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How Well Can Options
Complete Markets?

MARK A. CASSANO

vestors weith logpormal befiefs aod constanr relative
visk averston acliere a spectfic wealth profife welien
ptekeets are conplete. Stuee the state space 15 i,

conmplete aarkets cate be aclaered only thioel con-

(et trading srraegies or an infinie waniher of

optiogs. Botle are approxomrions of actieal niarkets,

Thas article fooks ar how well a finite monber of
options can complere markets wsing o feast squeares
approxiiation of the optimal complere marker weealth
profife. For all sensible measnres of closeness of the
frisee optien Atnconplete marker to the complete piar-
keer case, e find thae i takes relatively feve options
ro make the difference betveen imcomplete and com-

plete markets peglipibly

he celebrated option pricing mod-

els of Black and Scholes [ 197 3] and

Merton [1973] are based on the

replication of option payotts using
dvnamic strategies mvolving the underlving
asset and a risk-tree bond. When asset prices
tollow geometric Brownun monon, contn-
uous tradimg strategies complete markers. That
15, tor any contmgent claim. there is a contin-
uous self=financimg rading serateey with a ter-
nunal pavott equal to that claim. The key
msight s that dervatve pavotls are mapped to
self=financing trading strateges and. by no
arbitrage, the current dervanve price must be
equil o the value ot the rephicating stock-
bond porttolio.

turns the problem

[nasense, Ross [ 1976
around and shows how options can complete

markets. Any Arrow-Debreu state-contmgeni
pavott can be generated by options written on
a4 porttolio of securities, This s statie m that
there 1s no need to adjust the option porttolio
Combimmyg these two important resules. am
pavott can be generated by either o dynam
trading strutegy or o porttolio of oprons,
This has a natural relevance to porttolio
chorce under utihty maximmzaton. Hmarkets
are complete, either by conunuous tradimg or
by existence of a sufficient number of oprions,
AN Anvestor to maxinmze utilicy ot terminal
wealth can choose an opomal terminal swvealth
protile [as a funcnon of the stock price) sub-

Ject to o budget constramne. The budger con-

stramt can be described as g stochastice
ditterential equanon that a selt=financing serat-

coy must satistv: this s the standard dvnanne

programmung problem as i Merton | 197 3],

Alternanvely. the budger constramit can
be expressed 1n reterence to state prices that are
usually deseribed by muartneale methods. In
this martingale approach. developed in Cox
and Huang | 19649, the cost of a wealth pro-
file 18 the discounted risk-neutral expectanon:
one can then derive the contimuous trading
strategy that generates this opomal wealth pro-
file. Or, one can describe the complete mar-
Ket state prices in terms of Opron prices, as i
Breeden and Litzenberger | 1978], and solve tor
an optinal sratic porttolio of options, as
Coarr and Madan [2001],

Hence, with complere markers the

mvestor can achieve an optimal wealth protile

Diie Jiiiesal on Ievsnves 7



with cither o conunuous trading strategy m the stock and
bond ora statie porttolio ofoptoons (which could be infi-
mite 1f the stare space 15 hinire).

This equivalence benween static positions in oprions
and dynamie eradimg strategies 1s accepted i the porttolio
msurance hrerature, as m Leland [ 1980 and Brennan and
Solanks [1981], who exannne condinions under which
mvestors would desire convex optimal wealth profiles,
Convex wealth protiles are interpreted as porttolio msur-
ance 1 that the pavolf functon would be created by long
posttions n the underlymg asset amd put options or. by put-
call pariov, long positions mr call opoons and bonds, s
iy cquivadent to g dynanme rephication strategy m the under-
lving asser and the risk-tree bond: hence, porttolio nsur-
ance s the rrend-followiny strategy of selhing/buying the

asset ay the ]:.'f'TiL'L' falls/ rises. ﬁgui]]. markets are assuned

complete m thae any wealth profile can be artned.

Crven that continuous mme and a continuous menu
of optons are both abstracnons, how well options can
approximate optinl wealth protiles 1s an interesting ques-
non both theoretcally and empincallve By detimnion.
with mcomplere markers, an arbicrary funcoon mayv no
longer be attamnable. Instead of looking at dervatives
pricing (and optumal hedgimg) under meomplete markets.
| will take dervanves prices as given,!

