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I. Introduction

Dramatic increases in interest rate levels and
volatility since the early 1970s have renewed in-
terest in fixed-income securities and have
motivated much study of the appropriate mea-
sure of risk for bonds. Many authors have ex-
panded on Macaulay’s (1938) concept of duration
as a surrogate for risk measurement and have
developed a variety of new measures of duration.
Numerous commercial duration-based immuni-
zation programs are now available purporting to
explain returns, to provide good measures of
risk, and to protect fixed-income portfolios from
volatile interest rates (e.g., Leibowitz 1979:
Leibowitz and Weinberger 1981).

This paper tests the explanatory power of a
number of recently proposed duration measures.
We show that despite the flood of articles and
commercial programs claiming superiority for
particular measures of duration, the measures
studied were virtually indistinguishable empiri-
cally. In fact, none of them did much better than
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This paper empirically
investigates seven du-
ration measures and
their role in explaining
price volatility caused
by interest rate move-
ments, that is, basis
risk. The data analysis
does not support the
important testable im-
plications of the vari-
ous durations as mea-
sures of basis risk. All
seven durations fail
linearity and single risk
factor tests from which
their advantages are
supposed to derive.
Fixed-income perfor-
mance comparisons
and immunization strat-
egies based on these
durations have not
been worthwhile.
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simple maturity in explaining bond returns, and all duration measures
are inferior to simple factor models.

These results are in sharp contrast to the claims made by authors
about various duration measures, and they indicate that duration is not
an appropriate index to hold constant in evaluating fixed-income port-
folio strategies. Interest rate movements have been such that immuni-
zation strategies based on duration would not have worked. Duration-
based immunization programs do not appear to warrant the resources
spent on them.

In the next section we define the various duration measures to be
examined. Section III outlines testable implications of duration mea-
sures and contains details of the return and duration calculations. Sec-
tion IV tests hypotheses about the ability of the various duration mea-
sures to explain Treasury security price volatility during the sample
period. A summary with conclusions completes the paper.

II. Different Duration Measures of Price Volatility
Macaulay (1938) defines the simple duration D of a bond to be

_ g A0 P
D = g Zlcmztl + )7, (1)

where P(m) is the current price of a bond with maturity m, C(¢) is the
income stream at time 7 (coupon payments and principal), and y is the
yield to maturity of the bond. Macaulay’s intention was to devise an
adequate measure of ‘‘longness’’ in order to compare loans with differ-
ent payment schedules on the basis of the weighted average of the
present value of their income streams.'

Hicks (1939) proposed, as Hopewell and Kaufman (1973) did more
recently, to use duration as a proxy for price volatility, or basis risk, as
Cox, Ingersoll, and Ross (1979) call it.> The first derivative of the bond
price in equation (1) with respect to an interest rate change gives

dP(m) _ _ dy
Pm) (EER @

1. Macaulay (1938) actually defined duration as [1/P(m)] 27, C()1[1 + R(1)]” ' where
R(1) is the spot rate for cash flow C(r). Most applications of duration, however, use the
definition in eq. (1), where duration is simply computed by using yield as a proxy for spot
rates. We make this distinction explicit by referring to the definition in eq. (1) as simple
duration.

2. See Hicks (1939) and Ingersoll, Skelton, and Weil (1978) for an extensive review of
the duration literature.
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Equation (2) has been the justification for using duration as a volatility
measure because it implies that a bond’s price change is linearly related
to its duration for small changes in yields. The simple linear relation of
equation (2) suggested to others that duration could be used for cross-
sectional comparisons of the riskiness of bonds. As Cooper (1977) and
Ingersoll, Skelton, and Weil (1978) point out, however, this compara-
tive static property of Macaulay’s duration is useful only to the extent
that yield-curve shifts are parallel over time.

The current literature suggests two possible ways to overcome this
limitation in Macaulay’s duration measure. One way is to extend the
comparative static analysis to allow for other and presumably less
restrictive kinds of shifts of the yield curve,? in other words, to custom-
make duration measures for specific shocks to the yield curve. The
second way is to develop a theoretically plausible characterization of
the term structure and use it to derive a natural duration measure.

A. Alternative Duration Measures

The first approach is taken by Cooper (1977), Bierwag (1977), Bierwag
and Kaufman 1978), and Khang (1979).* The six duration measures that
emerge from their work are as follows:

3. Most attempts to devise new duration measures have come out of research dealing
with immunization of fixed-income portfolios for different yield-curve movements. Of
course, if duration is not a reliable measure of basis risk, its usefulness for immunization
purposes is questionable.

