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1. Introduction and Summary

In most empirical work on the market model, the
parameters of that model are estimated by ordi-
nary least squares, effectively assuming that the
systematic risk of an asset. or portfolio, is con-
stant through time. However, a plausible alterna-
tive hypothesis would allow the systematic risk
of the stock of a company to vary through time.
Such variation may arise through the influence of
either microeconomic factors (such as opera-
tional changes in the company, or changes in the
business environment peculiar to the company).
or macroeconomic factors (such as the rate of
inflation, general business conditions, and expec-
tations about relevant future events). A detailed
discussion of these points is provided by Rosen-
berg and Guy (19764, 1976h). Support for the
hypothesis that systematic risk varies through
time is provided in the studies by Jacob (1971).
Blume (1975), and Fabozzi and Francis (1978).
In this paper we allow the possibility that sys-
tematic risk of an asset is stochastic. In principle,
an attempt to model this stochastic behavior
could be made through allowing systematic risk
to follow a member of the general ARIMA class
of models of Box and Jenkins (1970). Idcally. the
available data would be employed to suggest a
specific model from this general class. However,
this approach has to face very serious
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We discuss the market
maodel in which the
possibility is aliowed
that beta iy stochastic
and obeys a first-order
Autoregressive process.
Following a brief dis-
cussion of methedolog-
ical issues in the esti-
mation and testing of
such models, results
are reported on an em-
pirical study of a large
sample of monthly re-
turns of common
stock. We find strong
evidence indicating sto-
chastic systematic risk,
but relatively little evi-
dence against the ran-
dom coefficient model.




RIS Journal of Business

methodological and computations) ditficuitios, so that i thiy paper. ax
cmoddest Arst step, attention fs restricted 1o the firsbomder astoreer-
stve model, Thiv includes, of course. as o specid cese, the ramdoem
cocticient model in which systematic vish s ken to be white noie.
The random coctlicient model has been used in this contes U hy Fabossa
and E’s':mm\ 1978 Lev and Chen (1980, Alesander and Benson
TOR2, and Fabosyn Francis, and Lee (19821 The use of the first-ordes
z@zz%raz‘agz"cmm model hay beon considered by Sunder (19301 and Oh
sofr and Kosenberg (1982

'Wz:: purpose of the present paper s twolold ) Ty the Folfowing section
we briefly discuss some methodological ssues arising in estimution
and. more particularly . in hvpothesis westing when the maeker mode! s
generabized to allow the possibility that systematte risk follows o fira-
order au toregressive process. Our concern here is with the oxposition
of elficient provedures useful in the uméw;;«, ol market duts

The third scction of the puper reports the resulis of an extensive
empirical study. i which the market model was fited o monthiy ratos
of returns for o farge sample of stocks, Broodly speabing, wo vonclude
that there s strong ovidence tor rejection of the fiscd-purameter mandel
against the alernative that sysiomatie risk s stochasic. Hunm e zf?&
case agatinst the E’E}QU{E esis tho the auloregressive puramaie the
mde] for systematio visk, iy vero is far Emw;ma};y Fustheomos mem
on the results of this particular study o we camnol make o \i&'é!%i}‘; R
apanst the appropriciencss of the random coetficient mode]

i1, Some Methodological Issues

Ec £, denote the rate of retur, in the b time period, on an assel and
, the corresponding market rate of return. Then we will write the
HRT 3w¥ mode]

;gff Sogw El: i s Eo ifs

where € 15 a vandom crror teron The hypothesis of fed svstematic
visk then mmphies, of course. that in (13 @, i constant through Ume. A
an alternative. we consider the possibility that 8, follows o fivdearder
auloregressive process, with mean B, so tha

B B o= alp, B, (2

where o, 15 white noise. assumed w be independent of the prowess e,

The speciul case wf 2y, x\hcw oo e the rundom coolficiont model
The stochastic pul meter m wdel {1123 can be esiin

numerical masn mmam;a of the exuct Tog likelihood tunction. based on

an assumpiion that the white nobwe error wrms o and o ure sormall

uead through
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distributed. Pagan (1980) shows how the exact log likelihood function
for such models can be constructed through use of the Kalman filter
algorithm. Pagan also provides a convenient procedure for computing
the information matrix of the parameters, so that asymptotic standard
errors for the maximum likelihood estimators can be obtained. Some
simplification of the computations necessary for the maximum likeli-
hood estimation of the model (1)—(2), for the cases where ¢ is unre-
stricted and where & = (0, are available in Bos (1982).

In practical applications, a number of hypotheses about the parame-
ters of the model (1)-(2} may be of interest. In particular. in our empir-
ical investigation of the following section we will want to consider tests
of three hypotheses:

1) For a process with stochastic parameters, so that the variance, o
of a, of (2} is taken to be bigger than zero, we can test the null hy-
pothesis of a random coefficients model against the alternative that the
parameters B, obey a first-order autorcgressive process with nonzero
parameter &. Thus. the null hypothesis to be tested is that & in (2} 15
zero, Two tests of this hypothesis immediately suggest themselves.
First. the ratio of the estimate of & toits estimated standard ercor can
be used. based on the asymptotic normality of the corresponding ran-
dom variable. Alternatively. the likelihood function can be maximized
subject to the constraint ¢ = 0 and a likelihood ratio test employed.

i} We may wish to test the null hypothesis of a fixed-parameter
model against the alternative of a random coefficient model. Thus the
null hypothesis is that o, is zero, while the alternative is that this
varlance is positive, with the autoregressive parameter ¢ taken to be
zero. An asymptotically valid procedure can be obtained through the
Lagrange multiplier test of Silvey (1939), since. as noted by Chant
(1974}, the asymptotic null distribution of the test statistic remains y
when the nuli hypothesis forces parameters 1¢ be on the open boundary
of the parameter space implied by the alternative hypothesis. In fact,
Breusch and Pagan (1979) have derived the form of the Lagrange multi-
plicr test statistic for general problems of this nature. though it should
be emphasized that for this particular problem the appropriate alterna-
tive hypothesis is one-sided.

