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I. Introduction

In a recent paper (Perrakis and Ryan 1984), up-
per and lower bounds on European option prices
were derived in discrete time. These bounds
were based on an extension of the discrete-time
derivation of Black-Scholes pricing, first pre-
sented in the work of Black and Scholes (1973).
The bounds are functions of the stock and exer-
cise prices, the riskless rate of interest, the time
to maturity, and the entire distribution of stock
returns. In other words, they need more informa-
tion than Black-Scholes for their computation,
and the derived results are weaker.' On the other
hand, they are significantly more general in their
assumptions, insofar as they do not rely on the
continuous-time riskless hedge of the original
Black-Scholes derivations or on the assumption
of a binomial distribution of stock returns used in
Cox, Ross, and Rubinstein (1979) and Rendle-
man and Bartter (1979).

For this reason they are likely to be particu-
larly useful in valuing options on assets, for
which the Black-Scholes methodology is clearly

* Part of this research was done while | was a visiting
professor (1983-84), Ecole Supérieure de Commerce et d'Ad-
ministration des Entreprises, Reims, France. | wish to thank
Peter Ryan, Albert Madansky. and a referee of this Journal
for helpful advice and while ining all responsi
bility for any remaining errors or omissions.

1. Note, however, that this is also true of other Black-
Scholes generalizations. such as Merton (1976).
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This paper generalizes
and tightens the dis-
crete-time bounds for
European options and
develops similar
bounds for American
puts. The stock return
has a distribution with
a finite range and is
subject to the restric-
tion that the stock be
“‘nonnegative beta.’’
The bounds are derived
from arbitrage port-
folios using the stock,
the option, and the
riskless asset. They
converge to the previ-
ous ones when the
range coincides with
the nonnegative real
line, and they both be-
come equal to the bino-
mial option model
under a two-state stock
return. Upper and
lower bounds for the
American put are de-
rived recursively by
the same method, with
arbitrage portfolios in-
volving the stock, the
riskless asset, and
American and Euro-
pean puts. An example
is provided with a
trinomial return distri-
bution.
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improper. Such assets are, for instance, thinly traded stocks whose
one-period returns have, at best, a trinomial distribution, up, down,
and stay the same. Risky ventures are another example; in them there
is a positive probability of an absorbing state (bankruptcy) after one
period. In both cases exact pricing is infeasible in discrete time, as
already noted in Cox et al. (1979) for the trinomial example.

In this paper the method and results of Perrakis and Ryan (1984) are
extended along two different dimensions. First of all, the bounds pre-
sented in Perrakis and Ryan are tightened up significantly under the
same assumptions and analysis, provided that the range of the distribu-
tion of the one-period returns per dollar invested in the optioned stock
is finite and has a strictly positive lower limit. These restrictions are
eminently reasonable for many (and perhaps most) stock returns over
“*short”’ time periods, such as the time to expiration of most traded
options. Under these restrictions new, tighter bounds hold for Euro-
pean option prices under the same assumptions as in Perrakis and
Ryan, bounds that coincide with the earlier results when the lower and
upper limits of the possible stock returns become zero and infinity,
respectively. Finally, these new, improved bounds converge to a single
value when the one-period stock return distribution assumes exactly
two possible values, as in Cox et al. (1979) and Rendleman and Bartter
(1979). Thus it is established that the results of Perrakis and Ryan, as
extended here, are a valid generalization of the two-state option mod-
els of Cox et al. and Rendleman and Bartter.

Second, the methodology and European option bounds are used to
develop similar bounds on American put options. Ever since Merton's
(1973) paper, it has been known that American puts, unlike American
calls, cannot be priced like their European counterparts, even if the
stock pays no dividends until expiration of the option.? Even under this
latter condition the American put has a positive probability of exercise
before expiring. Hence, its value will be higher than that of the corre-
sponding European option. For these reasons applications of the
Black-Scholes methodology to American put options have not yielded,
until now, analytical formulas, even though approximate solutions to
the problem of their valuation were provided in the work of Brennan
and Schwartz (1977) and Parkinson (1977) by numerical methods. In
this paper, bounds for American put options are developed within the
European option model of Perrakis and Ryan, as extended in this pa-
per.

The organization of this paper is as follows. Section II summarizes

2. Under the assumption of no dividends till expiration (or of payout protected stocks)
it was shown in Merton (1973) that it would never pay to exercise an American call
before expiration, which means that its value would then be equal to that of the European
call.
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the assumptions, methodology, and basic results of Perrakis and Ryan
(1984) and develops the improved European option bounds. Section 111
derives the bounds for American puts, while Section IV presents a
numerical example with a trinomial distribution.

II. The Improved Bounds

The following notation, broadly similar to that in Perrakis and Ryan
(1984), is used:

S = the initial price of the underlying asset;

X = the exercise price of the option;

i = the riskless rate of interest per period (assumed con-
stant without loss of generality);

V = the random stock return per dollar invested per pe-
riod, with range [v, V], where | + i>v=0and | + i
<=

G(v) = the distribution of V.? assumed independent of §;*

CuS,X) | _ i ; : 3
PyS. X) | = the European call and put prices with # periods to

expiration;
P3(S, X) = the American put option price with n periods to expi-
ration.

