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1. Introduction

Several statistical estimators of security price
volatility have recently been put forth in the ifi-
nanee literature. Given public data and a posited
model of security priee dynamics, these alterna-
tive procedures lead to estimates of varying sta-
tistieal efficiency. Assuming that security prices
are governed by a diffusion process, this paper
derives and subsequently examines the proper-
ties of the most eftieient estimator of security
price volatility, using the most available form of
public dala: historical high, low. and elosing
prices.

Effieient security price volatiliiy estimation is
of considerable importance in financial research.
The seminal analysis of Black and Scholes (1973)
establishes an equilibrium option prieing formula
whose only unobservable input is the variance of
the underlying security. Clearly, the precision of
the variance estimate translates to the estimate
of the corresponding option price. Also. Mer-
ton's (1980) exploratory investigation concluded
that efficient estimation of the expected return on
the market requires efficient estimation of the
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Assuming security
price dynamics are
governed by a diffusion
process and given the
publicly most available
form oi' data, this paper
provides the maximum
likelitiooLl estimator of
security price voiatit-
ily. A Monte Carlo
simulation eompares
the small-sample prop-
erties of this and other
proposed security price
volatility estimators.
The resultatit maximum
likelihood esfimatoi" of
the Biaek-Seboles call
option price formula-
tion is aiso derived.
F-or small sample sizes
a Monte Carlo simula-
tion study facilitates
comparison wiih other
proposed estimation
procedures, Aiso. the
statistically most pow-
erful contidence inter-
vals for tbe Black-
Scholes call option
price are eonstructed.
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son, Carman and Klass, and maximum likelihood estimators arc inves-
tigated in Section III. The error properties of these volatility estimators
are not well known and a controlled simulation study will remedy this
deficiency. These results can facilitate practitioners" choice amongst
these alternative estimators, in Section IV the error properties of the
corresponding Black-Scholes call option price estimators are deter-
mined, and optimal confidence intervals are constructed. The compa-
rable confidence intervals of Boyle and Ananihanarayanan (1977) are
presented to highlight our results. Seclion V provides our conclusions.

[1. Maximum Likelihood Estimation

The dynamics of security prices will be assumed governed by

^ Xil). (H

where P(!) is the security price at time /. CT the diffusion coefficient to
be estimated, and Z{!} is a standardized Wiener process. Therefore,
the logarithm of security priees is a nonstandardized Wiener process.

Civen the posited mode! of security price dynamics and the histor-
ical data most accessible to investors—a time series of daily closing,
high, and low prices—we sha!l derive an optima! procedure for es-
timating the diffusion coefficient CT. The maximum likelihood proce-
dure is such an optimal procedure. It has intuitive appeal since the
resultant maximum !ikelihood estimate is that estimate for which the
undeHying data were most likely. Moreover, the procedure is asymp-
totically optimal under rather mi!d regu!arity conditions (see Cramer
1946). In particu!ar. the maximum likelihood estimator is asymptoti-
cally unbiased, consistent, and efficient, in that the variance of the
estimator attains its Cramer-Rao lower bound. These properties make
the maximum !ikelihood estimation of the diffusion coefficient CT rather
desirab!e.

The !ike!ihood function of a. or equivalent!y CT', estimated from a
time series of daily closing, high, and low security prices, equals the
probability density of the given time series conditiona! on CT'. Defining

Ail) = max A'(T) = high

and

-BU) = min A'(T) ^ low.

it fo!!ows that this joint density is given by

fi.x. a, h: cr-) - ^P\Xlr) ^- x. All) ^'. a, B(i) ^ h\
(I Xl) cut h
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four iterations. As a consequence, the computational effort required to
implement the maximum likelihood algorithm is minimal.

The maximum likelihood estimator is asymptotieally normally dis-
tributed, with mean B,). the true value of the security priee volatility,
and variance given by

the Cramer-Rao lower bound. In other words, if it is assumed thai
security prices are governed by a diffusion process, (i), given the
publicly most available data the maximum likelihood estimator is the
minimum variance bound (MVB) estimator of security price volatility.
The asymptotic normality of the maximum likelihood estimator also
allows tho construetion of eontidence intervals, ln particular, an ap-
proximate (1 - u) X 100% confidence interval for B is

where 6 is the maximum likelihood estimate and Z,,,;̂  is the (I - a/2) x
100th percentile of the standard normal distribution.

