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I. Introduction

This paper is concerned with temporary price
cuts (“*deals,” *'sales,”” and *‘specials™) as a
mechanism for the seller to price-discriminate
between buyers with different intensities of de-
mand. We analyze why a scller ofters such price
cuts, which buyers take advantage of them, and
what the parameters are that determine the
amount and frequency of the discount offered. In
the remainder of this section, we briefly review
the literature on price deals.' In section 11, simple
models of buyver and seller behavior are devel-
oped, and we show why and how a seller adopts
a dealing strategy. Section Il summarizes the
key implications of the model and indicates how
the price discrimination hypothesis could be
tested in practice. Section 1V suggests possible
extensions of the model. Finally, Section V gives
our conclusions.

In the marketing literature, the issue of who is
“deal prone’” has been extensively researched

* We are grateful to Michael Mussa and Albert Madansky
for their comments. We also benefited from comments made
by the marketing facutty of the Wharton School at a seminar
where an earlier version of this paper was presented. Neil
Beckwith in particular is acknowledged.

. For a more detailed review of deals and similar price-
cutting mechanisms. e.g., mail-in rebates. cents-off abels.
coupons, elc., see Narsimhan (1982, chap. 2).
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An explanation for
temporary price cuts,
usually called “*deals,”
“sales,” or “specials,”
is provided. We hy-
pothesize that they are
a mechanism that dis-
criminates between
more intense and less
intense demanders. We
further hypothesize a
positive relationship
between demand elas-
ficity and holding
costs. Buyers with
more intense demand,
with high holding
costs, are those who
will be buying the
product at its regular
price. The low-holding-
cost buyers take ad-
vantage of deals by for-
ward buying. The
maodel is applicable to
three relationships: {1}
manufacturer-reseller,
where the reseller may
be a wholesaler or a
retailer; (2) reseller-
rescller. for example,
wholesaler-retaiter: and
(3) retailer-copsumer,
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{see, c.g., Webster 1965 Monigomery 1971 Blattberg et all 19781 In
the economics of information kterature, price varations are sometiney
cxplaned as the equilibrivm oulvome of mz;iasp% buyers and sellers
interacting in an environment of costly price informution.” Other eco-
nomic models abstract away from informational problemy and assume
a singie brm Specifically, Blattberg, Eppesn. and Licbermann (1981
seo adse Fopen and Licbermann 1984) show that o retailer who facey
Some castoers with higher inventory hodding costs than bis own costy
and some consumers with lower inventor v holding costs will offer
poriodic price deals as o moechansm for minmmuzing totsl inventon
holding costs. Spatt (19817 shows that temporary g’%zu -cutting can be y
means for a fivm to expand i (s custotier bawe by giving a lower price (o
new buyers of the product.”

The model that we dovelop in this paper 1y closer 1o Blattberg et al,
{19511 than to Spalt (1981), We consuler g wzszé firm und buyers with
either Bigh or low inventory holding costs. We depart from thetr model
by alfowing price (o affect demand of individual consumers, by allow-
ing For different demand fu mtm;;\ of he ie.,;%g, weous consumens, and by
not assuming that the selfer iy lesy efficient in inventorying the product
than are the low-holding-cost ?’»ez}f@s‘x, ‘Mm'cm er, our rationale for deal
ing is price discrimination, notinventory cost transterence of Blattberg
et al.” This rationale, we argue, potentially applies to any seller-buver
re Edimmhlp for example, manufacturer-distnbutor, distrnibulorre-
selier, or retaller-consumer, 1 is Bmiled, however, to situations where
the wiicz' by some monopoly power.

