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I. Introduction

A systematic investigation into the effects of
sinking-fund provisions is important considering
the preponderance of these provisions in corpo-
rate bond indentures. Approximately 80% of all
publicly traded corporate issues contain a sink-
ing-fund feature amortizing on average more
than 50% of the principal amount of these issues.
Thompson and Norgaard (1967) find these pro-
portions to be stable over the 1960-67 period.
McKeon (1980) reports 78.6% of all industrial
bonds outstanding in 1979 contained a sinking-
fund provision. Furthermore, sinking-fund provi-
sions are a particularly common occurrence in
medium- and low-grade issues but are less preva-
lent in high-grade issues. This relationship is
most striking in utility issues. Thompson and
Norgaard report that only 30% of Aa rated
utilities issued in 1963 contained sinking-fund
provisions whereas 100% of Baa rated new is-
sues contained such a provision.

A sinking-fund provision obligates the firm to
amortize a portion of the debt prior to maturity.
It gives the firm the option to satisfy this amorti-
zation requirement by either purchasing the
bonds to be redeemed from the market or calling
the bonds by means of a sinking-fund call. Thus,
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Most corporate debt is-
sues contain a sinking-
fund provision which
provides for periodic
retirement of a propor-
tion of the issue prior
to maturity. Retirement
may be achieved either
through a call at a
specified price or
through market pur-
chases. This paper con-
siders the value of a
sinking-fund provision
in the context of a con-
tingent claims valuation
model. It is concluded
that the value of the
sinking fund is deter-
mined by the risk of
the underlying firm, the
initial yield to maturity
of the issue, and the
sinking fund's redemp-
tion rate. The value of
sinking-fund debt is
calculated over a range
of parameter values,
and the conditions
under which the sink-
ing-fund provision is
valueless are deter-
mined.
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the equity of a firm with an outstanding sinking-fund obligation can be
viewed as a compound option on the value of the firm. On each date of
the sinking-fund obligation, the stockholders have the option of pur-
chasing the next option by satisfying the sinking-fund obligation or
forfeiting the firm to the bondholders. The final stockholder option is to
pay the principal due to the outstanding debt at maturity. That is, the
first option can be exercised at either a predetermined exercise price
(usually par) or a function of the value of the firm (the market value of
the debt to be redeemed). The choice of exercise price is referred to in
this paper as the delivery option associated with the sinking-fund
obligation.

Studies of sinking-fund issues have emphasized the amortization fea-
ture and ignored the delivery option (Jen and Wert 1966; Geske 1977;
Dyl and Joehnk 1979).' In particular they treat the sinking-fund provi-
sion as if the firm were required to retire the requisite proportion of the
debt by a sinking-fund call. This makes a sinking-fund issue identical to
a seria! bond with the same amortization requirement, time to final
maturity, and promised payment (Jen and Wert 1966). Hereafter this
bond is called the corresponding serial bond.

The paper constitutes an extension of the literature on risky sinking-
fund debt. Using contingent claims theory, the paper derives an analyt-
ical model of sinking-fund debt and the delivery option.- The value of a
sinking-fund bond is found to be less than or equal to the value of the
corresponding serial bond. This difference is the value of the delivery
option. Furthermore, the value of the delivery option depends on the
risk of the firm, the issue's amortization rate, and the initial yield to
maturity. Simulation and empirical results indicate that the delivery
option can have a substantial impact on the market value of sinking-
fund debt.

Since the paper abstracts from interest rate uncertainty, there are
conditions which render the delivery option valueless. These condi-
tions can be determined at the time of issue. When they are satisfied, a
sinking-fund bond always behaves as if it were a corresponding serial
bond. The conditions for a valueless delivery option are more likely to
be satisfied by issues which are of low quality at the time of issue. Debt
which is high grade at the time of issue tends to carry a valuable
delivery option. That is, the delivery option protects the issuer from
default on originally high-quality issues which undergo unexpected de-
terioration in quality. However, the delivery option of issues which are
low-quality at the time of issue offers no such protection.

1. A notable exception is Thompson and Norgaard (l%7).
2. Consistent with recent contingent claims models of risky corporate debt, we as-

sume the interest rate known with certainty over the life of the bond (Black and Scholes
1973: Merton 1974; Black and Cox 1976; Ingersoll 1977: Geske 1979: Ho and Singer
1982).
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The investigation proceeds in the following sequence. Section II
presents the model's underlying assumptions. Sinking-fund debl is
valued as a contingent claim on the value of the firm and its compara-
tive statics are presented. The value of sinking-fund debt is then com-
pared to the value of a corresponding serial bond. Section III examines
the delivery option. Analytic and simulation results are presented. Fi-
nally the conditions which render the delivery option valueless are
derived. Section IV considers the impact of alternative financing rules
on the value of a sinking-fund bond. The results are summarized and
some overall conclusions are contained in Section V.

II. Bonds with a Sinking-Fund Provision

This section presents the basic assumptions underlying the model and
the provisions of a sinking fund. A contingent claims valuation mode!
for sinking-fund debt is derived, and the value and behavior of sinking-
fund debt arc analyzed and compared to the corresponding serial bond.

