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I. Introduction

In two earlier papers (Grauer and Hakansson
1982; Grauer and Hakansson 1984), we applied
the multiperiod portfolio theory of Mossin
(1968), Hakansson (1971, 1974), Leland (1972),
Ross (1974), and Huberman and Ross (1983) to
the construction and rebalancing of portfolios
composed of U.S. stocks, corporate bonds, gov-
ernment bonds, and a risk-free asset. Borrowing
was ruled out in the first article, while margin
purchases were permitted in the second. The
probability distributions used were naively es-
timated from past realized returns in Ibbotson
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This paper applies
multiperiod portfolio
theory to the construc-
tion and rebalancing of
portfolios composed of
U.S. stocks, corporate
bonds, government
bonds, and a risk-free
asset, with small stocks
included as a separate
investment vehicle.
Probability assessments
are based on the past,
joint empirical distribu-
tion. Our principal
findings are (1) small
stocks, while totally ig-
nored at times, entered

‘even the most risk-

averse portfolios most
of the time and (2)
small stocks, when
chosen, tended to re-
place common stocks,
except in the 1970s and
early 1980s, when they
were primarily held in
lieu of the risk-free as-
set.
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and Sinquefield (1982) and in their Center for Research in Security
Prices (CRSP) 192683 data base, and both annual and quarterly hold-
ing periods were employed from the mid-1930s forward. The results of
both papers revealed that the gains from active diversification among
the major asset categories were substantial, especially for the highly
risk averse strategies. In addition, we found evidence of substantial use
of, and gains from, margin purchases for the more risk-tolerant strate-
gies from the mid-1930s to the mid-1960s.

In the present paper, small stocks are included as a separate invest-
ment vehicle. Thus the opportunity set is expanded to five categories:
common stocks, government bonds, corporate bonds, small stocks,
and a risk-free asset. The resulting sequential portfolio problem is
solved both with and without leverage. When used, all borrowing is
assumed to bear interest at the call money rate + 1% and to be limited
in size by applicable initial margin requirements. Our principal findings
are (1) small stocks, while totally ignored at times, entered even the
most risk-averse portfolios most of the time, (2) small stocks, when
chosen, tended to replace common stocks, except in the 1970s and
early 1980s, when they were primarily held in lieu of the risk-free asset,
and (3) small stocks had a salutary effect on the geometric means of
realized returns, especially from the mid-1930s to the early 1950s in the
presence of margin purchases. In the 1934-47 subperiod with leverage,
for example, small stocks raised the geometric mean return for the
power .5 strategy from 9.09% to 25.95% while reducing variability.

If. Theory

Despite explosive development over three decades and extensive ap-
plication to the construction of equity portfolios, modern portfolio
theory has found relatively little use in the larger portfolio context,
namely, the choice of the proportions to be held in the major categories
of common stocks and in different types of bonds, money market in-
struments, real estate, and foreign securities. There are several reasons
for this. First, extant portfolio theory, being principally based on the
mean-variance model, is fundamentally single-period in nature, where-
as the larger problem accents the multiperiod, sequential nature of
investment decisions. On top of this, since the universe of interest
extends well beyond common stocks, extant betas are too narrowly
defined to be useful, and the appropriate betas are not easily estimated
because of data problems concerning the market weights of bonds, for
example. At the other extreme, continuous-time portfolio theory is
somewhat intractable in a world of nontrivial transaction costs. Fi-
nally, extant models rely heavily on narrow classes of theoretical (sta-
tionary) return distributions, with limited ability to capture the richness
of joint, real-world stochastic processes.

There is, however, a middle category of investment models, usually
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classified under the heading of discrete-time multiperiod portfolio
theory, which has been largely ignored in portfolio selection applica-
tions. This is so despite the fact that these models have a strong foun-
dation in theory and lend themselves naturally to the problem of re-
balancing portfolios over many periods (200 quarters in the present
study). An additional virtue of these models is that they can handle
return distributions of every conceivable shape and are unfazed by
such things as nonstationary returns or distributions that are just plain
unknown beyond the period just ahead.

To review, consider the simplest reinvestment problem, in which the
market is perfect and returns are independent over time but otherwise
arbitrary and not necessarily stationary. The investor has a preference
function U, (with Uy > 0, U < 0) defined on wealth w, at some
terminal point (time 0). Let w, denote the investor’s wealth with n
periods to go, r;, the return on asset i in period n, z; the amount
invested in asset i in period n (with i = 1 being the safe asset), and
U, (w,) the relevant (unknown) utility of wealth with n periods to go. At
the end of period n (time n — 1), the investor’s wealth is

M
Waai@) = D (rin = 1zin + Wall + Fia),
where z = (22, . . . , 2ar») and M is the number of securities.
Consider the portfolio problem with one period to go. The investor,

with w to invest, must now solve

m!ax E[Up(wo(z1)] = Uj(wy).

FA
Clearly, U,(w,) represents the highest attainable expected utility level
from capital level w; at time 1 and thus the “‘derived’ utility of w;.
Employing the induced utility function U,(w;), the portfolio problem
with two periods to go becomes

Us(wy) = m'ax ELU(wy(z2))].

Thus with n periods to go we obtain (the recursive equation)

U,(wy) = m‘ax ElU, - {(wp—1z))on = 1,2, ...
z,w,

Examining the above system, it is evident that the induced utility of
current wealth, U,(w,), generally depends on ‘‘everything,”” namely,
the terminal utility function Uj, the joint distribution functions of fu-
ture returns, and future interest rates. There is, however, a special case
in which U,(w,) depends only on Uj: this occurs (Mossin 1968) if and
only if Uy(wy) is isoelastic; that is, if and only if

Up(wg) = % W, eS|t
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(Note that for y = 0, Uplwe] = In wy.) The variable U,(w,) is now a
positive linear transformation of Uy(w,); that is, we can write

Un(w) = L wi. )
D |

For these preferences, the optimal investment policy 2}, is proportional
to wealth; that is,

Zh (W) = Xt W, alli, ()

where the x’,“,. are constants. It is also completely myopic since it only
depends on Uo and the current period’s return structure and not on
returns beyond the current period. Both of these properties hold only
for family (1), which is also the only class of preferences exhibiting
constant relative risk aversion.' Finally, (2) also implies that the utility
of wealth relatives, V,(1 + r,), is of the same form only for this family;
that is,

U vi)o= % W< =S (R ) %(1 LY

While the above properties are interesting, they are clearly rather
special. However, the isoelastic family’s influence extends far beyond
its numbers. As shown by Leland (1972), Hakansson (1974), Ross
(1974), and Huberman and Ross (1983), there is a very broad class of
terminal utility functions Up(wg) for which the induced utility functions
U, converge to an isoelastic function, that is, for which

Un(wn) = % wy for some y < I. (3)

Hakansson (1974) has also shown that (3) is usually accompanied by
convergence in policy; that is,

L% ¥
n > Xp Wy

Thus the objectives given by (1) are quite robust and encompass a
broad variety of different goal formulations for investors with inter-
mediate- to long-term investment horizons.” In particular, class (1)
spans a continuum of risk attitudes all the way from risk neutrality
(y = 1) to infinite risk aversion (y = —=).}

Having selected our model, we turn next to what we need to operate
it. The major input to the model is an estimate of next period’s joint
return distribution for the various asset categories.* As in our previous

1. This measure |s defined as —wU"(u VU (w) and equals | — Uy for the class (1).
2. The simple for does ignore of the course.
3. A plot of the functions (1/y)(1 + r)* for several values of y was given in Grauer and
Hakansson(l982 p. 42).
- For a comprehensive overview of the issues and problems associated with the
equmauon of return distributions, see Bawa, Brown, and Klein (1979).
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studies, we based this estimate on the so-called simple probability
assessment approach. In this approach, the realized returns of the most
recent n periods are recorded; each of the n joint realizations is then
assumed to have probability 1/ of occurring in the coming period.
Thus estimates are obtained on a moving basis and used in raw form
without adjustment of any kind. Since the whole joint distribution is
specified and used, there is no information loss; all moments—
marginal and conditional, for example—and every last shred of corre-
lation are implicitly taken into account. It may be noted that the empir-
ical distribution of the past n periods is optimal if the investor has no
information about the form and parameters of the true distribution but
believes that this distribution went into effect n periods ago.’ Conse-
quently, we have, as a starting point, resisted all temptations to param-
eterize the input distributions.