4. To see this, note that price changes caused by a change in the term structure at an
instant in time ¢ can be expressed as

dP(m) _ 1 [’“
P(m) P(m) Jo

C(1) exp[—R(1)t] dR(1) dt, (a)

where R(1) is the spot rate associated with each cash flow C(7). Suppose a polynomial of
the following form adequately describes the term structure

R(1) = a + expl(y/!t) In(Bt + 1) + bt + ], (b)

where o, vy, B, ¢, and | are some finite number of parameters defining the level and shape
of the term structure at time . The motivation for such a polynomial representation of
the term structure is based on empirically observed yield curves. However, theoretical
representations of the term structure derived by Vasicek (1977) and by Cox, Ingersoll,
and Ross (1978) are also families of polynomials if the parameters are assumed to be state
variables. It is easily seen that the term structure changes with variations in «, v, ¢, and

i

_ O0RQ) aR(1) aR(1) aR(1)
dR(1) = doa + P dy + 36 dd +—a¢ di. (c)

Substituting (c) into (a) gives the price change due to a change in the term structure.
Different duration measures can be obtained by using a comparative static analysis after
this substitution.
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D1 = .%m) L " C(e)t expl - R()1] di

D2 P—(;—T L’" C(D)R(1) expl—R(1)1] dt

D3 = "P(IT)E C(DR(1) expl—R(1)1] dt 3)
D4 = _P(IT) L’" C(1)t In(t)R(2) expl —R(1)1t] dt

DS = TénTL C(0)1* expl—R(1)1] di

D= (exp [%m)]f C(1) In(1 + at) exp[—R(6)1] dt) L %

where P(m) is the market value of a bond with maturity m at some
instant of time, C(z) is the cash flow received at ¢, In is the natural
logarithm, R(¢) is the spot rate associated with each cash flow, and « in
D6 is a measure of the variability of long-term yields relative to short-
term yields. The greater «, the greater are changes in short-term rates
relative to long-term rates.

D1 is Macaulay’s (1938) duration. D2 is suggested by Bierwag
(1977), D3-D5 are proposed by Cooper (1977), and D6 is Khang's
(1979) duration. Each duration presumes a specific characteristic
movement of the term structure. D1 permits only additive yield-curve
movements; thus, D1 is useful only if the level of yields changes while
the slope of the yield curve does not. D2-D6 allow additive and multi-
plicative yield-curve movements, that is, changes in both the level and
the slope of yield curves. D2-D6 differ only in the implicit degree of
slope and curvature of yield curves; that is, the duration measures D2—
D6 differ in the assumed degree of variability of long-term yields rela-
tive to short-term yields. D2 assumes the steepest yield curves, while
DS is the flattest. D3 curves are between D2 and DS, while D4 curves
are between D2 and D3.

B. Stochastic Duration

Cox et al. (1979) take the second approach and propose a duration
measure they call stochastic duration. They take as their starting point
the proposition that the term structure cannot be expected to change
according to any known and fixed pattern. If it did, arbitrage opportu-
nities would arise. Cox et al. develop instead a general equilibrium
model of the term structure and then define a measure of basis risk that
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is relevant to their resultant bond pricing equation. Like the other
duration measures, this measure accounts for the timing and size of
coupons, but it also includes all information on the equilibrium term
structure.

Cox et al. develop their stochastic duration measure by assuming
that the instantaneous nominal spot rate dr follows a first-order auto-
regressive process

dr = B(pn — r)dt + oVrdt, (4)

where the instantaneous drift term B(p. — r) allows interest rates to
move back to the long-run (or steady-state) mean . The instantaneous
variance o”r in the second term causes the process to vary around the
mean level w. It varies most at times of high interest rates and least
when interest rates are lower. The stochastic interest rate process in
equation (4) permits long rates to shift as much as the short rates.
Stochastic duration based on the spot rate process in equation (4) can
be expressed as

(5)

_ A1 [2C)P()G()
S { C(1)P(1) 1

where

G '[x] = iv::mh“( I, s B)
Y X Y

P(1) = F(1) expl—rG(1)]

. 2y exply + B — mt/2] 2pilet
B e e s

2
[B — w + ycoth(yt/2)]

¥ = B - m + 207"

w = liquidity premium.

G(1) =

Stochastic duration for pure discount bonds is G(r), or simply matu-
rity.

Even a casual examination of equation (5) reveals that stochastic
duration involves a considerable amount of computation. Statistical
procedures are also required to estimate the parameters p, o, and B
for the assumed spot process. Liquidity premiums, if they exist, must
be estimated. More complex instantaneous spot rate processes would
result in even more complicated duration measures.
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III. Testable Implications

A. A Stochastic Model

A careful reading of the duration literature yields explicit hypotheses
about duration’s properties as a proxy for price volatility, that is, as an
index for cross-sectional comparisons of bond risk. Most of the impli-
cations of duration can be seen from inspection after generalizing equa-
tion (2) as

r(m) = —(Ay)Dk(m). (6)

In other words, for a given change in the assumed term structure,
—[Ay], the price change in a security with maturity m, r(m), is directly
related to its duration Dk(m), with k = 1, 2, . . . , 7 denoting the
duration measure under consideration. For example, if y = [dy/(1 +
y)], equations (6) and (2) are identical for duration measure D 1(m). The
term becomes more complicated for the other duration measures.

Equation (6) provides three testable hypotheses for each of the dura-
tion measures D1-D7. First, the relation between security price
changes and duration is linear.’ Second, duration is a complete mea-
sure of risk; that is, duration incorporates the effect of maturity and
coupon differences on price volatility. Implicit in this condition is that
the yield curve on average demonstrates the functional form assumed
by the duration measure.® Recall that D1 assumes that yield curves on
average experience parallel shifts, whereas D2-D6 assume that the
short maturity end of the term structure on average moves more than
the longer end. The last hypothesis is that capital markets for bonds are
efficient.

