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I. Introduction

While Keynes (1936, chap. 12) regarded stock
prices as the outcome of ‘‘the mass psychology
of a large number of ignorant individuals,” the
empirical success of modern financial econom-
ics, especially concerning ‘‘efficient market”
models (see, e.g., Fama 1970), has dominated the
literature in the last two decades. However, re-
cent research on ‘‘variance bounds’’ by Gross-
man and Shiller (1981), LeRoy and Porter (1981),
and Shiller (1981a, 19815, 1981¢), among others,
questions whether the large variation over time
in stock prices can be explained in the context of
rational valuation models. The model most often
used in this literature is the dividend valuation
model,
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where r is an assumed constant discount rate and
(X|®) denotes the conditional distribution of the
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This paper demon-
strates a severe small
sample bias in the use
of sample variances to
test stock price vari-
ance bounds, under the
maintained assumption
that prices and divi-
dends follow stationary
and ergodic stochastic
processes. This bias is
due to the smoothness
of the **perfect fore-
sight™” price, which is
used to construct the
variance bound. How-
ever, the small sample
bias demonstrated here
seems insufficient to
explain the empirical
apparent gross viola-
tions of the stock price
variance inequality, in
contrast to the result
for variance bounds
tested with bonds.
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random variable X given the information ®. A new variable p}' is

defined as
= [
: Z a+n @

A comparison of (1) and (2) shows
pe = E(pf|®,), 3)

which implies the variance bound
var(p,) = var(pf). 4)

The basis for this inequality is that, since the price rationally fore-
casts pf by (3), the variance of the forecast (the price) should be less
than that of the variable being forecast. However, when the inequality
is tested using sample variances of price and pj under the assumption
of stationary and ergodic processes for prices and dividends, it appears
to be “‘grossly violated.”” For example, Shiller (19815) reports that the
ratio of the sample standard deviation of price to the sample standard
deviation of p¥ for Standard and Poor’s data is 5.59. Subsequent re-
search that has relaxed the assumption of constant discount rates in (1)
has not explained these results (see, e.g., Shiller 1981a), although the
violations are very sensitive to the assumption of stationary prices and
dividends (see Kleidon in press; and Marsh and Merton 1984).2

Similar results are found from variance bounds tests based on inter-
est rates. Shiller (1979) and Singleton (1980) report apparent excess
volatility of long-term interest rates relative to short-term rates when
the rates are modeled as stationary processes. These tests also appear
sensitive to the assumption of stationarity, and Shiller (1979, p. 1214)
reports that the relevant variance bounds are not violated if the rates
are treated as nonstationary. Since empirically it is not possible to rule
out stationarity of interest rates, the question arises as to whether
problems other than nonstationarity can account for the violation of
the bounds. For interest rates, the answer is yes. Flavin (1982, 1983)
assumes stationarity and demonstrates a small sample bias in the rele-

1. This variable is called the **perfect foresight’ pnce in much of the variance bound
literature (e.g., see Shiller I98Ir P- 202), ahhough it is not necessarily lhe price that
would prevail under perfec\ ght since the di rate ris not ily appropri-
ate under these di For more di ion on this point, see Kleidon (in press).

2. Other issues include the interpretation of time series plots of prices and p* (Kleidon
in press) and the effects of dividend smoothing (shown by Lintner [1956] and Fama and
Babiak [1968] and discussed in Kleidon [1983, in press] and Marsh and Merton [1984]).
The current paper addresses small sample bias, which may also occur because of the
**peso problem,’* as in Krasker (1980) and Hart and Kreps (1984), who argue that a low
probability event may rationally affect expectations yet not appear in a small sample. See
LeRoy (1984) for a summary of criticisms of variance bounds tests.
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vant tests. She concludes (1983, p. 931): ““Much of the evidence of
excess volatility in the bond market disappears when the tests are
corrected for small sample bias.™

This paper assumes stationarity in prices and dividends and demon-
strates a small sample bias in stock price variance bounds tests similar
to that shown in Flavin (1982, 1983) for bonds.> It is shown here that,
even if prices are rationally set by (1) and follows a stationary first-
order autoregressive (AR[1]) process (as assumed in papers reporting
gross violation of the variance inequality), a small sample bias results
in incorrect apparent rejection of the inequality (4) in a large proportion
of tests based on sample variances, with the severity of the bias in-
creasing with the AR(1) parameter. For large parameter values, the
point estimates frequently appear to reject the bound even in samples
as large as 3,000.

However, when one examines the amount by which stock prices
appear to violate the relevant bound, as measured by the ratio of the
sample standard deviation of price to the sample standard deviation of
pi, the gross violations found in variance bounds tests seem too large
to be explained by the small sample bias alone. The tests of the inequal-
ity (4) based on stock prices must therefore be distinguished from the
variance bounds tests on bonds since the latter can apparently be ex-
plained by the small sample bias if interest rates are stationary.