The basic assumptions of our model, as well as of the model of
Perrakis and Ryan, are an extension of those of Rubinstein (1976, pp.
408-11):

. the single-price law of markets:

. nonsatiation;

. perfect, competitive, and Pareto-efficient financial markets;
. rational, time-additive tastes;

. weak aggregation or the existence of an average investor;’
. no taxes, dividends, or transactions costs.

B W -

Assumption 6 implies that the stock price one period later is equal to
SV. Assumptions 1-5 were shown by Rubinstein to imply the existence
of a positive random variable, Z, equal to the marginal utility for con-
sumption of the average investor normalized by its expectation so that
E(Z) = 1 and such that the current value, V,(¢), of any random cash

3. Hereafter V denotes the random variable and v its realized value.

4. This is a standard assumption in most models, such as those of Black and Scholes
(1973) and Cox et al. (1979). It is not necessary for all results since the bounds presented
in Perrakis and Ryan (1984) did not use it, but it does simplify the presentation
significantly and produces tighter bounds.

5. The same results can also be derived by replacing assumptions 3, 4, and 5 by the
as;};;nplion that no arbitrage is possible in equilibrium, as was also done in Rubinstein
(1976).
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flows received at the end of one period is equal to the discounted
expectation of the product of these cash flows times Z. In particular,
for the stock price, §, we have

5= V,8V) = %[f + cov(V, Z)] =

(1

where v = E(V).

The next assumption, 7, is particular to the model of Perrakis and
Ryan and will be used in this paper as well. Let F(v, z) denote the joint
distribution of V and Z, and f(v, z) = @*Flavaz the corresponding den-
sity, assumed to exist without loss of generality. The following restric-
tion is assumed on F:

7. The conditional mean, Z(v) = EZ|V = v) = [7lzf(z, v)dz]/
JoLf(t, v)dr], is either monotone nonincreasing or monotone non-
decreasing for all values of v € (v, 7).°

As discussed in Perrakis and Ryan (1984), the above assumption
includes as special cases the assumptions of bivariate lognormality and
bivariate normality of the discrete-time contingent claims models of
Brennan (1979) and Rubinstein (1976). Assumption 7 is sufficiently
general to accommodate all possible forms of G(v), the marginal distri-
bution of stock returns. It implies that, if Z(v) is monotone nonincreas-
ing (nondecreasing), then for any nondecreasing contingent claim,
h(SV), we have from (1) that

Valhy 2 T E“”

or that the consumption betas of the asset and its contingent claims are
nonnegative (nonpositive).” Hereafter it will be assumed that Z(v) is
nonincreasing, given that it was shown in Blume (1971) that the over-
whelming majority of stocks have positive betas.

Assumptions 1-7 were used in the work of Perrakis and Ryan (1984)
to derive the bounds for European calls. The methodology involved
special applications of the following general result that will also be used
extensively in this paper.

THEOREM. Let #;(V) and h»(V) denote two contingent claims, func-
tions of the one-period stock return, V, with V,(h)) = V,(h,). If the
graphs of these two functions intersect only once at a value v, of V,

6. In Perrakis and Ryan (1984) it was assumed that Z(v) was monolone nonmcreasmg
However, similar results may be derived if Z(v) is g, asd
below.

7. 'l he covariance bclwecn two positive functions of a single random variable is non-

2 if both fi are d ing or nonincreasing and nonpositive if one is
nonincreasing and the other nondecreasmg
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such that v, € (v, ¥) and 0 < G(vy) < 1, and if /1,(v) = hy(v) for all v €
(v, vy), the inequality being strict for at least one value of v of nonzero
measure, then, under assumptions 1-7, E[ho(V)] = E[h,(V)].

Proof. From (1) we have V,[h(V)] = 1/l + i) E[h{(V)Z], i = 1,
2, from which we get [}'[h(v) — h(WIZ(dG(v) = [} [ha(v) —
hy(»]Z(v)dG(v) by the equality of the current values. In the relation
above, the left-hand side (LHS) decreases and the right-hand side
(RHS) increases if Z(v,) replaces Z(v) under each integral, given as-
sumption 7 and the fact that the differences of the A(v)’s are nonnega-
tive in their respective intervals. The inequality of the expectations
follows directly. Q.E.D.

The pairs of functions A-B in figures 1 and 3 below are examples of
contingent claim functions satisfying the theorem. On the basis of this,
and starting from a given initial wealth, arbitrage portfolios were con-
structed by Perrakis and Ryan (1984) involving the stock, the option,
and the riskless asset, whose terminal wealth conditions satisfied the
theorem above. The inequalities on the expected wealths were even-
tually converted into upper and lower bounds on call option prices, as
shown below in our notation:

L
CA(S, X)i=8 — vi + ‘if G,(v)dv = H,(S, X), @

E
(8, X) = max[O‘ it G(v)dv] = H(S. X), ()
CS. X) = max[O, s(1 - ﬁ) + T ElH, - (SV, xn}. @

where L = X/S, and G(v) = G(v), G,(v) = filG,,, \(vIdG(t), n > 1. In
other words, G,,, the n-fold multiplicative convolution of G with itself,
is the distribution of the stock return over n periods.