The linearity, completeness, and efficiency hypotheses can be tested
with actual market data for many time periods with the use of securities
and portfolios of securities. A model of period-by-period changes that
allows us to use observed average price changes to test the three hy-

5. Durations D1-D7 are derived from different assumptions about the behavior of
yields (see n. 6). Given an assumption about yield-curve shifts, the derived duration
measure is linearly related to security prices changes r(m). In addition, a linear relation
between a duration measure and security price changes means immunization of bond
portfolios can be achieved using that duration measure.

6. Lanstein and Sharpe (1978) observed that there are strong suggestions in the dura-
tion literature that measures of duration calculated ex ante predict the expected reactions
of security prices to unexpected changes in interest rates. This essentially implies that
duration is a linear risk measure similar to beta for common stocks. Lanstein and Sharpe
also derive conditions for which duration is a risk measure similar to beta. Such interpre-
tations could be tested by rewriting eq. (6) with expectations as

E[r(m)) = E[—Ay] Dk(m). (6a)

The linearity hypothesis is that the relation between expected security price changes and
duration is linear.
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potheses is

F(m) = 1, + 42, Dk._y(m) + §3, Dk3_,(m)

+ 94, C(m) + é.m). )

The subscript 7 refers to the period 7, so that 7.(m) is the one-period
continuously compounded price change on security m. C.(m) is the
coupon on security m, and Dk, _,(m) denotes the duration measure
under consideration with k = 1, 2, ..., 7. Note that ¥1,, ¥2., ¥3,, and
Y4, vary stochastically from period to period.

The completeness hypothesis is that the expected value of the inter-
est rate change ¥2. is statistically significant. The variable DkZ_,(m) is
included to test linearity. Linearity presumes that E(¥3,) = 0. The term
involving C,(m) in equation (7) is meant to measure whether duration
normalizes coupon differences. Completeness assumes that E(y4,) =
0. The intercept term v, is included to measure the level of interest
rates. Capital market efficiency implies that y1., ¥2., ¥3., ¥4., and e.(m)
should be uncorrelated through time.

The disturbances are assumed to have zero mean and to be indepen-
dent of all other variables in equation (7). The variables é.(m), 1., ¥2.,
Y3., and ¥4, are assumed to follow approximately a multivariate normal
distribution.

B. Return Computations

For our tests we used data from the Government Bond File of the
Center for Research in Security Prices (CRSP), which consist of price,
coupon, and maturity information on the last trading day of each month
for all U.S. Treasury bills, notes, and bonds during the sample period
January 1947-December 1976. We excluded callable and deep discount
securities.

Realized holding period returns for all securities during period T are
calculated as

rm) = ln{[P,(m Ly (}%)C + C]/[P.,_.(m} + ( ”’: )C]} (8)

where r.(m) is the total return on a security with maturity m during
holding period 7; P, and P, _, are averages of bid-ask prices at the end
of periods T and T — 1; In is the natural logarithm; C is the semiannual
coupon; n is the number of days accrued toward the next coupon
payment as of the end of period 7; and n is the number of days accrued
toward the next coupon payment at the end of period * — 1. This is the
measure of return included in the CRSP Government Bond File.
Table 1 presents summary statistics for returns over the period 1947—
76. Returns are given for nonoverlapping 1-month and 3-month holding
periods in panels A and B, respectively. The stub column lists the
maturity categories, while column 1 indicates the number of price
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TABLE 1 Summary Statistics for Treasury Security Returns
Number of Studentized
Days to Securities = Mean Variance Skewness Kurtosis Range
Maturity (1) (2) 3) (4) (5) (6)
A. One-Month Holding Period
30-59 1,847 2749 0275 6746 2.93 5.11
60-89 1,794 .2947 0330 7617 3.56 6.42
90-119 1,428 Jl6l 0452 5007 3.91 6.81
120-149 1,261 4027 1287 -.5599 1.60 5.19
150-179 1,228 4217 1424 —.5376 1.49 4.10
180-269 1,191 3932 1286 —.1657 2.19 6.20
270-359 974 4087 1919 0557 2.23 5.56
360-719 1,641 .3590 2598 —.0331 6.17 8.84
720-1,079 1,004 3615 5213 .3433 5.09 1.77
1,080-1,439 950 3661 7856 3973 5.49 7.23
1,440-1,799 746 3518 1.1122 1641 5.34 7.46
1,800-2,159 530 3648  1.5437 1119 5.19 6.78
2,160- 943 3349 1.5346 .2485 5.11 6.93
B. Three-Month Holding Period
90-119 416 9387 3849 —.3430 1.77 3.48
120-149 462 1.2130 1.0770 —.9188 1.20 2.18
150-179 388 1.1872 9053 —.8630 1.33 2.56
180-269 383 1.1708 8692 —-.7516 1.42 3.25
270-359 323 1.2154  1.1061 -.5675 1.26 2.99
360-719 535 1.0760  1.1294 —.1109 2.85 5.54
720-1,079 352 1.1141  2.1765 1976 3.21 5.34
1,080-1,439 308 1.0886  2.8242 1976 3.52 5.70
1,440-1,799 244 1.0353  3.9121 2292 3.57 5.60
1,800-2,159 173 1.0523 5.3179 1673 3.23 5.11
2,160~ 298 9213 5.5151 0827 4.21 593