The maximum likelihood procedure has a number of advantageous
properties, at least for large samples. Yet practitioners may not have
access lo a sufficiently large sample of daily closing, high, and low
seeurity prices. Indeed, given the nonslationarily of security price
volatilities, practitioners may not wish (o avail themselves of a suffi-
ciently large sample. An investigation, then, regarding the small-
sample properties of tho maximum likelihood estimator is warranted.
The small sample properties of othei" security price volatility es-
timators will also be given. Such information will facilitate a choice
amongst [he alternative estimators.

Iii. Small-Sample Properties of Volatility Estimators

The small-sample properties of the maximum likelihood security price
volatility estimator and other pix)posed seeurity price volatility es-
timators were derived by a Mt>nte Carlo simulation. In pai'ticular. seeu-
rity prices were simulated on ihe assumption that their dynamics were
governed by the diffusion process (I). with B ^ (j- - . I. The alternative
estimators were computed assuming samples oi' M = 5. 10. 20, 40. and
60 days" data. To derive corresponding sample distributions, these
experiments were repeated 1,000 times. For further details regarding
the mechanics of the simulation, the reader is referred to Appendix C.

Employing the current notation and assuming, without loss of gener-
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is effectively unbiased. Furthermore, for all sample sizes il possesses
minimum variance.

Implicit in the preceding analysis is the assumption that security
price dynamics over the period of time when markets are open are
identical to security price dynamics over the period of time when mar-
kets are closed. Consequently, incorporating opening prices will im-
prove the relative statistical efficiency of all the proposed estimators.
Therefore, following Garman and Klass (1980). composite estimators
may be formed:

Bf = 0 , , . ^ + ( i - ( 0 , ) - — ^ / = 1 , 2 .3 ,4 .

where again, without loss of generality, a single day's worth of data is
assumed. Here./denotes the fraction of the day that hading is closed,
(),, denotes the normalized opening price, while the weight OJ, is chosen
so that var(Bf) is minimized. By inspection, the choice of to,-is indepen-
dent of/and, additionally, we have the following:

LI.MMA: The variance of the composite estimator Of is minimized
for w, ^ (I + /:,)"'. where £, is the relative statistical efficiency of the
estimator 0/. Furthermore, the relative statistical efficiency of the com-
posite estimator Bf is given by Ef = E, + I.

PROOI-: Without loss of generality assume

af = oj/07, + {1 - OJ,-) 0, / = I, 2, 3. 4.

A Wiener process possesses independent increments, implying that

var(9f) - 0J7 var(O;,) + (1 - o)/)" var(6/)

= oj/(l + E,) Er^ - 2oj,£/ ' + El ' / - I- 2, 3, 4.

It immediately follows that var(6f) is minimized for w, = (1 4- E,) ' and
the corresponding minimum value is given by (I t E,) '. Q.E.D.

An implieation of the lemma is that the relative statistical efficiency
of the composite maximum likelihood estimator remains highest.

The simulation results indieate the desirability of the maximum
likelihood estimator. Whereas Garman and Klass restrict their es-
timator to be both analytic in a neighborhood of the origin and un-
biased, if we relax these requirements the maximum likelihood es-
timator yields inereased efficiency while maintaining practical
unbiasedness.

IV. Call Option Price Estimation

A signifieant application of seeurity price volatility estimation is option
price estimation. Blaek and Scholes (1973) derive an equilibrium option
price whose only unobservable (and hence to be estimated) input is the
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TABLE 2 Out-of-thc-Money Call Option Simulation Results
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Sample
Size

S

!0

20

40

60

Suilislic

MiU)
MO4I

ilHfltl
MM.)

mh)

\!/(0i)

M(U)
ym^)

MO.)