The bounds in (2)-(4), however, are not the best ones that can be
derived from assumptions 1-7. It is shown below that, whenever v > 0
or v < = or both, there exist optimal arbitrage portfolios involving the
stock, the option, and the riskless asset that yield tighter bounds than
those of (2)-(4), given the same assumptions and applying the theorem
above.® These tighter bounds, denoted by C,(S, X) and C (S, X) for the
upper and lower bounds, respectively, collapse to the expressions in
(2)-(4) if both y = 0 and v = .

If we have a single period until the expiration of the option, then the
theorem can be applied by forming the following two portfolios, start-
ing from $1.00 initial wealth.

8. The bounds presented in Perrakis and Ryan (1984) are still applicable. however,
when v > 0 and/or ¥ < =,
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Portfolio A. The entire amount invested in the stock.
Portfolio B. A proportion a € (0, 1) invested in one-period call
options, with the remaining 1 — « invested in the riskless asset.

The terminal wealth of A is V, while that of Bis (1 — a)(1 + i) + [aS/
C(S, X)IM(V), where M(V) = max(V — L, 0), and the time subscript
was suppressed in the function C for notational convenience. These
two portfolios are generalized versions of the ones used in Perrakis and
Ryan (1984): for « = | we get the entire amount invested in the call
option, as in the derivation of the upper bound; for « = C/S we get the
portfolio used in the derivation of the lower bound.

Figure 1 shows the terminal wealths of A and B as functions of the
stock return V. It is clear that these terminal wealths have two intersec-
tion points, 1 and 2 in the diagram. At least one of these points should
be within the interval (v, 7); otherwise it will be impossible for B and A
to have the same current value of $1.00.

If both intersection points are within (v, 7), then the theorem cannot
be applied, and no option bounds can be derived from assumptions 1-
7. If, however, only one intersection point lies in the interior of (v, ¥),
then the theorem can be applied, and the expected terminal wealth of
one of the two portfolios, A and B, exceeds that of the other. This gives
rise to an upper or lower bound on the option price, depending on
whether A or B is highest in figure | in a nonzero measure neighbor-
hood to the right of v.

As sketched in figure 1, the terminal wealth of A lies initially above
that of B. As long, therefore, as the intersection point 1 lies on or to the
left of v, the expected value of B will exceed that of A, according to the
theorem. Hence, we have

aSE[M(V)]

v=(1 —a)l + i)+ TS X

®)

from which

aSEM(V)]
v— (1 - a1+

Differentiating the RHS of (6) with respect to a, we find that the deriva-
tive is nonnegative, given that # = | + i for Z(V) nonincreasing.
Hence, the lowest upper bound for the call option price is found by
choosing an a as low as possible, consistent with intersection point 1
being at or to the left of v. This is obviously the value of «, at which 1
coincides with v, as in figure 1. In other words, o = (1 + i — W/ + i).
Substituting in (6), we get

~_(+i— )SEM(V)]
S0 =157 - »
_ (0 +i— vSEmax(V — L, 0)]
T+00 -9 '

C(S, X) = (6)

M
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al%

(1 - a)(1+)

<1
<

v L

Fic. 1

Evaluating the expectation at the RHS of (7), we get

l+i-v SU+i-w (" .
cS,X)<S =7 (0500 _1) I‘ [1 = GWldv. (8)
It is easy to see that (8) coincides with the previous upper bound (2) for
n = 1if and only if either v = O or ¢ = 1 + i. Otherwise (8) yields a
lower upper bound than (2).

The bound at the RHS of (8) is valid as long as the situation depicted
in figure 1 prevails. In other words, § and X must be such that L €
(v, ¥); otherwise either the call will be worthless (if L = 7), or its
terminal wealth will always be SV — X if L < v. It is easy to see that
the RHS of (8) becomes zero for L = vand § — X/(1 + i)for L = y.
Hence, if we denote by C,(S, X) the new single-period upper bound for
the call option price, we have

X

v

0,8=

Cis.X)= | RHSof(®) for% <S= ‘l =08, X). O

X X
e SESAES,
T+ & v

S -

The derivation of the lower bound proceeds along similar lines. In
figure 1 the parameter « is now chosen such that the intersection point



126 Journal of Business

2 is at or to the right of ¥, which implies automatically that point I is
within (v, #). Then, inequality (5) is reversed since portfolio B's termi-
nal wealth is initially above that of A’s. Hence, inequality (6) is also
reversed, and we must have

aSE[M(V))

083 = e [ O

| point 2 at or to the right of ﬁ).