III. Calculations

The model used can be summarized as follows. At the beginning of
each period ¢, the investor chooses a portfolio, x,, on the basis of some
member, vy, of the family of utility functions for returns r given by
Va1 + ) = %(1 + . @)
This is equivalent to solving the following problem in each period t:

6

max E[%(l + Sxpriy + Xpdo + .\'B,r‘,’;,)"}

i (5a)
= max X A (I + Zgrys + Xprpe + Xpirg)?
X, s 2y i
subject to
X =0, x,=0, xp =<0, all i, 1, (6)
E_x,-, + Xz, + xp, = 1, allg, (7)
Zm,-,x,-, <1, ally (8)
pr(l + Sxiry + Xprp + xprg =0) = 1, )
where

v < 1 = a parameter that remains fixed over time;
Xy =X o s« 5 Xy XLas XBS
X; = the amount invested in risky asset category i in period f as
a fraction of own capital;

5. See Bawa et al. 1979, p. 100.



292 Journal of Business

xz, = the amount invested in the risk-free asset in period ¢ as a
fraction of own capital;

xp, = the amount borrowed in period 7 as a fraction of own
capital;

r; = the anticipated return on asset category i in period 7;

rr. = the return on the risk-free asset of period ¢;

%, = the borrowing rate at the time of the decision at the begin-
ning of period 7;

m;, = the initial margin requirement for asset category i in period

t expressed as a fraction; and

the probability of event s in period ¢, in which case the

random return r; will assume the value r;,.

Il

Trs

As noted, when vy equals zero, (4) reduces to the logarithmic utility
function:
V=In(l + r).

The equivalent of (5a) is then
max EfIn(I + E_Xi:"ir + Xpdee + XBJZ:)L (5b)

X;

Constraint (6) rules out short positions, and (7) is the budget con-
straint. Constraint (8) serves to limit borrowing (when desired) to the
maximum permissible under the margin requirements that apply to the
various asset categories. Finally, since

inrrir + Xpdpe + XBI"A’?I
i

is the (ex ante) return distribution for portfolio x,, the expressions in
parentheses in (5a) and (5b) represent the (ex ante) wealth relative in
period 7.

On the basis of the probability estimation method described earlier,
the (sequential) solution of the portfolio problem may be pictured as
follows. Suppose quarterly revision is used. Then, at the beginning of
quarter ¢, the portfolio problem (5a) or (5b) for that quarter uses the
following inputs—the (observable) risk-free return for quarter f:
the (observable) call money rate + 1% at the beginning of quarter r;
and the (observable) realized returns for common stocks, government
bonds, corporate bonds, and small stocks for the previous n quarters.
Each joint realization in quarters 1 — n through ¢ — 1 is given probabil-
ity 1/n of occurring in quarter r.

With these inputs in place, the portfolio weights for the various asset
categories and the proportion of assets borrowed are calculated by
solving system (5a)-(9) (or [5b]-[9]) via nonlinear programming
methods.® At the end of quarter ¢, the realized returns on stocks, gov-

6. The nonlinear progr ing algorithm empl d is described in Best (1975).
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ernment bonds, corporate bonds, and small stocks are observed, along
with the realized borrowing rate r3, (which may differ from the decision
borrowing rate r%,).” Then, using the weights selected at the beginning
of the quarter, the realized return on the portfolio chosen for quarter ¢
is recorded. The cycle is then repeated in all subsequent quarters.®

All reported returns are gross of transaction costs and taxes and
assume that the investor in question had no influence on prices. There
are several reasons for this approach. First, since this is one of the first
studies in this area, we wish to keep the complications to a minimum.
Second, the Ibbotson and Sinquefield series used as inputs and for
comparisons also exclude transaction costs (for reinvestment of inter-
est and dividends) and taxes. Third, many investors are tax-exempt,
and various techniques are available for keeping transaction costs low.
Finally, since the proper treatment of these items is nontrivial, they are
better left to a later study.

IV. Data

The data used to estimate the probabilities of next period’s returns and
to calculate each period’s realized returns on risky assets are the total
monthly and annual returns on common stocks, long-term government
bonds, long-term corporate bonds, and small stocks for 1926-83 in the
Ibbotson and Sinquefield CRSP data file; both dividends and capital
appreciation are taken into account. The risk-free asset used for quar-
terly revision was assumed to be 90-day U.S. Treasury bills maturing
at the end of the quarter; we used the Survey of Current Business and
the Wall Street Journal as sources. In the annual portfolio revision
case, the risk-free return was obtained from the yield, as of the begin-
ning of the year, on that U.S. government obligation (note or bond)
that matured on the date closest to the end of the year in question; we
obtained the 1926-76 data privately from Roger Ibbotson and the re-
mainder from the Wall Street Journal.

Margin requirements for stocks were obtained from the Federal Re-
serve Bulletin. Initial margins were set at 10% for government bonds
and at 35% for corporate bonds. These levels are on the conservative
side and are designed to compensate for the absence of maintenance
requirements.”’

7. The realized borrowing rate rj, was calculated as a monthly average.

8. Note that, if » = 32 under quarterly revision, then the first quarter for which a
portfolio can be selected is the first quarter of 1934 since the period 1926-33 is required to
develop the estimated return distributions used for that quarter’s portfolio choice.

9. There was no practical way to take maintenance margins into account in our pro-
grams. In any case, it is evident from the results that they would come into play only for
the more risk tolerant strategies, and even for them only occasionally, and that the net
effect would be relatively neutral.
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TABLE 1 Composition of Fixed Weight Portfolios
Proportion in:
Government Corporate Small Risk-free
Stocks Bonds Bonds Stocks Asset

Portfolio A Ve .40 .40 o .20
Portfolio B .20 .30 30 A 20
Portfolio C .45 .20 %)) Shid .10
Portfolio D 55 15 .20 ol .10
Portfolio E .65 .10 A5 .10
Portfolio F 5 A5 .10
Portfolio G 90 .05 .05 =4
Portfolio H .70 .05 .05 .20

Portfolio 1 .50 .05 .05 .40

Portfolio J 30 .05 .05 .60

As noted, the borrowing rate was assumed to be the call money rate
+1%; for decision purposes (but not for rate of return calculations),
the applicable beginning of period rate, r4,, was viewed as persisting
throughout the period and thus as risk free.'” For 1934-76, the call
money rates were obtained from the Survey of Current Business; for
later periods, the Wall Street Journal was the source.

V. Results

Because of space limitations, only a portion of the results can be re-
ported here. However, tables 2—-6 below and figures 1 and 2 provide a
fairly representative sample of our findings.

For comparison, we have calculated and included the returns for 10
fixed-weight portfolios. The compositions of these fixed-weight port-
folios are shown in table 1.