A. A Model of Sinking-Fund Debt

The assumptions employed are given below.
1. There are no transaction costs, taxes, or other frictions, and all

participants have equal access to information.
2. The term structure of interest rates is flat and nonstochastic. The

instantaneous compounding rate of interest is r.
3. The firm's capital structure consists of equity and a single debt

instrument.
4. Throughout the life of the bond the firm's investment decision is

known with certainty; the firm pays no dividends and makes no other
distributions to stockholders.

5. Default occurs if the firm fails to satisfy the contractual obliga-
tions as set forth in the bond indenture. In default, ownership of the
firm's assets is costlessly transferred to bondholders, and stockholders
lose all claims to these assets.

6. The firm makes payments to bondholders only at maturity and at
the time of a single sinking-fund obligation.

7. The sinking fund requires retirement of a given proportion of the
principal amount of the debt at a specific time. The firm retains the
right to redeem the debt either by way of a sinking-fund call or by
purchasing the bonds from the market.

8. The sinking-fund payment is financed with new equity.
The perfect-market assumption I assures that the value of the firm is

independent of its capital structure. Assumption 2 abstracts from term
structure problems so that the firm's financial liabilities are affected by
only one source of uncertainty, the evolution of the firm's asset value
over time. Assumptions 3 and 4 are sufficient to assure against an



318 Journal of Business

unanticipated expropriation of wealth from bondholders to stockhold-
ers. Assumptions 5-7 describe the important elements of a bond in-
denture containing a sinking-fund provision. Assumption 8 preserves
the market value of the firm at the time of the sinking fund.

These assumptions describe the amount and timing of the payment
to the bondholders. Notice that a bond with a single sinking-fund obli-
gation can be viewed as a requirement to make payments to bondhold-
ers at two points in time: at maturity and at the time of the sinking-fund
obligation. The promised payment at maturity is determined by the
debt outstanding at the time, and it is known at the time of issue. On
the other hand, the payment required to satisfy the sinking-fund obliga-
tion depends on the value of the firm at the time the obligation must be
satisfied. This payment, in general, is not known ex ante.^

B. The Payments to the Sinking Fund

The payments to a sinking fund depend on the demand and supply
prices of the bonds at the time of the sinking-fund obligation. This
section derives demand and supply functions for the bonds to be re-
deemed and describes the payments to the sinking-fund obligation as a
function of the firm's value at the time of the sinking-fund obligation.
These results are used later to derive an analytical model of sinking-
fund debt.

The following notation is employed:
V( /) is the value of the firm at /, the time of the sinking-fund obliga-

tion.
F is the total face value of the bonds outstanding on the maturity

date.
sF is the face value of the bonds to be redeemed by the sinking fund,

where .v is the redemption ratio, defined as the ratio of the face
value of the debt to be redeemed by the sinking fund, to the face
value of the remaining debt.**

T is the time to maturity of the bond from the time of the sinking-fund
obligation.

B[V(/); F, T] is the value of the remaining debt once the sinking-fund
obligation has been satisfied. It is a discount bond with face value
F and time to maturity T.^

c is the initial yield to maturity of the bond issue.*

3. tt is assumed throughout that there is only one sinking-fund obligation. This is a
simplifying assumption. The model could be extended to permit multiple sinking-fund
obligations without affecting the results.

4. This terminology differs somewhat from that generally found in bond indentures.
Indentures define the face value of the debt as the face value at the time of issue. In the
notation of this paper, this face value is (I + .s)f'.

5. See Merton (1974) for a study of the value and behavior of this bond.
6. It is assumed that the bonds are initially issued at a discount so that c is the solution

to B{0) = (1 + s)Fe"'', where T is the time to maturity from the date of issue and B(0) is
its issue price. Thus par at / is (I + s)Fe ~'"'"". In particular, if T = 7 - /, par is equal to
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sFe~" is the par value of the debt to be redeemed.^
DiVit); F. T) = Vit) - B(V(t); F. T) is the market value of the firm's

equity (old plus new shares) just after the sinking-fund obligation
is satisfied. It is the value of a call on the underlying value of the
firm, with exercise price F and time to expiration T (Merton 1974).

Define the bond's supply price as the minimum amount the firm must
pay to satisfy the sinking-fund obligation. In competitive markets,
bondholders offer their bonds to the firm for redemption only if the
price for each bond is equal to (or greater than) the price that will
obtain for the unredeemed bonds once the sinking-fund obligation is
satisfied. Otherwise the firm redeems the bonds at par through a sink-
ing-fund call. Since the value of the unredeemed bonds is B[V(O;f". T],
the supply price, as a function of the value of the firm at the time of the
sinking-fund obligations S[V{t); F, c, T, S] is given by**

S[V(t); F, c, T, 5] - s min [Fe'", B{V{ty, F, T]} = 0.