(10)

Since the maximand in (10) is increasing in «, the largest lower bound
occurs when intersection point 2 is at v. This yields a value of

S, X = A + )l

T -—X-(+)CE. X) o
Substituting in (10) and rearranging, we get
C(s, X) = . L = @ + 0 EIM(V.)]
) I+
(12)
(P +D\ST-X
( V-1 )( I+ i )

which becomes, after incorporating the limited liability condition and
evaluating E[M(V)],

C(S.X)Zmax[O.S— s prnte o) s_J
1+ V-7 1+

? 2
G(v)dv].

(13)

It is clear that this new lower bound exceeds the one found in the work
of Perrakis and Ryan (1984) and given in (3) by the factor [V — (1 + )J/
(v — ¥) times the discounted integral within the braces in the RHS of
(13). This term is always greater than 1, and it becomes equal to 1 when
either v —>=orv = 1 + i.0

The bound in (13) becomes equal to S — X/A1 + i) when L = v or
when § = X/v. For *“'low"" values of § the limited liability condition in
(13) becomes dominant, even though the value of §, at which the
second term within braces in (13) becomes zero, is lower than the
corresponding value in (3). This value, S, of §, is given by the solution
of the equation in L

1 = .
l+i—v= I [] - %_l“t’)a(‘!)]dp_ (14)

Similarly, for L = v or § = X/v, the bound becomes zero, but its
derivative in § is initially negative, implying that §; > X/¥. Summariz-

9. For v = I + iall bounds coincide.
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ing all these properties, we get the following expression for the single-
period call option lower bound, denoted by C (S, X):

0, S = S, S, given by (13), §; > T’f
C\(S,X)= | RHS of (13), S, <SS§ = G35, X0):
5—[{’_.52§ (15)

It is clear that the properties of convexity and linear homogeneity of
the bounds derived in Perrakis and Ryan are also preserved in those
given by (9) and (15). Figure 2 shows the two bounds and the interval
within which C(S, X) falls.

Suppose now that the random variable, V, can take only two possi-
ble values, namely, v or v, with probabilities p and 1 — p, respectively.
Then, for L € (v, EM(V)] = p(¥ — L),¥ — v =p(¥ — v),and ¥ — ¢
= (I = p)(¥ — v). Substituting in the RHS of (7) and (12), we find that
both expressions become equal to S(1 + i — v)(7 — L)/(1 + i)(7 — v).
In other words, both bounds converge under these conditions to the
two-state option pricing model of Cox et al. (1979) and Rendleman and
Bartter (1979).'° Hence, the extension of the work of Perrakis and
Ryan presented in this paper generalizes the two-state contingent
claims pricing approach to any distribution of stock returns.

The derived bounds can be easily extended recursively to any num-
ber of periods until expiration of the option. The results here are all
derived for n = 2, the expressions for higher values of n being similar.
As for the single period, we consider again the two investment strate-
gies, A and B, the stock and the option-plus-riskless-asset portfolios.
One period later the return per dollar to A is V, while that of B is
(1 = o)1 + i) + aCy(SV, X)/Cx(S, X). The expectation of one return
should exceed that of the other, provided their graphs as functions of v
intersect only once within (v, 7). As with the single period, it is possible
by an appropriate choice of « to get both an upper and a lower bound
for C5(S, X).

As shown in Merton (1973), the call option is increasing and convex
in the stock price, with derivative = 1. Hence, if we set C;(SV, X) =
SCi(V, L), we have A and B as shown in figure 3. To derive the lower
bound, the intersection point 2 should be at or to the right of v, as
shown.

10. Note also that the convergence of the two bounds to a single value is maintained
for any number of periods until expiration. This can be easily proven recursively, by
using (18) and (20) below.
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According to the theorem, the expectation of the terminal wealth of
A should exceed that of B. Substituting and rearranging, we get

xS, X) = —SEIC(SV. X)) aEIC\(SV. X)]

=0 —-o)I+) o-(0-0o)1+10 {9

Since the RHS of (16) is increasing in «, the largest lower bound for
C,(S, X) is obtained by using the largest value of « consistent with the
theorem. This is obviously the case depicted in figure 3, with the termi-
nal wealth of B passing through v and with C,(SV, X) replacing C(SV,
X) in B. The corresponding value of «a is easily seen to be equal to

GoS, X)v — (0 + 0]
Ci(Sv, X) — (1 + DC(S, X) '

which, when replaced in the RHS of (16) and simplified, yields

[v — (1 + DIE[C(SV,X)] — [v — (1 + DIC\(S¥, X)
G A= T+ 06 -7 '

Since the procedure is obviously valid for any value of n, the lower
bound becomes, after incorporation of the limited liability condition'"

CA(S, X) =

0, 7= (1 + DIEIC, - (SV.X)] = [6 = (1 + DIC, (7. X)) (1)
i a+ @ - I

(17)

max

which is the counterpart of (4).

For the upper bound one must have the terminal wealth of B in-
tersect the 45 degree line for the first time (point 1 of figure 3) at v or to
the left of it and for the second time within (v, V).