Portfolio Returns: The No-Leverage Case

Table 2 compares the geometric means of the annual returns, along
with the standard deviations of In(1 + r,), with and without small
stocks for the subperiods 1936-47, 1948-65, and 1966-83 and for the
full 1936-83 period, under quarterly portfolio revision (with a 40-
quarter estimating period) in the absence of leverage. Note that the
realized returns without small stocks differed substantially between the
three subperiods. For example, the highest geometric mean was 7.75%
for 1936-47, 15.69% for 1948-65, 7.38% for 1966-83, and 10.11% for

10. It may be noted that the minimum differential between the borrowing and the
lending rate was 1.4% (1935), while the maximum was 5.0% (1981). The differential was
2% or less through 1952 and again in 1964-65. For most of the 1950s, 1960s, and 1970s,
and again in 1983, the differential was between 2% and 3%; the exceptions were 1974 and
1980, when it was 4.5%, and, as already mentioned, 1981.
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the whole 1936-83 period. In contrast, the realized returns were much
more uniform with small stocks included: the highest geometric means
were then 15.79% for 1936-47, 15.27% for 1948-65, 14.97% for 1966—
83, and 14.54% for the full period.

For the 1936-47 subperiod, table 2 shows that the presence of the
small stock category increased both the standard deviation and the
geometric mean for each of the 16 strategies. These increases are rela-
tively small for powers —75 through — 10 but quite substantial for the
others, especially powers —1 and up. The situation for 1966—83 is
similar but less dramatic. In the 1948-65 subperiod, on the other hand,
the presence of the small stock category again led to uniformly higher
standard deviations but also to uniformly lower geometric means. The
differences are quite small, however. Standard deviations also in-
creased across the board for the full period, as did the geometric
means.

Portfolio Returns: The Leverage Case

Table 3 shows the geometric means of the annual returns, and the
standard deviations of In(1 + r,), with and without small stocks for the
leverage case. This table is based on quarterly portfolio revision and a
32-quarter estimating period. Again it is evident that the presence of
small stocks tended to increase both the geometric means and the
standard deviations of returns. This was uniformly so in the 1966-83
subperiod as well as for the full 1934-83 period. This pattern was
broken in only two cases: in the 1934-47 subperiod, when powers 0,
.25, and .50 achieved lower standard deviations in the presence of the
small stock category, and in the 194865 subperiod, when powers —3
through 1 attained higher geometric means in the absence of small
stocks.

Table 3 also shows that small stocks had a rather uneven effect
across the three subperiods. In the 1934-47 subperiod, they provided
an enormous lift to most geometric means with very little effect on
standard deviations. On the other hand, their effect in the 1948-65
subperiod was minimal. The effect in the last subperiod was fairly
modest, while the effect of small stocks on returns over the full 50
years was rather substantial.

Portfolio Compositions

An examination of the strategies used reveals some interesting pat-
terns. In the no-borrowing case, small stocks were ignored by all the
active strategies, including the risk-neutral one, from the third quarter
of 1955 through the first quarter of 1962, in the third quarter of 1963,
and again in the first quarter of 1979. The rest of the time, however,
small stocks tended to be an important investment outlet, mostly at the
expense of common stocks. Even the ultraconservative power —75
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TABLE 2 C of G ic Means and iations of Annual

Returns with and without Small Stocks, 1936-83: No-Leverage Case

(Quarterly Portfolio 40-Quarter Period)

A, 1936-47

Without Small Stocks With Small Stocks
Geometric Standard Geometric Standard

Portfolio Mean Deviation* Mean Deviation*
Common stocks 6.71 22.28 6.71 22.28
Government bonds 3.46 3.62 3.46 3.62
Corporate bonds 3.25 2.26 3.25 2.26
Small stocks ks wes 14.65 41.68
Risk free 24 .18 .24 .18
Power 1 4.78 23.74 14.65 41.68
Power .75 5.19 20.98 12.64 41.72
Power .50 6.95 18.21 14.29 35.77
Power .25 1.75 14.92 15.79 30.19
Power 0 71.72 12.92 15.48 26.11
Power —1 6.18 8.31 9.88 14.29
Power -2 5.27 6.04 7.67 9.87
Power -3 4.79 4.96 6.54 7.7
Power —5 4.31 3.96 5.43 5.63
Power —7 4.03 3.39 4.94 4.66
Power — 10 373 2.9 4.48 3.81
Power —15 3.53 2.68 4.03 3.24
Power —20 3.1 2.49 3.50 2.92
Power —30 2.52 2.13 2.78 2.51
Power —50 2.09 1.94 2.28 2.27
Power —75 1.74 1.65 2.07 2.14
Portfolio A 2.74 2.19 2.74 2.19
Portfolio B 3.78 5.45 3.78 5.45
Portfolio C 5.13 10.58 5.13 10.58
Portfolio D 5.47 12.63 5.47 12.63
Portfolio E 5.75 14.71 5.75 14.71
Portfolio F 5.97 16.76 5.97 16.76
Portfolio G 6.59 20.13 6.59 20.13
Portfolio H et 20 8.75 23.70
Portfolio I 57 o 10.68 27.45

Portfolio J S Siere 12.36 31.32




Half Century of Returns 297
TABLE 2 (Continued)
B. 1948-65
Without Small Stocks With Small Stocks
G ic Stand: ic Standard

Portfolio Mean Deviation* Mean Deviation*
Common stocks 15.67 14.54 15.67 14.54
Government bonds 1.94 4.96 1.94 4.96
Corporate bonds 2.52 4.11 2.52 4.11
Small stocks o 00 15.61 19.36
Risk free 2.29 .94 2.29 94
Power | 15.67 14.54 14.03 17.12
Power .75 15.67 14.54 14.64 17.14
Power .50 15.67 14.54 14.70 17.16
Power .25 15.67 14.54 14.83 17.04
Power 0 15.67 14.54 14.90 16.98
Power —1 15.69 14.54 15.27 16.21
Power —2 15.52 14.48 15.25 15.54
Power -3 15.18 14.42 14.93 14.72
Power -5 13.65 14.45 13.24 14.60
Power —7 11.85 13.58 11.59 13.79
Power - 10 9.48 10.91 9.35 11.09
Power —15 7.27 7.60 7.15 7.81
Power —20 6.12 5.68 6.06 5.86
Power —30 4.98 3.73 4.95 3.87
Power —50 3.9 2.19 3.91 231
Power —75 3.39 1.46 338 1.56
Portfolio A 2.26 3.56 2.26 3.56
Portfolio B 5.00 3.02 5.00 3.02
Portfolio C 8.41 5.99 8.41 5.99
Portfolio D 9.75 7.46 9.75 7.46
Portfolio E 11.09 9.01 11.09 9.01
Portfolio F 12.44 10.63 12.44 10.63
Portfolio G 14.37 12.90 14.37 12.90
Portfolio H 14.44 13.55
Portfolio I 14.47 14.41
Portfolio J 14.46 15.46
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TABLE 2 (Continued)
C. 1966-83
Without Small Stocks With Small Stocks
Geometric Standard Geometric Standard