Define the demand price as the maximum amount the firm is willing
to pay to satisfy the sinking-fund obligation. The firm satisfies the
sinking-fund obligation only if the value of the equity (old plus new)
once the sinking-fund obligation is satisfied is not less than the payment
lo the sinking fund. Therefore the demand price is the value of the
equity, once the sinking fund is satisfied. That is,

D[V{t)\ F, T1 = Vit) - B{VU)\ F, T].

Given the parameters describing the bond indenture iF, T, C, S), the
supply and demand prices arc increasing functions of the value of the
flrmat the time of the sinking-fund obligation. At that time, the firm has
the option to default on the sinking-fund obligation, call the bonds for
the sinking fund, or purchase the bonds in the open market. Default
occurs if the demand price is less than the supply price. Therefore the
point of indifference between defaulting or not, the bankruptcy point,
is given by V ,̂ the solution to

D[V{t)\ F, T] - 5[V(/); F, c, T, S] = 0. (1)

If the issuer does not default on the sinking-fund obligation, it re-
deems the debt for the sinking fund in the most economical manner.
When each bond's market value is equal to par it is indifferent between

7. Par is typically defined as the face value of the bond. This is because a coupon bond
selling at par will earn the staled coupon rate if it is held to maturity and the firm does not
default, tn this paper, since no coupon is paid, par is defined so that a bond selling at par
earns the initial yield to maiurity if the firm does not default and ihe bond is held to
maturity.

8. Let Z be the market value of the total issuejust prior to the operation of the sinking
fund. Since a = sHl + s) is the proportion of the debt which must be redeemed, the
unredeemed debt is (I - a)Z = SIV(/); F. T] andZ = (1 - a)"'fl(V(O;/', T).Thus, oZ =
sB[VU):F, T].
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FIG. I.—Supply and demand functions for bonds to be redeemed at the time
of the sinking-fund obligation.

satisfying the obligation by a call or by open-market purchases. This
point of indifference, the call point, is given by V,., the solution to

; F , T] = 0. (2)

The supply and demand functions are presented in figure 1. Curve
segment OHASL represents the supply function and curve ORAD rep-
resents the demand function. Their intersection gives the bankruptcy
point Vt. The call point V,. is the minimum firm value for which the
supply price equals par. These two points give the limits to three dis-
tinct regions describing the firm's behavior. Firm values to the left of
Vf, represent the bankruptcy region, in which the firm defaults on the
sinking-fund obligation. The region between V̂  and V<. is the open-
market region, where the sinking-fund obligation is satisfied with open-
market purchases. Finally, the call region located to the right of V,.
represents firm values where the sinking-fund obligation is satisfied by
a sinking-fund call.*̂

C. The Payments lo the Serial Bond and the Delivery Option

The behavior of the issuer of a corresponding serial bond is derived in a
similar manner. The corresponding serial bond is identical to the sink-

9. The figures represents the case when
inequality are discussed in Sec. IlC

< V .̂ The implications of a violation of this
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ing fund bond but without the delivery option. Both bonds have the
same face value and maturity. Therefore the value of the unredeemed
serial bond is B[V{t); F, T] and the demand function is identical to the
demand function for the sinking-fund bond. D[Vit)', F. T]. However,
since the serial bond has no delivery option its supply function is
sFe~''' for all values of Vit). It follows that the corresponding serial
bond's bankruptcy point is V^, the solution to equation (3).

D[Vit);F,7] = sFe-'\ (3)

In figure I, the serial bond's supply function is represented by the
horizontal line sFe''"^. The serial bonds" bankruptcy point is at V*. For
firm values less than V^, the issuer defaults on the serial bond ob-
ligation.

It is now possible to describe the delivery option. By virtue of the
delivery option, the payments to the sinking-fund bond arc less than or
equal to the payments to the corresponding serial bond for all firm
values. In the bankruptcy region the firm defaults on both the serial
obligation and the sinking-fund obligation. Bondholders take over the
firm and the payments to the two issues would be the same. In the call
region the holders of either issue are paid par, sFe~^''. However, in the
open-market region, the sinking-fund bondholders receive less than the
corresponding serial bondholders. For firm values between V/, and V^,
the firm defaults on the serial obligation and the maturing bonds are
paid D[Vit)\ F, T] = Vit) - B[Vit): F, T]. In contrast, the sinking-fund
bondholders are paid sB[Vit); F, T], less than D[Vit); F. T]. For firm
values between V^ and V,. the serial bondholders are paid par but the
sinking-fund bondholders receive sB[Vii); F, r], less than par. The
difference between these payments, represented by the shaded area
APS in figure 1, is due to the sinking-fund delivery option.

