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Thes vesearch wmrroduces e approach o valuig
Linesican options on o foreign corrency Hstig o
sl rare moddel, Ve discrenize the rf:"ﬁ-n.\hl:r tif -
o psine e oplione Eader method oo e aond
radial basis fanction approximation i spuice. The
methodology i general enough to acconmnodate any

Fleath=Javeore=Morton=vonsestent (e strctiire

The vesndis are compared to w theorencal solinon for
Evropeans oprions aerd to the solition of a finre-ole-
ment scleme for American options. The neinerical
vesides tindivare that the approaclt gonerates guite
dcctr e approNitfions of Hie trive oprion afines.

i and Jarrow | 199 | mrroduce 4
general framework tor valuing an
aption on i foreign currency with
stochastie  mterest rates. Therr
model allows domeste and torergn term struc-
tures of mterest rates to follow stochaste pro-
cesses of the Heath, Jarrow, and Maorton (H]M)
[ 1992] class. Accordingly, 1t can price many
dermvatives whose values are sensitive 1o the
COPTL STrueture of mrerest rates stich as currency
warrants and cross—rate sswaps, Amian and Jar-
row alse obtun closed-tormm solutons tor
European OPLIONS when the volaality tunctions
covernmg the term structure are deterimimes-
tie. For American opaons, Amin and Bodurtha
| 1945] consider a discrete-time nmplementa-
ton of the Anun and Jarrow framework, using
dmulunomial version of the Lattee technigue

of Cox, Ross. and Rubmstemn [ 19749,

The Anun and Jarrow maodel s 4 mulo-
tactor model i which there are ar least chree
d]ﬂ'L‘rﬂtt sOLEces of |.!E|L‘L‘|‘[.'1|Ht}', [hw-n.' .'I!'-i.'-il']l_'lillt.‘Li
with the domeste mterest rate, the foreign
miterest rate, and currency exchange rate. The
models mulndunensionalivy makes s numer-
wal mplementation computationally burden-
sones Inthe multinonual Tattice approach to the
three—tactor model adopred i Anun and
Bodurtha [ 1995

states (nodes i the mulomomiaal tree) imcreases

for example. the number of

at the rate of 8" for path-dependent models
andd at the rate of (v + 17 for path-independent
models as the mme step nmereases.

We mtroduce a numerical approach to
valting American options on o toreign cur-
rency consistent with the A and Jarrow
L9 tformulaoon. Our numerical approach
v relatively simple, but it s more accurate
with fewer than 1000 nodes as compared to
approxunately 1 milhon nodes i the Anun and
Bodurtha | 19095] medel. We derwe the paroal
ditterential cauanon (PDE) associated with
lhl., J"I'.“l””” .Hlli JLII'I'H\\.' ]”l..'!{i{." {}I- i'llrl-L-'”L”:f
aptions using short rate processes, and mple-
tent ammerical approximation te the option
value usimyg o radwl basis funcuon (RIBF)
thethodology,

Stuntlar to fimte=difterence methods. the
ILBE techmgue approximates the true option
value by discreazinge the ditfusion equation or
PDE. but it employs radial functions as the basis

of the approximation. It requires only that the
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form of the radial approximating function be selected
and a mesh generated, independent of the dimensional-
itv or geometry ol the problem.’ The option value 1s then
approximated by a linear combination of the basis func-
tons with time-varving coetticients.

As the basis function depends solely on the mesh,
and only the coethaients are allowed to be time-varying,
discretization in time and space can be applied separately.
The numerical implementation of RIBF 15 theretore much
more simple than traditional finite-element and finite-dif-
terence formulations for multidimensional cases.® Fur-
thermore, because the RBF function 13 differentiable
with respect to state variables in space, the RBF technique
has the great advantage of directly obtaining the option
grecks such as opron deltas and opron rhos from the
numerical results.

Our approach uses a short rate model of the term
structure of uiterest rates as opposed to the HIM forward
rate processes 1n the Amin and Jarrow currency option
model. Short rate models require an appropriate param-
eterization to match the observed current term structure.
Given a specified HIM forward rate process, there is a cor-
responding short rate process consistent with the forward
process (see Baxter and Renme [1996]). Theretore, match-
my the current term structure itself 1s not a hmitation of
short rate models.

I order to facilitate comparison with Amin and Jar-
row |1991] and with the numerical work of Amin and
Bordutha |1995], we use the Vasicek [1977] class of inter-
est rate volatility structures. That is, forward rate volatil-
ities are exponentally dechmng in theiwr maturities, so the
volatility of the spot rate is a constant, independent of its
level. Our approach is general enough to accommodate
any short rate model, such as Vasicek |1977]. Cox, Inger-
soll, and Ross [1985], and Black and Karasinskr [1991].

