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I. Introduction

The effect of corporate taxes on the market value
of a levered firm continues to be a central issue in
recent contributions in finance theory (e.g., Mil-
ler 1977; DeAngelo and Masulis 1980; Kim 1982;
Modigliani 1982). In these and other studies
(e.g., Krause and Litzenberger 1973; Scott 1976;
Brennan and Schwartz 1978; Kim 1978), the rela-
tionship between market value and capital struc-
ture is established by formulating a tax subsidy
function that specifies the partial effect of debt
on the expected tax savings at the corporate level
under the existing U.S. tax code. A working as-
sumption in most of these studies is that both
principal and interest are tax deductible. This as-
sumption is made in the spirit of the original
Modigliani and Miller (1963) formulation in
which debt is taken to be perpetual and riskless.
Indeed, it is well known that the tax shield pro-
vided by the deduction of principal in a single-
period framework has the same value as the tax
shield from interest deductions in the case of
perpetual and riskless debt. Under this assump-
tion, it is shown that in the absence of non-debt-

* The authors wish to thank Richard Castanias, Richard
Green, Lemma Senbet, and especially an anonymous referee
for helpful comments, and Richard Green and Robert Dam-
mon for computational assistance.

(Journal of Business, 1985, vol. 58, no. 2)
© 1985 by The University of Chicago. All rights reserved.
0021-9398/85/5802-0006%01.50

191

This paper examines
the relationship be-
tween leverage and the
value of the firm, when
non-debt-related tax
shields are available
and the corporate tax
is levied as an income
tax. In a previous pa-
per, De Angelo and
Masulis argue that, in
the presence of non-
debt-related tax
shields, the relationship
between debt and firm
value is concave, re-
sulting in an interior
optimal capital struc-
ture when there is a
tax-induced differential
in the cost of corporate
debt. Their result de-
rives from the fact that
they assume the pay-
ment of debt principal
and non-debt-related
depreciation charges
are deductible. How-
ever, the former deduc-
tion is consistent with
a wealth tax, while the
latter is consistent only
with an income tax.
We show that if the in-
terest alone is deduct-
ible, the debt-firm
value function is con-
vex, resulting in corner
solutions to the capital
structure problem.
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related tax shields the tax subsidy associated with issuing any amount
of debt is constant on a per unit basis. The introduction of firm-specific
non-debt-related tax shields such as depreciation (DeAngelo and
Masulis 1980) increases the number of states in which the tax shield of
debt is redundant and thereby is said to generate a diminishing mar-
ginal tax subsidy of debt, which would result in an interior optimal
capital structure on the basis of the tax code alone.

Consideration of alternative tax shields such as depreciation simulta-
neously with the deduction of principal (as in DeAngelo and Masulis
[1980] and Kim [1982]) is internally inconsistent, however. This is read-
ily observed by considering the difference between two alternative tax
regimes: a wealth tax and an income tax. A wealth tax is imposed on
shareholders’ net worth which is the difference between the current
value of the firm and the current value of its debt (**principal’’). For a
wealth tax, principal is deductible, but there is no depreciation deduc-
tion. Alternatively, an income tax is imposed on periodic income. For
income tax, there is a depreciation deduction, but principal is not de-
ductible. Thus, a deduction of both principal and depreciation is incon-
sistent with either tax system. To emphasize this point further, assume
that an investment is totally financed by debt. Allowing for the deduc-
tion of both principal and depreciation amounts to a double deduction
of the initial investment outlay.

Also, for risky debt, the equivalency between the deduction of inter-
est in perpetuity and the deduction of principal in a single period breaks
down because future cash flows are truncated—an event that is associ-
ated with bankruptcy. Therefore, the assessment of the tax subsidy of
risky debt must be based on an analysis of corporate taxation in bank-
ruptcy.