The paper is organized as follows. Section II specifies the assumed
stationary and ergodic dividend process, derives the implied price and
“*perfect foresight’” price pf given by (1) and (2), and discusses the
properties of these processes relevant for testing the inequality (4).
Section III relates these results to the estimation of population vari-
ances and demonstrates a severe small sample bias in stock price vari-
ance bounds tests. The bias can be traced to different time series
properties of the price and p;* series, which particularly affect the use
of sample means as estimators of population means when calculating
sample variances. The results of Monte Carlo simulations of the sta-
tionary series for different sample sizes and parameter values show
that, although the small sample bias is severe, it does not seem
sufficient to account for the reported gross violations of the inequality
(4). Section IV concludes with a discussion of the implications of these
results.

3. 1 became aware of Marjorie Flavin's earlier similar conclusions for interest rates
after realizing the small sample bias in the stock price case. As noted below, some of my
procedures were changed to conform more closely to her's. See Kleidon (1982) for
alternate procedures with similar results. Mankiw, Romer, and Shapiro (1985) also dis-
cuss small sample bias in variance bounds tests, although their results give point esti-
mates but no indication of sampling variation (see table 2, p. 686), which will be substan-
tial given the high autocorrelation in the relevant time series, especially of p}. See, esp.,
Merton 1985, pp. 29-38.
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II. Dividend, Price, and Perfect Foresight Price Processes

To investigate the small sample bias in variance bounds tests of stock
price variability under the maintained hypothesis that dividends follow
a stationary stochastic process, it is assumed (consistent with current
variance bounds literature) that the dividend process is first-order auto-
regressive (AR[1]); that is,

dy = pg + pdi—y + €, )

where p; = a constant, |p| < 1.0, and ¢, is independent and identically
distributed (i.i.d.) (0, o?). Given this assumption about the process
generating dividends, this section shows the stochastic processes gov-
erning the behavior of actual prices, p,, under the rational valuation
model (1), and the stochastic process generating ‘‘perfect foresight™
prices, p#, whose sample variance is compared with that of p, in tests
of the variance bound (4). Some key results are then given concerning
the conditional and unconditional variances of p, and p; and the esti-
mation of population means of p, and p}*, which are important in under-
standing the small sample bias in stock price variance bounds tests.

A. Price and P{ Processes

Proposition 1 first derives the price process implied by the dividend
process (5) and the valuation model (1), assuming that the information
®, in (1) comprises current and past dividends. Proposition 2 then
derives the p} process if dividends are given by (5).

ProrosiTioN 1. Assume the valuation model (1), the dividend pro-
cess (5), and that the information ®, comprises current and past divi-
dends. Then prices follow a stationary AR(1) process with the same
autoregressive parameter as dividends,

Pe= pp + pp—1 + By, (6)
where p, = p,/rand 8, = €p/(l + r — p).
Proof. Given the assumed information, we have:
E(d1+f|q>f) =il L o p‘r‘l) + p'd,
* W]

21 s1fdi=ip .
—w(l_p)wtl’.

Substitution from (7) into (1) and simplification shows that the implied
rational price process is

_ a1+ 1) dip
Py = A (=) ®

which can be rewritten to give (6).
ProposiTion 2. Given the dividend process (5) and assuming |1/(1 +
r)| < 1.0, p follows the stationary AR(2) process:
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(1 = ¢1B — $:B%) pf = ppe + Ui, ©
where
b =p + (l;w)
= o)
L =g T rn’
b s

and where E(,) = E(g,), var(n,) = var(e,) = o2, and B = the backshift
operator.
Proof. From the definition (2), we have

Pt =pid + 1) — dyy (10)
or, using the forward shift operator F,

— F &= dt+l
[1 a-+ r)]”' a+n an
Substitution in (11) from the assumed dividend process (5) gives
_ F * (2 €41
[' a +r)]"' T=pBA+n  T=pBT+7)’
that is,
ul s E X — Pa €+
a "B)[l ar r)]”' R G

Equation (12) can be rewritten in the more usual form by exploiting the
multiplicity of autoregressive moving average (ARMA) models:*

- B * — Pd Me+1
a+ r)]”’ T+n T a+a

from which (9) follows by definition.

Note that, for p to be stationary, we need |p| < 1.0, which is true by
assumption from the dividend process (5), and that |1/(1 + r)| < 1.0.
The second condition holds for r > 0, although, strictly, the prohibited
values of rare —2 = r = (.

a- pB)[l

4. That is, we can regard the (stationary) series in terms of past observations, with an
implied set of innovations v, or equally well in terms of future observations and a
(different) set of innovations e,. The stochastic properties of the stationary process and
the innovations are the same in both cases. (See Box and Jenkins 1976, pp. 195 ff.)
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B. Population Unconditional Moments of Price and pi

This section gives the unconditional means and variances of the price
and p processes in (6) and (9), respectively, and shows that the vari-
ance inequality (4) holds in terms of the population unconditional vari-
ances of price and pj.

The price process (6) has a well-defined unconditional mean,

_ Hd
E(p,) = ——I’(l = p).
and unconditional variance,
I'+r=0p/ -

The unconditional mean of pj from the AR(2) process (9) is

var(p,) = ( (13)

i) S ::"_ o
= B
r(l —p)’

which equals the unconditional mean for price. The unconditional vari-
ance of pf in (9) is (Box and Jenkins 1976, eq. 3.3.28, p. 62)
_ ( 1 — & ) ol

I+ d2 ) [(1 - ¢2)* — b
- ol + r + p)
T U +r-p@r+Ad-p)

var(p

(14)

The inequality (4) is readily verified for the population unconditional
variances given by (13) and (14). We have
A = var(pf) — var(p,)
_ ol + r)?
(0 +r—-p*Q+r)

Clearly, A > 0 for r > 0, o2 > 0, which confirms (4).