We make the following ussumptions: (1) Buvers are heterogeneous
i their demuand parameters. (2) Customers differ in thelr ability 1o
mventory a product, (3) Customers mour no ransaction/shopping cost,
{This assumption greatly xim fifies the mathematios and 15 not essential
o our argument ) {4) There 15 2 positive correlution belween consump-
tion rates and holding cost {\w betow), {3) The seller is more effivient
i stocking the prowduct than buvers; specifically, holding <ost for the
seHor is zero. (This assumption afso both greatly simplifies the mathe-
mratics and 18 not essential (o our argument,}

Assumption 4 s key (o our anslysis and rosults and reguires some

2 The models that altempt 10 cxplain prive disporsion as an uguéiébz‘ssm GIHCOme
when information on prices 13 costy make different assumptions copverning the search
process. heterngeneity of search costs of vonsumers. and heterogeneily of wohnology

across firms. See.e.g. Salop and Stghie {19775, Yacan G980 Burdett and Judd (1983
Carlson amd MeAfee (19R%), See Rothschilld {1973 for an ewcellem discussion of the
juspes mvoblved i this arca,

V. Nurasimlms (19848 geporalizes this argument o includs the discount offered us »
devision variable.

4. Obviousty, in practice. denhing muy be profilable for other redsons as well, 1may
ubiow frms fo discriminute between mformed amd uninformed buyers Gee Yarian 19801
Comventional widom in e“em;&u e spggests thut retailers of for spavinds to iwiiai Hpy SO
traffie. (o generale new inferest inan old prodid. w introduce aonew prodoet. o
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discussion and justification. For some products there is a positive cor-
relation between demand rates and holding costs. Consider, for ex-
ample, two households, one with more members than the other. Since
the larger household consumes more food and probably a greater vari-
ety of foods, it is likely to face a more severe refrigerator or pantry size
constraint. Thus household size contributes to a positive correlation
between rate of demand at a given price and inventory holding costs. A
similar relationship might be due to geographical location. In high-cost
and high-income areas, higher demand at a given price should be asso-
ciated with higher inventory holding costs. This correlation could be
particularly significant for a manufacturer who cannot discriminate
openly between its suburban distributors (low-cost areas) and its urban
distributors (high cost), but who could partially achieve such discrimi-
nation by offering temporary price cuts. Such price discrimination ar-
gument is the essence of our model. Our purpose is to show that when
positive correlation between demand rates and customer inventory
holding costs exists for a given product, sellers will find it profitable to
deal as a means to price discriminate between buyers.

II. The Model

Consider a monopolistic seller who has constant unit production costs.
c. This seller faces two groups of buyers (i = 1, 2) whose rates of
purchase, x;, are the following functions of price P:

Y=ol = BP = Blog - P 0< P <,

X =0 P>C!‘:, ([)

where o) > an > ¢.

A fraction, 8, of the seller’s potential customers are of type 1 (high-
demand group) and (1 — 8) of type 2 (lower-demand group). If the
seller seeks the constant price that maximizes his profits, he maximizes
Iy = (P ~ o) [0x; + (1 — 9)x,] if P << oy and maximizes I, =P —¢)
Ox, if &y << P < @;. The function Iy is maximized at

p* = é(c + &), (2)
where @ = Boy + (1 — 6) a,. The function [T, is maximized at

i= “;—(C + o). (3)

Equation (2) gives a local maximum of the seller’s profitif 2 (¢ + &) <
az, or equivalently, 8 < {a; — ¢)/{o; ~ ). For this local maximum to
be the global maximum. [,(P*) must be larger than TI,(Pf), which is
true if [(& — ¢)/2]° > 8 [(a, ~ ¢)2), or equivalently, § < (s — ¥
{a; — @))% In sum, the scller’s optimum constant price is P* if § <
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fos e aed]?, Otherwise. the optimal constant price iy #,°
which corresponds o gnoring the demand of group 2 because this
group is too small and/or its demand is 100 weak.

Next, consider the strategy of periodically offering o temporary dis-
count, . below the regolar price, P, Assume that this “deal” is offered
in one out of every T periuds, Typically. in the case of grocery ttems,

the period is the week. Since most households shop ut feast once a
wiek {or groceries. the assumption of zero shopping cost is quite Ten
able: Shopping cost is a4 sunk cost that must be incus iu} cach week,