One dithculty associated with PDE-based numeri-
cal approaches 15 specifying appropriate boundary condi-
tions, particularly for multidimensional appheations. For
example, m the case of a once-factor model, boundary
conditions are imposed at the two end-pomts ot a state vari-
able at given mesh poimnts. (See, for example, Schwartz
[1977].)°

For multfactor maodels, the boundary conditions
may be imposed on any combination of mesh points
where at least one state variable lies at an end-point. The
development of boundary condinons thus represents a sig-
nificant difficulty tor field equation methods in general.

Marcozzi, Choi, and Chen [2001] examine, tor
one-dimensional cases. the eftect of boundary conditions

20 A NUMERICAL APPROACH TO AMEBRICAN CURRENCY OIPTHON VALUATHIN

on the performance of both the fimte-difference and
RBF methods. They find that the RBE without impo-
sition of the artificial boundary conditions, performs at
least as wel

as with boundary conditions. Indeed, our
numerical results indicate that a highly accurate sparal
approximation to the solution is achieved without impos-
ing boundary conditions.

[. AMIN AND JARROW
CURRENCY OPTION MODEL

The key contribution of Amin and Jarrow [ 1991

15 formulation of the “global” ¢conomy through the
stochastic representation of the entire term structure of
both domestic and foreign mterest rates by using the for-
ward rate processes of HIM. In their model of a global
economy, the foreign exchange rate tollows gcometric
Brownian motion, and the domestuc and toreign term
structures evolve as HM:™

% A :
dZ, =n"(1)Zdt + 3 07 Z,dW, (1-A)

i

di' (e, T)=n" e, T ide+ X o (1, T Jdia (1-13)
=

I

. A . .
A (1) =n" o, D)de+ X o (T W, (1-0)

1=

where Z 15 the exchange rate in terms of domestic cur-
rency per unit of foreign currency at time ; fr, T) and

F(r, T are the ome fimstantaneous forward rates of domes-

¢ and foreign borrowing rates at date T, respectively: and
i LT”r are independent Brownian motions for =1, 2, 3
under a probability measure (). The terms 1" are the drifts
of the process of cach state varable for i = { Z, 4, f'}. The
paramecters @/, 1 =1, 2, 3, and j = z, f, d represent the volatil-
ities of the respective state vartables such that ¢fand ¢/ may
depend on time and the level of each state variable. By def-
inition, the instantaneous short rate processes for domes-
tic and foreign economies are r'= (1, f) for i = d, f.

Dropping the tunctional dependencies for simplic-
ity, the variance-covariance matrix of dlog(Z), dfé(r, T'),
and df(r, T') at ume 1 is given by:
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Given the three state varables i (1) and the assump-
ton that a domestic mvestor holds forergn curreney only
in the form ot toreign bonds or units of the torcign
money market account. Anun and Jarrow choose three
tradable secunnies, These are dollar bonds PU(r T that pay
one domestic dollar at time 1) the dollar worth of for-
cign bonds Z P T that pay one unite of foreign cur-
rency at tine 1) and the dollar worth of o foretan cash
account ZrH"[r] thiat has avalue of one unit “'I--l:”]_‘i”HII CLLE-
reney at tine O, wlhere:

FIH.T-J::VEP[_IE_flfhﬂﬂdﬁy =l |

,l11L1

B'ir) = {-xp(_flrjr : n'_c)

Coven that this cconamy s complere and arbirrage-
ree. Anmmn and Jarrow show that there s a unique risk-ne-
tral [,‘sl'ﬂl‘il]:‘.li]it\' mcasure, £ so that the value of each of these
three securities relative to the dollar cash account. 13 =
,[,’,r'rf.w, s (Q-martingale. Inothis case. the fourth asset is the
dollar cash account. used as a0 numerare. Accordimgly, m
this cconamy, there are a total of four tradable securines
with three stare variabless Z, (0 T and (e 1)

Under the measure 20 the mstantancous expected
rate of retury m Jdomestie dollar terms on every raided
SECUrItY L‘L]u.'lh the domestic mstantancous SPOL HIterest
rate. This iaphies that under Q, there exists 1 Q-Brown-

an motion 117= (1170 117 HE 7Y o thae the drft terms

WO M

swatertt (1) mst satisfy asystem of risk-neutral processes:

d7 = (r'rrr — ! ]é’f,.ﬁ' + E B ZdI (2-A)
=

5 . ¥
rff"fff_f'.l: Yy il‘r"fh'}'.I_J.{,h;f{f“r:_hf,u it +

' f

[+

¥
S o Ty (2-13)

r
df ', T)=| ¥ l'IlI,FH,'.’ IO (roupde—d (| e +
!