Note.—Means and variances are multiplied by 100. Skewness is measured by the third moment
from the mean divided by the second moment to the ¥ power. Kurtosis is computed by dividing the
fourth moment about the mean by the square of the second moment about the mean. The studentized
range is the range of observations in the sample divided by the square root of the sample variance.

changes per category. Mean, variance, skewness, and kurtosis are
shown in columns 2-5. The studentized range values in column 6 are
an overall measure of normality. These statistics, which are quite simi-
lar to those reported by Bildersee (1975), suggest that Treasury secu-
rity returns are skewed and leptokurtic.

IV. Tests of Hypotheses

We performed several tests of the implications for duration measures
D1 to D7 for holding periods of 1, 3, 6, and 12 months.” Results are
presented for eight periods: the overall period January 1947 to Decem-

7. The six duration measures D 1-D6 depend on the cash flow stream C(z), the current
market price P(m), and the spot rate R(r) associated with each cash flow. The duration
measures are calculated at the beginning of a holding period. Yield to maturity of each
security is based on a proxy for the spot rate R(7) and actual market prices for P(m).
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ber 1976; two 10-year subperiods, January 1957 to December 1966 and
January 1967 to December 1976; and five subperiods starting in Janu-
ary 1952 and covering 5 years each. Concise summary tables are re-
ported with other results highlighted in the discussion.®

A. Simple Duration as Measure of Basis Risk

The major tests of duration D1 are tabulated in table 2. Results are
presented in four different versions of the return-duration regression
model in equation (7) to facilitate comparisons with results presented
later in the paper. Panel D is based on equation (7) exactly, but in
panels A-C one or more of the variables in equation (7) is suppressed.
For each period and model table 2 shows the average ¥/ of the 1-month
holding period regression coefficient estimate and first order autocorre-
lations p(yj) of the various monthly vj..

The table also shows z-statistics for testing the hypothesis that §j =
0. These are computed by taking the ratio of the average v/ times the
square root of the number of months in the sample period considered
over the standard deviation of the monthly estimate. This test proce-
dure is essentially the one used by Fama and MacBeth (1973). In es-
sence, a time series for yj is created for each period 7 in order to
correct for any statistical biases in obtaining the period-by-period esti-
mates of /. The time series allows us to obtain confidence intervals for
the significance tests. Finally, R? and S(R®) values are presented.
These values are the mean and standard deviation of the monthly R?>
values adjusted for degrees of freedom.

The results in panels B and D do not allow us to accept the linearity
hypothesis, that is, that the relation between returns and simple dura-
tion D1 is linear. In panel B, the value of #(33) for the overall period 1/
47-12/76 is —3.82. The 5- and 10-year subperiod results also show
large and negative t-values for ¥3. This persistent negative sign for 43,
along with the high positive values for y1, indicates that simple dura-
tion overstates the basis risk for longer-term Treasury securities.

Evidence in panels C and D shows that duration normalizes securi-
ties of different coupon sizes.” In panel C the value of #(34) for the

8. All tables that are not presented here are available from the authors upon request.

9. Including coupon securities with zero coupon securities, as in table 2, may cause a
bias. Moreover, some might argue that our duration calculations involve measurement
error. Since the duration of Treasury bills is maturity, the measurement problem is
circumvented. Therefore we divided the data in table 2 into two segments: Treasury bills
and Treasury notes and bonds. We found results for notes and bonds to be essentially the
same as those in table 2. Treasury bill results require further clarification. Returns for
Treasury bills are positively related to maturity in every period. A reason for the positive
coefficients ¥2 is that yield curves at the short end were predominantly upward sloping
during the period sampled and that interest rates were rising. Consequently, realized
returns on Treasury bills are on average greater than promised returns, so Treasury bill
returns are proportional to maturity. Despite the positive sign. however, the results still
do not allow us to accept the hypothesis that the relation between Treasury bill returns
and maturity is linear.
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overall period 1/47-12/76 is —2.19. Once nonlinearity is accounted for
in panel C, however, t(74) is only — 1.04, probably because the coupon
as an independent variable is explaining part of the nonlinearity. The
negative sign of 7(y4) is consistent with the premise that all else being
equal, price volatility is lower for higher coupon securities (see Malkiel
1962).

The critical completeness hypothesis is rejected. Panel A of the table
indicates that over the 30-year period, or any subperiod, the value of
1(¥2) is not large, which is the case for all models (see panels B, C, and
D). On average, a negative trade-off existed between returns and D1.
Except in the 4-year period 1/57-12/60 the values of y2 are system-
atically negative in panel A.

The intercept term measures the average level of interest rates dur-
ing the various periods. Interest rates generally were rising over the 30-
year period, as the increasing y1 values for the 5-year subperiods indi-
cate.