The high-inventery-holding-cost consumers (group 1) take advan-
tage of the deal only during the pertod when 1t iy miﬁuui and do onot
stockpile goods bought on deal for consu npi jon in later penods. De-
marsd for membaers of this group during the ded peniod oy, = v - P

o and during sondeal periods 1s vy, 0y #.owhere P the
standird inondeab) pricw and ¢ is the discount oftered on deal.” Low-
iﬂkfti!l@i“fw‘(i*%i CONSUmETS (group ’E sz Y Snou gil on deal 1o satisty von-
sumption needs for 8 periods, § = 7. The rate of consumption during
these 8 periods s de{ea"mnwd by the average cﬁieczaw price of goods
bought on deal which is equal to the deal price. P2 - o plus the average
imventary holding cost of o it of goods booght on deal. 1872, The
inventory holding cost per upit per period of buyers of gro g RSP
denoted by . The rate of consumption during %E“em A gw eripds tor group
2 CORSUMETS I8 Xy, o~ o Porod - A0 A the mmm rv of
goods bought on deal 15 exhausted. the rale a}E’;;mms;amim;a for group
consumers is deterntned by the standard price and 15 given oy v,
s 47

With these assumptions and specilications, it follows that sverage
per period profits of the seller over the length of the deal cycle are
given by

=8 »;% / 3 : {rey Pur ¢} }w:{sp # dUP ¢ i
‘ :
o ( i‘?;jr?; 5 5}; (v — PHP — o} {43

+ w} (s — F o+ | »%w ASuP — ¢ - {ﬁw‘é

But. if dealing is profitable for the sefler, it must be that profits frum
group 2 during the first 5 periods of the eyvele are higher thun profits

AW thus assirme nesdependence of current constiphion off vomumphicn e
previous permod,
The average cost argument i pot necessary s (e Tornmdalion i contingeny
Tt Loeds ro 1B NG £NprE s

s bty Fovod hier it i o ud [ERTRS
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from this group during the remaining T — § periods; that is, [z — P +
d ~ (Shi2)] (P — ¢) must be larger than (ar — P)(P — ¢). Without loss
of generality, therefore, § may be set equal to 7, and the seller’s
average profit may be written as:

H:B{HF; Lia, = PYP = o) +%(a, —P+d)(P—c—d)J
S - 0o - P+ d - »«;:wh:r)(P - d)}. (5)

The first-order conditions for the maximization of the seller’s profits
(assuming an interior solution with ¢ > 0) are given by

o _ - -
_aP_B( 2P+ oo + oo+ T)+{l f) ¢
YA ©
(—2P+a3+(‘+2d““““2—)“‘0’
‘;3_:—%(—2P+a,+('+2d)*(1“9)
¢
. {7)
(m21’+az+c+2d-~%l—):0-
ol do . M0y -
T CH et -2 g =0
(8)

From (6} and (7} we obtain the result that the optimal standard price
under the dealing strategy is the monopoly price when the seller serves
only group I: that is,

P = Pf = {a + ¢¥2. (9

This is sensible because under the dealing strategy only group 1 con-
sumers ever pay the standard price. and the profit-maximizing price to
charge this group is clearly the monopoly price P¥.

Replacing P by the expression for Pf allows one to simplify equation
(7

2fr=a|—oa2—2(d— ’;T) (10)

where

The real price that group 2 consumers pay, P — d + ' AT, must be
less than P for these consumers to have the incentive to stockpile,
implying that d must be larger than ' 4T and a fortiori larger than V4 /T,
Condition (10) thus imposes «; > .
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In addition. the vontribution to seller’s profit made by sales o group
2 must be positive. This contribution compensates for the opportunis-
tic behavior of group 1 customers who every 1 pertods, take advan-
tage of the deal, i(cﬁu nm u.gumw Sy, the condittions are P - 0~
s and wy - F b d Va i e 4l iém imply o, & o

Lastly, we anticipate | §zezi the parameter fr tnventory holding cost of
group 2 buyers) should satisfy certain constraints, Intuitively. we ¢x-
pect that & must be sufficiently small for dealing to be profitable. In-
deed, if A s too lurge, the discrimination mechanism vig mventory
imiéé ng costs will not be efficient i that stockpiling by group 2 will be

ry costly, und these buyers wi EE want 10 pay less,

Wx. (xfc(ui‘y know that o = Ve A7 that s, v o= /0 = % A From
condition (1) we see that ay — oo o 2fr = 2040 In other words, &
must satisty the condition

, [E TR £ H 5] R
foeo DL (g - ) (1

This condition Is intutitve in that the upper bound on b 15 iRcreasing
with the size. | - 8, of the deab-prone segment and with the differenge
between high- and %sm—dc nutd parameters.