[wo studies are very sinular i sparit to this one. Ben-

nunga and Blume [ 1985] examine conditions under which

an optimal wealth profile has a nmnimuom toor (1Le., port-
tolio isurance). They show that, under dynamically com-
plete markets, the degree of relative risk aversion would
have to be tme-varving and approach mfimey. They also
look at mceomplete markets and examine a static portto-
1o consisting of o stock, o bond, and a single put. They
co o1 to show that for a certin set of parameters. unless

the mmvestor s prt'rhllﬂ[ul from IVOSTHI 11 the risk-tree

assel. there would be no porttoho msurance (the imvestor

would hike to short the put opton).

More recent work by Ahn et al, [ 1999] looks at
option portfolios and optimal put strike prices ina Black-
Scholes settmg where “opomal™ s with respect to a value
at risk management metric, [ also look at stane opoon posi-
tronis but melude more than one option. As in Benninga
and Blume [T985]. 1 am more concerned with relating this
problem to the mvestor’s utility under incomplete versus
complere marker models.

Spectficallv. I will ask how well o wealdh profile
achieved by i static porttolio of a finite number of options
approxumates the opoimal. complete markers, wealth pro-

file. OF course. the metrie one uses tor approximaton 1y

bt Floows ST AR DY TioNs LoMPLETE MARKETS?

cructal i meerpretmy the results, For Al sensible metrics,

opoions do a remarkable job of completing markets.-

[. COMPLETE MARKETS

A partal equilibrium approach looks at aninvestor
who wants to maximize the expected utithety of terminal
wealth (e, there s no intermediate consumpoon). Math-
ematically, the mvestor wall solve:

tax B (e () (1)

subject to i, a random vartable ar ome T, being in a given
choice set. The economic environment consists of a sin-
ule risky asset. a risk-tree bond. and, for a statc decision
problem. standard oprions based on the risky asset.

We make several assumptions about the mvestors
beliets and preterences. The investar has constant relatve
risk aversion Y > 0, e, () = a0t 71 =), and believes
che single risky asset’s price = 8 follows geometric Brown-

LT 1T
dS, = pSdi + aSd\V; 2)

[ addinon. the investor can borrow and lend ata con-
sLant continuous mterest rate f,

Note that Equation (2) will be relevant tor contin-
uous trading strategies, but we also use at tor the static
DPTION pnl'rﬁlhn strafteey n the ASSLLTTPTION that OPEonD
prices satsfy Black-Scholes (e all opuians have an
implied volathey equal to the mvestors volatility beliet 0).
With contimuous {dynamic) trading serategies, the Black-
Scholes assumpnion 1s necessary; otherwise, the mvestor
would have unbounded expected unlity by taking arbi-
trage trading strategies. With stade option porttolios, the
Black-Scholes assumption is not necessary.

Finallv. using our assumption of constant relative risk
aversion and the property that option prices are homoge-
neous of degree one with respect to the stock price and
strike price, we can without loss of generality normalize ini-
=il
We dertve the opomal wealth profile for the case of

aal wealth and the mminal stock price to | (e, w = 8

complete markets, and review the two strategies (dynmanic
and static) imvestors can use 1 order to achieve the opti-
mal wealth proble.
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The Complete Market
Optimal Wealth Profile

Assuming no arbitrage opportunities and complete
nrarkets. there s o wmgie risk-neuteal martaneale measure,
LD, such that a random contingent clame ar tinme 1L call it
(S5 has aovidue of B 0SB | where B s the future
vilue of ST omvested ma locally risk-free bank account.
Under our assuimptions that the risk-free rate s constant

and we are a4 Black=Scholes world., Hf = " and the

rartiigle measure s touemd by asiog a fognoenad densiey:

||1 '[ H,r J o~ q\' {l {f' r'f: _}] J'F fT: ,f“] l 1

|

We cant transtorm the ualioy maxmmzaton prob-

e o

u":_."‘-',r }I
| . (4)

max E
ii!

suthject to Be (w0 (Sp)) =" 3)

The solation to ths probleay o the optanad wealeh

profile:’
”Ir {..Hr-f }I _ !,f.-'f ..L}I'.;' ':"f":']

where A= (W= 0/ (Yo ). and k= (1 = A + o A/ 2) We
see that the wealth pruﬂ]r v canvex it and HII["_'. it A= |
or, equivalently, (U= n7a = ¥ Tecan beshown that the
cxpected vilue of opomal svealtly is