Note that the payment differential resulting from the delivery option
depends on the location and curvature of the demand and supply func-
tions. In fact it is possible for the sinking-fund obligation to contain no
delivery option. This occurs when the demand function intersects the
supply function at a firm value exceeding the call point—that is, when
the market value of each bond exceeds par whenever the sinking-fund
obligation is satisfied. In this case the firm never satisfies the sinking
fund obligation with open-market purchases, there Is no open-market
region, and the payment to the sinking fund bond is identical to the
corresponding serial bond for all firm values.'" For example, if the par
value of the debt to be redeemed were sFe~'''' in figure 1, the supply
function would be represented by curve segments OHM. The bank-
ruptcy point for both the serial bond and the sinking-fund bond would

10. The specific condilion for a valueless delivery option is derived in Sec. UW. This
depends on the redemption ratio, the risk of the firm, and the (nonstochaslic) riskJess rate
of interest as weli as the initial yield to maturity.
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be at VI, and the payments to the two issues would be the same for all
values of V(0."

The existence of a valueless delivery option depends on the assump-
tion of a nonstochastic risk-free interest rate and on the level of c, the
initial yield to maturity of the debt. When the sinking-fund debt is rated
low at the time of issue (i.e., c is high), the conditions fora valueless
delivery option are likely to be satisfied. In this case the delivery option
does not offer protection from default. On the other hand, debt which
is high grade at the time of issue (i.e., when c is close to the riskless
rate) will tend to carry a delivery option with some value.

This analysis leads to some interesting observations. First, the cur-
rent value of the sinking-fund bond is less than or equal to that of the
serial bond. In the open-market region the payment to the sinking-fund
bond is strictly less than the payment to the serial bond. Outside of this
region (and at maturity) the payments to the two bonds are the same.
Thus the current value of a sinking-fund bond will differ from that of its
corresponding serial bond by the present value of the delivery option
(area A5P in fig. 1).

Second, some sinking-fund bonds do not have an open-market re-
gion. This occurs if the cal! point (determined by [2]) does not exceed
the bankruptcy point (determined by [1]). That is, V,. < V̂  = Vh.
When this condition holds, the delivery option is valueless and the
sinking-fund bond could be valued as if it were an equivalent serial
bond. The payments to the two issues arc the same for all possible
values of the firm. Hence, the ex ante values of the two issues are
always the same.

Third, when the delivery option has value, the probability of default
on the sinking-fund obligation is less than that on the serial obligation.
For firm values between Vf, and V*, the firm defaults on the serial bond
but escapes default on the sinking-fund bond. Over this range, the par
value of the sinking-fund debt exceeds the market value of the equity
as well as the market value of the debt. The firm is not willing to satisfy
the serial obligation. However, by exercising the delivery option the
firm will satisfy the sinking-fund obligation through open-market
purchases.

D. A Contingent Claims Model of Sinking-Fund Debt

The analysis so far provides some insight into the value of a sinking-
fund obligation and the delivery option. In this section a contingent

II. Notice that the par value of the debt decreases as the coupon rate increases.
However, the market values of the unredeemed bonds. B\ Vii)\ F. T|. and thus the value
of the equity once ihe sinking fund has been satisfied, are not affected by changes in the
coupon rate. Therefore the supply function is affecled only to the extent that the call
region expands, increasing the probability of a sinking-fund call and reducing the proba-
bility of open-market purchases.
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claims valuation equation is derived by imposing additional structure
on the dynamics of firm value and the nature of capital markets. This
permits explicit consideration of the determinants of the value and
relative risk of a sinking-fund bond. In addition to the assumptions
specified above, it is also assumed that trading can take place continu-
ously and the firm's market value follows the Ito process given by dV/
V = adt + adw. where a is the constant instantaneous expected rate
of return of the firm, a is its constant instantaneous standard deviation,
and dw is the standard Gauss-Wiener process.

With these assumptions, standard arbitrage arguments lead to a valu-
ation equation in terms of the value of the firm. Adapting the Cox-
Ross-Rubinstein (1979) methodology, the value of the debt can be ex-
pressed as the present value, in a risk-neutral world, of the payments to
the debt. '• This gives the value of the debt, conditional on the current
value of the firm and the stochastic process generating firm value as

D = VN{Xh - trV/) + f-" f{x)B(x)dx + 5e~" \ f{x)B(x)dx

(4)

The parameters x^ and jr,. are the solutions to (5) and (6). respectively.

(1 + s)B{xh) 1

Y^ 1 -H ./:aV7. (5)

B{x,) = Fe-'^. (6)

B{x) is a function defined as

B{x) = N{y - (TV^)Ve-^'^' * " ^ ^ >•' + N{- y)Fe^", (7)

where

y = An \^^ ' 1 + VztT^T - AraVrVdV^, (8)

; is the time to the operation of the sinking fund, T is the time to
maturity of the debt issue, and 7 = 7" - / , the time to maturity from the
time of operation of the sinking fund. The standard normal probability
density function is/(,i) - iUV2'n)e~^'-''; N(z) = !ijis)ds is the stan-
dard normal distribution function, r is the instantaneous riskless rate,
and-T = {ln[V(/)/Vl - (r - '/2O^)/}/o'V7is a standardized normal state
variable representing the (stochastic) value of the firm at /, the time of
the sinking-fund obligation.