The time series behavior of §1 deserves further clarification. The
serial correlations p(¥1) in table 2 are predominantly greater than zero.
Excess returns (over the risk-free rate) can be used to approximate
unexpected returns. Working with excess returns as the dependent
variable generally reduces the autocorrelation of the intercept term.
The explanatory power of the regressions, however, is no different
whether one is working with returns or with excess returns, because
the regressions are cross-sectional.

The behavior through time of y2, y3, and v4 is consistent with the
efficiency hypothesis. The serial correlations p(y2), p(y3), and p(y4) are
always statistically close to zero. Although we have not reported them
here, serial correlations of the residuals e.(m) are also close to zero.

We also carried out the analysis in table 2 for holding periods of 3, 6,
and 12 months. Our motivations were twofold. First, the duration liter-
ature does not generally specify any particular holding period for the
return-duration relation. Second, it is important to determine the
robustness of duration over varying holding periods. The length of
the holding periods turns out not to affect our basic conclusions.
The linearity and completeness hypotheses are still not accepted, but
the efficiency hypothesis is.'”

In sum, the data are not consistent with the hypothesis that price

10. We repeated the analysis in table 2 for portfolios of Treasury securities. We
ranked securities on the basis of their simple durations each month and assigned them to
10 portfolios. Returns and durations for the 10 portfolios are obtained by equally weight-
ing the assigned securities. The duration of a portfolio is a weighted sum of the durations
of the individual securities in a portfolio. Coupons for the portfolios constructed are
difficult to ascertain, so we did not perform regressions on coupon terms. The results are
again very similar: for portfolios of Treasury securities the linearity and completeness
hypotheses are not accepted, but the efficiency hypothesis continues to be accepted.



Alternative Duration Specifications 253

volatility of Treasury securities is adequately measured by simple du-
ration. Although simple duration normalizes coupon differences, the
relation between security returns and simple duration is not linear.
Different holding period lengths do not affect the conclusions.

B. Other Durations as Measures of Basis Risk

We repeated all the tests we performed for D1 for the five other dura-
tion measures defined in equation (3). The tests used various different
values for the parameter « in duration D6. Our results for durations
D2-D6 and maturity m are similar to those shown in table 2. All the
conclusions we reached for D1 regarding the linearity, completeness,
and efficiency hypotheses are exactly the same for these other duration
measures and maturity. In other words, even though the D2—-D6 mea-
sures purport to reflect yield-curve movements more accurately than
simple duration, on average none of them performs better than simple
duration; that is, at the margin none of these duration measures ex-
plains price volatility caused by shape changes any better than any
other.

Results for these other duration measures are too voluminous to
report, so we will highlight some of the main results. Of duration mea-
sures D1-D6 the explanatory power of duration D1 was at least as
good as, or better than, that of the other duration measures. All the
duration measures overstate the riskiness of longer-term Treasury se-
curities, which is evident by the increase in the R? due to a large and
negative value for #(y3) when a nonlinear variable is included. In sum,
all fail as linear proxies for price volatility.

The most important observation about these additional tests is that
the average explanatory power of the regressions with maturity is al-
most as good as that of any of the other duration measures D1-D6.
Apparently, unpredictable movements of interest rates have been such
that, on average, durations D 1-D6 are no better measures of basis risk
than maturity.

C. Stochastic Duration as a Measure of Basis Risk

Computation of the stochastic duration measure D7 in equation (5) is
more involved than the other duration measures. Estimates of the pa-
rameters , u, B, and o® must be obtained for the instantaneous spot-
rate process in equation (4). Statistical estimation of the parameters of
the spot rate process is beyond the scope of this paper. Instead, we use
annualized estimates of the parameters reported by Cox et al. (1979): =
=0, p = 5.623%, B = .692, and o® = .00608. The parameters p., B,
and o” of the interest rate process are based on a weighted least squares
of a series of weekly 91-day Treasury bill auctions over the period
1967-76. Cox et al. use these estimates to illustrate the superiority of
stochastic duration as a measure of basis risk over Macaulay’s (1938)
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duration. Given these estimates, we compute stochastic duration as in
equation (5).

Results for the period 1967-76 are presented in table 3 in a format
like that of table 2. A review of table 3 reveals that stochastic duration
explains price volatility about as well as duration D1 or any of the other
duration measures.

The results in panels B and D refute the hypothesis that the relation
between returns and stochastic duration D7 is linear. In panel B, the
negative value of ¥3 for the period 1/67-12/76, along with the large
positive value for 1, implies that stochastic duration overstates the
riskiness of longer-term securities. However, the percentage increases
in the average adjusted R” values beween panels A and B are not as
great for stochastic duration as for the other duration measures, which
would suggest that stochastic duration does not overestimate the riski-
ness of longer-term securities as much as the other duration measures
do.

The results in panels C and D affirm that stochastic duration nor-
malizes coupon differences. The completeness hypothesis cannot be
accepted, because the small and negative value of #(¥2) in panel A
indicates that stochastic duration is not a complete measure of risk.
The time series behavior of y1, v2, ¥3, ¥4, and e.(m) in panels A-D is
consistent with the hypothesis that the Treasury market is efficient.