In order 1o arrive 4l some further understanding of the nature of the
solution (0 (71-(8) and to uncover additional parameter constramts, we
need o upioaﬁ zm necessary conditions (7) and (8) more fully. Using
the same nolations as in equation (10}, condiion (8 can be rewrilien as

af B
»?‘?f = {1 o ol (E

We have just seen that » > VA Equations (91 and (121 and condition
os — P4 d - AT > 0 with o > 0 thus imply

o SRR S Wt A PR (1)

hoel

I

a condition of forn similar to (1,

Expressing both ¢ and 7 as functions of 7 (using eqq. [10] ard (11D
and writing that the ratio &/ 7 is r (by definition) leads 1o the following
sguation for

- 2 i f h \

L U S S N AN PR N A I

7 A 5 [ 5 {ey SN g {¢x; o3 {3 {1da)

There 15 no closed-form expression for the appropriate root of this
cubic equation. However, it is possible 1o discuss the existence ot the
solution that s oo mm:miib meaningful. The clussical approach 1o
the analysis of third-degree equations S T PO B LR
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to consider the change of variables X = x + A/3g so as o rewrite
the equation as X° + pX + ¢ = 0. In our case. we obtain

371(3h ay — ) Wfﬁ(ﬂu—&:ih*
R -3l 2 )R+m_———f h] 0 (14b)
where R = r — h/4.

Because p = — hid 34 + (ay — ©)f) is negative, equation (| 4a—

14b) has at least one real root. Moreover, as the left-hand side of (14a}
is negative for » = 0 and positive for r approaching — =, this real root is
negative. For the equation to have an economically meaningful root
{i.c., a positive root), it must satisty the well-known condition 27g° +
4p* < 0, in which casc it will in fact have two real positive roots. The
issue then will be, Which of these two roots is the solution that has
economic meaning? The condition 27¢° + 4p* < 0 is

LZ',"Q;*C 5 9 | 01*0‘22M b = )
Ty e (252 - -]

(15)

4
hw(olg““("}

)<0.

Condition (15) is easier to understand if one uses the well-known
trigonometric reparameterization of (14b), R* + pR + g =10.p<0;we
rewrite its roots as p cos 6 where

SRR AR TR

and the 8’s are the three roots of

\/;;Ex_ﬂz-i)
cos 30 = — 42] = ( / 2 . (16)

P h oy — ¢ \»
Condition (15) is nothing but cos 230 < 1. However. in our particular
case, we already know that the numerator of the right-hand side in (16)

is positive (see condition {I1]). As a result. the existence of positive
roots simply requires cos 30 < (. This condition is

VEES T
or
z(ﬁi}“}”l_“) i< {4(%) + 1}” (17h)

In general, this condition does not provide a simple restriction on A.
However, in the special case o, — a» » oy — ¢, the term () — o)lf —
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i2an 1 7ad s large compared 1o Hoo o~ oW+ 247 This s bocause A
< e oWF s smadl compared to m ol As i'c%uiﬁ an approxi
mate condition dertved from (17a)

—w - e ¢ -
VPR e g o e |
| { H i 3f i
that is,
6 s o fots {
Jrool e v Ty R - 3 (I8
27 f T € ! e

Under the condition that {o; - wWoe — o) iy large, condition (18) s
more binding than (13) and a forton €i i}‘ B i worth noting that the
quantities {o woMias - oband @ e S were found earfier (o
determine whether optimal constant gmur;g should ignore the deal-
prone segment o not, That the seme quantities provide constraints on
i1 1y nob surprismg.,

Conditions {15y or 1173 are astomatically satishied, however. it the
discriminant of the guadrativ lefi-hand side of (181 s pegative. This
condition 1s