E (') =exp({r+ ANp—¢))T) (7)
and the expecred onlicy s

B (u (")) = — s )

VA | 1L

W st HH

Dynamic and Static Replication

The wwvestor has two alternatives i order to achieve
this opumal complete market wealth protile. We first
review the contmuous trading strategy that generates the
opatid wealth profile. Merton [ 197 1] tses dynanme pro-
cranming techmgues, and Cox and Huang [ 1989] use the
martngile approach,

Civen the abihty o ade the stock continuously.
wlhnch follows the diffusion Equaton (2), we can repli-
cates the optomal weath protile as we would @ European
'.,[H]“I'IE‘I'L']]_[ L'LI],]'H, [H‘ ;L"TIL‘T'.”C thl‘ l]}:‘ti”hl] 1'.r"'|.'l,"J].]T_'|-| I‘”'H'FIIL'.

S ) = ¢ MSA L we can use the dvnannie hedging

[ : 2
approach, which s to hold dirf=( S, :,a,--’an' shares of stock

(he “delta”™ of ™) where

W (S =0 T (wt (S | F) {110

This produces a dyvnamie trading strategy of holding a con-
stant proporoon. AL of wealth i the risky asset. e nmphes
that the proportion of wealth mvested m the risk- free asset
will be vreater/less than 100% 11 the wealth profile s
convex/concave. Hence, convex wealth profiles are gen-
crated by lighly leveraged dynamic porttolios,

Lnivtead ab assuning @ contnuous trading strategy, we
could assume the mvestor can mvest i oan uncountable
mieny o options with strike prices N € (11, o), Asan DBree-
den and Litzenberger | 1978], we can establish o corre-
spondence between the state price density, ie.. the
probalility density g(S) of the martingale measure €2,

and the OPTON prices of 4 conanuum af strike Prices:

¥ J'f'-..:::.h | for N < S
ri ’ !
f i | I | =
“+Ihl for A - -‘;"Ill (1)

Under Black-Scholes, ¢(8) s the lognommal densiey: Le.
under 0, g v the densary function for Equation (3)

Coarr and Madan [2001] establish the tmportant
result that the mvestor can achieve any well-behaved
wealth profile with a stane porttolio of the underlying asset.
4 risk-free bond, and o continuum of our-ot-the-money
options. Particulardy, they show (S, ) can be achieved with
T shares of stocks [f(1) = £ (1] risk=tree umr discount
bonds: and 17 (K WK out-of-the-money optons, Note that

the orgimal stock price 1s normalized to one, so K < |

T TS T N T T T 8 R RV R R A 0



mphies put opoons aind K = | implies call oprions, By put-
call parity, vut-ol-the-money opnons can be used with-
out loss of HL'I'IL‘I'J]”'}-".

Unider our Black-Scholes asstumpoon, we can see that
A =

our mvestor achieves the optimal wealth profile by pur-

. our opomal wealth profile will be convex, and

L'h;mn_gg all OPUONS; this s the standard pm'tﬂ]hu msuranee
and Leland | 1980
Fﬁll[t“rllill"[\"‘;"l}"‘ ].i'_h < ]_ []]1_‘ '_'[|]‘l|,."{_*:-,n_l]' "n,"LI“ }.1“.'.' ‘ﬁu'l'it]l]‘_i_"_ .1”

result as i Brennan and Solanky [ 198

oprions, When A = 1, the optimal dyvnamic strategy 18 to
mvest [0 of wealth m the risky asset; theretore there will
be no dyname adjusoment and no use for opoons.

Lt iy mteresting to note that the number of options
ot strike price K thar generates the wealth profile will be

=i ( i\ )

L

r”\.'! :

— TN = VR (12)

Henee, unless A =1, toral aption demand (where we
mtegrate over the strike prices) will be unbounded. and.
unless A = 2. the option demand will be unbounded for
K either close to zero (A < 2) ar for K very large (when

A= S

IL. INCOMPLETE MARKETS AND
THE LEAST SQUARES APPROACH

The rnmpi::lt;' market environment, 1.e.. contmuous
trading or an mfinite number of securities, 18 a convenient
abstraction. We want to consider the eco-

theoretica
nomic consequences of relaxing one of these assumprions,
that of the nfmite number of securities (i chis case.
OPLIoNs ),

We assume the mvestor at ome 1 =t can choose n
> .’*CJ..

call options wath strike prices | Kivo where Ko
It 15 convenient to denote the risky asset as the first call
option with a strike price K = (1L so that there are actu-
aly i = 1 standard call opoons. As betore, let w be the
optmal complete markets wealth profile.