The value of « yielding the lowest upper bound is when A and B
intersect at v (as in figure 4) for all possible call option functions.
Hence, o is found from the equation v = (I — a)(1 + i) + «Ci(Sv)/
C3(S, X). On the other hand, by the theorem, we have ¢ = (1 — «)
(1 + i) + «E[C(SV))/C5(S, X). Substituting for « and rearranging, we
get

x5, X) < L+ L= VEIC(SV, X)) + Ci(Sv. X)l¥ = (1 + i)

A+ 0= V) (19)

Summarizing these various cases we get the general upper bound
when there are n periods until expiration, in a manner identical to that
of n = 2.

11. It should be noted that the lower bound, C,(S, X), becomes equal to § — [X/
(1 + )" forall § = X/v".
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o b B =
<

Fic. 4

C(S, X) = C,S,X)

0; St
=
A +i-vEC, (SVI+C (SHF-(U+D] X _ o X
1+ - v TV "
s LA e 20)

R iET

The last part of (20) represents the case in which the stock can never
fall below the exercise price of the option until expiration.

In the last section a numerical example will be presented, comparing
the bounds presented here with those of Perrakis and Ryan. The im-
provement turns out to be major for all 2.

Given these results it is now possible to derive upper and lower
bounds for European put options by means of the put-call parity
theorem.

o

- o X
Py(S, X) = Ci(S,X) — § + TFo 21)

Let B,(S, X) and B,(S, X) denote, respectively, the upper and lower
bounds for the n-period European put options. From (18)-(20) these
bounds are equal to
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) )
0,8=X
v
BS.X) =4 —X __s+CEx, =X >5=2% @
aT+0 v v
X X
| T+ 858 < =
O St
v
BUS. Xy = o X _ § ¥ S X)X 5 528, @3)
1 + 9 v
o SRR O s e O
L @+=0 Vv

where S, is the largest value of S at which C,(S, X) = 0.

From (21) and the properties of call-option pricing functions derived
in the work of Merton (1973), it follows that 0 = aP,(S, X)/6§ = —1.
These same inequalities are satisfied by the derivatives in § of the
bounds B, (S, X) and B,(S, X). For § = X/#" both bounds are equal to
X/(1 + 0" — 8, while their derivatives in § are equal to — 1. These
properties play a role in the next section, in which the bounds for the
American put are derived.

III. The American Put Option

In this section upper and lower bounds B4(S, X) and Bi(S, X) will be
derived for the n-period American put. The general methodology used
will be to construct pairs of arbitrage portfolios, starting from the same
initial wealth and involving the stock, the riskless asset, the American
put, and European-type options on the stock. The terminal values of
these portfolios will have shapes satisfying the theorem of the previous
section, implying an inequality relation on the expected values of the
portfolios. This relation will then be converted into a bound for the
value of the American put.

Let AP,(S, X) = Py(S. X) — P,(S, X) denote the n-period premium
that the possibility of early exercise confers on the American put over
its European counterpart. From expression (2) of Merton (1973), com-
bined with the put-call parity theorem (21), we have

AP.(S ey, = Bl )
AP(S, X) sx[l o ,,),,J. 24)

In what follows we shall derive a lower bound A, (S, X) on AP,(S. X).
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The lower bound Bj(S, X) of the American put will then be equal to
A,(S, X) + By(S, X).

The derivation of both bounds will be done recursively, following the
approach established by Parkinson (1977). For n = 1 the value of the
unexercised American put will obviously be equal to that of its Euro-
pean counterpart. Hence, the two values will be different only for n =
2, and AP,(S, X) = 0 for all n. The following auxiliary result will be of
use in further derivations.

Lemma 1. Under assumptions 1-7, AP,(S, X) is decreasing in S,
increasing in X, and linear homogeneous in (S, X). If the American
put is prevented from being exercised in period n, then AP,(S, X) <
[X/(1 + DIt — 1A + o).

Proof. For n = 2 we have, from (1),

AP(S, X) = max{X = 8 = ;.I‘IP.(SV. X)Z(v)dG(v),
1+ il

S

| J'r - J SIX — Sv — Py(Sv, X)]f(v)dG(v)}.
where ] is defined from the equation X — S| = P(S], X). By direct
differentiation it can be shown that AP,(S, X) possesses the properties
of the lemma. The first term within the parentheses corresponds to
immediate exercise in period 2, while the second is the bound given
that the American put will not be exercised immediately. For § = X/7"
this latter term becomes equal to [X/(1 + DI[1 — 1/1 + i)]. Q.E.D. The
proof can now proceed recursively.

L o J‘ P5(Sv, X)Z(v)dG(v),

AP(S. X) = max[X e

— j APy(Sv, X)Z(v)dG(v)],
which also can be shown to satisfy the lemma by direct differentiation.
Q.E.D.

The derivation of the lower bound will now be done recursively. The
results are expressed by means of the following.

ProposiTioN 1. Under assumptions 1-7 of the previous section, the
lower bound A,(S, X) of the n-period premium of the American put
over its European counterpart is given by the recursive relations

8
A8, X) = i :_ 7 J‘IS [X — Sv — By(Sv, X)|dG(v) (25)

1
e

A8, X) = E{max[X — Sv — B,_y(Sv, X), A, \(Sv, X)I},

(26)
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where the sequence B,(S, X) is given by (22) and S, is the solution of
the equation X — S = B(S, X).

