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I. Introduction

Several statistical cstimators of security price
volatility have recently been put forth in the fi-
nance literature. Given public data and a posited
model of security price dynamics. these alterna-
tive procedures lead to estimates of varying sta-
tistical cfficiency. Assuming that security prices
are governed by a diffusion process, this paper
derives and subsequently examines the proper-
ties of the most efficient estimator of security
price volatility, using the most availabie form of
public data: historical high, low, and closing
prices.

Eificicnt security price voelatility estimation is
of considerable importance in financial research.
The seminal analysis of Black and Scholes (1973)
establishes an equilibrium option pricing formula
whose only unobservable input is the variance of
the underlying security. Clearly, the precision of
the variance estimate translates to the estimate
of the corresponding option price. Alse. Mer-
ton’s (1980) exploratory investigation concluded
that efficient cstimation of the expected return on
the market requires efficient estimation of the
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Assuming sccurity
price dynamics are
governed by a diffusion
process and given the
publicly most available
form of data, this paper
provides the maximum
likelihood estimator of
security price volatil-
iy. A Monte Carlo
simulation compures
the small-sampie prop-
erties of this and other
proposed sceurily price
volatility estimators.
The resultant maximum
likelihood estimator of
the Biack-Scholes call
option price formula-
tion is also derived.
For small sample sizes
a Monte Carlo simula-
tion study facilitates
comparison with other
proposed cstimation
proccdures. Also, the
statistically most pow-
crful confidence inter-
vals for the Black-
Scholes call option
price are constructed,
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son, Garman and Klass. and maximum likefihood estimators arc inves-
tigated in Section U1, The error properties of these volatility estimators
are not well known and a controlled simufation study will remedy this
deficiency. These results can facilitate practitioners’ choice amongs?
these alternative estimators. In Section [V the error properties of the
corresponding Black-Scholes call option price estimators are deter-
mined, and optimal confidence intervals arc constructed. The compa-
rable confidence intervals of Boyle and Ananthanarayanan (1977) are
presented to highlight our results. Section V provides our conclusions.

II. Maximum Likelihood Estimation
The dynamics of security prices will be assumed governed by
In P(1) = oZ(t) = X(1}, (1}

where P(1) is the security price at time ¢, o the diffusion coetficient to
be estimated. and Z(7) is a standardized Wicner process. Therefore,
the logarithm of security prices is a nonstandardized Wiener process.

Given the posited model of security price dynamics and the histor-
ical data most accessible to investors—a time series of daily closing,
high, and low prices—we shall derive an optimal procedure for es-
timating the diffusion coefficient o. The maximum likelihood proce-
dure is such an optimal procedure. It has intuitive appeal since the
resultant maximum likelihood estimate is that estimate tor which the
underlying data were most likely. Moreover, the procedure is asymp-
totically optimal under rather mild regularity conditions (see Cramer
1946). In particular, the maximum hkehhood cstimator 1s asymptoti-
cally unbiased, consistent, and efficient, in that the variance of the
estimator attains its Cramer-Rao lower bound. These propertics make
the maximum likelibood estimation of the diftusion coefficient o rather
desirable.

The likelihood function of &, or equivalently o, estimated from a
time series of daily closing, high. and low security prices. equals the
probability density of the given time series conditional on . Defining

A(t) = max X{(7} = high

(g
and

— By = min X(7) = low,
]

it follows that this joint density is given by

at
d xd ad b

flx,a. bio?) = PlX(H = x. Alt) = a, Bl = b
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where ¢ = 006 L Ooand 5 < a0 Here and throughout the closing
hugh, and low security prices arc assumed normalized relative o the
opening seeurity prive. However, note that by definition
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This series 15 absolotely convergent and differentinble rerm by term.

Without joss of generality, we et = | then difforeniaie with respect
to o and bl the joint density of the daily Closing, high, and Jow
security prices conditional on o Follows:

Fta, a, b * enp b S liatainT = Bla - oyl 2

T
where # = o7 and alah, Bl v, and 800 are as displayed in Appen-
div A
Assuming o time seres of M owdependont observalions on
closing, high, and fow security prive. the logarithm of the |
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four iterations. As a consequence. the computational etfort required to
implement the maximum likelihood algorithm is minimal.