In view of these criticisms, it is safe to conclude that the only consis-
tent way to analyze the tax subsidy of risky debt when non-debt-
related deductions are present is by adhering to an income tax
framework that allows for the deduction of interest but not principal
and includes explicit references to the tax status of the firm in bank-
ruptcy. As is shown in this paper, this modification of the tax environ-
ment has far-reaching implications regarding the nature of the tax sub-
sidy function associated with debt. We find that in general the marginal
value of the tax subsidy increases with the amount of debt employed.
The intuitive explanation for this surprising result is that as the firm
increases its financial leverage, debt becomes increasingly risky. Tax
authorities determine the nondeductible portion of the promised pay-
ments (‘“‘principal’’) by the market value of the debt at issuance. As
more debt is issued and the probability of partial payments increases,
the magnitude of the promised payments (principal plus interest) must
increase relative to the initial market value.'! Consequently, the ex-

1. Baron (1975) recognized this property of risky debt when he examined the bounds
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pected amount of interest deduction and the associated after-tax ex-
pected cash flows to owners of the firm increase with the proportion of
debt in the capital structure. Of course, the probability of default on the
promised payment also increases, and this second effect acts to reduce
the value of the tax subsidy at the margin. As it turns out, however, the
first effect dominates, and so the marginal tax subsidy function in-
creases as additional debt is issued.

In the spirit of the literature following Miller (1977), we analyze the
implications of this result, assuming that investors are subject to per-
sonal taxes. To focus on the derivation of the corporate optimal supply
of debt, we assume for simplicity that there is a uniform personal tax
rate across all investors, which implies a horizontal demand curve.
This assumption allows the derivation of an equilibrium relationship,
which does not require imposing short sale restrictions to prevent tax
arbitrage by investors.? Corporations are assumed to have access to
non-debt-related tax shields. We demonstrate that the resultant equi-
librium is characterized by corner solutions (either all equity or all
debt) for the individual corporation, and a finite amount of debt for the
corporate sector as a whole.

The paper is organized as follows. Section II discusses the existing
U.S. tax code rulings regarding the deductibility of interest in bank-
ruptcy and correspondingly presents the state-contingent after-tax
cash flows to shareholders and bondholders. In Section III we derive
the value of the levered firm and the associated marginal tax subsidy
function. We then show the properties of bond market equilibrium
under personal taxes and non-debt-related tax shields. Section IV con-
cludes the paper.

II. Interest Deduction in Bankruptcy

Our analysis of the relationship between debt and corporate taxes is
conducted within a single-period framework in which the firm issues
debt at the beginning of the period to (partially) finance its investments.
At the end of the period, the firm generates a single state-dependent
cash flow, X. Define D as the market value of debt at issuance (princi-
pal), and R as the promised interest payment. Let / denote the amount
of non-debt-related noncash tax deductions (e.g., depreciation charges
associated with the original capital investment in the firm) and let 7
denote the corporate tax rate. It is assumed that interest income from

on the value of the tax subsidy of debt under what we later refer to as the interest-first
doctrine. Baron did not explore, however, the shape of the marginal function and does
not allow for non-debt-related tax shields or for personal taxes.

2. For a thorough investigation of the demand for bonds in equilibrium under
heterogeneous personal tax rates and for the characteristics of the resulting tax clien-
teles, see Park and Williams (1982).
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bonds is fully taxable at the personal level at a uniform rate 7,, but
income from stocks is tax exempt.

The distribution of the realized cash flow, X, to bondholders and to
stockholders depends on the relative magnitudes of D (a control vari-
able) and /. Consider first the case D > [, as may be the situation when
economic rents (or growth) exist. If we assume that debt is unsecured,
the government’s claim to taxes has priority over bondholders’ claim
for principal and interest. Bankruptcy occurs whenever the cash flows
net of taxes are insufficient to meet the promised payments to bond-
holders (R + D). The condition for bankruptcy is given by X — =(X —
R — I) < R + D. Under existing law, the corporation is subject to the
corporate tax even when its cash flows are insufficient to produce
returns to stockholders. Since under existing law the corporation is
considered to be an individual entity, partial interest payments to
bondholders continue to be a deductible expense when the amount of
tax obligation is computed. Thus, in addition to /, the corporation may
claim some part of the payment to bondholders as an interest deduc-
tion.

Note that bondholders receive only a fraction of the full promised
payment in bankruptcy, so it is unclear how much is interest and how
much is principal. As a general rule, partial payments made on interest-
bearing notes are credited first to interest and then to principal.’ Under
this doctrine, the corporation retains the full interest shield so long as
its payment exceeds the interest charge. However, in the case of bank-
ruptcy where the payment is a lump-sum settlement of the entire debt,
the doctrine that designates partial payments first to interest does not
apply.* In this situation, the proceeds are deemed to apply first to
principal, and any excess is then applied to interest. Thus the payment
to the bondholders in bankruptcy is taken by the tax authorities to be D
+ aR, where « is the fraction of the interest payment deemed to be
received. The fraction a and the associated tax must be determined
simultaneously.’