To arrive at an analyocal solution, we state the prob-
It as o chotce of a (finwee) portfolio |8 " | 1e., 0 €
R where @ 15 the proporrion of wealth mvested i risky
security ioowhich s the best Teast squares estumate of the
optmal wealth tunction. In general, convex {concave)
wealth profiles will be approximated by longe (short) posi-
trons 11 the call options simee the chanee in the slope (for

an option portfolio} s proportonal to @, at K.

1“ Flioash NEEpE AR CHA s Coeamtl 1 Mage e 182

Specitically, let R = "', and let R, be the simple gross
L) | b
return of the risky security . Our mcomplete market
wealth profile 1s denoted as:

= R‘r + ZH; ER.' _ RJ":]

=]

= Ry + 0 (R—1,17) (13)

where | 1500 0 vector of ones, The least squares pmblmn

|

1}

uhinJE (o™ — ] (14)

In order to preclude bankruptey we wall add the zero bor-
rowing constramnt, @1 < 1. This condioon s necessary but
not suthcient, for we could have the wealth profile decreas-
ing over other regions. For the majority of parameter spec-
Hications, this single constraimt will be sufficient.

Let X denote the comoment matrix of excess returns:
specifically, X has clements 2, = E[(R - RI(R - R)]. Also
let p be the comoment vector of excess returns of assets
with excess return of opumal wealth, e, p,= E[(R - R
(0¥ =R )|

Given this specihicarion, the problem amounts to a
simiple quadratie programming problem with a Lagrangian:

1
W'y + S0TO+ v (0 L, - 1) (13)

which vields a solution:

'Yy —1
I =  IAX )

l:fE_EI'H. g (16)

17}
" = Y (y—rv1,) {

The only thing that remains s to determune the
expressions for 2 and y. The terms are

WINTER 2001



§, @t.&‘,,\:_f |
4 Dl
BE(N,) E(X;)
(— 4 —) Ry -+ R
I /" (IN)
and
DRI
H -
I
DRI ; ;
(— 'r-E[uJ']) [ty + 15 (1)
o | |

where Noas the =th opron’s payofl, max(S = K, 0}, and p
is 1ty price. The expressions tor & and ¢ show that rhe leas
squares problem amounts to hnding the means of payotts

and the :=|*IL||n;|1 wealth tunetion as well as the comoments

berween them. These can be determimed by a usetul prop-
erty of lognormally distmibuted random variabless 1f 28

normally distributed with mean goand varunce &7 then

;'U‘]. == c-:-lll.lillljl Lo f"_ﬂ N Led) L
where of = 7 S no- — AM)/o.

Suce 8, 15 lognormally distributed, it s now pos-
sible to compute terins of and psance they mclude terms
of the form E[S): 8, = K| = E]er: o = K| where ) s
normally disteibuted with mean (g -6/ 2) T and varance
a .

[l EXAMPLES

Betore constdering the different numerical mea-
sures of how well options can approxnmate complete mar-
Kets, swe use a tew eximples to illustrate how well the finite
option porttoho can fie the complere markets optimal
wealth profile. The paramerer values are: (8 = 13", 5 =
Yo, @ = 25%. and T'= 1 The tocus s on varving the
degree of risk aversion. 7. Besides being reasonable param-
cters. the resules will generally haold for maost changes
although as 1" becomes longer the results do weaken,
Suice we are looking at static strategies, 1 one-year tnne
horizon may be unrealistically long.

When A =1, the wealth profile is linear, and there s
no tse for aptians s the mvestor wall always vese 100,

Wb riqe N

ExHIBIT 1
Convex Wealth Profiles: v= 0.8

[

= i

=[]

A=lG 5 1 15
H:[_'il. % o105 'L"'l

Dy

1]
[a® |

ot wealth i the risky asset. Warlh our PATEICTeTS. A=
when y =8/5. Hence the wealth profile will be con-

vex‘concave 1l the degree of relative risk aversion, 7 1s

lower/Ingher than 1.6k To see how an increasing nuim-
ber of apions can converge to 4 non-=hnear optnal wealeh
pruﬁh:. constder the seduence af strike ]'rt'ifr meshes: K =
0], K&, = |0, 10 Kk, = [0 05, 1.0, 1L5]. and K, = |0, 0.5,
(.75, 1.0, 1.5, 2.0 Gwen the menu of strike prives £, let

1 be the least SUATES wealth profile estmate, and let & b

the porttolio vector (wath 1 elements).