3’ 3y a ; i E 4| ¢
L4 Vs - oo 1 oy — o

Thiv condition is obviously not satisficd when (o, — afo — o108
farpe. I thiv situation, that is, (o~ ol o o718 large. whoere ?@";
fmm{ the optimuom constand price is toagnore the Jeal-prone sepinen
itis indeed intuitive that stringent conditions on 4 should be satish u%
Em‘ aiczﬁizrig o be profitable. This is whal we found with condition (18)

Going back to equations (14) and (16}, 1f (15115 {rue, equations (14
and (16) have two posilive roots, The guestion then is, Which root of
cguation (14a} or {14h) o (16} s the appropriate solution” In the gen-
eral case. the answer to this guestion is difficult. In the special case
where A is smull and satisties & < Qoo edf T g asWf, amd
B (27H6) [t oW1 [{on ~ oWia, -~ o), equation {161 becomes cos
36 -+ 0 whose three roots are 6~ (U6, 0, ~ W2, and 8, - 516, s0 that
cos 4, - V32, cos B - O, and cos ta - — V372, Consequently, the
:mpnommah, three roots of (14by are B, - 0 Vi, — ol AL By

~ ey ffz and R is of order higher than /0. The roots of (14a) are
thus #y %’v 4OT Y ATy {ﬁﬁ{?: amd £ Yty ¥
s = OH1, SICE Fypafy = Ve — il f}fk The choice of v+ 47718 be
tween the two positive roots £y and #o. B one chooses vy equation (127 me
pligs o ~ M Loy ‘} and thus 7 = J = [2a ol s casy o see
that cquation (100 s v iui E owever, the condilions £ - « of o and
o = Bk Y E e Bare not satistied. In fact, £ of = ¥ and
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ay — P+ d — 2Th = 0. The acceptable root is thus the larger one, .
It implies’
1

d* ~ oy ey - an) (19)
and
. : o ,
e TRy e (20)

Equations (9) and (19) show that the real price paid by group 2 is P —
¢ —d~ ¥ (oy — ¢). Indeed, as & — 0, discrimination becomes perfect
and real price charged to group 2 is the monopoly price for group 2.
Since AT > 0 as i — 0, the rate of demand of group 2is oy — P + d ~
Y2 (ay — ¢). Profits generated by group 2 are monopoly profits (1 — 6)
[{es — ¢)2F. Profits generated by group |, when A— 0, are  [{a, — ¢)/
2]°. In other words, as h — 0, the profits converge as expected toward
profits under perfect discrimination:

2

My = 9 (-‘i‘mj_“} S - ) (ﬂ;—‘) : 21

P

When A is not zero, smaller profits than [1,,,, are achieved. Appendix
A shows that profits achieved are

H( = 9 (f'f%m)z + (-8 ("‘_g%‘__)
‘ ‘ (22)

_ (iam;_“) VO[T — B)os — o).

where only the lower-order term approximation (term in V) is consid-
ered in addition to the constant term Il (that is independent of ).
Finally, Appendix B shows that the second-order sufficient conditions
for a local maximum of 1 at P§, d*, and T7* given by equations (9). (19),
and (20} are all satisfied under the assumption that # is small.

In sum, we have established that price discrimination between two
groups of buyers by the seller is possible and profitable if the high
demanders also have high inventory holding costs. The low demanders
must have an inventory holding cost sufficiently small that their for-
ward buying on “*deal” more than compensates for the opportunistic
behavior of the high demanders who, when the deal is offered, do not
stockpile but purchase for current consumption at the reduced price.