1) Finally, we would like to test the null hypothesss of a fixed-
parameter model against the alternative that B, is stochastic and obeys
a first-order autoregressive process but, by contrast with 1. with the
autoregressive parameter & unspecified. Since the nuisance parameter
¢ 1s umdentified under the null hypothesss, this problem differs from
the usual hypothesis-testing framework, However., Davies (1977) has
shown 1 general how the Lagrange multiplier test can be extended to
deal with this type of problem. The details of Davies™s test have been
worked out for this particular application by Watson (1980},
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1. Stochustic Paramelors and the Market Model:
An Empiriesl Envestigation
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the null hypothesis of a fixed slope parameter in the market model.
against the alternative that this parameter is stochastic, obeying a first-
order autoregressive process. that is, H: o;, > 0, ¢ unspecified. In
aggregate, the results for these two tests are very similar. Taken to-
gether, our evidence casts very serious doubt on the hypothesis that
the fixed-parameter market mode! for assets is generally appropriate.

When there is evidence suggesting that systematic risk is stochastic
rather than fixed, it becomes relevant 1o ask whether the risk parame-
ter is purely random or autocorrelated, obeying, perhaps. a first-order
autoregressive process with nonzero parameter ¢. Thus, in columns 3-
6 of table 1. we show results for tests of the null hypothesis, Hq: ¢ = 0.
against the altcrnative, H: & # 0, for those serics for which evidence
of stochastic parameters was found. Both the likelihood ratio test and a
t-test based on the ratio of the maximum likelihood estimate, &, of the
autoregressive parameter to its estimated standard error were em-
ploved. Though the latter test indicated more significant results than
the former, the overall impression remains that the cvidence of auto-
regressive rather than purely random behavior in systematic risk is not
very strong for the great majority of assets in our sample. For exarnple,
at the 5% significance level, the null hypothesis of fixed parameters
was rejected by the Davies-Watson test for 272 of the 464 stocks. For
the 272 stocks. the hypothesis of a random coefficient model was re-
jected at the 3% level for only 37 and 75 stocks, respectively, using the
two tests.

It is pertinent to ask, given these observations, whether we have
found strong evidence in favor of the random coefficient specification,
or simply failed to find strong evidence against it. In fact, we believe
that the latter interpretation is the morc appropriate, as evidenced by
the results in table 2. This table summarizes the values found for the

TABLE 2 Maximum Likelihood Estimates, dr, for the Autoregressive Parameter

1 2 i 2
~tlo —.9 15 8 0 .1 28 22
-9t -8 11 i Ao .2 33 25
-8t -7 20 14 2103 28 24
w7 t0 —.6 29 17 204 18 11
-6w —.5 28 15 A to 8 17 7
-5t — 4 23 18 S b 13 )
-4 -3 i 12 bta 7 iR 10
-3t ~.2 27 19 w8 8 fH
-2t ~ .| 27 18 Bio 9 13 ¥
-1 O 24 18 RAGE 8 6

NOTES:

t. Numbers tor all 405 series.
2. Numbers for thase series for which Hy: o), = 0 is rejected at the 55 level by the Davies-Watson
test.
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maximum likehihood estimute of the aulorearessive gmz‘;ua;cigza‘ G.oIn
Fact, for 39 of our 464 series the stochastio parmmcter model could not
be estimated, In these cases, the ik )ishmx imzusw Boatiaine & Hew mux-
imum at o7, = 00 s0 thut & was unidentified, suggesting strongly . of
course, the appropiiniencsys of the Etxmwgm;;zmuq szpa;,ufm%:zm for
these series. For the remaining 405 stocks, table 7 <hows the valnes
obtained for the maximum likelihood cstimates 4. both for ail <eries
and for those for which the null hypothesis of fixed purameters for
tme-tnvicinl svstenatic riskd was rejected ot the 37 fevel by the
Davies-Walwon tos],

The resulis in teble 2 do not indicate w terribly tight Custerning of ¢

}
i

e
auloregressive parpmetor estimates around zero. oven when srienbon
is restricted o those cases in which the xed-parameter model is re-
Jeoted at the 5% lovel On the contrary, a great muany of the paroncier

estimaties diffor subsaantiatty from zovo. Thiv observation suggests that

irtesty of the hvpothesis & B omay nol beovery powerful, We
confirmed the impression by notic elig that very froguently the asyop
tote standard ervovs associated with the parameter eslinaio & wuig

burge.

om the basis of our anadyses of 120 monthly observations oneach of
64 stocks, we have found strong ovidenes Tor rndomness of vwsivm
wlic risk in the mt%é\: omosdel. We have not, however, found o preat
deal of cvidenee that visk s autocorrelated mathor thun porcly viaslom,
Lonpoy senies a}i abservations would, of course. have fod
erivl wests of this st hvpotheshs, However, Ez i oconsideration must be
halapcad against the ;mmm? iy {}E’ muodel instability through tme . Our
results are also restricted to monthly doat [ ikely that any anlore-
gressive behavior i systemate risk would be more manifost in duia
shovter ume intervals, though we have no emplricad ovis
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