The maximum likelihood estimator is asymptotically normally dis-
tributed, with mean 8,. the true value of the security price volatility,
and variance given by

~ |

(dn Lig)y
Ef )

the Cramer-Rao lower bound. In other words, if it is assumed that
security prices are governed by a diffusion process, (f). given the
publicly most available data the maximum likelihood estimator is the
minimum variance bound (MVB)} estimator of securily price volatility.
The asymptotic normality of the maximum likelihood estimator also
allows the construction of confidence intervals. In particular. an ap-
proximate (1 — «) x 100% confidence interval for § 15

o Pin 1.(6),
0 = Zuo \/” (f—?jg}“—)a 5

where 0 is the maximum likelihood estimate and 7, is the {1 — @/2) x
100th percentile of the standard normal distribution.

The maximum likelihood procedure has a number of advantageous
propertics, at least for large samples. Yet practitioners may not have
access 10 a sufficiently large sample of daily closing, high, and low
security prices. Indeed, given the nonstationarity of security price
volatilities, practitioners may not wish to avail themselves of a suffi-
ciently large sample. An investigation, then. regarding the small-
sample properties of the maximum likelihood estimator 1s warranted.
The small sample properties of other security price volatility es-
timators will also be given. Such mformation will facilitate a choice
amongst the alternative estimators.

1. Small-Sample Properties of Volatility Estimators

The small-sample properties ot the maximum likelihood security price
volatility estimator and other proposed security price volatility es-
timators were derived by a Monte Carlo simulation. In particular. secu-
rity prices were simulated on the assumption that their dynamics were
governed by the diffusion process (1), with 8 = «* = 1. The alternative
estimators were computed assuming samples of M = 3, 10, 20, 40, and
60 days” data. To dertve corresponding sample distributions, these
experiments were repeated 1,000 times. For turther details regarding
the mechanics of the simulation, the reader is referred to Appendix C.

Employing the current notation and assuming, without loss of gener-
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is effectively unbiased. Furthermore, for all sample sizes it possesses
minimum variance.

Implicit in the preceding analysis is the assumption that security
price dynamics over the period of time when markels are open are
identical to security price dynamics over the period of time when mar-
kets are closed. Consequently, incorporating opening prices will im-
prove the relative statistical efficiency of all the proposcd estimators.
Therefore, following Garman and Klass (1980), composite estimators
may be formed:

N .
07 = w,-%f—.’-i— (- m,){T?%?T i=1.2.34,
where again, without loss of generality, a single day’s worth of data i3
assumed. Here, f denotes the fraction of the day that trading is closed,
0, denotes the normalized opening price, while the weight w; is chosen
so that var(6¥) is minimized. By inspection, the choice of w; is indepen-
dent of f and, additionaily, wc have the following:

Limma:  The variance of the composite estimator 67 is minimized
forw;, = (1 + E)7". where E; is the relative statistical efficiency of the
estimator §,. Furthermore. the relative statistical efficiency of the com-
posite estimator 8¥ is given by £ = E; + 1.

Proor:  Without loss of generality assume

07 = w, 0F + (1 —w) b, i=12734
A Wiener process possesses independent increments, implying that
var(d7) = of var(02) + (1 — w;)* var(i,)

WXl + EVETN - 20 V4 B = 12,3, 4,

It immediately follows that var(8}) is minimized for o, = (1 + E;) " and
the corresponding minimum value is given by (1 + E} '. Q.E.D.

An implication of the Jemma is that the relative statistical efficiency
of the composite maximum likehhood estimator remains highest.

The simulation results indicate the desirability of the maximum
likelihood estimator. Whereas Garman and Klass restrict their es-
timator 1o be both analytic in a neighborhood of the origin and un-
biased. if we relax these requirements the maximum likelihood es-
timator vyields increased efficiency while maintaiming practical
unbiasedness.