In sum, stochastic duration as calculated with the parameter esti-
mates reported by Cox, Ingersoll, and Ross is not substantially
superior to other durations or even to maturity as a measure of basis
risk. This conclusion is contrary to simulation results reported by Cox
et al. to illustrate that stochastic duration is more valuable in risk
measurement than Macauiay’s duration. There are at least three rea-
sons for the relatively unimpressive performance of stochastic dura-
tion. First, liquidity premiums are assumed to be zero in our calcula-
tions and the numbers reported by Cox et al. To the extent that
liquidity premiums explain the term structure, they must be incorpo-
rated into stochastic duration; they will be particularly important at the
short end of the yield curve. Second, the interest rate process may be
misspecified. A correct measure of stochastic duration depends on the
true spot rate process. It is possible that the process assumed by Cox et
al. and that we used in our tests is not the right one. Third, even if an
elastic random-walk model correctly describes the stochastic nature of
spot rates, the statistical estimation procedures may not be appropri-
ate. Solutions to any of these potential problems require substantial
research efforts that are beyond the scope of this paper.

D. Correlation among Duration Measures

Our findings so far do not indicate a noticeable difference in the explan-
atory power of various duration measures. This result is contrary to
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TABLE 4 Mean and Standard Deviation of Monthly Cross-sectional Correlations
between Duration Measures
Correlations
Duration
Measure D1 D2 D3 D4 DS D6 D7
A. 1/47-12/76 (all securities):
D1 1 .9986 9422 9912 9471 9004
D2 (.0019) 1 .9495 .9941 .9530 .8898
D3 (.0275) (.0250) 1 9741 .9995 .7386
D4 (.0059) (.0059) (.0162) 1 9767 8449
D5 (.0249) (.0250) (.0008) (.0154) 1 7465
B. 1/47-12/76 (excluding Treasury bills):
D1 1 .9988 9539 19343 9574 9085
D2 (.0010) 1 9591 9968 9614 .8988
D3 (.0124) (.0071) 1 9780 9996 7614
D4 (.0031) (.0007) (.0039) 1 9795 .8637
D5 (.0083) (.0081) (.0004) (.0051) 1 .7680
D6 (.0276) (.0330) (.0544) (.0408) (.0497) |
C. 1/67-12/76 (all securities):
Dl 1 .9991 9233 9921 9281 8737 .9494
D2 (.0008) | 9298 .9945 9337 .8660 9431
D3 (.0316) (.0278) 1 9610 9996 .6696 7673
D4 (.0035) (.0014) (.0176) 1 .9640 8138 9082
D5 (.0285) (.0263) (.0004) (.0162) I 6762 7745
D6 (.0245) (.0284) (.0846) (.0380) (.0816) I 9349

D7 (.0345)  (.0378)  (.1223)  (.0556)  (.1185)  (.0097) 1

Note.—Figures above the ones are average correlation coefficients, and those below the ones, in
parentheses, are corresponding standard deviations.

assertions made in the literature and can easily be explained if we
examine the degree of association among the duration measures. Es-
timated correlation coefficients are computed as the cross-sectional
correlations between all duration measures for each month during the
sample period January 1947 to December 1976. Panel A of table 4
presents averages and standard deviations of the period-by-period cor-
relation coefficients using all securities. Panel B excludes Treasury
bills that have no coupon. Numbers above the ones are average corre-
lation coefficients, and numbers below the ones in parentheses are
corresponding standard deviations. Correlations among duration mea-
sures D1-D6 in panels A and B are on average very large, meaning that
duration measures D1-D6 are not independent of one another.

Panel C of table 4 tabulates the same statistics for the 10-year sample
period 1/67—12/76 using all securities. Stochastic duration D7 can now
be correlated with the other duration measures D1-D6. Stochastic
duration has the highest average correlation with simple duration D1
(.9494) and the lowest with D3. In general, all the average correlations
are large, a fact implying that stochastic duration is not independent of
the other duration measures.

The average coefficients of correlation suggest that duration mea-
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sures D1-D7 rank securities in a similar fashion, a conclusion that may
be somewhat surprising to readers familiar with duration examples in
the literature. The literature may include, for example, comparisons of
duration measures for a hypothetical [0-year pure discount security
with those for a 10-year high coupon security. In their attempt to
support an argument, creators of such examples use very extreme
cases. Coupon differences are generally within a narrower range, so on
average all duration measures rank securities in the same order of
riskiness. Unpredictable movements of the yield curve over time
would have made this ranking virtually useless for explaining price
volatility.

E. The Usefulness of Durations for Immunization

We conducted a final test of the usefulness of duration D1 as a measure
of basis risk, creating fixed-duration portfolios for each period. The
results we found have important implications for immunization strate-
gies and fixed-income portfolio performance measurement. !

