1s also possible. to deternmiune all other Greeks.

Preof. Liquations (99)-(106) m Exhibir 3 are inde-
pendent of each other. Equanons (107)-(109) are con-
clustons. Exhibit 4 provides an overview of all these
relations.

Let us now assume the oprion price and one Greek
tfrom the set € are given. A look at Exhibit 4 shows that

all Greeks of the set {'él can be evaluated. IF all Greeks of

4(1 CORPUTT G CN oS PIercr SENSETIITIS Ehsime: HosaoGese ity ANEr COITEER T ws

the set G are known and additionally one Greek of the set
(i, 1s given, all other Greeks can be determined. Yet only
eight equanons are mdependent, so the knowledgze of two
Cireeks is also the mmibmum knowledge one needs to deter-
mine all ten Greeks. This 1s the proot of the first statement.

It © and another Greek from G, are given. then it
15 always possible to determine one Greek of the set G
and one apphies the part of this theorem already proved.
W, T or T is given, one can use one of the three Black-
Scholes Equations (106)=(108). 11 vega @ 1s given, one can
use (111) to wet I

Nunierous formulas for Greeks can be found in

Wystup’s formula catalogue | 1999]. In the case of plain

vanilla calls and puts 4 foreigm exchange market. all rela-
tions tor the Greeks presented above are valid.

Options Depending on Final
Time Value and Barrier

Somie relationships remain valid tor claims depend-
myg on the fnal time value and period extremes of the
undertying asser. This applics to barrier options, one-touch
options, and look-back opoons.

Pricing Formula. We denote the runmng extremum
by

My =y IIF_J{IE:II_I1|IIE.H';:. {(51)

where o = +1 Lo wmitnm . = —1 for maxinnng (52)

The payotf s a function f(A . S,)and its value at

f
e zero 15 computed via
o B = e B
‘I. __ r -I I_ / /
i L o I — T
FSae ™ She™ g e ) iy (3.3)

where the jomt density of the random vector

(li'[Tll Lot r,ruln:llllf|f;fi'|'-ia'j -I-,ru’]]) (54)
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15 miven by (see Shreve

|U'H5|};

Glagy) = —perre sl 25 20

, | (29 — )= -
L'!'~.||*I T I.'ﬂ."'i:l

for ap i Sy )
Usig the density (533), the value tuncoon can be
wrtten as the imtegral:

AN IR R R P

L) l oo ai:
-‘f. :I.a_r”, ( — In —'J.f oo — ) dydr (50)

T ."'"'L' Y ."'1“

L |_r|||

Forcign-Domestic Symmierry, See 50 = 0w
abran

Remaining Relations. The rho-delu relanonships as
m Theorem 35 do not hold. and the vemi-gamma rela-
tnonship ceneralizes to take the form

i . I o
[ =) [ iy + vy + 5 AT = T (35)

which agrees with Theorem Gt the cost of carrv 1 —
couals zero,

I'V. EUROPEAN OPTIONS IN TWO-
DIMENSIONAL BLACK-SCHOLES MODEL

Pricing of a European Option

b ow options are francial mstruments chat
depend onseveral risky assets. Many of them are very sen-
sitive o changes of correlaton. We call kappa (K) the
dervative of the oprion value ¢owith respect to the cor-
relanon .

Extensive computational eftort 15 needed 1o com-
pute kappa. even m asiple framework, bue i the Black-

Scholes model with oo stocks and one cash bond, the

WL 20

cross=gamima-correlaton risk relationship can be used
castlyv to find kappa.
Lot the stock price processes S, and S, be deseribed

[

Sl | 4 | =Y
g = rom s gerhetie, 99
o Pl e | . _
iy —= J L = iy = rTf}T -|—r'.F-_r+.,HI_I |
SO 2 -
T "v'.] B n.EH'E. ()

0 and 117 are two independent Brownian motions
under the rsk=neutral measure. The probabihity densiey
tor the distmbution of N (1) 1s denoted by I (3 and 18 given
by the lognornal densiry:

| | A=
vyla ,H,-"jr;n]—'r ? ] i J (1)
1 A l ( [ ) l 4
— — {1 F == ot T
S0 4 o ((:2)