1V. Call Option Price Estimation

A significant application of security price volatility estimation is option
price ¢cstimation. Black and Scholes (1973) derive an equilibrium option
price whose only unobservable (and hence to be estimated) input is the
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TABLE 2 Qut-of-the-Money Call Option Simulation Results
Sample
Sample Relative
Size Statistic Mean Variance Skew Kurtosis Efficiency
5 b} 79 2849 x 10 ° % 48 I
DB 43 597 x 10 ¢ 57 32 4.77
W03 84 405 % 10 - A3 .18 7.03
(0, .86 388 % 1077 45 33 7.40
] 0, ) .84 15.7¢ % 1077 63 91 1
ith) .84 348 % 1077 30 A8 4.51
hid3) 84 227 x (o7 26 - 18 6.92
di(d,) 84 208 < 10 ° .36 30 7.35
20 () .84 747 % 10 ° 30 05 !
Pl BN 163 < 1077 27 54 4.53
i) 84 106 x 1077 23 21 .44
(8 83 99 % 10 ! A9 33 7.55
40 () 85 3.95 % 1077 28 —-.20 !
9 83 &2 x 1077 30 i 4.82
b8y 83 59 % 1072 24 27 6.69
B 85 A3 w10 26 01 7.45
60 i) 84 256 % (¢ 08 —. 1
(g) B3 51 ox 1072 15 A7 5,02
wi8,) 85 36 = 107 .08 07 7110
() 85 30 % 107 02 -2 %.53
TABLE 3 At-the-Money Call Option Simulation Results
Sample
Sample Relative
Size Statistic Mean Variance Skew Kartosis Etficiency
5 Bif)) 247 57.24 % 10 ¢ 32 -7 1
b 2.97 10.76 % 19 ° 39 A2 5.32
U(s) 2.99 730 x 107 29 08 7.84
6l8,) 3.01 6.86 % 1077 30 20 8.34
i} Y 297 2902 x 107 a2 38 1
i) 2.99 624 x 10 - 36 23 4.66
b9 1.99 410 x 10 ° 16 -.20 7.10
hib) 3.00 K [ 25 22 7.83
20 ICH) 299 1371 % 1o 10 04 [
Qo) 3.00 295 x 1077 16 39 4.65
bs) 3.00 207 x 107° K 4 f.62
(8 3.01 1.79 = 1077 i 25 7.66
4 WG 3.01 740 x 10 ¢ A5 -2 1
B} 3.01 147 % 1o 2 24 03 4.83
DY 3.0l LO6 % 1077 18 22 06,70
Uiy} 3.0 94 ¢ 1973 24 - 7.55
60 o) 3.00 464 x 1977 - .04 06 i
i) 3.01 O ox 1077 10 Al 5.10
i) 3.01 b5 107 .04 .04 704
dild) 3.01 54 0x 1007 -.n .03 8.59
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where

1] 7
I N € Xy
‘ L

Al — o) x 100% confidence interval for 6 follows:

(n — 1)s” U 1)s”

2 2
Xin Duto-a2 Xtn- w2

i,

.

where X7, 1.1 o and Xt 1. are, respectively, the (I — «/2) % 100th
and the («/2) x 100th percentiles of the x* distribution with (2 — 1)
degrees of freedom. The nonlinear Black-Scholes call option price
transformation is directly applied to the preceding confidence interval
10 give
b =y

i
Xtn 1 w2

A — I)SZJ

3
Xt D2

a(l — a) * 100% confidence interval for ¥(0). the Black-Scholes call
option price. However, this methodelogy is imprecise in a number of
respects. For all sample sizes the x° distribution is nonsymmetric.
implying that a nonsymmetric 8 confidence interval will result. The
0y confidence interval nonsymmetry is further exaggerated, since a
nonlinear transformation is directly applied to an already nonsym-
metric 0 confidence interval. Finally, the Bovle and Ananthanarayanan
analysis is based solely on closing prices. By incorporating further
information, in particular daily high and low security prices, we ¢an
construct more precise call option price confidence intervals.