To see how the least squares approach works watl
b conves profile, assume = 4750 tn this case A =1

Exhibit | shows the five wealth profiles as well as the
mvestor's lognormal densitv. We see general mmprove-
ment i the approxunatons. Exhibie 2 deseribes the con-
vex portfolios from each of the Teast Squares scenaros. The
mvestor s OO0 mvested mthe risky securoes and s gen-
crally long call opnions, For 87 the holdings of the deep
ott-of-the-money option (e, K = 2) 0.1 of totl
wealth, seent quute sialls Simee s price is so low; though.
it happens to be the Largest moterms of number of unity
held. The deep out-of=the-money calls are o cheap way
toachieve convesity,

R erurning to Exhibit 1owe see thar just hve options
cnable the mvestor to match (almost perfectly) the com-
plete market wealth prohle from the approximuite mter-
val (0.5, 25) This region has o hkelihood of 9986 In

[EE Ul 0 |y A I S I I



ExHiBIT 2

Four Least Squares Portfolios for Convex and Concave Wealth Profile Examples

Convex Profile: ~ = 0.8 Comcave Profile: » = 3.2

K=| @ is i’ i ot (' o
1) L.OOOO | (L7720 | —0.4562 | 04033 || 04706 | (.5987T [0 (), =019
(1.50) (G907 | (4186 —(1.2745 | —1L1170)

| 0,75 .0762 —0,00225
| .t0) ().2280) (LOG08 | 1.0912 —(.0200 | —(L.0134 | —0.0118
1.50) L L21 | 0,0006 — (L0008 (0, UO00S
2.000) l B | ARYIRINIE I ——H_“H[E|

general, the least squares profile will vield higher-than-
optimal wealth when S, 15 low and lower-than-optimal
wealth when Sy 18 high. As will be shown below, this
amounts to lower-than-optmal skewness and kurtosis in
portfolio returns (but of neglible economic significance].

To consider how well the portfolio does with con-
cave wealth profiles. consider the case when ¥ =3.2 (i.e.,
A = 0.500. Using the same sequence of strike price meshes,
we arrive at the wealth profiles shown in Exhibit 3. For
the concave investor, options can do a remarkable job of
matching complete markets. The wealth profile of the five-
aoption menu (the dashed line) 1s virtually indistinguish-

able 1 an approximate region S..€ [0.25, 2.9] an mter-

val with a probability of 99.995%,

These porttohios are also shown m Exliabit 2. Note
that the least squares porttolios all agree with the com-
plete markets scenario in that concave investors will gen-
erallv write covered calls.

We can see from Exhibic 3 that the least squares port-
folios tend to pav off more than the optimal wealth pro-
fle at the tails, This means the least squares option portfolio
usually leads to higher skewness and kurtosis than the com-
plete markets case. Onece again, the cconomic signifi-

cance of this 15 negligible.

IV.MOMENT RESULTS

To get a more precise and constructive measure for
how well options can approximate complete market

12 ELOssy DR Cod O O Cmai B TE NMA R KE TR

EXHIBIT 3
Concave Wealth Profiles: y= 3.2

= W
T K= 0]

K=T10, 1]
—— r'f:[ﬂ 5 1,1!-.':-_

K= 0. 15..75,1.15.2]

0.

& -,

0.4 -

Wi !

wealth profiles, we can analyze the standardized central
moments of the least squares wealth profiles, g = E(w ),
0 = N E T SKEW, = E{m]. = ‘ur.j'*fﬁf, and KURT, =
F(r, — p)'/0}, and compare them to the corresponding
moments ot w: g, ¢, SKEW", and KURT". All tour
moments of w” gquickly tall as y 1y mereased (1.e., when we

oo from convex to concave wealth profiles).