Portfolio Mean Deviation* Mean Deviation*
Common stocks 7.62 17.03 7.62 17.03
Government bonds 4.13 9.91 4.13 9.91
Corporate bonds 4.90 10.82 4.90 10.82
Small stocks o S0 16.11 21.78
Risk free 7.37 2.86 7.37 2.86
Power 1 7.38 12.03 14.97 27.29
Power .75 6.65 11.33 13.06 25.72
Power .50 6.40 11.09 12.85 24.50
Power .25 6.34 10.85 11.86 24.30
Power 0 6.35 10.39 11.48 23.98
Power —1 6.84 9.07 10.24 22.37
Power —2 7.08 779 10.01 19.65
Power —3 7.18 6.22 9.89 15.98
Power —5 7.28 4.58 9.23 10.88
Power -7 7.31 3.86 8.84 8.35
Power — 10 7.33 3.37 8.49 6.33
Power —15 7.35 3.05 8.17 4.74
Power —20 7.36 2.94 7.99 4.00
Power —30 7.36 ' 2.86 7.80 3.36
Power —50 7.37 2.84 7.63 2.9
Power —75 7.37 2.83 7.55 2.88
Portfolio A 5.20 8.27 5.20 8.27
Portfolio B 6.03 7.96 6.03 7.96
Portfolio C 6.61 10.08 6.61 10.08
Portfolio D 6.92 10.99 6.92 10.99
Portfolio E 7.20 12.06 7.20 12.06
Portfolio F 7.48 13.38 7.48 13.38
Portfolio G 7.44 15.62 7.44 15.62
Portfolio H s et 9.41 16.86
Portfolio I e wom 11.25 18.73

Portfolio I ot 9% 12.95 21.06
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TABLE 2 (Continued)

D. 1936-83
Without Small Stocks With Small Stocks
Geometric Standard Geometric Standard
Portfolio Mean Deviation* Mean Deviation*
Common stocks 10.34 17.64 10.34 17.64
Government bonds 314 6.96 3.4 6.96
Corporate bonds 3.59 7.12 3.59 7.12
Small stocks s (st 15.56 28.66
Risk free 3.64 3.40 3.64 3.40
Power 1 9.74 16.69 14.54 271.97
Power .75 9.57 15.63 13.54 27.45
Power .50 9.93 14.65 13.90 24.97
Power .25 10.11 13.65 13.94 2.1
Power 0 10.11 13.03 13.75 21.78
Power -1 9.91 1.77 12.01 18.14
Power -2 9.70 11.10 11.35 16.06
Power -3 9.50 10.56 10.89 13.93
Power -5 8.86 9.97 9.74 11.63
Power -7 8.15 9.12 8.87 10.24
Power —10 7.21 7.33 7.79 8.11
Power — 15 6.35 5.33 6.74 5.92
Power —20 5.82 433 6.13 4.79
Power —30 5.24 3.52 5.46 3.82
Power —50 4.73 3.3 4.88 330
Power —75 4.44 3.06 4.59 3.16
Portfolio A 3.48 5.67 3.48 5.67
Portfolio B 5.08 5.82 5.08 5.82
Portfolio C 6.91 8.80 6.91 8.80
Portfolio D 7.60 10.19 7.60 10.19
Portfolio E 8.27 11.70 8.27 11.70
Portfolio F 8.93 13.34 8.93 13.34
Portfolio G 9.77 15.93 9.77 15.93
Portfolio H 11.10 17.50
Portfolio I 12.30 19.51
Portfolio J e £ 13.37 21.84

* Standard deviation is for the variables In(1 + r,).
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TABLE 3 Comparison of Geometric Means and Standard Deviations of Annual
Returns with and without Small Stocks, 1934-83: Leverage Case
(Quarterly Portfolio Revision, 32-Quarter Estimating Period)

A. 1934-47
Without Small Stocks With Small Stocks
Geometric Standard G i Standard
Portfolio Mean Deviation* Mean Deviation*
Common stocks 8.59 22.42 8.59 22.42
Government bonds 4.03 n 4.03 N
Corporate bonds 4.42 3.61 4.42 3.61
Small stocks ek e 16.98 38.76
Risk free 24 % i 24 3
Power | —5.86 56.91 11.57 88.59
Power .75 5.30 40.76 19.95 48.99
Power .50 9.09 38.63 25.95 35.10
Power .25 9.19 34.75 23.43 3101
Power 0 10.67 31.30 22.58 28.25
Power —1 10.19 22.95 17.47 24.83
Power -2 9.32 17.86 13.94 20.89
Power -3 8.83 14.91 12.33 17.41
Power -5 747 10.36 9.44 11.87
Power -7 6.24 7.67 7.85 8.67
Power — 10 5.53 5.59 6.58 6.36
Power — 15 4.85 4.43 5.69 5.06
Power —20 3.92 3.60 4.55 4.18
Power —30 2.9 2.64 339 3.02
Power —50 2.42 2.09 2.63 2.31
Power —75 1.86 1.64 2.29 1.98
Portfolio A 344 2.72 3.44 272
Portfolio B 4.68 5.60 4.68 5.60
Portfolio C 6.40 10.74 6.40 10.74
Portfolio D 6.83 12.80 6.83 12.80
Portfolio E 7.22 14.88 7.22 14.88
Portfolio F 7.57 16.96 7.57 16.96
Portfolio G 8.38 20.28 8.38 20.28
Portfolio H N 10.63 23.01
Portfolio I | B Ce 12.64 26.09

Portfolio J e 0 14.40 29.40
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TABLE 3 (Continued)
B. 1948-65
Without Small Stocks With Small Stocks
Geometric Standard Geometric Standard

Portfolio Mean Deviation* Mean Deviation*
Common stocks 15.67 14.54 15.67 14.54
Government bonds 1.94 4.96 1.94 4.96
Corporate bonds 2.52 4.11 2.52 4.11
Small stocks o o 15.61 19.36
Risk free 2.29 .94 2.29 94
Power 1 24.70 24.79 23.40 28.61
Power .75 24.70 24.79 22.92 28.01
Power .50 24.70 24.79 23.31 27.60
Power .25 24.70 24.79 23.54 27.49
Power 0 24.70 24.79 23.75 27.41
Power —1 22.79 25.18 21.93 27.25
Power —2 20.17 23.67 19.49 24.30
Power -3 17.97 2231 17.79 22.82
Power —5 15.04 19.35 15.08 19.73
Power —7 12.38 16.07 12.49 16.28
Power —10 9.96 12.82 10.09 13.00
Power —15 8.00 9.45 8.17 9.62
Power —20 6.73 7.16 6.81 7.37
Power —30 5.36 4.71 5.39 4.88
Power —50 4.17 2.73 4.19 2.87
Power —75 3.56 L77 3.57 1.90
Portfolio A 2.26 3.56 2.26 3.56
Portfolio B 5.00 3.02 5.00 3.02
Portfolio C 8.41 5.99 8.41 5.9
Portfolio D 9.75 7.46 9.75 7.46
Portfolio E 11.09 9.01 11.09 9.01
Portfolio F 12.44 10.63 12.44 10.63
Portfolio G 14.37 12.90 14.37 12.90
Portfolio H ny. e 14.44 13.55
Portfolio 1 e e 14.47 14.41

Portfolio J 2 1 s 14.46 15.46
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TABLE 3 (Continued)
C. 1966-83
Without Small Stocks With Small Stocks
Geometric Standard Geometric Standard

Portfolio Mean Deviation* Mean Deviation*
Common stocks 7.62 17.03 7.62 17.03
Government bonds 4.13 9.91 4.13 9.91
Corporate bonds 4.90 10.82 4.90 10.82
Small stocks Vo s 16.11 27.78
Risk free 7.37 2.86 7.37 2.86
Power | 9.22 15.82 13.26 33.56
Power .75 10.16 14.98 11.80 34.55
Power .50 9.91 13.58 10.11 32.42
Power .25 9.74 11.93 11.54 3112
Power 0 9.25 11.44 12.17 30.16
Power —1 9.32 10.42 10.87 25.07
Power —2 8.96 8.68 10.51 19.69
Power -3 8.41 7.24 10.33 16.11
Power -5 8.05 5.46 9.54 11.13
Power —7 7.89 4.58 9.08 8.61
Power — 10 7.75 3.92 8.66 6.58
Power — 15 7.64 3.45 8.29 4.97
Power —20 7.58 3.25 8.08 4.21
Power —30 7.51 3.07 7.86 3.53
Power —50 7.46 2.96 7.67 3.11
Power —75 7.43 2.92 7.58 2.97
Portfolio A 5.20 8.27 5.20 8.27
Portfolio B 6.03 7.96 6.03 7.96
Portfolio C 6.61 10.08 6.61 10.08
Portfolio D 6.92 10.99 6.92 10.99
Portfolio E 7.20 12.06 7.20 12.06
Portfolio F 7.48 13.38 7.48 13.38
Portfolio G 7.44 15.62 7.44 15.62
Portfolio H . S 9.41 16.86
Portfolio I e G 11.25 18.73