7. Equation (9) gives the optimal regular price, P¥, in the general case. Equations (19)
and (20) are only approximations when k is small: @4 (o, — o)) — tand Ta, — o)

VO =0 hfaz — ¢l]]— | as fi — 0.
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FEE. Model Implications and How fo Test the Price Discrimination
Hypothesis

We now stale observations that are comsistent with our model, discuss
the model™s fmplications and indicate how the price discrunination
hypothosis could be tested,

First, piven o heterogencous population. we should observe some
consumers (o stockpile when o deal v offered. and others less so—or
even noi al afl, This s the same conclusion as Blattberg ¢t ol How
ever. as stated earlier, our justification of dealing by the seffer s dif-
ferent from theirs: price discriminnlion versus inventory cost rafis-
ference.

in order to test the inventory cost iansference hivpothesis, one
would want 1o identify a correlation between amount of dealing activity
and seller inventlory cosis: cveryihing else constant, higher inventory
cost seliers would deul more. Also Blattberg ¢f al. would predict that
balkier items should be dealt more often and with a larger discount. By
contrast, our model justifies dealing not as a cast savings measure but
as o demand stimulation measurs. A test of our model s thus the
chservation of mereascd average demand {and increased rovenue)
under dealing over the constant price stralegy. Because our mwaﬁcé
postulates two groups of buyers ondy, optimal behavior by the sclies
implicy no sales trough after the deal period. Adding a third group with
h v hwould create a trough after the deal period.

Fhrenberg's wide cxperience with purchase aiz’ai;a 15 consistent with
our theory of deals. He wrote (1980, p. 17.2): 7 Sales fevels often re-
spond strongly to lemporary price cuts . . . . However. sales usually
decrease agu én s more or less the pre-promotion level once the promo-
tion is over.” BElsewhere (Ehrenberg 1972, p. 128), he also gspouses 4
VIgw a’&)ns;stem with the notion of population heterogeneity that s af
the core of our model: “the analvsis showod that the extra sales due o
4 consumer promotion arose mainly from attracting exira buyers.”

Ehrenberg’s observation of how a promotion works and o W}dt}i
are consisient with the noton that consumers whe buy on i deal are
differcnt from the vepular price buvers: a consumer who normally buvs
on deal is less lkely 1o buy at the regular price.

A mujor difference betwecn our model and the inventory trausfer-
ence model s that only products for which the postuiated correlation
between demand and holding costs exists should be the object of deat-
ing. Casual evidence suggests that some items are heavily dealt while
others are almost never deali.

Finallv. the ussumption of heterogencity of the population indicates
that products that citer to specific, narrowly defined segment 5 are boss
likely to be dealt, for example, imported foods und drinks. This as-
simption also suggests That retailers with o heterogeneous clientele are
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more likely to deal. Large grocery stores will deal more than conve-
nience stores and exclusive stores.

All these implications can be tested using panel data or scanner data
from stores, Further, as we extend the model along the lines suggested
in the next section, it is possible to uncover a richer sct of implications.

IV. Model Limitations and Possible Extensions

The idealized situation of two customer groups with different demand
functions and inventory holding cost, that 1s, A finite versus # — +2x,
should be extended to the case where the demand parameters and the
inventory holding cost as well as the shopping costs parameters (the
latter are presently assumed to be zero} are distributed over the popu-
lation of consumers.

Another important issue is that of uncertainty. Specifically, would it
be more profitable for the retailer to randomize the timing of the deals?
The issue here is whether the retailer can minimize the amount bought
on deal by customers who would buyv at the regular price and thus
increase his profits. Our model assumes that demand in one period is
independent of demand in previous periods. In this case, the predict-
ability of deals is not an issue. However, in the likely case of demand
interdependencies over time, predictability of deals might lead con-
sumers who would buy at the regular price to time their consumption
with the deal pattern—if the latter is predictable. Offering deals at
random might minimize this opportunistic behavior.

V. Conclusion

A simple framework has been developed that formalizes some key
characteristics of buyer response to deals offered by a seller. The
model was simplified in order to ensure tractability but proved to be
rich enough to lead to interesting implications. These include: (1) some
buyers stockpile. others do not; (2) there is a pattern of periodic peaks
over the normal level of sales; (3} deal-prone buyers buy more on deals
than they do at the regular price; (4) some products are more likely
than others to be dealt; and (5) some selling establishments are more
likely than others to offer deals. This already rich set of empirically
testable implications will be significantly strengthened when exten-
sions (customer shopping costs, uncertainty, etc.) are incorporated.