Ihe equation tor the second stock price process can
e written s

SalT) [ F v
ly — (1 — gy — 75T+ .
SOl 2 " T
Sl b e
(|H( ,I —] =¥y —=ity - -.T]":ITJ+
S J
man b= 23S ((:3)

The conditional distribution ot 5,(T), given 5 (1),
iv thus lognormal wath densiey:

——
.
I
—
-
|
¢
-—
b ||
=
k
 Jg
= ||
I
P
|
=
-
e
i
——
s
-
- F
S— s
i
i
,
| R
=1
o Sy
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(65)

The joint distribution of § (1) and S,(1) is given by
the product of 1, and /i,

hiesy) = hy@) - hyp ) (66)

A European option with maturity T and payoff
F1S,(T), S5(T)| will be priced by:

o6 3¢
o= e T / /fr ey f e yidaedy (67)
.l'I 'r'u

Using these results, one can establish several rela-
tionships for the Greeks in the two-dimensional case in
Exhibit 5. The fundamental symmetric scale-invariance
of tme 15 valid too. Since we concentrate on European
options, the two dimensional Black-Scholes partial dif-
ferential equation also holds.

European Options on the
Minimum/Maximum of Two Assets

We treat one example i tull detail. Further exam-
ples such as outside barrier options and spread options are
available in Wystup [1999]. We consider the payoff:

L (pmin( Sy (T), 551 — | ' (GR)

This 1s a European put or call on the minimum
(1 = +1) or maxinun (7 =—1) of the two assets S, (7')
and 8,(7) with strike K. As usual, the binary variable ¢
takes the value +1 for a call and —1 for put. Its value
function has been published 1n Stulz [1982] and can be
written as:

43 COOMPLETING OO POl SERSTTIVITIES LISING HOSMOGEREITY AM CYTHER TiicEsS

1 (f,

STNSe ), Ko g quar, o1, 09,6, 6, 1)

(i [Hl e TN iy, gy :=.:’;”H‘4| )
+ 8y e BTN ey, e s )

— Kig ' (1 o

2

f,-",i_."\f"-g (1} {thy — (7| \..ffa; by I[-!’f-_g — \/T:I 18 ]‘)}

| L=

i 4 1} i
T a; + o5 — 2impma.
A SOz —AT)
W ==
-
A NT — G2
St = ==
=

gy & MEGK) 0 —a+ge)r
. 7 \/T
A WS/ K) A+ (r—go + Sa5)7
”!E - . - &
r'T-E\.l,.-"’,T
oA (S (0)/S1(1) 1 (g —ga = Jo?)r
{1 2l
{ T/ T
iy = LSy () /52 0t)) + (g2 — g1 — %WEJ‘T
by = L

a /T

Computing the Greeks proceeds as follows.
Delta. Space homogeneity umplies that

S ) () o e .
I — - i i L
" as ¢y 7R

from which we can read off the deltas as#

ot -

o= e A (od) | gds sone )

0.5 () |

(69

(73)

(76)

(77)

(78)
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r'.h" i
= it "I:F_.-'ll'l."-u i f H . § '?r].
75 1) ¢ o (il el g st ) (70
e L =y . -
;}h’ = — il o ( —:_I ! 1 r.'."_"ll'l.-"__r ﬂlf |:!Il; — Ty ).
(el —”-.w’?‘l-'ul) (811)

Ganyma. Computnyg the canumnas is the List place
ditterentiation s neceded. We use the identities:

i ) | |

— N, g = TN ( ""_ i ) |
i T = (8 1)
IIJ - . 4 —

i .I'H'Iv'l'd_' 1:-:.._ ,'r|||l ) :| = i [..U L.'Ill!u ( —1 ) I::H_:!}
i " - "l.": 1 . -

and obtam

HI BT e —WT

LS ) )E

Sl el I (Hr‘l !' ”rlhl. )

i |"T'_]1|,'.I o \."l

; [i — efyg)
= '—’rn{.-f_-i},.-t (r_:rr"? i S, 3 )
;T 1

Syt

i_r‘_J'iL.'I. = &

(8.3
A (e 147 (1 . e = el
=tk e ek A (J,HT | - J
M Sslf))- Solt)/T | o SR TRV
- r'l" - IF-.:'
— |IIl!.H||'.III= ,I".'U (II-'H'T 2. - ith "_. )]
T ‘TI";-l _I».,".
(&5-4)
r”l_]!' (i T i ”I' Hf."l i I
TR T = j . — 1 el )V (r.'”T l—k_ )
f.’.l"'ﬁl “ }f}.‘j“__r '[.f ) .L.l_: ” | g 1.: T .I'T-_: I'lI-‘I- = |_'-'