The interest-first and the principal-first doctrines have been respec-
tively modeled in the literature by Baron (1975) and Turnbull (1979) for
the case where there is no personal taxation. In the analysis that fol-
lows, we concentrate on the principal-first doctrine because it is appli-
cable to the case of corporate bankruptcy. However, it can be shown
that the central conclusion regarding the positive relationship between

3. See Plunkett, 41 BTA 700, Dec, 11,045 (Acq.).

4, See Petit et al., 8 TC 228 Dec, 15,576 (Acq.); Warner Co,, 11 TC 419, Dec, 16,603.

5. The tax is given by TAX = (X — [ — aR) 7 and the bondholders payment by D +
aR = X — TAX. By substituting we find thataR = X — (D — I7)/(1 — 7). Thusa = 0
whenX = (D — I7)/A1 — 7),anda = | when X = R + (D — I7)/(1 — 7). In between
these limits, the net cash flow accruing to bondholders is given by X — (D — I'7)/(1 — 7)
+ D.
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the marginal tax subsidy and the amount of debt remains intact under
the interest-first doctrine.®

Under the principal-first doctrine, the cash flows at the end of the
period to equityholders, Xz, and to bondholders, X, for the case D >
1, are given correspondingly by

X-R-D-«X-R-1;X>d

Xe = * (1)
0 X=<d
and
R+ D - 7,R yd< X
s _ | D+ X —g)l —1);8<Xs=d >
Ap = X—-17X-1D I<X<g ()
X s 0< X <1,

whered=R + (D — 1)1 — 1)and g = (D — «D/I(1 — 7).

Now consider the case D < I. Bankruptcy occurs whenever X < D
+ R. In this case, no corporate taxes are paid as the amount of deduc-
tion at the corporate level, I + R, is more than sufficient to shelter X.
The distribution of the cash flows when D < [ and for different realized
values of X is

X-R-D-+X-R-D:R+1<X

Xe={X-R-d R+ D<X<R+1 (3)
0 : X=<R+D
) R+D-7R ;R+D<X
X;) = X — TP(X = D) D<{YI-{:~1€ + D (4)
( 0<X=<D.

III. Firm Valuation under Corporate and Personal Taxation

The valuation of the levered firm is based on the after-corporate-tax
cash flows to stockholders and bondholders which appear in equations
(1) through (4). It is assumed that capital markets are complete, so that
all future cash flows can be expressed as an additive function of state-
space prices. In most of what follows no specific assumptions will be
made about the shape of the investors® utility function.

As described above, the tax treatment and hence the state-
contingent cash flows to stockholders and bondholders depend on
whether or not D exceeds I. Consequently, the value of the firm should
be assessed separately for these two cases.

The total cash flow to the prior and residual claimants on the firm for

6. For more details, see n. 11.
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the case D > [ is obtained by summing the cash flows accruing to
stockholders and bondholders as presented in equations (1) and (2). So,

_ y ) R;d<X
CF=CF,+G—-—1)|X-g ;g<X=d¢, (5)
0 ; X<gpg

where CF, is the cash flow to the shareholders of an identical non-
levered firm and CF = Xz + Xp. (Recall that X = g is the point from
which the firm begins to pay interest and X = d is the point from which
interest is paid in full.) Note from (5) that when D > I, taxation is
symmetric: all the cash flows that are deductible for the corporation are
simultaneously taxable for bondholders on personal account.