5
S e T

(2-C0)

where the terms i brackers are the dnft terms corre-
sponding to 7, 0 T and i, T e (1),

For any addinonal securities that depend on the
sanie uncertanties assoctated wiath the three state varables,
the real-world probability measure, Q. s irrelevant for their
vialtation, As the dollar value ot a toreien bond relanve
to the dollar cash accoun, (s, TY)Z /B 1s a0 Q-naartin-
gale, the value of an option, such as a4 European put
option on the spor exchange rare with a strike price of
K. | T.Q{!. I ), ar e ps LIVEeN 113;;

K =Pt rize st
(7. T.K)=I,| B11)! . e |13
‘ B'Y(T)

= J':r‘,(L‘R|1(~—_L'IIJ:JJ:~')( K —Z, )1' 3, ] (3)

where 3 denotes the augmented filtration with respect
to the Brownian monon, W under Q: PUT 1) = | by

detimnon: and (K - Z ) = max(K — 7, 0). Sumlarly, the
value ofan American put apuon. ¢ Z,, T. K}, at ame
I 3:iHTL'I1 |1@f'

J-'IIIII?J. .lr, l;l"\. .ll - L I_-{.}[f'.:ll_li.':_l-ll:rh — Z." _|i|+ | :F'l. )
I"?ll’,I |
i

!
!

f.:',‘,[ r_‘.\'p( —j‘:* !‘,"Ilu"r ]f K =7 i | 3
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)
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The analytical solution for the European put option
15 given by

V(Z,, T, Ky=KP"(t, T)Y®(~h+¢)—

P, )7 D(—r) (9)
where
Pz
1]-1 _JI L . 1 et & | g
KP'g, Ty ) 2
I} =
<
and

3
=

g~ = wvar| 2, LT(HI:"I (s, 1)+ ¢f (5)— c?;{fﬁ. P, 'J)[ﬂ*i”’:
(=1

1

3of . _
=% Lf (:r;I (s, T)+0;(5)— cT,.dfi- T'}) s
=1

511::_}1 that alt, T') = - i, Thds, tor i = 1.2, 3, and j =
d, . The term € can be computed if the volatility terms
¢! are deterministic.

1I. PARTIAL DIFFERENTIAL EQUATION

We derive the parnal differential equation associated
with the option values as described, using the short rate
induced by the forward rate processes in (2). To this end,
it 1s always necessary to specity the voladlity structures of
the processes. For illustration, we choose the Vasicek [1977]
specification that may be suitable for practical applications.

The Vasicek specification of the volatility structure
takes the torm:

q]'r-rlr_’r,r,r"j = QJ-I."f.‘_ﬁJr'I " for f 1, 2; Jand j = d, . f

where 715 a non-negative constant. Under this specifi-
cation, the variance-covariance of dlog(Z7 ), df'(1, 1),
and df '(t, T') at time { 1s:

R o BELB
oy =| Z(00] )BT for b j = 2, d,f (o)

==1

where B° =17
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When 7= B'= 0, Equation (6) reduces to the
volanlity structure 11 the Ho and Lee [1986] term struc-
ture model, where the volanlites of all forward rates are
cqual and constant. Given the forward rate process of (2-
B) under Q, Baxter and Rennie | 1996, p. 153| derive the
corresponding short rate process as follows:

dr = (0] =B e + 3 ¢l 7)

with the ininal domestic torward rate curve:

| ) it i AP UOR,
£, Ty =T el P g -

I LI
it A 7)
2(B")
Note that 8'is caleulated at time 0 from the initial term
structure.”
Smmilarly, the foreign short rate process under mea-
sure () also follows:

ﬁr.r'l."r = fﬂf —0 - B'f !;,"r Jdr + Y, QJ]'-I d il f (8)

fe=i]
with the initial foreign forward rate curve given by

f‘lﬂ,'lrj:" — ﬁ_lj"ii—[.]:'rf' i
P P
L: 0] - G e DT =Sl

{j I T
— ]y 48 "
2B ) (8)

Combining (2-A), (7), and (8) in a COMpact matrix
torm. we obtain the short rate version of the Amin and Jar-
row model of interest rate and foreign currency dynamics
under measure €;

= - o ! |
s e
d=, v , O
! dpd d
di | = B, —p"y dr +
iy 0 —B'v! —o .

oy b5 45 | a1
I P
o' ds O q:HI‘,-"‘ (9)
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where 2 = log(Z ). The stochastic process of 218 abtained
by applymg Lo’ lemima, given the process of Z m (2-A).

This arbitrage-free vconomy 15 characterized by
three state varables, = rand rlowith four cadable secu-
rittes: the domeste eash account, the I]n‘cig_'n cash aceount,
the domesoe bond, and the torcign bond. In a complete
and arbitrage-tree market. the stochaste processes ot any
additional securities that depend on some or all of the three
state vartables may be obunned by Tros lenima, The
wistantaneous expected rates of return on the securities
must be the mstantancous risk-free rate under measure €.