WANTER 24007



EXHIBIT 4
Mean Ratio
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EXHIBIT 5
Volatility Ratio

(NPT |

= e
Pl -
e W,

W

—— W

na ik ip | 2 |4 Tk

The moments of the least squares oprion porttolios
can e computed using Equanon (20) as the porttoho
moments are welghted averages of return comoments. For
example:

SKNEW, =Y > Y 00,0,
= § @

(D

L — BRI, - BiR ) x

llri',n lEl:f;f,a;H (21}

[0 see how the Teast squares opnons porttolios are
able o march these moments, we look at the ranos sucli
as L g We show that porttohios with one or two options
will closely mateh rhe first two moments: the hngher tao
MIOIENS require 4 few more oprions.

We consider an mereasing sequence ot sertke meshes.
startigg wath |00 1.0, 1.5], and then add strike prices ot
A, 0750 2000 and 1250 Thas leads to o total of Ave
mereasing meshes, Usmge each mesh. we look ar the least
sepuares apuan porttolio tor a given level of risk aversion
and generate the moment ravios (e, SKET CSKETTL

Exhibits 4 throush 7 show the moment ranos as
tunction of risk aversion. Frest note that, wich the addi-
tion of each strike price, the four moment errors dimim-

tsh tor all degrees of risk aversion. The sole exception s

W e 200

Ay aneTease e the st moment ervor tor vonves wealth
protues when the first (at=the-money) option s added (see
Exhibir 4). We also find, 1 Exhibars 4 and 5 (/40 and
o /o). that for concave wealth profiles, ey = 1o, the
least squares option portfolio matches the mean and stan-
dard devianon ot the v for all the option menus.

[ addhoion, tor relaovely few opoions (tour to six).
the mean can be matched closely (less than 0.5% error)
tar even highly convex wealth profiles. Waith six options,
the standard devianon can also be matched for the con-
vex wealth profiles. but when s close to 0.4 (A = 4).
the standard deviation error rises to aver 2.5%., Remeni-
hermy that A represents the opumal proporunon of wealth
mvested m the risky asser using 1 contunuous nnie trad-
e strategy. A =4 v oo rather excoreme example.

In Exhibies 6 and 7. we find thae the Teast squares
porttohos senerate excesy skewness and Kurtosis for con-
cave wealth profiles but lower skewness and kurrosis than
the complere market’s wealth profile. We also see thae, wath
recard to matchimg skewness and kurtosis, the six—option
men, KL bar supernior to the ather srtke menus, Toyields
minimal excess skewness for concave wealth profiles and
mtches skewness remuarkably well for the plavsible reseric-
tnon Y > 1/2 (Le. A< 3.2). Kurtosis 18 a e more ot a prob-
lern wath an approximately 20% error tor the highly

convex wealth profile when y= 1/2.

Liie [omesiad o IR IV TINES 13



EXHIBIT 6
Skewness Ratio

s [ I i i
i
i a5,
PIII|
— W
—
s
i35 R
! W
M. — !
[ 5 1 15 s 25 | &L i 4.1 i

EXHIBIT 7
Kurtosis Ratio

1"1' T T I T T T T

V. ECONOMIC SIGNIFICANCE

We have shown that adding relaovely few options
can give the investor “nearly™ complete markets in the
sense that the ditference between the mcomplete market
least squares wealth profile and the complete market
wealth profile 1s neghgible on a set of measures very close

to 1.0, In additon, the least squares method has some nice
statistical properties: that is, tor a wide range of risk aver-
ston, the first tour standardized central moments converge
with relatively few options. While one could find a port-
tolio using tour options to exactly match the four moments
of 1. this 1s a much more comphcated procedure, and it
iwnores all fitth or ngher moments,

[ fact, for hichly convex wealth protiles (e.e.. when
¥ = 0.5). where some of the errors are large, the four
moments are inadequate to measure expected utihoy.”
This 15 actually promising, in that when the least squares
profiles do a poor job of matching the fourth and lower
moments, this may be when the higher-order moments
matter the most.

Sinee there 15 no closed-form solution to the least
squares utilities, we must use Monte Carlo techmques to
estimate the acrtual expected utility of the least squares
opuon porttoho. Efu(ir}]. Once we have this estimate, we
can ask 1f 1t 13 economcally sigmticant,

In order to make this precise, we estimate how
much the mvestor would be willing to pay for complete

14 Plovw W Coa~ Owmieans CIONMIPLETE MAaRKETS?

markets. Define 1{e) = J (1 — &), where J s the indireet
utility function under complete market; e, f(w ) 1s the
complete markets expected utility with initial wealth .
Hence, 1(€) 18 the expected utilicy under complete mar-
kets when € 15 deducted from current wealth.