C. Conditional Variances of Price and p{

Although the variance inequality found in the literature is almost al-
ways given in terms of unconditional variances as in (4), Kleidon (in
press) shows that similar inequalities hold for conditional variances;
that is,

var(p}|®, ) = var(p,|®, ), k=0,..., w, (15)

where @, _, is information at 1 — k and is included in information at ¢
(traders do not forget) and the limit as k — = of the conditional vari-
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ances in (15) gives the unconditional variances in (4).° Of more im-
mediate consequence is the additional result that the ‘*smoothness’" of
time series plots of price and p;* is also determined by conditional
variances, although they differ from those in (15) and do not satisfy an
inequality such as (15). Instead, the conditional variance that deter-
mines the smoothness of the p;* series implies less short-term variation
in p¥ than that implied for the price series by the corresponding condi-
tional variance of p,. The resulting greater smoothness of the p series
is the basic result underlying the small sample bias in stock price vari-
ance bounds tests.

The smoothness or amount of short-term variation in price and pj is
taken here to be determined by the variance conditional on past values
of the series, that is, var(p,|p,—x) and var(pf|pi¥ ().° Note that
var(p,|p,—) is equivalent to the conditional variance of price in (15) if
information comprises current and past dividends and prices are given
by the process (6). However, the conditional variance var( P,
which determines the smoothness of the time series of pf, is not equiv-
alent to var(p|®, ;) since, by the definition of p} in (2), past values of
pi depend on future outcomes of dividends, which are not known at or
prior to time ¢. Consequently, there is no necessity for the conditional
variances var(p,|p, ) and var(p¥|p_ ) to satisfy an inequality such as
(15), and indeed they do not. Kleidon (in press, propositions 2, 5)
shows for the price process (6):

Ufp:(l _ pzk)
I +r-pP-p¥)’

while for the p/* process (9) (assuming e, in the dividend process [5] is
normally distributed) we have

var(pi|p,—) = (16)

var(p#|pi-x) = var(p¥)(1 — pp), (17
where
_ Cov(p# pE i)
var(pf)

P2+ ) — (1 - pA( + ) K
L T +r+plp+rp—-1

and where var(pf) is the unconditional variance given by (14).
Examination of (16) and (17) show that the limit as k — = of these

5. These conditional variances are exploited in Kleidon (in press) to give valid tests
even if dividends and prices follow nonstationary random walks since in that case the
population conditional variances are well defined even though the population uncondi-
tional variances are not.

6. An early version of Kleidon (in press) drew the distinction between the uncondi-
tional variances in (4) and conditional variances similar to these, and this distinction was
adopted in LeRoy (1984) in terms of these conditional variances.
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conditional variances gives the unconditional variances in (13) and
(14), respectively. Hence for k large enough, var(pj|p¥_ ;) must exceed
var(p,|p,—x) since the bound (4) holds for unconditional variances.
However, the key insight is that short-term variances show the oppo-
site result. For k small,

var(pi|pi-i) < var(p,|p.—),

and this can hold for quite large k, depending on the parameter p in the
dividend process.

This result and its implications for the interpretation of time series
plots of price and pj are discussed in detail in Kleidon (in press), but
the fundamental intuition for the greater smoothness of pj relative to
prices is that the former series gives the present value of the ex post
dividend outcomes by the definition (2) while actual prices give the
present value of expected dividends. A change in current dividends
from past levels rationally implies a change in all future expected divi-
dends if dividends are given by the AR(1) process (5). Consequently
the price should change by the present value of those changes in ex-
pected future dividends, which will typically be much larger than the
current dividend change itself. However, since p by definition already
uses full knowledge of the ex post dividend stream, there are no revi-
sions in expectations as a result of changes in current dividends. In
fact, (2) implies that consecutive changes in p* are limited to the capital
gain that, together with current dividends, will give exactly the return
r, and this change in p;* will typically be smaller than the change in
prices.

The value of this result for the current paper is that the time series of
p¥ will be smoother than that of prices by construction, which has
important implications for the estimation of the population uncondi-
tional variances in the inequality (4). Results are now given concerning
the estimation of population means of price and p, which of course are
used in the corresponding unconditional variances, while Section III
directly examines the problem of estimating the unconditional vari-
ances with small samples.

D. Estimation of Population Means of Price and p{

Although the population unconditional means of price and pj are
equal, the two series have quite different time series properties, with
p# showing less short-term variation than prices. The result is that,
although the large sample means of p, and pj* are unbiased estimators
of the population means, the variance of the sample mean of pj
(var[ p*]) exceeds that of p, (var[ p]) even in large samples. Propositions
3 and 4 establish var(p) and var(5*), respectively, while proposition 5
shows that var(p*) > var(p).
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ProposiTioN 3. Given the price process (6), the variance of the
sample mean of price in large samples, var(p), is given by

ks
ploe

var®) = v r = o = oF

(18)
where T is the sample size.