12. See the Appendix for a derivation.
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Equation (4) describes the value of the debt as a function of the
provisions of the bond indenture as well as the value and risk of the
underlying firm. The parameters, x^ determined by equation (5), and y
determined by equation (8), give the bankruptcy points at l and T.
respectively. N(Xf,) and N(y) would be the respective probabilities of
bankruptcy in a risk-neutral world. The parameters,, is determined by
(6) and gives the call point for the sinking-fund provision. Finally, B{x)
is the market value of the unredeemed portion of the debt issue just
after the operation of the sinking fund (assuming the firm successfully
satisfied the sinking-fund obligation). B(x) is determined by (7) and is
equal to the market value of a discount bond of maturity T with contrac-
tual obligation F at maturity, conditional on x, the state variable at /.

Given the assumed dynamics of the value of the firm over time, the
parameters Xf, and x^ and the state variable x are related to the state
variable VU) and the parameters V/, and V̂  in the previous section.
Specifically, the state variable representing the bankruptcy point Xb can
be expressed as

- (r - '

Similarly, the call point x^. can be expressed as

- (r -

The terms in equation (4) lend themselves to a straightforward intui-
tive interpretation. The current value of the debt is the present value of
four claims associated with the debt issue. The first term is the present
value of the bondholder's claim if the firm defaults on the sinking-fund
obligation. The second term is the present value of the claims of the
unredeemed bondholders if the firm satisfies the sinking-fund obliga-
tion. The last two terms are the present values of the redeemed bond-
holders' claims if the firm satisfies the sinking fund through open-
market purchases and through a call, respectively.

The comparative statics of the sinking-fund issue are presented
below.'-'

- <TV7) + e-^' [j^^/i[;c) - ^ | ^ dx

fix) y dx\> 0.

0,

13. The bankruptcy point JT̂  and the call point J:,. are determined by the firm. Since ihe
firm chooses ihese points to minimize the value of the debl. dOldx = 0 for .\ = x/, and -v =
X,. the first-order condition for a minimum.
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Dr ^ -TFe~'''^\\ f{x)N{- y)dx + s \ f{x)N(- y)dx] < 0,

DT = -rFe-'^ [f Ax)N{- y)dx + s ['nx)N(- y)dx'^ < 0,

f(x)B{x)dx + Fe-^'^Ni- .v )̂l > 0,

Dc = —jNi— Xc)sFe t"'^''" < 0.

As one would expect, the vaJue of the debt increases with V and F and
decreases with CT. T, and r. These results are standard in the risky bond
valuation literature and are explained in Merton (1974) for the case of a
discount bond. The comparative statics with respect to .v and c are
unique to sinking-fund debt. An increase in the redemption ratio s
increases the expected payments to the redeemed debt. The current
value of the debt rises by the marginal increase in the present value of
these expected payments. An increase in the initial yield to maturity c
decreases the call price of the debt. The expected payment to the
sinking-fund decreases and therefore the current value of the debt
declines.

It is instructive to compare the value of the sinking-fund debt to that
of its corresponding serial bond. The value of the serial bond differs
from that of the sinking-fund bond as a result of a different bankruptcy
point at the time of the serial redemption, and the payment to the debt
if the serial obligation is satisfied. The value of the corresponding serial
bond is given by

G = VNix'b - CTV?) + f"" I /(,v)B(jc)t/.v + N{- x'i,)sFe''^-", (9)

rf

xl = —^ Y^ ^ + V2 aV7, (10)

where B(x) and y are defined in equations (7) and (8).
It can be shown that equations (9), (10), (7), and (8) are equivalent to

the compound option formula for a serial bond as given by Geske
(1977). The bankruptcy point at the time the serial redemption must be
satisfied is given by x'h and determined by (10).

Notice that when the sinking-fund bond's bankruptcy point equals
its call point the firm never satisfies the sinking-fund obligation through
open-market purchases. By our previous argument, sinking-fund debt
is identical to an equivalent serial bond. This is easily verified by letting
Xh = -v,. in equations (4)-(8). The third term in (4) vanishes and equation
(4) becomes equation (9). Using equation (6), B{xt,) - Fe~^"'. Then
(1 -I- .v)B(jft) = B(Xh) + sFe''"" and equation (5) can be written as
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Ve" ^
^ + V2 trVi. (U)aVt

Equation (11) is the same as equation (10) determining^/,. Thusx,. = Xf,
= x'f,, and equations (4) and (5) become identical to equations (9) and
(10).

Ill, The Delivery Option

So far the analysis has concentrated on a comparison of a sinking-fund
bond with its corresponding serial bond. Recall that the difference
between these two is due to the sinking fund's unique provision permit-
ting its issuer the choice of satisfying the sinking-fund provision by a
sinking-fund call or by purchasing the requisite number of bonds from
the market. In this paper this choice is called the delivery option. This
section studies the value and behavior of the delivery option.