One can show that for y # 1:

| {1 B E")l i
'Ls )= XD "".'T
() = exp (T == (22)
wliere
p=1 =) (r+A(p—1)/2) (23)

We solve for the € so that the complete markets util-
ity 15 equal to the expected utility using the least squares
portfolio. That 1s:

V(g) =E (u (i) (24)

The interpretation 15 that the investor would be

willing to pay up to € for the complete markets wealth
profile. For y# 1, Equation (24) vields the solution
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| (;i’"—ln:Etuiu-ml —m)
== | —oexp

e I ﬂ_:‘_‘.ll'
For the case of loganthmie unliey (¥ = 1), the
solition s
- & A = S
—':1—r~r~:11(l]1;m1u:p:l+r(—,, —l)f— - f)
W y }ﬂ"
(26)

Lising stmulations, we cuan et a Y5% conhidence
mterval for Elatum | and then translate that te a0 93% con-

fidence mterval tor €. Speaiticallv, runmng N simula-

tons, there will be N vilues tor 5 and hence N values

faor w. Thas wall translate to N ovalues for wlny which

vields o 3% contidence tnterval tor Ejutn)] defined by

H 96 — 1+ 196

— — [le. I,

P

where noand s are the munp[u mean and standard devias

vooof the N ovalues of iy, We can then

&

IO, TOSPeCtve
use Equattons (25) and (26} to estimiate the true value of
£, We will define € and £, as the values of Equanions (25)
and (26) when noand oare used. Usig an mereasing
seguenee of meshes, K = 1”]‘ K, = K L_J||-l.|[. = A,
5] K, = KUINTS) KL = KOS R, = U 200,
and K = K123 ] we armive at Exhibie ™ (£ and £, lor
selected LIL':._"!'L"L'H ol risk AVETSION ).

Fven for aconservative estimate of the swillingiess-
to=pay parameter. €. the additional benetiv of complet-

g narkers s negligible tor concave wealth profiles (less
than O 0% of total wealth). For all but Inghly convex
wealth protiles, our estumate of wallingness to pay £ s
essentially zero when we have six options (e, K2). Look-
g at the change € or g, when we add a single option,
we hind thue tor all wealth prohiles b single at-the—muoney
aption iy very effecove at reducing the willingness ro pay

As an example: when y= 0.8 (A= 2}, 4 single at-
the-money option reduces the willimgness to pay (usnig
£,) trom 2.56% to O.44% of total wealth. Even for the
lmghly convex case (¥ = 0.4, Lo, A= 4), we are able
to lower €, dramaucally. Introducmyg six opoions reduces
the costs of imcomplete markety trom over [0 of
wealth to qust (4% of wealth. This mmphes that an
mvestor with $ 10000 would be willing to pav no maore

than $40 to achieve complete markets (remember that

M TeEr M

EXHIBIT 8

Mean and Upper Bound on Willingness-to-Pay
Parameter with Increasing Sequence of Option Menus

Mg Estihte:r = e
A Ao Ao Ay A, A h -
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G306 AT OS] 0050 02 | 002 | ]
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N Y o O 28 CLLAS |02 RS | 00T [ LR
S S T T o B T A Y T AR R

| |
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OO LTERE | o0 | CLOEEE | o000 Geono [ ooy | ihin

Lipper Do Tastinate: =5,

A TR SRS ) 1D | | S T . T 1 T RS T O
A | DLHY | N2G | OUGTS | L30T [ 0.275 | 265 | 024
o M) e O I 8 o S SO O 1 POt 7 O O PR e
| Lo L O] L NERT | oo VAL G | R LS
20 OS] | 0T T | O0T2 | 0072 [ LT | TR
S O T O X T R4 T L0 0 (WY A
SO R 1 G o O A B I X 1 R 2

€, 1s the conservarive upper bound estimare of the will-

LNess (o pay).

In adchition. these ]11ghly conves wlth |11'nl|i N U=
resent unrealistically Teveraged mvestors in g contmuous
tradhing coviromment. For example, it A = 4, an mvestor
with STO0000 would ttially be borrow g S30,0000 g
mvesting 400000 m the risky asset.