Proof. See the Appendix.

ProposiTiON 4. Given the p/ process (9), the variance of the sample
mean of p} in large samples, var(p*), is given by

o o (19)
Ta - p)r®
Proof. See the Appendix.
ProposiTion 5. Forall |p| < 1 and r > 0,

var(p*) < var(p).
Proof. Equations (18) and (19) imply:

var(p*) = YD)
a’r

wherea = p/(1 + r — p). If|p| > landr > 0,thenrp <1+ r — porar
< 1, and hence for all relevant stationary processes var(p*) > var(p).

III. Variance Bounds Tests in Small Samples

This section links the time series properties of the price and p} series
discussed in Section II to the problem of the estimation of population
unconditional variances used in the inequality (4) when only a finite
number of time series observations are available. First, Section ITIA
gives time series plots of price and p} for simulated data that are
constructed from the valuation model (1) and the dividend process (5),
and these plots illustrate the relevant characteristics discussed in Sec-
tion IT and the consequent small sample bias when sample variances
are used to test the inequality (4). In particular, the bias is largely
attributable to problems with estimation of the population mean in
small samples.

This is not the only problem, however. Section I11B relates the result
var(p#|pf-1) < var(p,|p,-) to the problem of constructing a time se-
ries of p* using only a finite stream of dividends rather than the infinite
stream used in the definition of pj given by (2). The solution typically
used in current work (and followed in the simulated plots of Sec. 111A)
is to set an arbitrary terminal value for p ¥, frequently setting pf =p.
This procedure guarantees that small sample variances are closely
linked to the conditional variances var(p,|p, ) and var(p}|p¥ ,), and,



246 Journal of Business

consequently, it is not surprising if the sample variance of p, exceeds
that of p. This terminal condition problem and the difficulties in esti-
mation of population means become less severe as the sample size
increases, and Section IIIC examines the properties of sample vari-
ances of p/ and p, for various parameter values and sample sizes via
simulation.

A. Simulated Plots of Time Series of Price and p}

The time series properties of p, and p} are illustrated with simulated
data, which show how the smoothness of p} relative to p, results in a
small sample bias in tests of the inequality (4) using sample variances of
price and p}. In all the simulations, a series of independent and identi-
cally normally distributed (n.i.d.) disturbances ¢, is generated by the
International Mathematical and Statistical Library, Incorporated
(IMSL), subroutine GGNPM,” and the dividend and corresponding
rational price series are generated by (5) and (6). The p} series is
generated by the recursion (10), with the terminal condition p¥ = py as
in Grossman and Shiller (1981). The initial dividend is determined by a
draw from the unconditional distribution d,.®

The parameter values are chosen to give sample values for samples
of size 100 corresponding to Standard and Poor’s statistics reported in
Shiller (19815, p. 431), namely, E(p) = 145.5, E(d) = 6.989, and o(p)
= 50.12.° Shiller estimates r by

E(p)
E(d,) "’
and this procedure is also adopted in the simulations. The implied

innovation variance o? is calculated by inverting (13), which gives the
variance of the price process (6) in terms of p, r, and o2.'°

7. For details of this subroutine, see Kleidon (1983, app. C). The results were checked
against those from the IMSL subroutine GGNML, which produced similar results. Fur-
ther, dmgnosuc LhBCkS show that Standard and Poor’s price data are consistent with an

of y of the i ions €, in (6), al such an ption does
not appear crucial for lhe conclusions reached here. The tests were repeated using an
alternate Student r-distribution with kurtosis of 9 (i.e., extremely fat tails), and although
there is a slight increase in the ratios of sample standard deviation of price to that of p;*
relative to those produced under the normality assumption, the conclusions are un-
changed.

8. An earlier version of this paper reports the effect of the distance from the popula-
tion mean of this initial draw (see Kleidon 1982). The procedure here is similar to that in
Flavin (1983).

9. This that the ditional lation variance of price is constant over
the relevant interval. Although there is some evidence that conditional variances are
nonconstant for Standard and Poor's series, this is not sufficient to rule out constant
unconditional variances (see, ¢.g., Blattberg and Gonedes 1974). Further, the simula-
tions are conservative since they ignore the app: hing in dard and Poor’s
dividend series, which shows much lower innovation variance since 1950 than either
prices or earnings.

10. Note that this procedure results in inferred innovation variances o7 that decrease
in p since they are generated so that the resulting price variance in a sample of 100
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However, the small sample bias that this paper addresses creates a
problem when processes are simulated to produce the sample values
found in Standard and Poor’s data. If one were to simulate a series with
population values equal to those given above, the resulting sample
values for the simulated samples of 100 observations may be different
from the population values. In particular, setting the population inno-
vation variance such that the population price standard deviation is
50.12 results in samples of size 100 with lower sample standard devia-
tion. The population innovation variance was increased in these simu-
lations so that the resulting mean sample variance for samples of 100
matched that for the reported Standard and Poor’s sample. '

Since the relative smoothness of the series and the degree of the
subsequent small sample bias is an increasing function of the AR(1)
parameter p in the price process (6), this section gives plots of the price
and p* series for p = 0.80 and p = 0.99, and the simulations in Section
IIIC give results for p = 0.80, 0.90, 0.95, and 0.99. To illustrate the
effect of p on the relative smoothness of price and p#, assume r = .065,
and note that, for p = 0.80, the population values from (16) and (17) for
conditional variances indicating the smoothness of price and p are
var(p,|p,—1) = 9.11 o7 and var(p#pi_,) = 2.02 o2, while, for p = 0.99,
these values are 174.24 o7 and 6.49 o2, respectively. Clearly, there is
greater relative smoothness of p;* compared with p, for p = 0.9 than
for p = 0.80. Similar differences are apparent in the small sample
biases reported in Section IIIC, where the greater relative smoothness
of pi for large p results in a larger bias.