While the maximum likelihood methodology vields optimal confi-
dence intervals for large sample sizes, the properties of the corre-
sponding confidence intervals derived from moderate-sized samples
remains to be explored. From a practitioner’s perspective this is the
more relevant basis of comparing Boyle and Ananthanarayanan’s
mcthodology with the maximum likelihood methodology. To that end,
95% confidence intervals for the previously hypothesized at-the-moncy
call option with true price of $3.01 will be constructed under the alter-
native methodologies, given 20, 40, and 60 days of simulated data. The
Boyle and Ananthanarayanan confidence intervals are based on the
assumption that s cquals the true value of 8. This assumption simply
follows the convention of their analysis. Evoking asymptotic theory.
the maximum likelihood confidence intervals muake use of the estimate
of the standard deviation of d](éﬂ. The results are presented in table 3.
For all sample sizes. the maximum likelihood methodology provides a
far more precise and symmetric and indeed a far more powertul 95%
confidence interval.
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Appendix A

Joint Density Function

The joint density of the daily closing. high. and low security prices conditional
on 8 = ¢° is given by

¥

fix.a. b, 0) = >M expl ~ SB[+ BUDY -+ i)

|

where

alrn) =

~Ld . N . — y
20T  sin amih + x) sm( nw b }
a + b a -+ b

Btn) =

33 _ . .
2atmtla — b) .in [H.. {(2h + ,\l]
ta + b a + b

33 ; ;
dr'm sin( nm b )cus amwth + x)
(a + b e+ b a+ b

»

10 nw Sin( nw b ).in nwih + x)
ta + b)Y a + b, a+ b

4,32
vy = =L T (py — 2ah — ax) cml

(a + hY
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Appendix B

Implementation of the Maximum Likelihood Estimation Procedure

As previously stated, the maximum likelihood cstimator, 6. is that value of 8
which maximizes

A .
In L9y = l In L [os (007 &+ B8 4+ vunlexpl —d,0m0]. (BD

il no
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dure. This technique linearizes  In L x(8)/d9 as a function of & according to’ils
Taylor series expansion. A sequence {8y, 9,. 0., . . . .} that converges to 6 is
formed as follows:

din Lytv) / & In Lah,)
b / dw?

It is important to note that the first and second derivatives of In La{8) are
simple functions of 6 and ln Ln(8). As such, they can be conveniently com-
puted simultaneously with In L (8) to allow an efficient computer algorithm.
The sequence is terminated when a solution is found to within predesignated
error limits. For every case in the simulations, ¢® In Ly(8)d8° was observed
and found to be negative, indicating a local maximum of In Lx(9). The choice of
a starting point in this analysis is quite important. When the Garman-Klass
estimator was emploved, convergence was always achieved within four tera-
tions. Experiments were performed for a wide range of starting values, with the
result that the algorithm converged to the same solution 1n a small number ol
iterations. Based on experimenial evidence, the likelihood function is
everywhere concave downward. Consequently. there is a unigue maximum
which is always obtained using this numerical procedure.

Bioy = 8; —

Appendix C

Simulation of a Wiener Process

Let {X(0):¢ = 0} denote a Wiener process with zero drift and diffusion co-
efficient . Our object is to simulate X(¢) for 0 = 7 = t and then to note the high.
low. and close for this process: MaXgs,« | A(¢), MiNgs,- X(7). and X(1). respec-
tively.

For convenience, denote one time unit as a “*day.”” We split the day into A
intervals and. by simulating a Brownian increment for each interval, we obtain
the following approximation for X (1)

[4s]

g(;):Zn,—.()‘élil.

J=1

The notation [-] designates intcger part and {x;} is a simulated sequence of
independent identically distributed (1.i.d.) uniform random variables with mean
zero and variance o7/k. By appealing to the central limit theorem and according
to Shreider (1967). £(¢) converges in quadratic mean fo X(/) for 0 = ¢ = [ as
koo

As u preliminary to generating {v;}. a sequence {p,} of L.i.d. pseudorandom
variables with distribution uniform on [0, 1] is formed. The rorTrRAN subroutine
vranD was employed for this purpose. This random number gencrator uses a
linear congruential method whose integer sequence is given by u,.,,
834314861 pu, + 453,816,693 (mod 2*Y. For details. see Forsythe, Malcolm,
and Moler (1971). The transtormation from ., 10 v, is given by m; = (GVE)
{p, — .5}, for each /.
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