Proof. Suppose that for n = 2 we consider the following two invest-
ment strategies, given that the American put is not exercised im-
mediately.

Strategy A. A short sale of the two-period European put.
Strategy B. A short sale of the two-period American put.

Then, after one period, the wealth position of A will be
Py(S, X)(1 + i) = P\(Sv, X).
and the wealth position of B will be
P4(S, X)(1 + i) — max[X — Sv, Py(Sv, X)],

since in B the put will be exercised one period later if the value of its
European counterpart falls below the exercise value.

The shapes of the two wealth positions are as shown in figure 5.2 By
the theorem, therefore, it follows that the expected wealth of B ex-
ceeds that of A. Substituting and rearranging, we get

P3(S, X) = Py(S, X) + E{max[X — SV — P\(SV, X), 0]}
(27)

E{max[X — SV — B\(SV, X), 0}}.

1
1 +i
|

= Py(S, X) + e

Equation (25) now follows directly from (27) and the properties of the
upper bound B\(S, X). Q.E.D. By direct differentiation it is easy to see
that A,(S, X) is decreasing in § and increasing in X.

The computation can now proceed recursively. If the two invest-
ment strategies A and B are undertaken n periods before the expiration
of the two put options, then the wealth positions of A and B after one
period are, respectively:

P(S, X)) + i) = Pp—(Sv, X)
and
P4(S, X)(1 + i) — max[X — Sv, P;;_(Sv, X)].

It can be easily shown that A and B can cross at most at a single
point."* Hence, by the theorem, we have

12. By lemma 1, Px(S, X)(1 + i) = {{XA1 + D] = Sv} = PYUS. XNI + D) — (X — Sw).
Further, the term P,(Sv, X) tends to zero for large Sv, so that B eventually exceeds A.
13. For Sv = X/v" ! the difference between A and B is equal to —AP,(S. X)(1 + 1) +

X[1 — (1 + 0"'), which is nonnegative by lemma 1. Further, this same difference
decreases in Sv, and —[aP,(S, X)aS] = 1.



134 Journal of Business

a <
Bia+i) |

P, (1+)

X X.
B -G -9

PRt~k - 5
v

<l
¥

Sy

FiG. 5

Pi(S, X)(1 + ) — E{max[X — SV, P5_(SV, X)]}

8)
= PS8, X) — E[P,—«(SV, X),
from which
AP,(S, X) =
| L —E{max[X — SV = P,_(SV. X), AP, (SV. X)]} =
[ L -E{max(X — SV — B, SV, X), &, 1(SV. X}
= A, X).
(29)

Q.E.D.

Proposition | now allows the immediate derivation of the lower
bound B(S. X) for the n-period American put.

CoroLrAry. The n-period American put is bounded from below by
the expression

BY(S, X) = max[X - S, B.(S, X) + A8, X)], (30)
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where B, is given by (23) and A, by (26). In the next section this bound

will be computed for the case of a trinomial distribution. The upper

bound is similarly computed recursively, and its value is expressed by

proposition 2. _
Prorosition 2. Under assumptions 1-7 the upper bound Bj(S, X) for

the n-period American put is given by the following recursive relations.

max(X — S, #x(S, X)), § < X
BY(S. X) = - 3D

(B 2

\'2

where M»(S, X) is given by the function in the first part of (32) as long
as that function is decreasing in § and kept constant and equal to its
minimum value thereafter.

(8, X) =
s ‘+ - - 1) + L —E{max(X — SV, B(SV, X)}}, $ = 5,
§.(I;;l_ - 1)+ 5 ! -E{max(X — 5V, B(S\V. I}, § > 5,
—aﬁlg' X) g T 32)

Similarly, for n > 2,

max(X — . 1,8, X)), § <
BY(S, X) = x = (33)
0,8 ==
vy
v | =4 oo -
5(1 - 1) + T B (SV, X)), § = 5,
8. X) = { 55 ‘+ - 1)+ 5 ‘+ —ELBS(5\V. X)), S > 5,
—"’M"g‘;‘ | =9 (34)
s=5,

Proof. 1 compare the following investment strategies for n = 2 and
for an initial investment equal to S.

Strategy C. A long position on the stock.
Strategy D. A short sale of the American put.



136 Journal of Business
As shown in figure 6, after one period the respective wealth positions
become, for C, Sv, and, for D:'*

[S + PSS, X)I(1 + i) — max[X — Sv, Py(Sv, X)].

By the theorem of the previous section, the expectation of C must
exceed that of D. Substituting and rean-anging, we get

P4(S, X) < s(l ) i Elmax(X — SV, Py(SV, X}
(35)
- v 1 o =
= s(l — ) + 7 Elmax(X - SV, By(sV. X)L

which forms an upper bound on P5(S, X), given that it is not going to be
exercised in period 2.