It is natural to ask what the empirical value of p is for the data used to
test the bound (4). The cited tradition in financial economics, dating
from at least the results of Working (1934; cited in Roberts 1959, p.2)is
that prices follow a nonstationary random walk: that is, pi= 102
Kleidon (in press, sec. 3.3) tests this hypothesis directly and cannot
reject the null hypothesis p = 1.0 for Standard and Poor’s annual
(deflated) price series from 1926-79 for this series augmented with
Cowles Commission data from 1871-1925 (giving a total series from
1871-1979) or for Standard and Poor’s quarterly series from 1947:1 to

corresponds to the observed Standard and Poor’s price sample variance, and equation
(13) shows that the innovation variance must decrease in p to imply the same fixed price
variance.

11. The procedure followed was initially to set the population price variance as
2,512.01 and then to calculate the average sample price variance for samples of size 100
across 1,000 replications, for each value of p examined. Since the small sample bias is a
function of p, the resulting mean sample variances, although all less than 2,512.01, were
not uniformly downward biased. The population price variance was then increased by
the ratio of the desired sample variance (2,512.01) to the initial mean sample variances.
In the resulting simulations, the average sample price variances for all values of p appear
sufficiently close to the desired value of 2,512.01 to justify the simple adjustment used.

12. Often a geometric random walk is assumed., i.e., a random walk in logs. which has
the desirable property that the expected capital gain rate is not inversely related to price
level as in the arithmetic random walk.
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FiG. 1.—Simulated series of rational, stationary AR(1) prices (solid line)
perfect foresight prices, p = 0.99. Note that the relevant processes are

dp = g + pdi—y + €,
Pr = Pp + pPi-1 + a€,
pt = (piv1 + dis )1 + 1),

Y= pr,
where €, i.i.d. N(0, 0®), a = p/(1 + r — p), and ris a constant discount rate. The
parameter values are chosen to give sample values for samples of size 100
corresponding to Standard and Poor’s statistics in Shiller (19815), namely, E(p)
= 145.5, E(d) = 6.989, a(p) = 50.12, and r = E(d)/E(p).

1978:4. Consistent with the well-known small sample problem in the
estimation of p, which causes sample estimates p to be centered at
values less than 1.0 when the population p = 1.0, the point estimates p
for the three samples examined in Kleidon (in press) are 0.90, 0.91, and
0.97, respectively. Consequently, the results based on p = 0.99 are
regarded as empirically more relevant than those for p = 0.80, which
are given for comparison. '

Figures 1 and 2 give plots of price and p* for p = 0.99 and p = 0.80,
respectively. The most obvious feature of figure 1 is that the series pj
is much smoother than the price series (the solid line), which is to be
expected, given the previous analysis of the conditional variances
var(p,|p, ) and var(p#|p¥_.) when prices are constructed from the
valuation model (1) with constant discount rates. Although figure 2 also

13. Other empirical difficulties with the specification p = 0.80 are also evident. For
example, the high innovation variance o7 for the p = 0.80 case necessary to reconcile the
process (6) with the observed data (see nn. 10 and 11 above) sometimes results in pf < 0.
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Fic. 2.—Simulated series of rational, stationary AR(1) prices (solid line) and
perfect foresight prices, p = 0.80. Note that the relevant processes are

dl = g t+ Pdl—l + €

Pt = Wp + ppi—1 t ag

pr = (pia + d)1 + 1)

P% = pr,
where €, i.i.d. N(0, 0%), a = p/(1 + r — p), and r is a constant discount rate. The
parameter values are chosen to give sample values for sample size 100 corre-
sponding to Standard and Poor’s statistics in Shiller (1981b), namely, E(p) =
145.5, E(d) = 6.989, o(p) = 50.12, and r = E(d)/E(p).

shows less short-term variation in p} than in price, the phenomenon is
much less pronounced than in figure 1.

Section ILD shows that it is more difficult to estimate the population
mean for p than for p, even in large samples because of the time series
properties of the two series. The problem is exacerbated in small sam-
ples and strongly affects attempts to estimate unconditional variances.
The issues are conveniently illustrated with reference to figure 1. Sup-
pose that only the first 15 observations from figure 1 were used to
construct sample variances for both p, (the solid line) and p . Clearly, a
sample variance calculated as squared deviations from the sample
mean would be considerably lower for this sample of p} than for the
corresponding sample of prices p,. In contrast, assume deviations are
taken around the population mean rather than the sample mean. Since
all the first 15 observations of p* in figure 1 are greater than 185, while
the population mean is 145, each observation contributes substantially
to the true unconditional variance—something that would be badly
misestimated using just the sample mean. On the other hand, although
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the price series for the first 15 observations has larger deviations
around its sample mean than does p;, the sum of squared deviations
from the population mean of 145 is less for these price series observa-
tions than for the corresponding pi.