Let p(s) be the price of $1.00 delivered if the state of nature is in the
interval [s, s + ds]. From the linearity of the valuation operator it
follows that the one-period interest rate on a risk-free asset, r*, is
defined by [,p(s)ds = 1/(1 + r*). As in Baron (1979), the measure (1 +
r*) p(s) meets all the axiomatic requirements of a probability and thus
can be interpreted as the “‘probability’ associated with state s. (It will
be equal to the true density for the case of risk neutrality.) This enables
us to employ the following notation in our analysis:

p(Z) = the price of $1.00 delivered in all states for which X(@s) =
Z [p(2)dz] = pls:X(s) = X(s) = Z]ds;
F(Z) = the cumulative ‘‘distribution” function at Z [F(Z) =
2 pX)dX);

Eflg(X)] = a partial expectation operator over the measure p(:)
(Eé[g(X)] = [%g(X)p(X)dX}, where the absence of
superscript or subscript implies that the limit of integra-
tion is % — );

k = one-period discount factor, k = 1/(1 + r¥);
V, = the value of the unlevered firm, V, = E(CF,).

The assumption of a single personal tax rate, 7,, guarantees that for
each state s, p'(s) = p(s)(1 — 7,), where p’(s) is the state price of a
taxable state-contingent security. Thus, the relative prices of debt and
equity are established such that the after-personal-tax expected yields
on debt and equity are equated.

The market value of debt, D, is determined by the state-contingent
net cash flows to bondholders. For risk-free debt, D = k([R(I — 7)) +
D]. For risky debt, its value in the region D > I is given from (2) by

D = [RU — =,) + Dllk — F(d)] + E§(X)
~ tE5(X — I) — (g — D)IF(d) — F(@)] — T,E{(X — g).

The first term on the right-hand side of (6) is the present value of the
after-tax full promised debt payment. The second term in (6) is the

(6)
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value of the gross cash flow to bondholders in all states in which
bankruptcy occurs (X < d). From this we subtract three terms. The
first two terms represent the present value of corporate taxes paid by
the bondholders in bankruptcy. The third expresses the personal taxes
paid by bondholders in bankruptcy. Hence from equation (6), bond
yields (prices) are grossed up (down) to reflect the personal tax rate, 7,.
Using integration by parts, expression (6) can be simplified to

(I + ")
o

rd
D= [kR(l e~ JU F(X)dX

‘2 d (6)
+ 7 | FOdx + T,,J F(X)dx].
g
The total value of the levered firm, V, is obtained by multiplying the
state-contingent cash flows by the state prices and summing over all
states. Hence from (5),

V=V,+@@- 1t EXX - g) + Rlk — F(d)]}
d (7)
= ¥, & i ~ Tp)[kR - J F(X)dx}.
1

The valuation formula adds the market value of the tax shield to the
value of the unlevered firm. The value of the tax shield is given by the
product of (i) the differential tax rate between corporate and personal
income and (i1) the sum of the present value of partial interest pay-
ments, EX(X — g), and the present value of full interest payments, R[k
— F(d)].

To explore the tax effect of corporate debt, consider the derivatives
of V with respect to D. After algebraic manipulations, it is obtained
from (6) and (7) that’

dv oV dR aV

¥YoS<i5 =ik ab " b
b (8)
=82 W) e+ + Fe),
(l - Tp)

which is positive for any 7 > 7,. Thus, it is established that the marginal
tax subsidy is positive throughout the region D > [. This is true even

7. dV/aR and aV/aD are obtained directly by partially differentiating (7) with respect to
the relevant variables. To evaluate dR/dD we totally differentiate (6) with respect to D.
After rearranging,

kr* + (1= ) F(d) — (1 — 1,)F(g)]
(1 =)

dRIdD = _ > 0.
(1 — 7)1 — F(d)]

Substituting the three derivatives and simplifying yields eq. (8). A similar procedure is
employed in deriving eqq. (12a) and (12b) from (10) and (11).
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though there are alternative tax shelters. Also note from (8) that the
second derivative is

d*v = % = 1)

aDr -1 -1) p(g8), 9
which is positive for any 7 > 7,.® This result may have important
implications on the pre-Miller capital structure literature in terms of the
required restrictions on debt-related-costs function (e.g., agency or
bankruptcy costs) for generating interior solutions.

The result that the marginal tax subsidy of debt is rising, Vpp > 0
(0 = 7, < 1), might seem surprising at first glance. To see the rationale
behind it, it should be noted that the sign of Vj,p is determined essen-
tially by the net of two counteracting effects. The first effect represents
the added tax shield resulting from the increase in the promised interest
rate as more debt is issued. This effect is positive for all levels of D and
for any cash flow pattern. The second effect, which measures the de-
crease in the marginal tax advantage due to a higher probability of
bankruptcy, is always negative. The result in (9), Vpp = 0, indicates
that the increase in the probability of default and the associated loss of
tax shelter generated by the marginal unit of debt is not sufficient to
outweigh the added tax shelter from the increase in the deductible
portion of the debt payment.