Constder the Buropean pur aption value, T, (3),
By To’s Jemmmas T follows the diffusion processes:

_ _ ldl o dlr Al |
il P !'1.'I r‘JIIE + 2, I , _—:q]}f DA II th i1 rJ
=1k oz, ol f_}r,f (14}
where
W e al, | ol
1A e = } L ol
;}I ._} fj_h _.1 ”l“!
I -1 J-1
_ﬁ ” i + ﬁ“|_ . i - 'I‘ ﬁ = " +
3 ! el or' oz
ol TR Jl
G T Tl =& = =06_1 -+
el 2 i
vl TURT: I-j |I I.‘ v ! ] {_., [ -r
& — B —" +(8 =i = By (1)
el i1

Under the mcasure €, the doft term must be 20
since the mstantaneous rate of return on | st be the
nstantaneous risk-free rate of return, Egquatimg the two
erins yields the paroal ditferenual equation:

Wl 7= B0 =0 (12)

where g1 s gaven by (L1 Grven the termimal condi-

tnon, I, = (K = ¢ 1), the European put option value at

[
tne Uy be obitamed by numerical nicthods
Stiilarly, the American put opuon value, v, may be

I‘L'|1[‘t‘-il.'l![:;'i_'| J50.1 ‘ll'rlllfll"‘r['l Hi'. I‘l‘:L‘ b‘.l!'l.lllnlul IIIL'L|L1¢I.1!H':

AN TER 2]

min{j.lr'ﬁf‘f = r‘,dafl, i —(KN - 4 ,I+} — 13)

subject tothe terminal condition. where g r is expressed
as () with T oreplaced by . Note thae (12) and (13)
have the tme-varving  (deternmistic)  coethicients,

8'and Hr".

IH1. RADIAL BASIS FUNCTION
APPROXIMATION

We can apply radial basis functions to obtan o numer-
il approxumanon to the soluton of the PDE (12) and the
varntonal inequality (13} Suppose we choose N, N, and
Noas the number of mesh points for a suthciendy wide
mterval for the exchange rate. domestie short rate, and for-

cign short rate, respectively, Let 2= |2 (25 20 |V R
, - = I

=l .'J .||I F ,Ill — .ll Il 1 .y . N " N

[ oand RY=[efsr el | represent the vee-

tors of the resulting mesh pots. Theretore there are N
= Ny XN, XN, points, s € Z X RYX R in the three-
dimensional space. Let X be the N X3 nuarix such that
X = (v vy X ) Fora given mesh, X suppose the
unknown I':-'.'m'wpu.m uption value. 1ix, 1), at v and time
cin be approximated by the IRBE o

N
Pixa) = 2 0@y —x, ) (14)

where @ are unknown coetficients depending on e,
roand q‘!{'|.\' — .\;I| s an IRABFE such that

: ||I s of
Py —n, )= "I.'I{: — = =

. = S
_',:'I}_ +“r = f;ll}. s

where s g constant known as the shape parameter.

This RBF 15 known as Hardy's mulaguadratie (M),
With v uniforn mesh with spacing f = |5 — x|, we
choose ¢ = 40 as sugeested by Hardy [1971], although ¢
may be optimized tor particular problems,

Collocating at the same N pomts. v, and substicut-
g (1) o (1230 we obtam a system of N linear equa-
tions, where the partial derivatves in (9) are, forr = 1, 2.

... N:

FHE Jot Al o Drseaives 23



1 (x Nodet (1
o _Exj N _ EJ(F'(!-‘ —x; )
i i=1 et '

I
B

< J=1 | a:I
% =
- o J{I) II: J I }
1= Off Xy = )
IV lxi) _ & o SR D

; 5
a:-_ _;:1 a.: 3

and

I7¢(| x; = |

: () .
0z HJ;-”I j=l dzdr’
- Em-ir} _ i )
: f 3
S I TEE |

Other partial derivatives, d F(x, 1)/dr?, d1{(x, 1)/ar,
" (x . I}fﬁr}f"}, J* {x, ijE}F‘:'rJ* o V(x, f)/dr'dr/. and
azl“'(:\“r.j .fjf::]zlﬂr--’ﬂ are obtamned in analogous fashion. Tt
should be noted that the RBF does not depend on tme,
and the nime derwvative of 71s given in terms of the time
dertvatives Df‘ﬂf’.(i}. Furthermore. the parnal derivatives of
any order with respect to v can be computed from the
LBFE

The resulting system of N hinear equations can be
written succincetly mn a matrix form. Denote A and A'
to be N X N diagonal matrices whose diagonal elements
are the second and third column of the matrix X, which
are vectors of domestic mnterest rates and foreign short rates,
respectively. Let @ be the N X N matrix such that the (1.
7)-th element is (| Nj—x | ), and let o(1) be the N=dimen-
stonal column vector whase j~th element is {II.{IJ. Then
the N-dimensional column vector of option values, V