A. The Vahie of the Delivery Option

Since the sinking-fund bond differs from the serial bond only by virtue
of its delivery option, the value of the delivery option O can be ob-
tained by subtracting the value of the sinking-fund bond from its corre-
sponding serial bond. Where

a = G - D = VlNix'h - CTVT) - Nixi, - CTV7)]

X,-

- (I + s)e-'-' B(x\f{x)dx (12)

^xl) - Ni-x,)] + f"" Bix]f(x)dx.

The value of the delivery option is positive when x^ < x'f, < x,. It
depends on the specific conditions of the bond indenture—the prom-
ised payment at maturity (F), the initial yield to maturity ((), and the
redemption ratio (.v)—as well as the riskless rate of interest and the risk
and value of the firm. These parameters can be easily determined at the
time of issue.

The comparative statics for the delivery option with respect to c, s,
and V are presented below.

"-^ m-xi,) ~ Ni-x,)] (13)

'^ ~ Bix)]fix)dx - e'" {%{x)f{x)dx (14)

- a Vt)dx - l^fix) i | J ^ dx
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The value of the delivery option is inversely related to the initial
yield to maturity. An increase in initial yield reduces the par value of
the debt. This has the effect of decreasing the call point so that open-
market purchases are less likely and the delivery option is less valu-
able.

Increasing the redemption ratio can increase or decrease the value of
the delivery option. An increase in the redemption ratio is equivalent to
an increase in the bonds to be redeemed at t while keeping the prom-
ised payment at maturity the same. This has the effect of increasing the
probability of default at / (for both the sinking-fund bond and the serial
bond), while leaving the call point unchanged.'"* Thus the open-market
region decreases, reducing the value of the delivery option. On the
other hand, an increased proportion of the sinking-fund debt is subject
to open-market purchases. This has the effect of increasing the value of
the delivery option.

The value of the delivery option can increase or decrease with the
firm's value, depending on the current value of the firm. When firm
value is low, there is a positive relationship between the value of the
firm and the delivery option. In this case the probability of default is
high so that the delivery option will have a relatively low value. A
marginal increase in firm value reduces the probability of default, in-
creasing the probability that the delivery option will be utilized and
raising its value. On the other hand, when the value of the firm is
sufficiently high, there is a negative relationship between the value of
the firm and the delivery option. In this case there again is a relatively
small probability that the delivery option will be utilized, since the call
price is likely to be less than the market price of the debt. However, a
further rise in firm value increases the probability of a call, thereby
reducing the value of the delivery option.

The simulation results presented in table I give the value of the
delivery option relative to the value of the total debt (H//)), for selected
leverage ratios (D/V), initial yields to maturity, redemption ratios, and
levels of firm risk. Notice that the impact of the delivery option can be
substantial, amounting to over 10% of total debt value. Ceteris paribus,
the value of the delivery option, as a percentage of the debt value, first
increases with leverage than decreases. Furthermore the ratio fl/D.
increases with the standard deviation of the firm. This results from the
nature of an option which gains value as the standard deviation of the
underiying asset increases. Over the parameter values of the table, WD
decreases as the redemption ratio increases. This is because the market
value of the debt increases sufficiently to offset any increase in the
value of the delivery option as s increases.

14. An increase in .T can be represented by an increase in the par value of the debt and
a rotalion of the supply curve in fig. I. The call point, defined by eq. (2). and the demand
function are independent of*. Thus the call point remains unchanged while the bank-
ruptcy points increase.
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It is again instructive to consider the values of the delivery option of
issues with a low initial yield to maturity compared with issues with a
high initial yield. Notice that, ceteris paribus, the delivery options of
the low-yield issues have a greater relative value than those of the high-
yield issues. This is due. in part, to the greater importance of the
delivery option in avoiding default for bonds carrying a low initial yield
when they suffer a deterioration in quality, as noted in Section II.
However, low-yield bonds also contain delivery options which are
substantially more valuable than those of high-yield bonds at all lever-
age ratios. Thus the delivery option is also more valuable for high-
quality (low-yield) issues which remain high-quality than for low-
quality (high-yield) issues which undergo a substantial increase in
quality after issue. This is because, ceteris paribus, the call point for
low-grade issues is less than it is for high-grade issues. As a result, fora
given current leverage ratio, bonds which were issued with a high yield
possess a more valuable delivery option than those issued with a low
yield. This higher call point also explains why the delivery options
associated with low-yield debt achieve a maximum value (relative to
that of the debt) at higher leverage ratios.

B. The Conditions for a Valueless Delivery Option

The above results hold when the delivery option has some value. Sec-
tion IIJ? showed that the delivery option could be valueless. Given a
nonstochastic interest rate this occurs when the sinking-fund debt's par
value is sufficiently low, so that the supply price equals the demand
price in the call region. In this case, the delivery option is valueless
because the firm never satisfies the sinking-fund obligation with open-
market purchases. This section examines the conditions for a valueless
delivery option.