(85]
Kappa. The senstavity of the value with respect to
correlation s directly related to the cross-gamma:

el : : ”:f'
— = mpera TS ) Se ) —
h‘-.. !,H"I'| |:|II }l‘l.l'."'}ll__j 'f." )

(81)

Wairsitew i

Vega, We use Equations (117) and (1T18) 1 Exhibat
5 o wet formulas for the vegas:

Ik Lt + ‘T.TIT[.-L;lt_r]}:'“,"'ﬂ'lll'll.".‘l.|||'|
I"I.J'r1'| - T
w - "J o 'Ir
= S8 T RS [H:;u;m:h 1A (r;.“_arr i = ! 'ﬁl__] )
(Tay/ ==
(=)
- ;'.'r-.i — r'Jf.|l-.,| .
el N | g —— ) o
] ( III iTi y’l AI‘E. (hH}
.',H; B A I'T-:__;:I'_l:.-r.'n'.',_'{#}j:j'“‘n'_u:f|.“1'_,I.f:|.
r‘h"."_a N rria
o T ithe — i
= Sulif)e PRUaT [-.,::,'Jrjn[rhlluﬁ-’ (r’_."_HT —— ]hf—-’)
. 1w o — 45
(89)
o P == by
b el )N (1;-1 i - i‘"_l ” (1))
(T |y 1 =g i

Rho. Looking ar (112), (113), and (1200, the rhos

are wiven by

i - % “ - “H' U|
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V. SUMMARY

We have shown how to employ homogeneity-based
methods to compute formulas of Greeks for analytically
known value functions of options m one- and higher-
dimensional markets. Our strategy to compute Greeks can
also be applied successtully i a stochastic volatilicy model
such as the one by Heston [1993], where plam vanilla
options allow the computation of delta and dual-delea juse
as in the Black-Scholes tormula, and the delta-rho rela-
tonship holds as well. For Black-Scholes models alone,
there are numerows further relationships among various
Greeks that are of tundamental interest.

The method saves computation time for the mathe-
matician who has ro differentiate complicated formulas. It
saves computer tme as well, because analytical results tor
Gireeks are usually faster to evaluate than fimte differences
mvolving at least twice the conmputation of the option’s
alue. Knowing how the Greeks are related can speed up

finte-difference, tree, or Monte Carlo-based computa-

ton of Greeks or at least provide a quahty check. Many of
the results are valid bevond the Black-Scholes model.
Most remarkably, some relationships among Greeks
are based on properties of the normal distribution, con-
firming the active mterplay between mathemancs and

the financral markets.

ExHIBIT 1

Notation—Market and Model Parameters and Normal Distribution

volatility of one stock, or volatility matrix of several stocks

S5 stock price or stock price process

" risk Irec interest rate

i dividend yvield (continuwonsly paid)

7

Q correlation in the two-agset market model
f date ol evaluation (“today™)

s date of maturity

r=1—1 fime to maturity of an option

b stock price at time !

fi() payvol funetion

el dy o) wvalue of an option

k shrike of an option

B barrier ol an option

t partial derivation of ¢ with respect to o (and analogons)
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EXHIBIT 2
The Greeks
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EXHIBIT 3

Relations of Greeks for European Claims in One-Dimensional Black-Scholes Model
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EXHIBIT 4

Overview of All Relations Among Greeks
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ExXHIBIT 5

Relations of Greeks for European Claims in Two-Dimensional Black-Scholes Model
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ENDNOTE

“Computing coeficients msuch o way leads to correct
results as can be proved: see heps/ /S www o wias-berha.des
preprints/ 584 tor preprint of this arucle with an extended

appendix,
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