I.'.l

at time 1, evaluated at all v, € X 1s:

V. = dof) (15)

[
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Dropping the time notation, we can write Equation

(12) as

Po = Ba (16)

such that

| | |
o u
B=A"® - ;G:;d): _;ﬁ:frllﬁdd _?G_ﬂ-q}ﬂ‘ E

=l ke

G{L‘ (r'.-.l:f o G_.‘: ‘I)r'r o Gu'.l ‘I’dj'

(AY - A' — —EG__[]tD__ =

A EE

(01 — p'A Y0, — [0 - o) - B/A |,

where the dot denotes the time derivaaves, and @, and
@, are the N X N matrix of de/di and d°@/didj, respec-
tively, for i, j€ {=. ¢!, '}, Given fixed collocation peine
v (16) constitutes a system of first-order homogencous
ordinary differential equations in ¢(t). In particular, the
matrix @ 15 symmetric-positive definite, hence. invertible.
The matrix B is a known constant.”

Croven the termimal condition at time 1 !f'{:.l,,, i
= (K—¢77)7, a{ T') 1s unigquely determined by (16). With
an appropriate time discretization, the system (16) may be
recursively solved using various backward nme integra-
tion methods. We use the imphicit backward time inte-

gration scheme such thae, forwm =1, 2, ..., M
dor I."r’f ) C‘-r,'”” B I'.—I.rJ-HI —1
df AT { I ?::l

where AT > 0, o = [II{'I'— mAT), and MAT = T. Sub-
stituting (17) into (16), and rearranging the terms, we
abtain

v[mj 55 ":Dl:d] —ﬁTB}_lvhn_ 1) “Hjl

Thus, the European put solution, VUV = dalth
may be obtained by successive iteration of (18), viven the
terminal condition of V% = (2. 1) = (K —¢“7}". This
iteration procedure requires mverting the matrix, (@O —
ATB). once. We use Gausstan climmation m our com-
putation to invert the matrix.

WINTERR 20100



ExuHislirT 1

RBF Approximation Solutions Under Constant Volatilities of Interest Rates

Number of

Option Prices

Number of Mesh Points

QOption Type Time Steps 13 25 31 51 Exact Value

European Atal) (0 (L1114 AR b ] T45 RNE S
(16,54 (73.6:2) (127.44) (432, 85)

Arerican Al (11022 1145 (11 166 . 1171 (¢ WA
(16.4) CETERY (127.56) (433.01)

European 3 SREEIR AN EREY (h1134 (1138 TRNES
(160t (70 70) (117,03 (4011 .42)

Atnerican 3 (L1007 (1737 RSy (1165 N
(1 6,02) (70087 (117.13) (012,900

Pt ajition pwices e ar 7= 1 Dagtmieror ity nsed ane: K= 1,7 = 1@ = 0/ = 00005, (6., @, 0} = (1303, 0.0505, (LO505), and p_; = P = P
= b s Nianher itf il ik "‘.'I'I* re i e STILg, .;jn;" a_'_x'y,l'r.rr.lfr ratis miesh lrru,l';.-r,x Nitnthers i Jr'.'.'H‘n"Hf.lIfr_'!-;i',n r'e_'llrn'.n':‘.lnf COPUT tisme i sevonds 1_1.1'- calenlatie

Nrenrerecal foplementation ds by MATELE on a6 MHS Pentine H

For American options, the approach needs to be
slichtly modified due to the presence of constramts. Ay
an American option can be exercised any tme betore expi-
ration, there may be optimal exercise boundaries
(exchange rates in our context)—Dhut the boundaries are
normally unknown. In a lattice approach, the option
value is obtamed by calculating the value of the option
when exercised and the value when not exercised, and
using the ereater of the two. With a inite number of time
steps, the resulting option value s actually the value ot g
Bermudan opuon that allows a finite number of exercise
OPPOrtLmes,

Although the value approaches the true American
option value as the tme step size shrinks, the valuce-of g
Bermudan option is theoretically less than the value of an
American option. [n an implicit ome discrenzation usig
4 fmite=difference or Ante-clement approach, a more
accurate American option value may be obtamed. for
example, by usimg a technique of projected successive
over-relaxation (see Wilmot, Howwison, and Dewynne
| 1995]) or Lemkes algorithm. For simplicity, we use the
Bermudan approximation techngue.

The updadng procedure for American option val-
uation is as follows. Starting with the terminal value,
update V" using (18). For 7= 1, 2. ... N, update the i-
th clement V() = max ! K —¢”. V() (i)}, Repeat this
procedure untl VU is obramed. A particularly mterest-
ing feature of this approach is that we do not unpose any

lmumiar}-' conditions other than termmal conditions.