Consider now the case where non-debt-related tax shields exceed
the level of debt (D < I). From (4), the value of the debt is given
implicitly by

D=EF2X) — w,EE*2X — D)
+[D + (1 — 7,)Rllk — F(R + D)].

The value of the levered firm is equal in this case to

Vop =

(10)

R+D

I+R
V=V,+ @@ - 1)kR — ‘TL F(X)dX + =, J;) F(X)dX. (11)

By differentiating equations (10) and (11), the marginal tax subsidy
function in the interval D < [ is

Vp = 1,[F(R + D) — F(D)] + Rpitlk — F(R + I)]

12
— m,lk — F(R + D)} e

8. Alternatively, DeAngelo and Masulis (1980) have calculated the marginal tax sub-
sidy of debt by differentiating the value of the firm with respect to the total promised
payment to debtholders (D + R in our notation). Note, however, that the marginal tax
subsidy diminishes when measured per unit of promised payment even when the tax
effect of debt is linear, e.g., when V = V,, + 1D. The proof is straightforward and follows
from the fact that for risky debt, &*D/[d(D + R)*] < 0. Thus it appears that the DeAngelo
and Masulis differentiation procedure generates their result of a negative second deriva-
tive even in the absence of non-debt-related tax shields.
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where

_kr* + (1 = 9F(R + D) + 1, F(D)
- (1 — 7,)lk — F(R + D)]

Rp > 0. (12b)

Since, in this region, interest expenses can be a redundant tax shelter
for the corporation while fully taxed at the personal level, the sign of
Vp in (12) could be either positive or negative. The existence of an
interior maximum hinges, however, on the shape of V in this region: in
particular, on the sign of V).

Unlike for the case where D > I, we are unable to prove analytically
that the sign of V), in the region D < [ is always positive. However,
our analysis indicates that in general V,, = 0 and so any local ex-
tremum, when it exists, is necessarily a maximum. This is based on the
following results:

1. We have conducted an extensive numerical simulation for the case
of risk neutrality, where X is normally distributed and where the under-
lying parameters I, r*, o(X), 7, are drawn from a wide range of plausi-
ble values, given E(X) and 7. Let E(X) = 100, 7 = .46, and allow the
other parameters to vary along the following ranges: I = (0, 150), r* =
(0.5, .20), o(X) = (10, 80), and 7, = (0, 7). The results of the numerical
simulations are graphed in figure 1 for a representative firm with a
given level of / under differing values of 7,.” In all cases the valuation
functions (7) and (11) are convex, with local maxima of the combined
valuation function V(D), at its extreme corners. Debt capacities (the
amount of debt which equals the bound on the value of the firm) for
the three representative cases depicted in figure 1 are indicated at the
intersection of the curves with the 45-degree line by the three values
for D.'" To illustrate the nature of the function, consider the case where

9. A detailed report of the numerical simulations in the paper is available from the
authors on request,

10. From eq. (12) it is obtained that the initial slope of V(D) (i.e., at the point D = 0) is
“;}-{T[k — F(D)] — kt,} 2 0. (13)

-— Tp

Vp(D = 0) =

The sign of V(D = 0) depends on / in a simple manner. For given 7 amd 7, (1, < 7),
companies with a low I portray V(D = 0) > 0; while for a large I, V(D = 0) < 0. From
eqq. (6), (7), (10), and (11) it can also be verified that V(D) is continuous throughout.
However, eqq. (8) and (12) indicate that for any given value of 7, there is a kink in the
function V(D) at the point where D = [. To see the kink in V(D), note from eq. (12) that
in the neighborhood of D = [,

b=

Ip

Vp(D =1") = [(v* — 7)kr* + 2(1 — 5,)F(R + D) — (1 — o, FD).  (14)

while from (8),

“—l— (v —5)lr* +(x = 7, )FD. (15)
— 1,

By subtracting one expression from the other, it is straightforward to show that V(D =
I7)> V(D =1").