Clearly tests of the bound (4) based on sample variances can be very
misleading. For this sample, exactly the opposite conclusions would be
reached using estimators of the unconditional variances based on
squared deviations from the sample versus the true (but unknown)
population mean. The former estimates would suggest that the bound
(4) is violated in the sample, while the latter would not. The use of
sample variances to test (4) is further complicated by the arbitrary
terminal condition p§ = pr, which is now considered.

B. The Terminal Condition pf = pr and Conditional Variances

As shown in Section IIC above, var(p¥|pF ;) is less than var(p,|p,— )
for k small." This section examines the implications of the consequent
smoothness of p¥, and the terminal condition pF = pz, for tests of the
inequality (4) based on sample variances. At one extreme, if the sample
size is very large, the relative smoothness of the p series and the
particular value of pj have negligible effects on the use of sample
variances as estimators of population unconditional variances for the
stationary price and p;* processes examined here. At the other extreme,
for a sample of two observations, ' this section shows analytically that
the terminal condition combined with the greater smoothness of pj
results in a very severe small sample bias in tests of (4) with sample
variances. An understanding of the two-observation case makes the
issues (if not the exact analytic results) clear as the sample size grows,
and Section 1IIC completes the analysis with simulation results for
various sample sizes and parameter values.

Assume observations of dividends and price at 1 = O and 7 = 1, with
the terminal condition p§ = p,. The sample variance of p, will exceed
that of p# if |po — pi| > |p& — pi|. Clearly, the probability that sample
variances will show this apparent violation of (4) is directly linked to
the conditional distributions of py and p{, given p; = p{. We have the
following result for reasonable values of r and p:

ProPOSITION 6. Assume two observations of dividends d, and d,
given by the AR(1) dividend process (5), prices py and p; given by (6),
and pj given by (9) subject to the terminal condition p{ = p; that r > 0
and 1 > p > 0.5; and that, in (5), ¢, > 0 and ¢, < 0 each occur with
probability .5. Then the sample variance of price will exceed that of p*
with probability greater than .5 and increasing in p.

14. **Small” is relative since Kleidon (in press, fig. 6) shows that, if p = 0.99 in the
dividend process (5), var(p,|p, ;) exceeds var(pf|p}_) for k as large as 60.
(15, Tam grateful to Fischer Black for suggesting an examination of samples of this
size.
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Proof. See the Appendix.

This result is driven by the greater smoothness of p;*, which implies
that the (absolute) difference between p, and p, tends to exceed that for
pi. Further, the small sample bias increases in p since the relative
smoothness of pf increases in p. The effect of proposition 6 is
strengthened by the simulation results in IIIC below, which show that
for relevant parameter values the probability of apparent rejection of
(4) using sample variances approaches 1.0 for the two-observation
case.

The analysis gets more complicated as the sample size increases,'®
but the issues are clear. Observations py_, and p¥_, for k > 1 are
drawn from the corresponding conditional distributions, given p§ = pr,
but the sample variances are now functions of outcomes from several
conditional distributions, which also result in different sample means
of p,and p . As the sample size increases, the arbitrary terminal condi-
tion becomes less important, the sample means become better es-
timators of the population means, and, consequently, the sample vari-
ances become better estimators of the unconditional variances used in
the bound (4). What is not yet clear, but is essential for an interpreta-
tion of the empirical results reported in the literature, is the behavior of
sample variances for sample sizes used in the current tests. The next
section shows via simulation the extent of the problem in samples of
different sizes for various parameter values.

C. Simulation Results

Section II derives a consistent set of stationary dividend, price, and pj
processes:

dy = pg + pdy—y + €, (5)
Pe= Wp + PPy + By, (6)
Pl = prfl + r) = dpiy, (10)

where ¢, is assumed i.i.d. N(0, o), w, = palr, d, = €lp/(1 + r — p)].

This section reports the results of Monte Carlo simulations of these
processes. First, the small sample bias derived above for a sample of
two observations persists in larger samples and for relevant parameter
values is severe. Second, the problem is related to difficulty in estimat-
ing the population (unconditional) mean, which is greater for pj than
for p,. Third, although the problem is severe, it does not appear to
explain the gross violations reported in the literature.

The details of the simulation procedures are given in Section 1114
above. To investigate the importance of the estimation of the popula-
tion mean in the estimation of population variances by sample vari-

16. Kleidon (1982) shows the analysis for a sample of three observations.
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ances, we calculate “‘true mean’’ variances defined as mean squared
deviations about the population mean rather than the sample mean.
For both usual sample variances and mean squared deviations about
the population mean, the variance bound

var(p,) = var(p}) )

is deemed violated if the sample point estimates do not satisfy this
(weak) inequality. Table 1 reports the frequency of violations (across
100 replications) for both the usual sample variances and *‘true mean”’
variances about the population mean, for various sample sizes (from 2
to 3,000) and various values of p (from 0.80 to 0.99).