For § = 0 this upper bound is equal to [X/(1 + ][l — /1 + D],
which is the bound given in lemma 1. Further, the RHS of (35) is easily
seen to be convex in S, while its derivative is equal to —1 for S 0.
Since for large § this derivative eventually becomes posmve 3 it fol-
lows that the upper bound, B4(S, X), derived from (35), is equal to the
RHS of (35) as long as this RHS is decreasing and is equal to the
minimum value that is reached thereafter, for § > §,.'® Finally, it
should be noted that for *‘low™ values of § the put is going to be
exercised immediately in period 2, which means that its value can
never fall below X — S, while for § = X/v* the put will become worth-
less since the stock price cannot exceed the exercise price X.

Figure 7 shows the general shape of the upper bound for the two-
period American put. The convexity of Mx(S) guarantees its intersec-
tion with the line X — § at some value S5, so that B4(S, X) = X — S for
§ =58, BYS, X) = Mx(S, X) for X/v*>> § > §,, B4(S, X) = 0,5 = X/v%
5> may be smaller than S (as represented in the diagram) or larger than
it, depending on the value of the parameters and the shape of G(v).
Hence, (31) and (32) hold. Q.E.D.

The computation of the bound for n > 2 may now proceed recur-
sively. We form again the portfolios C and D, which have wealth
positions one period later of Sv and [§ + PY(S, X)I(1 + ) —
PS5 _(Sv, X). Applying the theorem, rearranging, and so forth, we get

14. At v, Cis equal to Sy, while D is equal to (S + P$)(1 + i) — max[X — Sy, P,(Sy,
X)J.IfX = Sy = P\(Sy, X), lhenDexcaedstecauscP'(S X) =P8, X)=[XI( + D]
— Sforall S.If Py(Sv, X) > X — Sy, then D exceeds C because [§ + Py(S, X)I(1 + i) >
[Sy + P(Sy, X))/(1 + i), and P4(S, X) = Py(S, X)(1 + i). Hence D exceeds C always.
Q.E.D.

15. The term v/(1 + i) — | > 0 becomes dominant as Sy — =,
16. This is a direct consequence of the fact that P4(S, X) is nonincreasing in §.
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PYS, X) = S(5 ——]—’.ElP‘,‘. (SV, X)]

l+1_1)Jr R
(36)
<S(|+1_])+ |+ ———E[Bj;_(SV, X)],

from which (33) and (34) hold for the n-period bound. Q.E.D.

The last general result concerns the probability of exercise of the
American put during a given point in time, defined in terms of time
periods until expiration. Suppose that we have an unexercised put 1
periods before expiration. Then the probability of exercise one period
later is as follows.

ProposiTioN 3. Let S, and §1 denote, respectively, the solutions of
the equationsinS: X — S = M, (S, X)and X — § = B, (S, X) +
A, (S, X). Then the probability that an n-period unexercised Ameri-
can put will be exercised one period from now is at least equal to
G(5,/S) and at most equal to G(S3/S).

Proof. One period later the slock price will be equal to Sv. For all §
< S, itis clear that B, (S, X) = B, (S, X) = P; (5, X) =X — §.
Hence, the event (V < 55/8) corresponds to exercise during period n —
1. Similarly, for Sv > S5, it is always true that P _ (X, §v) > X — Sv,
implying that the put will not be exercised in period n — 1. It follows
that the probability of exercise during n — 1 lies between G(S5/S) and
G(53/S). Q.E.D.

I close this section by examining the derived bounds for the Ameri-
can put in relation to those given by (22)-(23) for its European
counterpart. The difference between the two represents the value of
the option for early exercise. The comparison between the two put
options is done for n = 2. Thus the lower bound for the American put
is shown by (25) and (26) to exceed that of the European put by the
discounted value on early exercise one period later. Similarly, the
upper bound in (31)~(32) contains, in addition to the probabilities of
early exercise in periods 2 and 1, an amount equal to the discounted
risk premium on the stock, [¥/(1 + i)] — 1. We note that the upper
bound, given that the put is not going to be exercised in period 2, M(S,
X), is equal to that risk premium plus a term that is equal to the dis-
counted combination of the expectations of the upper bound on the one-
period European put and of the exercise value during period one. Both
upper bound and exercise value are decreasing functions of the one-pe-
riod stock return, V. This implies, by assumption 7, that their value one
period earlier exceeds their discounted expectation, with the discounted
risk premium on the stock yielding an upper limit on this excess.

IV. A Numerical Example

Consider a stock currently trading at $65. During the next period there
is the possibility of a tender offer at $78, which has a probability as-
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sessed at 40%. There is also a 10% chance that the stock will fall to $52,
as well as a 50% chance that its price will not change. Hence, the return
V per dollar invested per period has a probability distribution G(v) such
that dG(v) = .10, v = .8; dG(v) = .50, v = 1;dG(v) = .40, v = 1.2;
dG(v) = 0 otherwise, with v = .8, 7 = 1.2, ¥ = 1.06. Alsolet | + i =
1.05.