Portfolio J e B 12.95 21.06
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TABLE 3 (Continued)
D. 1934-83
Without Small Stocks With Small Stocks
Geometric Standard Geometric Standard

Portfolio Mean Deviation* Mean Deviation*
Common stocks 10.73 17.84 10.73 17.84
Government bonds 331 6.88 331 6.88
Corporate bonds 3.90 7.14 3.90 7.14
Small stocks S % 16.17 28.22
Risk free 3.51 3.40 3.51 3.40
Power 1 9.89 35.87 16.32 52.70
Power .75 13.74 28.00 17.98 36.62
Power .50 14.78 26.70 19.09 31.49
Power .25 14.75 24.96 19.05 29.63
Power 0 14.99 23.59 19.13 28.44
Power —1 14.25 20.67 16.61 25.62
Power —2 12.97 18.09 14.64 21.60
Power —3 11.88 16.31 13.53 18.95
Power —5 10.26 13.39 11.47 14.88
Power —7 9.01 10.87 9.95 11.87
Power — 10 7.91 8.57 8.58 9.28
Power — 15 6.98 6.48 7.51 6.97
Power —20 6.24 5.19 6.63 5.61
Power —30 5.45 3.97 5.71 4.23
Power —50 4.84 3.27. 4.9 3.41
Power —75 4.45 3.12 4.63 3.16
Portfolio A 3.64 5.62 3.64 5.62
Portfolio B 5.28 5.81 5.28 5.81
Portfolio C 7.19 8.89 7.19 8.89
Portfolio D 7.91 10.31 7.91 10.31
Portfolio E 8.59 11.85 8.59 11.85
Portfolio F 9.27 13.50 9.27 13.50
Portfolio G 10.16 16.12 10.16 16.12
Portfolio H o o 11.54 17.51
Portfolio I 12.79 19.39
Portfolio J 13.90 21.60

* Standard deviation is for the variables In(l + r,).
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strategy, for example, had an uninterrupted presence in small stocks
from the beginning of 1942 through the first quarter of 1952, from the
fourth quarter of 1963 through the second quarter of 1974, and again
from the third quarter of 1980 on.

Table 4 gives a comparison of the quarter-by-quarter portfolio com-
positions and returns for powers 0 and — 15 with and without small
stocks in the leverage case. For each power, the first five columns
show the proportions invested in common stocks, government bonds,
corporate bonds, small stocks, and the risk-free asset. The sixth col-
umn reports the fraction in borrowing and the last column the port-
folio's return for the quarter. This is then repeated with small stocks
excluded.

Turning first to the logarithmic investor, we note that he stayed away
from small stocks in the first quarter of 1934, from the beginning of
1953 through mid-1960, during the second quarter of 1961, and from the
beginning of 1974 through mid-1977 with the exception of three quar-
ters. During these periods, portfolio holdings and returns were thus
unaffected by the opportunity to invest in small stocks. In the 1930s,
small stocks tended to replace holdings in governments and, to a lesser
extent, common stocks. In the 1940s and early 1950s, and again in the
1960s and early 1970s, it was principally common stocks that were
being crowded out by small stocks for the logarithmic investor. In the
late 1970s through the third quarter of 1982, it was primarily the risk-
free asset that gave way for small stocks, followed by common stocks
one more time.

The logarithmic investor’s use of leverage was remarkably similar
with and without the small stock category. Its presence did not always
increase leverage; while they markedly did so in 1982 and 1983, small
stocks sharply reduced the use of leverage in 1946 and 1947.

Turning now to the rather conservative power — 15 strategy, we first
observe that this investor was a heavy and repeated user of the risk-
free asset beginning with the third quarter of 1962. Prior to the second
quarter of 1951, however, the risk-free asset was practically ignored. In
fact, from the beginning of 1940 through the third quarter of 1946, the
power — 15 strategy was a consistent user of leverage, with holdings of
government bonds on margin.

Small stocks first entered the power — 15 portfolio in the last quarter
of 1939, growing gradually in importance to a 19% allocation in the first
quarter of 1950, then declining and disappearing as of mid-1951, 47
quarters later. As table 4 shows, these holdings were primarily at the
expense of common stocks. After a nearly total hiatus during the rest of
the 1950s, small stocks reappeared for 55 consecutive quarters begin-
ning with the second quarter of 1960, reaching a maximum allocation of
30% in the second quarter of 1962, in a streak that lasted through 1973.
These positions were also essentially at the expense of common
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stocks, except in the second half of 1973, when they replaced the risk-
free asset. When the power — 15 investor returned to small stocks at
the beginning of 1978, they first replaced principally investments in the
risk-free asset and, beginning in the last quarter of 1982, holdings in
common stocks.

Many investigators have noted that small stocks have, over long
periods, produced what is usually referred to as excess risk-adjusted
returns (e.g., Banz 1981; and Reinganum 1981). This suggests that the
empirical (past) distribution used in our model should, at a minimum,
have found small stocks a consistently attractive outlet. While this was
obviously the case most of the time, small stocks were, as noted,
totally ignored in the middle and late 1950s and for intervals in the
middle 1970s even by the more risk-tolerant strategies.

Other Results

We also examined the case in which portfolios were revised only once
a year rather than quarterly, with 8- and 10-year estimating periods. As
in the previous studies, the differences in returns and portfolio compo-
sitions were fairly small. The use of 24-quarter and 40-quarter estimat-
ing periods also led to only minor differences in the results.

VI. Tests

The returns under quarterly reinvestment with leverage in the presence
of small stocks over the 1934-47 subperiod are shown as round dots in
figure 1, while the returns over the full 1934-83 period are similarly
depicted in figure 2. The same figures also plot the returns for the
higher powers in the absence of small stocks (see diamonds) as well as
for the fixed-weight portfolios in table 1 (see triangles). The geometric
means of the annual returns are measured on the vertical axis and the
standard deviations of In(1 + r,) on the horizontal.

The attained returns reflect clearly the benefits from diversification
among the five (or four) asset categories (represented in the figures by
the square points RL [risk-free asset], GB [government bonds], CB
[corporate bonds], CS [common stocks], and SS [small stocks]). In
other words, the portfolios selected by the model have enabled inves-
tors to travel in a distinctly “‘northwesterly™ direction, confirming the
results of the previous studies.