Appendix A

Profits Achieved under Dealing When 4 Is Small: Approximation Lim-
itec to the Term in A of Lowest Order

When his small, r = /T is approximately as V> Vo, — e)/f. The term of lowest
order in # is VA. In order to approximate d, the profit function. it is necessary
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to know the order of the term following this lirs term (of order 20, To deter-

mine the order of the nextterm let us write r = ANVE + BT e where A4 =

Vo - eYfande — Bas b o (& The unknown cooffivient B, independent of &,

must satisfy the cubic vquation #' — 34N Wl lan - o - A L - o
& I other words,

CAYST 2 3B e - 3R B s (AT ZABRe ¢ BUien
< s (i e
o (ALY BEYe) e ""t“::"iw“ TRt
‘ Hof
Ty equation is satsfied of
At s . e AR e g
4t
which gives the expression ubove for 4, wmd af
N 3 - £ ' 2 oy O
SATEL Aty Tl 3 B J P e {1 0.
4 4f 6

This fast equation imphes that e is V0, This §s hocause the terms £ and #°
st cancel one another out, In othor words. # can be writion s ANVT & 4
where ¢ i5 of order e = constant - 4}, Equation {120 i the main text then
inplies

/ iw fegy o 4xad b oo AT
2 ralLe (RN I (A1)
whore ¢ s of order 5 (00 = constant - V)
Fonally,
. i olay — o) oo 3 3 }
7o e = et T F I —— e T W)
5 ANE oo Yoy HHus - ol

whare {715 w constunt lndependent of A0 The profit tuncton of the seller is (e
e, {31 maln texed

) i )
H Bisfey ~ PUP - oy {f (2F - v~ i
o 8) Ho P v P iy - é; Y Y L di

with P o= 0 fog e o und o and Faiven by (AT and (A2

; ay o g A4 e ‘
it ;ﬁ#léi i 7 } ,}r“'i = (0 - 5331[” 5 :
Qo — g B y i
[t
: [ ¢ AT .
B8y iy ¢
{ R {
s ffg{ -
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The term &/T - d is smail and of order 2. The term — 2 AT oy — ¢¥2]is of the
same order. The term ¢'> is of higher order, namely, one and thus can be
neglected. The same is true of the term ¥ hTe’. In sum, the approximation of
the profit function limited to the term of lowest order in # (Vh, that is) is

0= B[e (ii_-i-) Ll 8 (""—2"()

- m[m(a. —a) VO (1 = 8o, — C)h].

2

Appendix B

Sufficient Second-Order Conditions for a Local Maximum, When & Is
Small
The sufficient conditions for a local maximum at the point (P*, o*, T} are 1Y
aP?. &l/ad? and #°11/aT* < 0 at this point, while the two-dimensional determi-
nanis.

allfap:  FlltaPad
FllaPad  ollad?

and the other two involving P and T and 4 and T, respectively, are positive at
the same point. Finally, the three-dimensional determinant

FI/ap- aoPad  FIePaT
FVoPad  #*Tlad” FTliadaT
AllfaPdT  dllladaT Lot

should be negative at this point.
In the case where 4 is small and terms of order | or higher are neglected.
these conditions are respectively at the local point (P*, a*, T*):*

Put} Eall -28
= 2w, et = -~ =21~ B
aP? ad” T
2 1,2
< 0. FU 248
aT? T

The two-dimensional determinants are

Fiap’  @liaPod | = (—2)[ _;‘B - 2L — e)] - [_29

PlloPad  Plad? : T
+ 2(1 - 9)} ~ 481 —-9H=>0

PIaP?  FTUaPOT | _ 4d% [ —20d k(1 — )P . 40 _
eMfapaT  #THeT? | 13 72 2 T

FTad®  FlWaddT | 46~ 07 o

Flladat  @*lleT? FEl )

8. The symbot ~ represents mathematical equivalence; ¢.g., g(h) ~ constant - &

means g{i)/h — constant as # — 0.
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Finally, the three-dimensional determnant is
2 gy,
. SN ELC AT
¥ T 2
5 e s .
e 31 - W o G w‘u‘@ff R
! T :
i,
(- I =i
> i I (=
s
4f1 ~ 61 8 %{ﬁw S
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