41(1)4)

Mean

.79

.83

.84

.S6

.84

.84

.84

.84

.84

.85

.84

.85

.85

.85

.85

.85

.84

.85

.85

.85

Variance

28.49
5.97
4.05
3.85

15.7!
3.48
2.27
2.08
7.47
1.65
1.16
.99

3.95
.82

.53
2.56

.51

.36

.30

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

10 -
10 -
iO -
!0 -
10"-
1 0 "
10 -
SO '
10 '
10" -
10 ^
to -
iO -
10 "
10"^
10 '
10 -
10 '
10 -
10 -

Skew

.78

.57

.43

.45

.65

.50

.26
-36
.30
.27
.23
.19
.28
.30
.24
.26
.08
-15
.08
.02

Kiirtosis

.48

.32

.18

.33

.91

.45
•̂  . 1 8

.30

.05
-54
,21
.33

- .20
A \
-11
.01

- .01
.17
.07

- .02

Sample
Reialive

hflicicncy

1
4.77
7.03
7.40
1
4.51
6.92
7.55
1
4.53
6.44
7.55
1
4.82
6.69
7.45
I
5.02
7.11
8.53

TABLE 3

Sample
Size

5

10

20

40

60

.4t-the-Mone>' Call Option Simiilatiun Results

Stalislic

,i ,(e,)
iij(()->)

4i(0-i)

^(0 | )

'If (62)
4iiO()
4i(H.,)
41(6,)
4iiO-)
M''h)
^((64)
1 |J (T7 I )

4/iO.,)
4J( 01)

4f((l:)

MO.)
MO.,)

Mean

2.87
2.97
3.99
3.01
2.97
2.99
2.99
3.00
2.99
3.00
3.00
3.01
3.01
-3.01
3.01
3.01
3.00
3.01
3-01
3.01

Variance

57.24 X
iO-76 X
7.30 X
6.86 X

29.12 X
6.24 X
4.10 X
3.73 X

13.71 X
2.95 X
2.07 X
1.79 X
7.10 X
1.47 X
1.06 X
-94 X

4-64 X
.91 X
.65 X
.54 X

10 -
10 -
10 -
iO -
10 •

10 -
10 -
10 -
10 -
10 -
10 "-̂
10 -
10 -
10 -
10-"'
10 ^
!0" ^
10 '
iO -
10 -

Skew

.32

.39

.29
-30
.32
.36
.16
.25
.10
.16
.15
.11
.15
.24
.18
.21

- .04
.10
.04

- .02

KiirUtsis

- . 07
.13
.08
.20
.38
.25

- .30
11

.04

.39

.14

.25
- .22

.05
2")

- . 02
.00
.11
-04
.03

Sample
Reialive

Efticiency

1
5.32
7.84
8.34
1
4.66
7.10
7.83
1
4.65
6.63
7.66
1
4.83
6.70
7.55
i
5-10
7.14
8-59
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where
II _ T

A ( l - a) X 100% eonfidence interval for 6 follows:

{n — 1)5" ^. „ ^ In - U.s"

X i " I I , I

where xff!-D.I-«/2 ^nd Xo, n,,,/2 are, respectively, the (1 - c^2) x l(X)th
and the (a/2) x lOOth percentiles ofthe x ' distribution with {n - 1)
degrees of freedom. The nonlinear Black-Scholes call option priee
transformation is direetly applied to the preceding confidence interval
to give

In - l ) r

I).I

in - I).v-

a(1 ~ a) X 100% confidence interval for (j)(6). the Black-Scholes eall
option price. However, this methodology is imprecise in a number of
respects. For ul! sample sizes the x"̂  distribution is nonsymmetric.
implying that a nonsymmotric 6 confidence interval will result. The
(KB) confidence interval nonsymmetry is further exaggerated, sinee a
nonlinear transformation is direetly applied to an already nonsym-
metrie 9 eonfidence interval. Finally, the Boyle and Ananlhanarayanan
analysis is based solely on closing prices. By incorporating further
information, in particular daily high and low seeurity priees, we ean
eonstruet more preeise call option priee eonfidenee intervals.