Recall that terminal wealth wy in terms of beginning wealth w, is
given by

wo = wy(l +r)1 +r,_p)...(1+r)

= w, exp [Z In(1 + r,)].

r=1
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TABLE 4 Portfolio Composition and Realized Returns for Powers 0
and — 15 with and without Small Stocks, 1934-83
(Quarterly Revision, with Leverage, 32-Quarter Estimating Period)

Power 0
With Small Stocks Without Small Stocks
Inv, Fractions Inv. Fractions
Period CS GB CB SS RL B r CS GB CB RL B n
1934:1 134 ... 474 134 33.21
1934:2 116 .04 529 LI3 15.52
1934:3 110 .14 598 101 -17.65
1934:4 1.53 .13 461 146 18.56
1935:1 1.50 .11 448 1.54 17.56
1935:2 142 .05 4.92 1.45 7.62
1935:3 1.03 .03 6.34 1.05 =527,
1935:4 131 .08 523 136 7.91
1936:1 1.85 .18 3.02 1.87 10.90
1936:2 159 .24 379 164 4.03
1936:3 2 175 .17 32 17 5.98
1936:4 ... 490 125 .16 529 1.30 12.61
1937:1 527 1.9 .17 5.69 1.23 —24.08
1937:2 584 80 .25 6.32 1.05 3.19
1937:3 . 498 115 I8 533 1.33 1.95
1937:4 ... 5.60 1.03 .14 588 118 12.40
1938:1 4.03 150 .18 4.54 1.56 1
1938:2 447 153 .04 459 1.54 13.11
1938:3 . 435 135 24 5.07 141 2.75
1938:4 ... 413 135 .28 498 143 7.97
1939:1 ... 46 122 .39 5.15 1.22 9.92
1939:2 ... 623 .86 .19 6.80 .92 15.88
1939:3 ... 632 78 24 7.02 .80 —48.79
1939:4 ... 559 47 .69 567 .33 37.90
1940:1 ... 7.28 ... .68 7.32 9.62
1940:2 ... 7.04 ... 74 7.01 X
1940:3 ... 684 ... .79 5.89
1940:4 ... 7.21 .03 .67 6.25 .21
19413: ... 684 ... 79 6.48
19412 ... 674 ... .82 6.00
19413 ... 788 ... .53 671 39
1941:4 ... 745 ... 64 7.01
19421 ... 798 ... .50 8.21
19422 ... Bl ... 47 813 .06
19423 ... 786 ... .54 7.60
19424 ... 756 ... .61 7.56
19431 ... 743 ... &4 6.99
1943:2 ... 628 ... .93 5.53
1943:3 ... 616 ... .96 5.98
1943:4 ... 661 ... .85 6.77
1944:1 ... 693 ... .77 7.25
19442 ... 704 ... .7 7.2
19443 ... 645 ... .89 6.88
19444 ... 666 ... .84 712 ..
1945:1 ... 668 ... .83 639 .27
1945:2 ... 708 ... .58 8.07 ...
1945:3 ... ST ... .56 7.99
19454 ... 476 ... .70 7.16
1946:1 ... 283 ... .96 6.44
19462 ... 131 ... .87 6.26
1946:3 ... 149 ... &5 6.14

19464 .. 75 ... 93 ... -6 18 .50 500
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TABLE 4 (Continued)
Power - 15
With Small Stocks Without Small Stocks
Inv. Fractions Inv. Fractions
CS GB CB SS RL r CS GB CB RL B n

83 .02 5.83 A5 83 .02 5.83

85 3.52 A0 88 3.52

86 —.04 4 86 —-.04

92 3.36 08 92 3.36

95 3.95 05 95 3.95

1.00 2.68 wee LOO 2.68

1.00 .69 1.00 69

1.00 1.95 1.00 1.95

1.00 2.20 1.00 2.20

1.00 1.49 1.00 1.49

1.00 1.46 1.00 1.46

1.00 1.44 1.00 1.44

Lo 100 -1.36 . 100 ~1.36
.05 95 1.58 .05 .95 1.58
eee 1OO 47 1.00 47
1.00 2.02 1.00 2.02

s 100 -39 1.00 -39
co. 100 2.45 w100 2.45
.01 99 1.55 01 .99 1.55
03 97 238 03 97 2.38
ERRT. 1 1) 1.08 wex 100 Ll 1.08
J1 89 1.61 AL SRR 1.61
.15 B =31} Jds 85 ... =31
14 81 .2 4.07 03 9 .02 ! 3.98
2,64 .04 2.92 d 2.42 -1.42 2.17

270 .05 -1.84 ... 2.46 -1.46 .60

2.79 .06 283 .06 2.69 -1.74 283

279 .06 174 .06 2.72 -L78 1.59

279 .06 =117 07 2.67 - 174 ~1.44

2.78 .06 444 08 2.63 =174 4.26

2.79 .06 4.10 .08 2.68 =176 3.44

278 07 =392 9 2.67 =175 —3.46

272 .06 131 .05 243 —1.47 45

269 .06 g1 .03 2.35 =1.39 92

2.58 .06 228 .04 2.27 =13 55

270 .07 1.40 .06 234 —1.40 1.49

261 .07 553 .07 225 -1.33 2.43

2.54 .08 452 .09 2.16 =125 3.28

251 .08 =27 .09 2.13 =12 21

243 07 -.26 .07 2.09 =116 =435

226 .07 280 .05 1.92 - 98 1.69

221 .06 167 .05 1.85 ~.90 111

213 .07 125 .06 1.78 -8 1.10

207 .07 4.80 .05 L.71 =.70; 3.59

b 20 275 .04 ... 175 ~ .80 2.4
... 267 .06 188 05 ... 229 -1.33 7
21 224 08 31 07 ... 220 -1.27 .56
24 222 .10 6.73 .10 - 220 -1.30 4.56
A5 125 .3 382 .14 26 1.68 -1.09 3.69
33 231 .16 21 05 2.25 =151 =29
21 235 .16 -8.51 200 ... 228 —1.48 —7.35;
59 29 12 1.41 11 20 78 -.09 1.53
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TABLE 4 (Continued)
Power 0
With Small Stocks Without Small Stocks
Inv. Fractions Inv. Fractions

Period CS GB CB SS RL RB RP CS GB CB RL RB RP
1947:1 ... 147 530 e o e  4TH - .89
1947:2 va 28 ' s B4 30
1947:3 LIS ... o SISAT 1.04
1947:4 97 1000 ... ... —9.00 -4520
1948:1 =.3% —.46
1948:2 -.33 16.55
1948:3 -.33 -85
1948:4 -.33 =01
1949:1 =33 .59
1949:2 ~1.00  -9.04
1949:3 —1.00 2.7
1949:4 ~1.00 19.98
1950:1 —1.00 8.80
1950:2 ~1.00 7.66
1950:3 - 1.00 23.20
1950:4 - 1.00 15.14
1951:1 = 1.00 11.95
1951:2 =33 =1
1951:3 —.33 16.24
1951:4 =33 5
1952:1 ... =3 4.94
19522 .19 -.33 5.24
1952:3 1.25 =33 ~—1.03
1952:4 1.28 =33 12.99
1953:1 1.33 —33 =514
1953:2 2.00 =100 -691
1953:3  2.00 -1.00 -524
1953:4  2.00 —1.00 15.18
1954:1  2.00 =100 18.93
1954:2  2.00 - 1.00 18.80
1954:3  2.00 —1.00 22.48
1954:4 2,00 —1.00  25.00
1955:1 1.67 —.67 377
1955:2  1.67 ~.67 21.53
1955:3 143 -.43 10.00
1955:4 1.43 —.43 7.15
1956:1 1.43 —.43 10.43
1956:2  1.43 -43 -3.56
1956:3 1.43 -43 -4
1956:4  1.43 =48 4.94
1957:1  1.43 —-43  -7.06
1957:2 143 ~.43 11.49
1957:3  1.43 —.43 -14.31
1957:4 1.43 —43. 731
1958:1 1.43 -.43 8.54
1958:2 2,00 - 1.00 15.87
1958:3  2.00 —1.00 22.18
1958:4  1.43 -.43 15.59
1959:1 1.1 =11 1.22
1959:2 111 =1l 6.84
1959:3 111 =3 -2.34
1959:4 1.1 =S 6.71
1960:1 111 = =772
1960:2  1.11 =1 3.98
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TABLE 4 (Continued)
Power —15
With Small Stocks Without Small Stocks
Inv. Fractions Inv. Fractions
CS GB CB SS RL r CS GB CB RL B n