Table 1 shows three main results. First, for all values of p, the use of
sample variances results in frequent rejection of the bound (4) in small
samples, even when the price series is constructed to satisfy the valua-
tion model (1). Second, the bias is clearly a function of p. For large p,
the bias persists in even very large samples and is severe for a sample
size of 100, while for p = 0.80 the problem appears negligible for
samples of 100. Third, the problem of estimation of the mean is a major
contributor to the bias. When population means are used in the *‘true
mean’’ variances, the degree of incorrect rejection of the bound (4) is
reduced substantially.'”

The bias is investigated in more detail in table 2, which reports the
mean and standard deviation across 100 replications of the sample
means and sample variances of p, and p, for p = 0.99. The higher
sampling variance of the mean of p}* relative to that of p,, discussed in
Section 11D above, is apparent in table 2. Further, the sample variance
is a downward-biased estimator of the population variance in small
samples of both p, and p, but the problem is more severe for p; with a
consequent bias in the test (4). For example, for samples of 100, the
mean sample variances are 2,385.70 and 1,614.17 for p, and p}, respec-
tively, whereas the population variances are 9,135.32 and 11,214.57. A
similar result holds for other values of p, but again the bias is an
increasing function of p.

Although tables 1 and 2 establish the existence of the bias, they do
not address the issue of the magnitude by which the inequality is typi-
cally violated. Given the gross violations reported in the literature—
Shiller (198156) reports that the ratio of the sample standard deviation
of price to the sample standard deviation of p} for Standard and Poor’s
data is 5.59—table 3 presents summary statistics for this ratio across
1,000 replications for various values of p. It is evident from table 3 that
the small sample bias alone does not seem to explain the apparent gross

17. For the two-observation case, analysis similar to proposition 6 shows that the
probability of violation of (4) based on *‘true mean'’ variances is less than .5 and increas-
ing in p.
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violations of (4). Even for p = 0.99, the maximum in 1,000 simulations
is only 3.86.

As a further check on the probability of observing a ratio of 5.59 in
samples of 100 observations if the underlying processes were those
simulated here, the experiment was replicated 100,000 times. In all
cases the ratio was less than 5.59, and the highest ratios for the four
values of p examined here were 1.84, 2.33, 3.35, and 5.42. The ob-
served ratio of 5.59 is indeed extremely unlikely, given the maintained
hypothesis of this paper that dividends and prices follow the stationary
and ergodic processes (5) and (6).

IV. Conclusions

This paper derives the rational price and ‘‘perfect foresight’” p¥ pro-
cesses, given a stationary AR(1) dividend process (and assuming that
information comprises current and past dividends). Although the vari-
ance bound (4) holds in terms of the unconditional population vari-
ances of price and p}, the time series properties of the two series are
sufficiently different that inferences from time series observations
about the validity of the inequality (4) can be very misleading. This
paper focuses on a small sample bias in tests of (4) based on sample
variances of price and p}, even if by construction dividends follow a
stationary and ergodic process and prices are given by the valuation
model (1). This in turn can be traced to the lower short-term variation
that is to be expected in time series observations of p relative to p, if
prices are set by (1).

However, the results of table 3 show that the small sample bias, at
least by itself, does not seem sufficient to account for the reported
gross violations of the bound. One alternative possible explanation
concerns the assumption of a constant discount rate r in (1), as dis-
cussed, for example, by LeRoy and LaCivita (1981) and Michener
(1982), although this does not seem to explain the violations (see Shiller
1981a). Other potential problems (cited in n. 2 above) include dividend
smoothing and the **peso problem,’” both of which imply that the sam-
ple of observed dividends may not allow adequate estimation of the
variances in the inequality (4). But perhaps the most important issue is
that the assumption in this paper of a stationary price process is not the
only one consistent with the data. As shown in Kleidon (in press), one
cannot reject the null hypothesis that prices follow a nonstationary
random walk. In that case, the use of sample variances to estimate
population unconditional variances is invalid, and Kleidon (in press)
demonstrates that the apparent gross violations of the inequality (4) are
to be expected if procedures that assume stationarity are inadvertently
applied to nonstationary series.

Consequently, the stock price variance bounds tests provide distinct
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results from those based on bonds, which apparently may be caused by
either nonstationarity of interest rates or small sample bias. At least for
stock prices, the explanation for the variance bound violations does
not seem to lie in small sample bias alone.