For a given duration, we construct a portfolio for each period by
randomly selecting two securities and weighting the securities so that
the duration of the portfolio is, for example, 5 months. We do this 30
times to create 30 different portfolios of two securities each with a
duration of 5 months. Another 30 portfolios are constructed of three
securities each with a duration of 5 months, and another 30 are con-
structed by randomly selecting four securities. This procedure is re-
peated for a 5-month duration nine times, so that the last 30 portfolios
consist of 10 randomly selected securities. This portfolio selection pro-
cedure is continued 17 times each period for durations up to 85 months
in increments of 5 months. Seventeen means and variances of total
returns (based on the definition of eq. [8]) are calculated for each of
nine fixed-duration portfolios of size 2,3, ..., 10 each period.

Results for nonoverlapping 3- and 6-month holding periods over the
sample period January 1947 to December 1976 are summarized in table
5. Columns 1 and 4 show the number of 3- and 6-month periods for
which portfolios can be formed. (In some holding periods it is not
possible randomly to generate portfolios for all the fixed durations.)

If duration is an appropriate measure of basis risk, portfolios of
varying size but of the same duration should have equal returns on
average. To test the equality of average returns we performed an analy-
sis of variance for each holding period. The null hypothesis to be tested
is that all nine of the means are equal. Columns 2 and 5 of table § list

I'1. Our tests in this section supplement tests performed by Ingersoll (1981). In im-
munization tests using duration Ingersoll reports root mean square errors of returns for
different portfolios formed systematically to have the same duration. He concludes that
duration performed no better than maturity matching.
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the percentage of F-values statistically significant at the 1% level for 3-
and 6-month holding periods, respectively. For example, given a dura-
tion of 5 months, the mean returns of portfolios of size 2—10 are not
equal in 43.66% (or 31) of the 71 holding periods investigated. Table 5
reveals that the percentage of means not equal generally increases as
duration length increases.

Another test involves the variances of the portfolio returns. If dura-
tion is an appropriate measure of basis risk, portfolios of varying size
but of the same duration should have equal variances. Bartlett’s test,
which we used to determine whether the variances are equal, assumes
that each of the populations is normal and that independent random
samples are obtained for each population. Columns 3 and 6 of table 5
give the percentage of x values that are statistically significant at a 1%
level. From 81.33% to 100.0% of the x* values for a given duration are
large enough to be significant.

To test whether any of the mean and variance percentages in col-
umns 2, 3, 5, and 6 of table 5 are significantly different from zero, a
two-tailed ¢-test was performed. Assuming a binomial sampling distri-
bution for the percentage of occurrences, the null hypothesis is that the
percentages are equal to zero. Using a 1% level of significance we
cannot conclude that any of the percentages are zero.

In sum, the evidence seems to indicate that simple duration is not
useful for cross-sectional comparisons of Treasury security risk. Our
results alsoshed light on some issues related to fixed-income portfolio
performance and immunization. Bierwag and Kaufman (1978) have
argued that the duration of a portfolio is not explicitly taken into ac-
count in simulations of bond portfolio performance; that is, portfolios
with varying compositions may actually be of similar duration, which
creates confusion in comparing different portfolio strategies. The re-
sults shown in table 5, however, indicate that the concern of Bierwag
and Kaufman is unfounded. The variability of constant duration port-
folios in both mean and variance of returns suggests that duration is not
the appropriate index to hold constant in comparing fixed-income port-
folio strategies.

As for immunization of bond portfolios, Fisher and Weil (1971) argue
that it is possible to achieve the promised yield of a bond by buying a
portfolio with duration equal to the assumed investment horizon and
appropriately rebalancing as coupons are received. As duration is al-
ways less than term to maturity, a security with a duration equal to the
investment horizon actually has a maturity beyond the investment
horizon. Capital gains or losses at the end of the investment horizon
compensate for losses or gains or reinvestment of coupons during the
holding period. Our results in table 5, however, demonstrate that port-
folios with the same initial duration can have completely different re-
turns at the end of the holding period. In other words, immunizing with
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five securities may not be the same as immunizing with 10 securities
even though both portfolios have the same initial duration.

F. Simple-minded Factor Models of Price Volatility

To develop additional alternative hypotheses (maturity m is an alterna-
tive), we performed a factor analysis on bond portfolio returns to see
what percentage of variation is explained by up to four factors com-
pared with how much variation is explained by single specific factors,
such as duration measures D1-D7. We are not suggesting that a four-
factor model is the best one, but we do believe that it is a useful starting
point for the examination of multiple-factor duration models. In other
words, we simply want to test the explanatory power of different dura-
tion measures for holding period returns against simple one-, two-,
three-, and four-factor models of interest rate behavior.

For our tests of the multiple-factor model it is necessary to construct
Treasury portfolios holding maturity approximately constant each
month because the maturity of a bond changes with the passage of
time. For example, 1 year after issue a 3-year Treasury bond becomes
a 2-year Treasury bond, necessitating a portfolio change. Constant
maturity portfolios help to alleviate this nonstationarity problem and
enable us to create the time series of Treasury portfolio returns we
need in order to perform a factor analysis.

We systematically construct constant maturity portfolios to consist
of all securities within a maturity range. Return and duration measures
over any maturity range are computed as a weighted average of all the
individual returns and durations that fall within the range.