While the maximum likelihood methodology yields optima! confi-
dence intervals for large sample sizes, the properties of the eorre-
sponding eonfidenee intervals derived from moderate-sized samples
remains to be explored. From a practitioner's perspective this is the
more relevant basis of comparing Boyle and Ananthanarayanan's
methodology with the maximum likelihood methodology. To that end.
95'/̂  confidence intervals for the previously hypothesized at-thc-money
cal! option wilh true price of $3.01 will be constructed under the alter-
native methodologies, given 20. 40. and 60 days of simulated data. The
Boyle and Ananthanarayanan eonfidenee intervals are based on the
assumption that .v" equals the true value of 9. This assumption simply
follows lhe convention of their analysis. Evoking asymptotic theory,
the maximum likelihood eonfidenee intervals make use ofthe estimate
ofthe standard deviation of il»(H4). The results are presented in table 5.
For all sample sizes, the maximum likelihood methodology provides a
far more preeise and symmetric and indeed a far more powerful 959?
eonfidenee interval.
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Joint Density Function

The joint density of the daily closing, high, and low security prices conditional
on 0 ==̂  (T"̂  is given by

where
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Appendix B

Implementation of the Maximum Likelihood Estimation Procedure

As pi'eviously stated, the mLiximiim likelihood estimator, 13. is that value oft)
which niiiximizes

In LIH) - In c x p [ - f t , l / ! H I ] . ( B l )
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dure. This technique linearizes d In /.,v(6)/£/0 as a tunction of 0 according to its
Taylor series expansion. A sequence {%. 0|. 0. \ that converges to t) is
tbrmed as follows:

It is important to note that the first and second derivatives of !n /v,.v(H) are
simple functions of 6 and In L.vlO). As such, they can be conveniently com-
puted simultaneously with In Lv(O) to allovv' an cftkicnt computer algorithm.
The sequence is terminated when a solution is found to within prcdcsignated
error limits. I''or every case in (he simulations. (/' In L,,V(O)/(/H' was observed
and foimd to be negative, indicating a local maximum ofin /.,v(0). The choice of
a stalling point in this analysis is quite important. When the Garman-Klass
estimator was employed, convergence was always achieved within four itera-
tions. Experiments were performed fora wide range of starting values, with the
result that the algorithm converged to the same solution in a small number o^
iterations. Based on expcrimcnial evidence, the likelihood function is
everywhere concave downward. Consequently, there Is a unique maximum
which is always obtained using this numerical proeedure.

Appendix C

Simulation of a Wiener Process

Let {Xli):i S-- 0} denote a Wiener process with zero drift and diffusion co-
efficients. Our object is to simulate A"!?) forO -^ t ^ \ and then to note the high,
low. and close for this process: maxiH-,̂  i A'fO. mino..-,....| X{i). and X(l). respec-
tively.

f*'or convenience, denote one time unit as a "day." We split the day into k
intervals and, by simulaling a Brownian increment for each interval, we obtain
the following approximation Xor Xii):

The notation [•] designates integer part and {iqy} is a simulated sequence of
independent identically distributed (i.i.d.) uniform random variables with mean
zero and variance irlh. By appealing to the central limit theorem and according
to Shrcider (l%7), £(/) converges in quadratic mean to Xii) for 0 =̂ / ^ I as
k ••••-* X .

As a preliminary to generating jij,}, a sequence \\i.j] of i.i.d. pseudorandom
variables with distribution uniform on [0, IJ is formed. The FORTRAN subroutine
UKAND was employed for this purpose. This random number generator uses a
linear congruential method whose integer sequence is given by //,+ i ^
834,314,861 |x, + 453,816.693 (mod 2"'). For details, see t-orsythe, Malcoln]_,
and Moler (1971). The transformation from \x., to -q̂  is given by T], •= {(ji\/k)
(fi,, - .5), for each,/.



1 a sHiiiii.itc a Wiener pri>ce^^ adcqiiaSulx, ihc niinilKi oi'irsieriuK A mu-A he
rathc! liH'gc. Allhrniuh H i-* ^iraighU'oiv\iiui tu vjiiinhuc the i:\v\v XiVi.. the
coniplcK probiibiKlit: ^irucuire heuvcen ihi.' haeJi unO. Ihc luvs niakc^ --inunausHi
difficiih, VVc decided io choiy^v. k KKKOOO, :i suliicK-nHy \iX'a.c nimsbcr a '̂
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the riiiKlor^i numlicr gt-noratot A sEioiphn- dc-i.en wd-^ adoEMrd so criiinicr hsnh
these problems
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i.OOO caib (>rihe sutiroutine § RXMJ, A iiaia ha--e of hiL-ji- iow . .did cio•^e !o;
!(K(KMI penutK uas erealcd .Hid sloied. To sicU'viVite a single da\ ^ MniuhiUa^
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