Appendix

This appendix provides proofs of propositions 3, 4, and 6.
ProposiTion 3. Given the price process (6), the variance of the sample mean
of price in large samples, var(p), is given by

ploe

vel) =~ T+ v~ pPL =

(18)

where T is the sample size.
Proof. By definition,

var(p) —',— var Z Pr
(A1)
=l Vi,
el

wherev'=(11...1)(al x Tvector)and £ = the T x T covariance matrix of
prices. The term v'Q can be expanded as

V= [Tyo + 2T — Dy + 2T = 2y, + ... + 2y7-4], (A2)

where vy, = covariance (p,, p,—;). Since prices follow the stationary AR(1)
process (6), we have

_pd
(1 = pf)
= 0 for k large,

Yk

where o = the variance of 8, in (6). Hence in large samples we can approxi-
mate (A2)'® by

V= T(yo + 2y + 2y2 + .. )
= (A3)
=72 %

It is convenient to evaluate (A3) by use of the autocovariance generating func-
tion (Box and Jenkins 1976, eq. 3.1.11, p. 49):

Y(B) = z B, (A4)

18. The precision of the approximation is a function of p as well as the sample size,
and although the large sample variance of the sample mean derived here is verified for all
values of p examined in the simulations reported in Section IIIC, the required sample size
increases in p.
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If we write a general stationary and invertible ARMA process (ignoring irrele-
vanl means) as
&(B)p, = 0(B)a,, (AS)

where

&B)=(1 — &:;B — dB* — .. )
and

8(B)=(1 — 0,B — BB — .. ),

then we can equivalently give the infinite moving average (MA) representation
of (AS) as

$~'(B)O(B)a,
= w(B)a, (A6)

k=0

P:

where

_ 8(B)
w(B) 3(B)
=(1 +mB + mB* + ...).
Equation (A6) implies the following covariances:
Y = 0% Z Tk s (A7)
J=0

where o2 = the variance of a, in (AS). Substitution from (A7) into (A4) gives
(Box and Jenkins 1976, app. A3.1, p. 81):

Y(B) = oim(B)ym(B"). (A8)

Equation (A8) allows easy evaluation of the approximation to v'Qu given by
(A3). For the AR(1) process (6), w(B) = (1 — &;B)~'. Hence (A4) and (AS8) give

2w =0
o aZm(l)m(l)

Ty
=)

For the AR(1) price process given by (6), &; = p and o2 = p’o?/(l + r — p).
Hence (A3) gives

szaJ
O~ . E A9
B G T T k)

and substitution from (A9) for ' in (A1) gives (18).
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ProrosiTion 4. Given the pjf process (9), the variance of the sample mean of
pi in large samples, var(p*), is given by
P~ 19
var(p*) T(l——p)rrl. (19)
Proof. The proof is similar to that for proposition 3. We must evaluate the
covariance matrix of pj* corresponding to © in (A1) for prices p,. Since pi
follows the AR(2) process in (9), we have:

wB) = (1 — &1B — $:B%)"",
and using (A4) and (A8) as before gives

Sy (75
V) = T = = o
which for the parameters in (9) gives (19).

ProposiTION 6. Assume two observations of dividends dy and d; given by
the AR(1) dividend process (5), prices po and p, given by (6), and pi given by
(9) subject to the terminal condition pf = p;; that # > 0 and 1 > p > 0.5; and
that, in (5), ¢, > 0 and ¢, < 0 each occur with probability .5. Then the sample
variance of price will exceed that of p} with probability greater than .5 and
increasing in p.

Proof.  Define dy — E(d,) = By, where E(d,) is the population (uncondi-
tional) mean. Given the assumed conditions, it can be verified that a = p/(1 + r
— p) > | and that

po = E(p) + aBy, (A10)
dy = E(d) + pBoy + €1, (A11)
p1 = E(p,) + alpBy + €), (A12)
p§ = E(p) + (l(ﬁo + %) (A13)

The sample variance of p, exceeds that of p# if |p; — po| > |p; — pitl, givenp; =
pi. From (A10) to (A13) it follows that

[P1 = pol = lalBo(l — p) — e, (A14)

€

= p)(Bo + F) !

We proceed for the case By > 0, and note that the analysis is symmetric for Bo
<0.

Since (A14) and (A15) involve €, the first period innovation, we examine
separately the cases €, > 0 and ¢; < 0.

CAaSE Az ¢; > 0.

We have

|py — pd| =

(AL5)

alBo(l — p) — & if Bo(l — p) = ¢,

|P1 = po| = {tl[€| — Bo(l — p)] otherwise;

lpy = p#| = a1 - P)(Bn o _ep_.)
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Hence the bound (4) is violated if either
alfoll = o) — el > att = 8o + 2),
which is impossible for a > 0, given By > 0 and €, > 0, or
aley ~ Boll = o) > a(l = iy + <),

that is,
€(2p — 1) > 2Bep(1 — p),

which is possible (but not necessary). Since Bo(1 — p) < € to reach this
inequality, violations increase in p.

Case B: ¢, < 0.

We have

[p1 = pol = alBo(l — p) — €,

a(l — P)(Bn * ﬂ) if Bop = —¢,
ey — Pl = f
a(l — p)(— Bo — e_p.) otherwise.
Hence (4) appears violated if
alfoll = ) = €] > all = p)po + <L),
which is always true for @ > 0, given By > 0 and €, < 0, or if

alBo(l — p) — €] > a(l — p)(—ao = %)

that is,
2Bop(1 = p) > &(2p — 1),

which is always true for 1.0 > p > 0.5, given By > 0 and ¢; < 0. Hence for By >
0 (equivalently, py > E[p,]), we have

(a) € > 0: violation of bound if €,(2p — 1) > 2Bgp(1 — p) and increasing in
p; and
(b) €, < 0: always violates if 1 > p > 0.50.

The analysis is symmetric for By < 0.
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