From Section IIC it is clear that the conditions for a valueless deliv-
ery option are satisfied as long as the bankruptcy point A/, (given by eq.
[5]) is not less than the call point .v̂  (given by eq. |6]). Thus the condi-
tions for a valueless delivery option can be derived in terms of the
determinants of .v/, and x̂ .. In particular, let Xf, equal x,~ and substitute
equation (6) into equation (5). Simplifying gives the condition for a
valueless delivery option as

k = Ni- d)il + s)k + N(d - ( JV^) , (16)

where k = e- ' '"" ' ' ' ' and d = ln[(l + s)kViT\^ + I/ZCTVT.

Notice that this condition depends on four parameters describing the
sinking-fund obligation and firm value: the initial yield premium of the
debt (c - r), the redemption ratio s. the time to maturity from the time
of the sinking-fund obligation T. and the risk of the firm a.

Define the critical risk premium (r* - r) as the minimum yield pre-
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mium which renders the delivery option valueless. Its value depends
on the remaining three parameters given in equation (16). Table 2 and
figure 2 give simulation results describing the critical risk premium for
selective values of 5 and cr. Notice that the critical risk premium can be
as low as 54 basis points. Thus, it is not unreasonable to expecl a
substantial proportion of sinking-fund debt to carry a valueless deliv-
ery option.

The concave curves in figure 2 represent the locus of critical risk
premiums and redemption ratios for various levels of firm risk. Given
a, any point on or above the relevant curve is a combination of initial
risk premium and redemption ratio which renders the delivery option
valueless. The critical risk premium is inversely related to the redemp-
tion ratio for a given level of firm risk. This is because a decrease in the
redemption ratio reduces the bankruptcy point. In order for the bank-
ruptcy point and the call point to remain the same, the par value of the
debt must also decline. That is. the risk premium must increase.

Figure 2 shows that for a given redemption ratio, the critical risk
premium increases as the risk of the firm increases. This results from
the effect of firm risk on the market value of the unredeemed debt. An
increase in firm risk reduces the value of the unredeemed debt (al each
level of V). Thus the bankruptcy point decreases as CT increases, so that
the par value of the debt must decrease for the delivery option to
remain valueless.

Of particular interest are the parameters which do not affect the crit-
ical risk premium. It is independent of jr, the state variable at the time
of operation of the sinking fund, and V, the current value of the firm.
That is. these conditions are observable at the time the bonds are
issued. It follows that if the delivery option is valueless at the time of
issue, then it remains valueless throughout the life of the bond. Con-
versely, a bond possessing a delivery option having some value at the
time of issue retains some value until the time of the sinking-fund
obligation. These results hold regardless of the evolution of firm value
overtime. Furthermore, the critical risk premium is independent of the
promised payment at maturity. Thus it is independent of the initial
market value of the debt and the leverage ratio.

IV. Financing Restrictions

Throughout the analysis it has been assumed that the sinking-fund
obligation is financed externally through the sale of junior securities.
This assumption is a severe restriction on the financing ability of the
firm. Although bond indentures generally afford substantial protection
from issuing senior securities, the ability to finance a debt obligation
through the sale of real assets or through the generation of cash flow is
less limited.
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FTG. 2.—The critical risk premium (c* - r) as a function of firm risk (CT) and
the redemption ratio (s).

An alternative financing arrangement would permit the firm to
finance the sinking-fund obligation from operating cash flow or from
the sale of assets. Under this alternative, the delivery option remains a
valuable feature. In fact, the firm never defaults on the sinking-fund
obligation, and the delivery option is always valuable. Thus the sink-
ing-fund bond is strictly less valuable than the corresponding serial
bond.

To prove this, we first show that the value of the sinking-fund bond is
less than or equal to the value of the corresponding serial bond at the
time of the sinking-fund obligation. Then, since the sinking-fund obli-
gation can always be satisfied by open-market operations, the sinking-
fund bond is shown to be strictly less valuable than the corresponding
serial bond.

Define X as the value of the assets sold to satisfy the sinking-fund
obligation. Then the value of the unredeemed debt, once the assets
have been sold is B(V - X; F. T). where X = s min [Fe ''^. B(V - X; F.
T] and V is the value of the firm prior to the sale of assets. Thus X ^

^ for all V. It is necessary to show that

'^ + B(V - '^; F, T) ^ X + BiV - X: F, T), (17)

where the right-hand side of expression (17) is the value of the sinking-
fund bond and its left-hand side is the value of the corresponding serial
bond at the time of the sinking-fund obligation. Expression (17) can be
written as

(V - ^ - (V - - X; F. ^) - B {V - sFe'"\ F, T).
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Since by the nature of a discount bond, dB{y)ldy < I for all .v and X ^
sFe''"", the mean value theorem assures that (17) must hold.

Furthermore, the firm never defaults on the sinking-fund obligation.
This can be established by showing that

;^ > 0 (18)

for all V. Expression (18) can be written as

V - X > BiV - X). (19)

Now X must be less than V. Otherwise the unredeemed bonds BiV -
X) would have no value (since all the assets would be sold and paid to
the redeemed bonds). But if the redeemed bonds were purchased in the
market,

X - sBiV - X). (20)

Clearly, if A" > V, (20) cannot hold since the left-hand side is positive
and the right-hand side is zero. Hence A" < Vfor all V. Therefore (19)
must hold since B{y) < y for all positive values of v. That is, a discount
bond is always less valuable than the underiying assets. In our case, y
= V - X, and Biy) is the value of the unredeemed debt. BiV - X).
Thus with this financing arrangement the firm never defaults on the
sinking-fund obligation. There is no critical risk premium, and the de-
livery option is always valuable.