We should stress that our least squares porttolio,
which we are using for analyucal convernience, 1s subopu-
il (e, we are not direetly optimizing expected unlity),
Coven that we have tound httle econonnie signiticance for
1suboptinal porctolio and are using upper bounds on the

willingness-to-pay esmmarte. these resules can be improved,

THE Josiiesar of Dpiesives 15



These resules will hold for most reasonable param-
eter specifications. The only caveat is that the resules will
be weaker, the longer we make the investment horizon,
and stronger, the shorter we make the horizon. We have
chosen an investment horizon, T = 1 year, that 15 sutfi-
ciently long.

VI. CONCLUSION

There are a few 1important implications and appli-
cations of this analysis. There are also some venerahzations
that would be of further interest. One practical implica-
tion 1s that there is a straighttorward mapping from mvestor
beliefs and risk preferences to near-optimal option port-
folios. Instead ot trequent adjustments of stock and bond
posinions, an investor can use a stafic portfolio of options
that closely matches the properties of the desired wealth
profile. Rational no-bankruptey continuous strategies
that generate highly convex wealth profiles are casily gen-
erated with options, while the discrete-ome leveraged
porttolios have a chance of bankruptey.

A related 1ssue concerns the main assumption that
the Black-Scholes model holds. There is nothing i the
least squares analysis that relies on the Black-Scholes
model. We could apply a different price vector for our

opoons. derve an opaumal complete market wealth pro-
file. and then implement the least squares profile.

For example, assume an mvestor believes the volatil-
ity of the risky asset 15 25% but there are oprons with
miplied volatihities of 305, Using a dvnamic optimizing
trading strategy approach. the investor could implement
(on as great a scale as possible) an arbitrage strategy of writ-
ing options, purchasing the stock, and borrowing money.

There are two reasons this s implausible. The first
15 that conunuous trading strategies are impossible 0 the
presence of transaction costs and m impertectly liquid mar-
kers. This is the standard problem of hedging opuions
with incomplete markets. What is perhaps a more impor-
tant reason is that the investor doesn’t know the volatil-

B

ity 18 25%: rather, 25% 15 a proxy for some prior

distribution the mvestor has.

In this exaniple, the least squares approach would not
lead to a nonsensical optimal strategy. but it will rather pur
relatively more weight on the “mispriced options.” This
approach 1s much simpler than rying to solve a comph-
cated (albeit interesting) Bayesian decision problem. Deter-
mining the historical success of these least squares
portfolios is an interesting empirical question. One could
examine whether static option porttohios based on volatil-

lﬁ Flomss Wirt L Coan CNPpoms COmMULETE MAKKE %7

ity smiles are more successtul than alternative dynamic
trading strategies,

There 18 a more abstract 1ssue concerning the deter-
minants of trading volume. With the introduction of
option markets (as well as futures markets), the results here
would tmply a drastic reducrion in trading volume. If we
take away the speculative nature of markets, relaxing the
assumptions would not come close to explaining trading
volume. For example, introducing possibly path-depen-
dent intermediate consumption would comphicate the
problem greatly, but would hikely lead to the same result.

We could, as in the static hedging of exotic deriva-
tives, find a static posinon of options with different matu-
rities (see, for example, Derman. Ergener, and Kani [1994]
and Carr, Ellis, and Gupra [1998]). The result would be
the same; “hquidity™ traders would never have to adjust
therr porttolio. This suggests we should interpret noise
traders as irrational traders as opposed to iquidity traders.
As shown in Milgrom and Stokey [1982] and Tirole
[1982]. rational expectations with common priors will
mmply no speculation-based trade.

If options can closely approximate complete mar-
kets, as my results suggest, casual observation of the huge
amount of trading volume rejects common priars and
rational expectations,

ENDNOTES

The auchor gratefully acknowleduges comments tram Phe-
hm Boyle, Gillian Curnie, Gordon Sick, and Jason Wei, as well
A5 semmar partcipants at the Canadian Econonues Assoctation
2000 meetings, the Northern Finance Assoctation 2000 meet-
ings, and the Calgary Economics Department Seminar Series.

'For a sunmmary of derivatives pricing in mcomplete
markets, see Chapter 4 ot Musieln and Ruckowski [ 1997].

“Haugh and Lo [2001] have imdependently produced
stmilar resules.

Denvatons of these seandard results are available from
the author,

‘For log unhty, 1e., ¥ = 1. expected unhoy 15 equal o
(r= Al —ry-ANa' /21T

“For example, using v, ity = (1.5, a fourth-order Tay-

lor sertes around the first moment approximates expected util-
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