SO 2000

IV. NUMERICAL RESULTS

To exannine the accuracy of our approach. we first
assume thar domestic and foreign interest rates have con-
stant voladlity so that g4 = ' = 0 in (9). The current
domestic and foreign term structures of iterest rates are
assumed tao be consistent with the constant values for
& and 8/in (Y).

Given the fixed computatonal domain for the log
exchange riate. 7 = [-2.25 and 2.25], we experiment with
different numbers of uniform mesh pomnts. N . tor the
exchange rates and with different time step sizes, The five
uniform mesh points. N for domesac and toreign short
rates (N, and N) are chosen so that the middle point for
cach short rate is 0,05 and its mesh size 15 the same as that
of the log exchange rates. Thus, the computational
domaimns for the short rates vary depending on the mesh
size chosen for the log exchange rates.

We follow this specific procedure i order to mam-
can a untform mesh size 11 any direction. This procedure
for choosing the mesh points could lead to inclusion of
negative nterest rates in the doman. Although the eco-
nomic sense of evaluating the equation at negative mter-
est rates 18 unclear, Equation (12) and variational inequality
(13) hold mathematically.

Exhibit | reports the values of at-the-money put
options for the strike price. K = 1 and the expiration, 1
= |, We use the parameter values: 8= 8" = 0.005, (g,
G, ©,) = (11.303. 0.0505, 0.0505), and p_, = P, = P =
(.2059. The exact value for the European case is obtained
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EXHIBIT 2

RBF Approximation Selutions Under Exponentially Declining Interest Rates—T = 1

Foreign Option Prices
Option Exchange Short RBF Approximation Value Exact Value
Moneyness Rate Rate European American European American
[N B8 (), 1832 (.2102 (). 1832 {1.2059
[N (3.4 01075 1219 (1079 ().122X()
AT 1.0} 0.(14 (L1559 .05492 (L0545 (L0590
OuUT .| (L0231 (.00246 (L0236 (1.0251
OUT 1.2 (LOORG (LUOEY (.00849 00093
IN (.8 (0. 1896 (1.2132 (1895 (1.2122
[N (.9 (1132 0, 1261 (1135 (L1200
AT .0 U5 ().11579 (L0628 (), 11585 (L1632
QUT [.1 (.00254 (L.U268 (L.0264) (L0273
QUT 1.2 00007 (LETTEN) (LATTEN) (104
[N ARy 0, 1260 2165 A (.21 5%
I™N (1,4 (1192 (. 15305 (0. 11493 0. 1502
AT .t (HOG (624 0665 00627 (.066Y
OUT .1 (LO28] ({1291 (.1)254 (.0297
EELT |.2 (L0111 (L0112 (LT3 Oy
Pavameter values wsed aeey K =1, 1 = 1. B = 6 =065 (0, O, O = (LT3, .08, (LO8) and p_ = —(L(}, p.= o6, p =008 The aon-
pretational domne for the log mﬂ'mn;‘. fate, = = (=1, 1], and the witniher of Tt steps is M = 366 Nuther ujf st paries .-'\ for the Luf.uch rates, amnd N |
aredd N, for the domestic and foreion niierest rates are 34, 5, and 3, respectirely, Lxace Esopears option value is oheafied from I wquationt (), andd exat *Inrm-
Gt 1:,'rn.w palties atre oltafped with Npo= 54, N, = Ny= 90 CPU tines identical to those for correspondinig smber of mesh poines in Exhilir 1,

by Equation (5) of Amin and Jarrow [1991], and the
exact value for the American case is from Choit and Mar-
cozzi [2000], who use the fintite-element scheme,

The number of mesh points given in Exhibit 1 is the
number of mesh points, N, for exchange rates. Thus,
when N, = 13, the total number of mesh points becomes
13 X 5 X 5 = 325. As the number of mesh points
mereases, the RBE solutions approach the true values. The
approximation errors become less than 1% with a total
number of mesh points of’ 31 X 5 X 5 = 775,

By way ot comparison, note that Amin and
Bodurtha [1995] obtain a similar accuracy by using approx-
imately 1 million nodes m their multinomial lattice
approach. The approximation crrors for fewer time steps
appear to be relatively small. Increasing the number of time
steps from 36 to 360 improves the accuracy by (0.35% for
both European and American options.

The numbers in parentheses in Exhibit 1 represent
the CPU time i seconds of the associated calculation. We
perforni the numerical implementation using MATLAB
on a 600 MHz Pentnom 11

26 A NUMER AL APFROACT Tor AMBRICAN CURRENCY OPTIos VAL LUAT 0N

Our second experiment 15 based on the Vasicek
specification of volatility structure. We choose K= 1. 8¢
=0 =0.0065 (0.0, G, = (0.15.0.08, 0.08), p_, = —.01,
p., = 0.06, and p” = .08, Once again, the current
domestie and foreign term structures of interest rates are
assumed to be consistent with the constant values of @
and 6/ 1 ().