V. Summary and Conclusions

This paper investigates the implications of sinking-fund provisions on
the pricing and behavior of corporate bonds. Special attention is
focused on the delivery option feature of these provisions—that is, the
option to satisfy the sinking-fund provision either through market pur-
chases of the bonds or through a sinking-fund call.

The analysis shows that the value of a delivery option depends on
the risk of the firm, the amortization rate of the issue, and the initial
yield to maturity. Simulation results indicate that the value of the deliv-
ery option can be substantial compared to the market value of the debt.
The delivery option is particularly important for sinking-fund issues
which have suffered an unexpected deterioration in quality subsequent
to the time of issue. Under these circumstances the delivery option
serves to substantially reduce the probability of default on. and the
expected payment to, the sinking-fund obligation (compared to the
equivalent serial bond).

The results derived here have important empirical implications. A
sinking-fund provision has two distinct features affecting bond prices.
First, the amortization feature shortens a bond issue's average matu-
rity (Jen and Wert 1966). Second, the delivery option can reduce the
expected payments to bondholders. These features have opposing im-
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pacts on bond prices. The amortization feature tends to reduce bond
risk (Ho and Singer 1982), and thus yield premiums should be inversely
related to the sinking fund. On the other hand, this analysis indicates
that the delivery option tends to reduce bond prices, increasing nomi-
nal bond yields. Empirical studies of corporate bond yields have either
ignored the sinking-fund provision (Fisher 1959; Johnson 1967; Wein-
stein 1981). or treated only the amortization feature (Dyl and Joehnk
1979). Allowing for the separate impact of the amortization and deliv-
ery option features in empirical studies of the determinants of bond
yields may improve our understanding of the pricing of corporate
bonds.'-'

Appendix

The methodology derived in Cox-Ross-Rubinstein (C-R-R) is adapted to derive
a valuation model for the debt. Consider a sinking-fund bond described by
assumptions 1-8 with n periods to a sinking-fund obligation and n + tn periods
to maturity. Assume that ihe value of the firm follows a binomial process, with
a risk-neutral probability p that the value of the firm is Vii, and [\ - p) that the
value of the firm is Vd at the end of the first period. The current value of a
sinking-fund bond, conditional on the current value of the firm, can be written
as the risk-neutral present value of the payments to the debt given by

P -i

* • « •

k=o ' A = p + l

(Al)
^ - " •

where Vj — Vti-'d" •' b(k, n, p) is the binomial probability density function of k
success in n trials, where p is the probability of success in one trial.,

r is one plus the single-period riskless rate of interest,
n is the number of periods to the operation of the sinking fund, and
m + n is the number of periods to maturity of the debt.

is the present value of the unredeemed bonds at the time of operation of
the sinking fund, conditional on the value of the firm at that time, V^.
is the maximum number of up moves of the value of the firm over the n
periods consistent with default on the sinking fund. It is given by

^ < (1 + 5)A(Vp) ^ Vn^^^d"-^-^ (A2)

The minimum number of up moves permitted for the firm to redeem the
sinking-fund obligation through a call -y + I, is given by

VuV^^ =s A(V.,) + sFc-"' < Vw-*^'<y"-^-'. ' (A3)

15. It is of interest to note that Zwick (1980) documents wide variations over time in
the yielJ differential between private placements and comparable publicly distributed
bonds. The study attributes this to slow adjustments of private rates to changes in public
markets. However, a plausible alternative explanation is the variation in the value of the
delivery option associated with public issues since private placements do not contain
sinking-fund delivery options.
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The value of the unredeemed bonds at the time of sinking-fund obligation is
satisfied, conditional on the value of the firm Vj at that lime, is given by

where ay is the maximum number of up moves permitted, from the time of the
sinking-fund obligation, for the firm to default at maturity, a, is given by

The continuous-time version of (AI)-(A5} is derived by considering the
limits as n and m become arbitrarily large while the time span of each period
becomes arbitrarily small. The following substitutions to the diserete-time
model follow C-R-R.

r = (n/T) In r, p ^ V2 + V2 ^^ ~ '^' ^ Vfhi,
u

u = f " ^ c = (m/7)ln c,

The random variablesjand ay. defined in (A1)-(A5). may be standardized to
yield

"P
- p) V^npd - p)

where in = m. the number of periods between the sinking-fund obligation and
maturity.

Substituting .v and y into (A])-(A5). and letting m = (ti, results in a system
of four equations depending on the number of periods n in the first time inter-
val. By letting n -» 00, the system of equations (A1)-(A5) converges to equa-
tions (4)-(8) in the body of the paper.
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