We select specific maturity ranges to avoid any empty portfolios,
constructing 12 portfolios during the 18-year period 1959-76." Thirty-
day increments are taken from 60 days up to a half year, 90-day incre-
ments up to 1 year, 360-day increments thereafter to about 6 years, and
all securities with maturities beyond 2,160 days. Smaller increments
are used for short maturities because the government has more short-
term than long-term debt outstanding. For the same reason the 2,160-
day cutoff ensures that each maturity range has at least one security in
it.

We factor analyze the 12 Treasury portfolio return series to obtain
factor loadings for up to four factors.'® A factor model of period-by-
period returns that allows us to use observed average returns to test the

12. Fewer portfolios are possible starting before 1959 if none is to be empty. In
addition, the portfolios would have fewer securities in them, especially in the 360-day or
longer maturity ranges, because the Treasury issued fewer long-term securities.

13. See Lawley and Maxwell (1963) for a complete and easy-to-read description of
factor analysis,



Alternative Duration Specifications 261

alternative hypotheses is
FAp) = 1. ¥2.X1(p) + 3:A2(p) + 4.\3(p)
+ ¥5:M(p) + éxp),

where 7.(p) is the one-period continuously compounded return on port-
foliop = 1,2, ..., 12; and Ak(p) denotes the factor loadings with k =
1, 2, 3, 4. The v,, ¥, 93, and ys vary stochastically from period to
period.

Means and standard deviations of R” values adjusted for degrees of
freedom obtained from period-by-period regressions using the multi-
ple-factor model in equation (11) are given in table 6. A 1-month hold-
ing period is used, and we again follow the test procedure of Fama and
MacBeth (1973). Adjusted R? values are reported over the period 1959~
76 and several subperiods. The model in equation (11) is a four-factor
model. A one-factor model assumes ¥3., ¥4,, and 45, in equation (11)
are zero; a two-factor model sets ¥4, and 5, equal to zero; and 5, is
zero in a three-factor model. Comparable means and standard devia-
tions of R* values adjusted for degrees of freedom are presented in
table 6 using model (7) for duration D1, with 43, and ¥4, assumed equal
to zero.

Over the period 1959-76 the average R? for duration D1 was .577.
One, two, three, and four factors had an average R> of .550, .588, .645,
and .759, respectively. The standard deviations of the R? values are
systematically smaller as the number of factors is increased. Thus a
four-factor model explains about 18% more return variability than du-
ration D1.

Subperiod results reported in table 6 exhibit characteristics that are
identical to those for the longer period. As the number of factors is
increased from one to four the explanatory power of the factor model
increases relative to duration D1. Similar results are also obtained for
duration measures D2-D7. This is to be expected, given the high cor-
relations among different duration measures reported in table 4."

These results indicate that a multiple-factor model explains more
variability of monthly holding-period returns than different duration
measures. An immunization strategy can be implemented on the basis
of the factor approach for measuring economic significance rather than
statistical significance. Ingersoll (1981) tests a multiple-factor model
during the period 1950-79 and concludes that a simple two-factor
model immunizes better than durations D1 or D6. Our findings, in

(11)

14. Cooper (1977) suggests that a linear combination of D1, D2, D3, D4, and D5 might
explain bond price changes better than any single measure, but he does not pursue the
suggestion. The multicollinearity among duration measures D1 to DS reported in table 5
indicates the futility of implementing Cooper’s suggestion in a meaningful way.
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conjunction with those of Ingersoll, suggest that multiple-factor dura-
tions may provide a practical solution to immunization.

V. Summary and Conclusions

In this paper we have used actual market data to test Macaulay’s (1938)
duration, Bierwag’s (1977) duration, three durations derived by Cooper
(1977), Khang’s (1979) duration, and the stochastic duration proposed
by Cox et al. (1979). Our aim has been to determine whether any of
these durations is an adequate measure of basis risk for Treasury secu-
rities during the sample period January 1947-December 1976.

Our results do not support the important testable implications of any
of these durations as measures of basis risk. Specifically, we cannot
accept the hypothesis that the relation between returns and duration is
linear. On average there seem to be persistent stochastic nonlinearities
for all seven durations. This means that all durations substantially
overstate the volatility of longer term-to-maturity securities. Thus we
cannot reject the hypothesis that additional measures of risk system-
atically affect average price changes. In fact, we introduced and tested
a four-factor model that shows some promise for explaining price vari-
ability. On the positive side, all duration measures account for coupon
differences, with volatility lower for high coupon securities. Finally,
our results suggest that none of the duration measures is useful for
fixed-income performance comparisons and that immunization strate-
gies based on duration may not work.

Our empirical results contrast sharply with the analytical claims
made by authors of the duration measures. Even the theoretically more
appealing stochastic duration, which is based on a generalized equilib-
rium model of the term structure, overstates the riskiness of longer-
term securities. Stochastic duration results, however, may be affected
by the absence of liquidity premiums plus misspecification and/or mis-
estimation of the underlying true spot rate process.

To sum up, there are periods in which some durations are adequate
measures of basis risk, as well as periods when some are obviously
superior because of the particular yield-curve movement. Over long
periods of time, however, uncertain movements of the term structure
do not permit us to conclude that any of the durations tested is a
satisfactory surrogate for basis risk.
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