Exhibir 2 reports the results obtained with N, =31
when T'= 1 so that the total number of mesh points is
Al X 5 X 5 =775, The computational domain for the

log exchange rates 1s z = [—1, 1], and the number of time

steps 1s M = 360, All option values used in Exhibit 2 are
based on the domestic short rate, v = (.05, The RBF
approximations to the put option values at (Z, ¢, ¢') = (1,
0.05, 0.05) are ebtained directly from the iterative pro-
cedures since that is one of the N mesh points chosen for
the experiment.

All option values other than those mesh points are
obtamned by interpolating through the RBF function as
follows. Given the option values VY at all chosen mesh
points, x, oM is calculated by 0" = @' V"', Using this
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EXHIBIT 3

RBF Approximation Solutions Under Exponentially Declining Interest Rates —T =5

Foreign Option Prices

Option Exchange Short RBI Approximation Value Exact Value
Moneyness Rate Rate European American European American
I ™ s (46 11,2653 10,1475 O
[N (R (1] 2ty Ak 1] 26 (=3
AT | 1] ANIE TR (1 1545 0 1ema 18172
CILl] | | SNBLEE iy (200 ANALEN ()19
LT .2 ANAEETN () [1125 (s (1965
N 0 (1536 (1,272 (0, 1546 (1.2722
I™N i N1 326 (L2107 (L1350 02073
Al | .t (5 oAl (1035 (L1150 (1593
LT | | ERERIRS 4132 LR 0] 267
QLT |22 ARE 00 Ty (L EIsT70 (v 11133
| T (- LY Tl fh 742 TR () 27407
N 0" (1.1 304 (2103 (] 02161
Al | (] e L2 16 1728 1323 (167
(L || W RALE ] 397 (A (] 343
Sy | .2 (111044 Vel 172 AR ATSRAY B WA

Caompaationnal dositin for e g exchanee v

= =33, L3 iid e anomber of o sfeps 1 M= 300 0 S N S s for REBE appeoxiisanion values

e e tafdie ae FE2 2% seooneds for e :'.Hl.cllfh".glh' e 1 A2 9T wenvids foroelie et LT

o' the opnon value at a pomt, sav. v = (2L ') = (0N,
(.05, 0,04, 18 obraned by calculating o vector of ol |
vy and poseemuluplying by o The exact Amer-
ican optton values are the values obtaned by choosing N
51, N, = N =% Theapproximanon error s under 1'%
relative o the exact solutions, except for deep out=ol-the-
money options

Lxhibae 3 reports the resulis tor g longer-term opoon
with T = 53 All other parameter values are the sanje as
Exhibie 2 excepr the computaton donimn, where = -
=35, 3.5]. As the opuon hife s longer. we choose o
Larger computational domain, Again, the approximation
error s under % relative to the exacr solunons, except
o n.|L‘=.‘]" out-of-the-money options,

Because the RBE tuncoon, MO, s intuutely dit-
terenuable with respect to state variables, we can casily cal-
culate the opoon deltas (7 dz) and rhos (7 70de or dV/
dr'). For example, the dela tor an American put opaon
s obtimed by kg the dervanve of @ wath respect o
pomt Zand multplyimg by o'

Exhibits 4 and 5 show the opuon delts and rhos

cvaluiated at .H—I]‘IL‘—IIIHIIL.'}' L”‘H'I‘].III:._’,V rates Tor ditferent

Wk M

EXHIBIT 4
Option Deltas

{115

0,26 - - - European (RBF)|

European (Exacl)

Delta

(.35
|
a0 |
ol = - .- American (RBF)
i 50
K 1 2 3 L 3
Maturity (Years)
Chpnon divha valves are coaluated ar-theameney aned wntle vt = ¢t = (L5,

[ pavineter palies wseid ogree K= f, H-I" == Hrl = (L1653, (6. G, 0=
(! ;‘;, ”_f-]'.l':l il ”,Hrle .“”JI‘I] : :—'” “‘II JI'} .' = “..l'.‘bf’u Fijl" =11 ”-'I"l' ‘{f =t Ilr_.i 3
LA M=3nl X 3 amd N, =31, N.=N =3
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EXHIBIT 5
Option Rhos

0.2 | — European
) American

0.4

-1 5-

Rho

0.8
| bt

1.0 N~

A o

-1.4

0 T s 5
Maturity (Years)

Copteon it valies are cvalited at=the-poney and wath o =o' = 0005 Fhie uivan-
r'“'r Ih“llrl'," ”\r'lf I'”] F..' > rl f.ll e .‘-;II — -IIJII'IJH._IEI flﬁl ﬁ.ll' fT. J = |'I;J, ||I{| rnlltf”;'ili

(LOS) el p = =thaf, p_ =(Lio, p, =008 Z=[-35 33 A= inf
x, :.-| IH“JI lh"'IJ = li:|II- II\'I| = ':\.Iri = ""I-

expirations using the same parameters as i Exhabit 3. In
the European case, the exact solunion for delta 1s obtaned
by taking the derivative of (5) with respect to Z.