V”(D:!‘]=
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7, = 7. When D < I, there are states in which the interest deduction is
redundant at the corporate level while treated as taxable income for the
bondholder. These extra payments of taxes reduce the value of the
levered firm so that V < V,,. However, when D > I, the interest pay-
ment is always nonredundant as a tax deduction to the firm. Since in
this case the firm and the investors are taxed at the same rate, then V =
V..

2. For the applicable tax rates (1, < v < .5) the sign of Vj in the
neighborhood of D = I is unambiguously positive (see eq. [ii] in n. 10).
Thus if there is only one local extremum point it must be a minimum,
so that the value of the firm is maximized at the corner. The re-
moteness of the possibility of an interior optimum is clearly seen by
considering the requirements on the value function which must have at
least two extremum points, and possibly three extremums—that is,
when Vp (D = 0) < 0—to generate a local maximum. Also, even if
such a maximum exists it must correspond to a value which exceeds
the values at the corners to justify interior global optimum.

3. The condition for a local extremum requires particular values for
7. Setting Vp = 0 in (12a) yields that for a local extremum to hold it
must be that

_ [ k-—FR+D 7__,
-rp,.-r[k_F(RJrD)]_-r. (16)

That is, for values of 7, =< 7* there is no local extremum at all, so that
by previous results V(D) is maximized at the corner.

To conclude, in view of the analytical results for the case D > I, the
simulation results for D < I, and the restrictions on the value function
for having interior global maximum, we argue that this possibility is
quite remote.

Given this conclusion, then, for any given level of 1, the firm in figure
| adopts a corner solution to its capital structure problem. However,
for some critical 7, between zero and 7 the solution changes from all
debt to all equity. The level of 7, at which the switch is made differs
across firms depending on the level of 1. If 7, is greater than 7, debt is a
losing proposition for all firms. For 7, = 7, firms for which I = 0 are
indifferent to issuing debt vis-a-vis equity. As 7, is reduced below 7, an
increasing number of firms will switch from all-equity to all-debt
financing. Aggregating horizontally across firms, we obtain a down-
ward sloping aggregate supply curve, which intersects the horizontal
demand curve that lies at the level r*/(1 — 7,) reflecting the personal
tax rate 7,. In equilibrium, individual firms do not face the capital
structure decision with indifference, but rather adopt debt or equity
corner solutions depending on the firm-specific values for I. Although
we are conducting our analysis in a very similar framework, our result
differs fundamentally from that obtained by DeAngelo and Masulis
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FiG. 1.—The value of the levered firm under 1 > 0 and tax-induced yield
differentials.

(1980) because under their tax system (deductibility of both principal
and interest) the tax benefit of debt financing declines at the margin.
This results in an interior solution to the capital structure decision.
Under our treatment of the deductibility of interest the marginal tax
benefits increase at the margin so that value is maximized at either no
debt or all debt financing, as portrayed by figure 1."!

IV. Concluding Remarks

This paper presents an integrated analysis of the tax subsidy function
of debt financing in the context of an income tax system, based on the
existing U.S. tax code. It is emphasized that only an income tax (unlike
a wealth tax) is consistent with the notion of risky debt and allows for
noncash deductions such as depreciation. Our analysis considers the

11. The analysis thus far has been based on the principal-first criterion. In order to
examine the robustness of the results with respect to the choice of tax doctrine under
bankruptcy, we have replicated the analysis while assuming the interest-first doctrine.
The results are that whenever D =< [, there is no difference between the two tax doc-
trines. As for the case D > I, the shape of Vj, is generally indeterminant. However, by
solving both numerically for a normal distribution and analytically for a uniform distribu-
tion, it can be shown that the marginal tax subsidy is piecewise convex also under the
interest-first doctrine.
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implications of tax-induced differential returns that emerge as inves-
tors face personal taxes on interest income. We find that in the context
of a (partial) equilibrium, tax considerations cause firms to finance
investments by issuing either all debt or all equity. An optimal capital
structure is obtained, however, for the corporate sector as a whole.'?

Contrary to previous studies, our analysis shows that tax arguments
alone are insufficient to explain interior capital structures even when
tax-induced differential returns, as well as non-debt-related tax shields,
are explicitly considered. Another type of imperfection (e.g., bank-
ruptcy or agency costs) is required in order to produce an interior
optimal capital structure.
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