A5 40 12 38 51 S5
Ly —124: 45 1S 90 .60
78 =437 e . 84 S —1.44
=321 .07 108 .. =15 —4.16
87 L5113 30 .58 1.30
87 LS8 a3 1 96 1.48
69 -179 25 40 35 —1.49
83 125 21 .29 50 1.66
84 18 21 L. 79 78
84 =31 22 .9 59 .30
85 353 20 24 55 3.59
78 139 21 37 4 229
61 178 31 52 17 1.43
70 70 37 .4 59 1.58
70 4.61 36 .10 .53 4.70
68 336 37 05 S8 331
71 =29 37 .. 68 .67
.03 S, =05 40 .03 .02 -.01
lare 62 493" 38 | vom et 4.93
-60 1.91 40 1.91

.58 1.88 42 1.88

.58 1.97 42 1,97

59 05 41 .05

59 433 41 433

59 -118 41 -1L18

.62 =78 38 -.78

65 =38 .35 —.38

.66 296 .34 2.96

.66 3.61 34 3.61
09 .57 357 35 09 3.57
25 .39 448 35 25 4.48
.08 o 11.98 .92 .08 11.98
.08 aS 240 92 .08 2.40
b 07 1235 .93 e 12.35
06 6.87 .94 6.87

.08 499 92 4.99

.08 709 .92 7.09

.06 -1.97 94 =197

10 =231 90 =231

s 3.86 1.00 3.86

—4.53  1.00 e -4.53

i 10 772 .90 .10 772

O . -9.58  1.00 vou -9.60

s 35 =275 .65 .35 =275

39 4.13 .61 39 4.13
.26 05 629 .69 .05 6.29
.30 Seo 6.47 .70 IR 6.47
woin 39 7.18 .61 39 7.18
-39 1.02 61 39 1.02

41 4.02 .59 A1 4.02

39 —.88 .61 39 —.88

47 374 53 A7 3.74

. A48 -299 .52 .48 -2.99

04 52 220 47 .53 2.20




310 Journal of Business

TABLE 4 (Continued)
Power 0
With Small Stocks Without Small Stocks
Inv. Fractions Inv. Fractions

Period CS GB CB SS RL B r CS GB CB RL B n
1960:3 .79 ... ... 32 ... =1 =566 111
19604 90 ... ... 52 ... -43 9.92 143
1961:1 113 ... ... 30 ... -—-.43 2071 143
1961:2 1.43 i e s —idd —.48 1.43
1961:3 .88 S5 e =43 1.92 1.43
19614 89 ... < W4 —.43 11.86 1.43
1962:1 ... ... ... 143 ... -—-.43 4.91 1.43
1962:2 ... o 143 wio =43 —=3428 143
1962:3 ... was L3 s =43 4.34 143
196214 ..o oo e 200 ... —HOO 13.26 2.00
1963:1 36 ... -1.00 12,98 2.00
19632 1. s 2% =oe =1RU0 8.96 2.00
19633 34 ... ... 166 ... -100 6.32 2.00
1963 oo e e 200 ... =100 20 2.00
196451 was o o 13 Lo —dd 12.01 1.43
1968Y i oo are (143 <o =B 5.38 1.43
PR oo e eew 148w =Y 10.62 1.43
19684 .on vor ven B .. =43 87 1.43
9651 <on s e JE s =43 16,55 1.43
), ST IR i L

19653 ..o s e 143

19658 o e one 1B

1966:1 ... ... ... 143

19662 ... ... ... 143

196618 .ov wve ese 543

V0 BGE ey e e

1967:1 1.43

1967:2 1.43

1967:3 . 1.43

19678 ... <o o 143

1968:1 1.43

1968:2 1.43

1968:3 1.25

1968:4 1.25

1969:1 1.25

1969:2 1.25

1969:3 1.25

1969:4 1.25

1970:1 1.25

1970:2 1.25

1970:3 1.05

1970:4 1.37

1971:1 1.45

1971:2 1.54

1971:3 1.44

1971:4 1.35

1972:1 1.47

1972:2 1.51

1972:3 1.37

1972:4 112

1973:1 1.09

1973:2 75

1973:3 32
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TABLE 4 (Continued)
Power —15
With Small Stocks Without Small Stocks
Iny. Fractions Inv. Fractions
CS GB CB SS RL A CS GB CB RL B r
40 ... 21 .15 25 =108 i A5 .33 -2.03
36 39 ... A9 06 48 .51 .30 19 5.58
37 43 .19 01 929 52 34 .14 6.95
53 42 06 o 58 42 .02
47 40 9 2.14 60 .40 2.88
47 37 .16 505 .62 .38 4.75
< O e | 127 .63 .36 01 -.07
B39 nL UR0R Lo -13.30 .60 .39 01 —12.18
S USS 07 .13 70 149 24 .70 1.54
10 13- 13 64 294 24 64 3.76
.20 a1 .03 .66 221 .23 .66 2.06
22 16 .02 .60 1.74 24 .60 1.71
12 09 .10 69 143 22 69 1.48
03 0417 76 96 .20 .76 1.80
.08 el 80 2.19 .20 .80 1.90
.04 03 .15 78 1.52 .20 78 1.54
.05 A6 68 218 2 .67 1.54
.06 23 .18 53 1.06 .25 .50 1.18
.03 30 20 46 324 25 44 1.32
.03 23 21 53 -.57 .26 52 13
42 .36 3.58 24 37 2.20
.03 46 25 .26 373 31 25 .67
29 71 335 29 1 .02
28 72 -1.06 .27 .73 =)
w28 75 =215 22 78 -1.02
A8 82 19 .13 87 1.96
J9 .83 643 .14 .86 2.84
200 79 315 .19 81 1.02
21 ) 419, .17 83 2.15
23 . 260 .19 81 1.04
22 .78 -.50 .16 84 .16
2 78 6.74 .16 84 2.89
23 J7 244 17 83 179
25 75 315 21 .79 1.46
2476 0 i 83 1.03
.21 79 =13 1R 88 98
A8 82 23 .08 92 1.28
A7 .83 33 .05 95 1.66
.13 87 105 .. 1.00 1.98
a3 .87 -2.87 .03 97 1.00
10 90 415 .05 95 2.35
A2 88 143 .11 -89 2.50
.13 87 428 .15 85 2.44
.14 86 — 134 NI 82 81
A1 89 9 12 .88 1.13
1 -89 113 .13 87 1.56
A2 .88 231 .16 84 1.62
A2 .88 37 15 85 89
i 89 27, 1 88 1.36
09 91 1.24 .10 90 1.82
.08 92 05 .10 90 69
.05 95 72 .04 96 1.28
02 98 LR 1.00 2.00
.03 97 116 1.00 1.79
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TABLE 4 (Continued)
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With Small Stocks

Inv. Fractions

Period CS GB CB SS RL RB

CS GB CB RL RB

i
1
L
1.
1

—.08
—.06
-4
=11
=31
~1.00
-1.00
-1.00
—=1.00
= 1.00

58883853

»BEEEEE &

i383585555555555% ¢

243
237
215
2.52
2.96
3.68
1.97
2.85
3.73
324
373
377
2.86
3.46
333
18.14
10.05
13.25
—.14
-1.59

Note.—CS = common stocks, GB = government bonds, CB = corporate bonds, SS

= small

stocks, RL = risk-free asset, B = the fraction in borrowing, and r, = return for the quarter.
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TABLE 4 (Continued)
Power —15
With Small Stocks Without Small Stocks
Inv. Fractions Inv. Fractions