As shown i Exhibic 4. the option deltas obtained
from the RBF approximations are very close to the true
option deltas. Note thar the difference in delta berween the
Furopean and the American options is greater for a longer-
termt option, In fact. the American option delta 15 twice
the size of the European for termis of three years or longer.
Accordingly, approximating the American option delta
value by the European formula can result in o very differ-
ent hedging posiion from the posiion actually desired.

Finally, we experiment with ame-varying cthe dritt
parameters @' and 6'1n the short rate processes of (7) and
(8). so that they exactly match the current domestic and
forelgn term structure. o this case. a ditheuley arises as the
matrix B also becomes time-varying. In practice. how-
ever, because we observe discrete term structures, we
abtain a finite number of 8 and @' at a finite number of
time points. Iemay be convenient to asstme that HJ‘“ and

@' are constant beoween the owo time ponts.

[n the numerical experiment, given = | we
assume that the true forward rate curve is linear., and thae
we observe five forward rates at ome € || = {1 fo -
£-7 = L1003, 0.5, L7, 09t We then bind the corre-

sponding 8/ and ' at those nme points by (7) and (8).

23 AN NUME AT APPROACTT 1o ASBe AN O L sey O o VAL AT

Let 81 = | 6, 8y, w82 and'O" =18, 8, ..., 6}
be the observed parameter values. Assume that 8 1s con-
stant over the mterval [f = 0010 ¢ + 0.1).7 In the recursive
backward updaning procedure at nime step, 1 =1~ (1.1 tor
all . and Ban (17) 1s updated with new 8'and 6 This B
is then used to upd.ltu option values by (18).

We compare these results with those obtained when
B s updated at every ume step with new @/ and
0' obtammed from linear forward rate curves that are
assumed to be the vrue underlying seruceures. The differ-
ence between the two results 15 so small that we do not
report them (under 0.3% for both the European and

American cases),

V. CONCLUSION

We have derived a parnal differential equation asso-
crated with the Anun and Jarrow | [Y91] currency option
model based on the short rate processes. We then imple-
ment i numerical approximation techmque to obram the
option values. We use a method ol implicit ame ditfer-
encing based on a new class of approximating functions,
radial basis functons, specifically Hardv's MQQ.

Our numerical results indicate that good accuracy
ol solution s achieved with tewer than 1,000 nodes and
mposing no boundary condinons except the ternunal val-
ues. Thewr mherent ease of implementation and their
alobal span make RBI* techniques particularly suitable for
option valuation. The advantage is especially pronounced
for multidimensional problems.

ENDNOTES

"We use the muluguadrane (MQ) developed by Hardy
PVO7 1] to approximate two-dimensional geographic sorfaces,
Kansa [ 19904, 19900] applies this approach to solve partial
differential cquations of elhiptic, parabohic, and hyperbolic
tvpes.

The suitalality of RBE technigues for option valuation
s explored 1n Marcozzr, Chot, and Chen [2000] 1m0 2 one-
dimensional setnng,

"As used here, the termn, “houndary conditions™ does not
include the values of denvatives at expirration,

A and Jarrow [ 1991 present thewr model with tour
sources of uncertanty, Without loss ol generalicy, we can use
three independent sources of uncertameoes,

The volatihiey structure of (2) is ¢ multtictor version of
the Vasicek specificanon. Winle volanhty dechines exponentially
with marnney., the correlanon between the domesnc and for-
e1en forward rates 15 the same tor all matunties. See Rarchken
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arwd Sankarasubramanian [ 1995] for the properties of the Vasicek
NPt 1 ALTOM,

"Nastcek | 1977 presents the shor rueg model wath constam
B, Hudl and White [ 1990 extend the Viasicek model by allow -
e B o be ome-varving to mateh the corrent term structure

The matrix B becomes tme-varving it the terms, & and
&' are tune-varymg.

The latnee approach ppheuly assomes that (10, 77 w0
step funtetion e T oover e step sizes. Likewise, @ may be
asiined o be constant over some tine imterval, But constant
ﬂJ Jdoves to 1|11|\]-!,' Comstant O, ) exg cpoan the Ho-Lee valitil-
1y strtdctre.
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