For this particular firm we first compare the new bounds presented in
this paper with those of Perrakis and Ryan (1984). Table 1 shows the
old and new call option bounds, respectively, H,(S, X), H,(S, X) and
G,(S. X), C,(S, X), for at-the-market options (X = $65) and n = 1,
As shown in the last two columns of table 1, the reduction in the size
of the between-bounds interval is quite spectacular. It ranges from
about 40% for n = 1 to more than 400% for n = 4.

Tables 2-5 give bounds for American and European put options for
§ = $65 and four different exercise prices, $60, $65, $70, and $75, for
up to four periods until expiration.

In these tables the value A, represents a lower bound on the early
exercise option of the American put. This option becomes more valu-
able as the number of periods to expiration increases. As a result, both
bounds are nondecreasing in n, even though the corresponding Euro-
pean put bounds decline after some value of n.

The computation of the bounds can be extended recursively to any
number of periods until expiration. The main statistical problem in any
realistic setting stems from the estimation of the single-period distribu-
tion of stock returns, assumed trinomial in this example. In practice,
the length of the period is a major consideration in any empirical appli-
cations of discrete-time option models, as discussed further in the next
section.

V. § 'y and Concl

This paper presented two important extensions of the discrete-time
option pricing bounds put forth in Perrakis and Ryan. First of all, the
bounds were tightened significantly whenever the lowest and highest
possible single-period stock returns are nonzero and finite, respec-
tively. It was also found that these improved bounds converge to the
option models of Cox et al. (1979) and Rendleman and Bartter (1979)
when the single-period distribution is binomial. Second, bounds were
derived for the American put option by using sequential early exercise
possibilities together with the basic arbitrage arguments already used
in Perrakis and Ryan. The put bounds are exact to the extent that the
stock return distribution used in the computations represents the
“true™ single-period distribution. Otherwise, the put bounds are ap-
proximations to the exact values of the bounds since early exercise is
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TABLE 1 Call Bounds for X = $65

e HEX) HSX, GEX) ' CS.X) Ho-H, -6,

4.9057 4.3333 4.7619 4.4218 5724 .3401

1

2 8.7006 7.6703 8.1982 7.8208 1.0303 3774
3 11.9786 10.4978 11.1018 10.7296 1.4808 3722
4 14.9644 13.0769 13.7318 13.3645 1.8875 3673
TABLE 2 Put Bounds for X = $60

n B, B, A, Bj B, + A, B

1 1.0256 8163
2 1.2417 1.0246 1884 1.8694 1.213 1.213
3 1.2989 1.0662 3541 2.6010 1.4203 1.4203
4 1.2831 1.0427 .5030 3.2680 1.5457 1.5457
TABLE 3 Put Bounds for X = $65

n B, B, A, By B, + A, B!

1 1.6667 1.3265
2 2.1551 1.7777 2948 2.7778 2.0725 2.0725
3 2.2512 1.8790 .5897 3.6367 2.4687 2.4687
4 2.2074 1.8401 8446 4.3645 2.68472 2.6847
TABLE 4 Put Bounds for X = $70

n B, B, A, By B, + A, B

1 4.5971 4.3878 5
2 4.3421 3.9990 .5093 5.0855 4.5083 5.00
3 3.9932 3.6109 9268 5.4905 4.5377 5.00
4 3.6351 3.2365 1.3154 6.0041 4.5519 5.00
TABLE 5 Put Bounds for X = $75

n B, B, A, By B, + A, B
1 7.5275 7.4490
2 6.5292 6.2203 1.5175 10.00 7.7378 10.00
3 5.7413 5.3470 2.4464 10.00 7.7934 10.00
4 5.0741 4.6416 3.1734 10.00 7.8150 10.00
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considered less frequently than in reality. This issue has already been
discussed in Cox et al. (1979) and Parkinson (1977), and the same
remarks apply to this paper.

The bounds derived here are completely general insofar as the stock
price distribution is concerned, provided assumptions 1-7 are satisfied.
Hence, they may be easily modified to account for fixed dividends or
trading commissions. For instance, trading commissions will affect
B(S, X) only through the lower bound B,(S, X) of the European put in
(30), assuming no difference in commissions between American and
European puts. By contrast, the upper bound will be raised by the
difference in trading commissions between a long position on the stock
and a short position on the put, in addition to the adjustment through
the upper bound B, of the European put in the RHS of (35).

Other important extensions of the theory of Perrakis and Ryan that
are also applicable to the valuation of American puts and do not neces-
sitate important conceptual modifications are dividend policies that are
deterministic functions of the stock return. Suppose, for instance, that
the firm has a policy of paying no dividends if the return falls below
some minimum level and of paying out all earnings above that level up
to a maximum amount if the return is above that minimum. Then
bounds for European call or put options that are not payout protected
may still be derived by applying the methods of Section 11, and the
results can then be extended to American puts. More complex payout
policies may, however, need a strengthening of assumptions 1-7 and
major new theoretical work. The same is true if interest rates or divi-
dend yields are stochastic.
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