CS GB CB SS RL RB RP CS GB CB RL RB RP
1.00 1.94 1.00 1.94
1.00 2.06 1.00 2.06
1.00 1.94 1.00 1.94
1.00 1.81 1.00 1.81
1.00 1.62 e 100 1.62
1.00 1.44 cee 100 1.42
1.00 1.49 con LOO 1.52
1.00 1.52 .o 100 1.52
vas 04 96 135" 04 96 1.35
02 .02 95 .17 .03 02 .95 1.24
02 s 98 133 .02 wve 498 1.33
01 04 95 150 .01 ... 0495 1.50
07 20 73 —-.05 07 20 7B =05
S0 24 . .76 1.56 e 24 .76 1.56
22 78 1.21 2 8 121
A8 . 82 1.05 18 .82 1.05
21 .01 78 1.29 S230 T 118
06 .04 91 93 e A3 .87 1.26
o "R09 SOy 315 .02 09 .89 1.99
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23 1 645 .14 86 344
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24 76 116 .18 .82 1.90
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Fi6. 1.—Geometric means and standard deviations of annual returns with
and without small stocks, 1934-47 (quarterly revision, with leverage, 32-

quarter estimating period).

Since the returns themselves are not additive but compound multiplica-
tively, we employed the paired t-test for dependent observations to the
quarterly (and additive) variables In(1 + r,) to test whether the pres-
ence of small stocks improved returns significantly.'' Thus to compare

the return series 7}, . . .
different strategies, we calculate the statistic

—_d
a(d)/Nn'

11. This test was also employed by Fama and MacBeth (1974).

, r\ with the return series 7, . .

., r% for two
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quarter estimating period).

where
5 _ z In(l + r!) — In(l + /)
= n

and o(d) is the standard deviation of the differences between In(1 + rh
and In(1 + 7). In each case, the null hypothesis is that

Eln(1 + r})] = Elln(1 + r?)]
and the alternative hypothesis is that
Elln(1 + r))] > Elln(1 + r?)].
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TABLE 5§ Paired ¢-Tests, 1934—47 Subperiod, with Leverage
Comparison d ald) t
Power —1 vs. common stocks 019 .1267 1.16
Power 0 vs. portfolio I .0378 L1438 197>
Power .5 with small stocks vs. power .5

without small stocks .0360 L1813 1.48
Power .25 with small stocks vs. power .25

without small stocks .0306 L1333 1.72%
Power .25 with small stocks vs. power 0

without small stocks 0273 1157 1.76*
Power 0 with small stocks vs. power 0

without small stocks .0256 .1068 179
Power — 1 with small stocks vs. power —1

without small stocks 0160 0591 2,03**
Power —2 with small stocks vs. power —2

without small stocks .0103 .0389 1.99**
Power —3 with small stocks vs. power —3

without small stocks .0079 0311 1.90%
Power — 5 with small stocks vs. power —35

without small stocks .0052 .0211 1.85*
Power —7 with small stocks vs. power —7

without small stocks .0038 0156 1.81*
Power — 10 with small stocks vs. power — 10

without small stocks .0025 .0104 1.79*
Power — 15 with small stocks vs. power — 15

without small stocks .0020 .0073 2.06**

* Significant at the 10% level.
** Significant at the 5% level.

The results for selected pairs with comparable standard deviations in
the 193447 period (56 quarters) are given in table 5, while table 6 gives
the results for the full 200-quarter 193483 period.

Table 5 suggests that the presence of small stocks was especially
significant in improving returns for the ‘‘middle’ strategies (powers
—15-.25) from the early 1930s to the late 1940s. Statistically, the im-
provements were less impressive for the full period (fig. 2 and table 6).
The active strategies performed extremely well when compared to
bonds and bills, attaining highly significant improvements, through
diversification, in the geometric means without increasing variability.
Figures 1 and 2 and tables 5 and 6 also reveal that the active strategies
performed surprisingly well when compared to the 10 fixed-weight
portfolio strategies.

VII. Concluding Remarks

By way of summary, several conclusions emerge. First, the present
study confirms that the simple probability assessment approach, which
uses only the past to (naively) forecast the future, is apparently not
without merit when combined with multiperiod investment theory. Not
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TABLE 6 Paired t-Tests, 1934-83 Period, with Leverage
Comparison d o(d) t
Power —3 vs. common stocks L0062 0758 1.16
Power — 15 vs. corporate bonds 0085 .0452 2/67%%*
Power — 15 vs. government bonds .0100 0458 3.08%*+
Power —50 vs. risk-free asset 0036 0102 4.94%%%
Power — 10 vs. portfolio C 0032 0419 1.09
Power —20 vs. portfolio B .0032 0311 1.45
Power —20 vs. portfolio A L0071 0356 2.827%»
Power 0 with small stocks vs. power

.75 without small stocks 0116 1073 1.52

*“** Significant at the 1% level.

only did it produce respectable results, but the logarithmic policy also
always came out at or near the top in the geometric mean dimension,
suggesting an absence of clear biases in the estimating method; the
exception occurs in the last subperiod, when the approach appears to
have been somewhat too conservative.'> Second, small stocks entered
even the most risk-averse portfolios most of the time. On the other
hand, they were ignored by all the strategies some of the time (espe-
cially in the mid- and late 1950s and mid-1970s). Third, small stocks,
when chosen, tended to replace common stocks, except in the 1970s
and early 1980s, when they were primarily held in lieu of the risk-free
asset. This was true even when (additional) margin purchases would
have been possible. Consequently, the presence of small stocks had
relatively little effect on the use of leverage; in fact, the effect was not
always in the positive direction. Thus the use of, and gains from,
margin purchases occurred, as in our previous paper (Grauer and
Hakansson 1982), primarily for the more risk-tolerant strategies from
the mid-1930s to the mid-1960s.

Fourth, small stocks had a notable positive effect on returns, not
only for the risk-tolerant strategies but also for conservative investors.
This effect was especially significant from the mid-1930s to the early
1950s in the presence of margin purchases. Fifth, the strong gains from
diversification among the major asset categories reported in the previ-
ous papers are, if anything, strengthened when small stocks are in-
cluded.

Sixth, the performances of the active strategies, when measured
against those of the fixed-weight strategies, were surprisingly strong.
Could it be that the naive, simple-minded empirical distribution con-
tains the kind of information money managers usually pay good money
for?

12. Under perfectly valid distributions, power y = I/T, where T is the number of
periods, has the highest asymptotic probability of attaining the largest geometric mean as
T increases.
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Finally, one cannot escape the conclusion that U.S. financial mar-
kets offered a generous environment during the half-century we
studied. As a point of reference, consider the following. The maximum
employee-portion of the social security contribution for an individual
in 1984 was $2,532.60. The purchasing power of this amount (in Janu-
ary 1, 1984, dollars) at the beginning of 1934 was $328.78. Under a
naive logarithmic policy in an environment with access to small stocks
and leverage, this initial contribution alone would have grown to
$2,078,925 as of the end of 1983.

Of course, the reader should also be reminded of the limitations of
the study. The model used is focused on sequential reinvestments only,
without concern for intermediate consumption; even though its birth
occurred in the mid-1970s, it was applied as far back as 1934. The latter
statement also applies at least partially to the data base used. The joint
probability estimates were based on periods ranging from the most
recent 5-10 years only. All investors were assumed to be strict
price takers. Transactions costs and taxes were ignored (as in the
underlying returns series). Finally, maintenance margins were ignored
whenever leverage was used.
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