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In many marketing contexts, managers and re-
searchers are concerned with modeling the re-
sponse of performance variables (e.g., sales or
market share) to one or more decision variables
(e.g., advertising or price) or other predictor
variables. Modeling efforts in these contexts may
consider either the response of an individual en-
tity—such as a single consumer or firm—or the
aggregate response of a collection of entities.
Usually they involve the specification of mathe-
matical models where the unknown parameters
are assumed a priori to be constant. These un-
known parameters are then estimated by fitting
the models to available data using some form of
regression analysis. The rationale for expending
effort in this area is the expectation that through
activities of this type the decision maker gains
understanding of the market process and there-
fore is able to make better decisions.

The response of a firm’s market performance
to decision/predictor variables may be moderated
by numerous external factors, by competitive
factors, and by the levels of the firm’s decision
variables. For example, the sensitivity of sales to
price may vary depending on time of year, over-
all economic conditions, and/or levels of adver-
tising or promotion; certain characteristics of
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Marketing research is
often concerned with
the modeling of market
response. Over time,
however, the nature of
the relationships being
modeled may change
due to shifts in con-
sumer tastes, changing
marketing strategies,
competition, and other
reasons. Currently
used constant-parame-
ter models are not ca-
pable of adequately
reflecting such chang-
ing market environ-
ments. Therefore, al-
ternate modeling
approaches should be
considered. Recent
work in statistics and
econometrics suggests
the appropriateness of
variable-parameter
models for such prob-
lems. This methodol-
ogy permits model
coefficients to change
over time. In this paper
various potentially use-
ful variable-parameter
models are discussed,
reported marketing
applications are exam-
ined, and issues per-
taining to the applica-
tion of this relatively
new methodology to
marketing problems
are investigated.
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the environment may result in sales’ being more or less responsive to
advertising, or lower price levels may result in an increase in the sales
impact of advertising; or quality improvements in one firm’s product
may lead to reduced effectiveness of certain of the marketing mix
variables of other firms. Complexities such as these might be charac-
teristic of many consumer and industrial markets. Within such com-
plex environments it is expected that the influence of decision/
predictor variables on market performance will vary over time (and
space where multiple cross-sections are considered). This argument
holds regardless of whether individual or aggregate response is
considered.

Recognition of the inherent complexities of market environments
leads to two conclusions relative to the modeling of these phenomena.
First, the typically used regression approaches are most likely unable
to describe accurately such complex market environments, and sec-
ond, alternate approaches should be examined and evaluated to ascer-
tain their potential for improved description, prediction, and/or deci-
sion making.

One such approach, which permits the coefficients of response
function variables to change over time (and cross-section), is vari-
able-parameter models. This methodology would be particularly ap-
propriate for modeling applications where (1) shocks in the market
environment lead to permanent or temporary changes in model
coefficients or (2) the coefficients themselves are the outcome of some
process, either deterministic or stochastic in nature, which results in
nonconstant values. Also, the methodology may be useful in cases
where apparent coefficient variation exists because of changes in the
aggregation weights of the underlying microcomponents where the
data are aggregates, or when the underlying coefficients are constant
but the model is misspecified.'

The intent of this paper is to focus attention on variable-parameter
models as a potentially useful tool for modeling changing market struc-
tures. Specifically, this paper presents a brief summary of variable-
parameter models, reviews reported marketing applications of vari-
able-parameter models, and discusses issues relevant to the application
and implementation of the variable-parameter methodology to market-
ing problems.

Overview of Variable-Parameter Models

Model Taxonomy

Variable-parameter models can be classified on the basis of the domain
of variation, the type of variation, and/or the extent of variation. These

1. Some difference of opinion exists concerning this point; e.g., see Belsley and Kuh
(1973) and Rosenberg (1973a).
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classification bases are neither exhaustive nor mutually exclusive, but
each is useful in providing insight into the topic area.

Considering the domain of variation, model coefficients may vary
over time and/or space (cross-section). The emphasis in this paper is on
the time domain. The type of variation exhibited by the coefficients
may be either systematic or stochastic. Systematic variation is present
when response coefficients are changing but the change is a function of
observable variates. Stochastic-parameter variation arises when coeffi-
cient variation is the realization of some stochastic process which may
be stationary (constant mean value) or nonstationary. Alternately,
variable-parameter models can be viewed according to the extent of
coefficient variation. In the general case, all model coefficients are
subject to variation, whereas in the limiting case only the intercept
varies. Other degrees of variation exist within these two extremes.
These classification schemes are illustrated in table 1.

Model Types

From both the modeling and estimation perspectives, the type of varia-
tion exhibited by model coefficients is a useful classification base for
viewing variable-parameter models. Using this classification base, a
brief discussion of variable-parameter models is presented in this sec-
tion. The models considered permit all model coefficients to vary and
are limited to the time domain. A more detailed description of specific
models discussed in the literature can be found in Maddala (1977) and
Wildt and Winer (1979).
Most variable-parameter models are variants of the linear model

Ve = XiBr + W1y b=t 50w /8 (1)

where y, = dependent variable for observation ¢, x, = p X 1 vector of
fixed independent variables (including intercept) for observation ¢, B,
= p X 1 vector of coefficients for observation ¢, and p, = disturbance
term for observation 7 with E(p,) = 0 (usually assumed serially uncor-
related with constant variance). The differences among the various
variable-parameter models relate to the assumptions concerning the
form or time path of the coefficient vector, B,.
In general,

B: = fBo» 265 Br—1> - « + » Bi—ir ), t=1,...,T, (2)

and if a linear relationship is assumed B, may be expressed
=1

Sr:BU“FAZ;“FZr;‘B:—:‘*'ﬁn t=1,...,T, (3)

i=1

where z, = k X 1 vector of fixed known variates consisting of environ-
mental, competitive, and/or decision variables (and may include ele-
ments of x, or x,_;), 8, = p X 1 vector of disturbance terms with E®,) =
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General Time-varying Parameter Model

By =f (Bo. 2y, Br-r By, 84)

Systematic Variation Random Variation Sequential Variation
;8|=”Bo'=1'31:' BI=”BO'ST} ;B|= f(Bo—Bg-‘l""-BT~i-81:'
Linear Systematic Linear Random Linear Sequential Variation
Variation Vorioﬁog Bi=Bo+ ZT; By-i+3y
By= B, * Az + 3, B E5))=0, (8,8 0q
E(3)=0 E)=0 |
E(8,8))=04 E(8s31)={lg _ : . —
First-Order Linear Sequential Variation
: By=Bo+ I'By-1+ 8
tt-Guth
S,‘;’d”eel kSt E(5,):0. E(8,5})-8,,
By=B,*8,
E(&)=0 Autoregressive Model
E (3:3})= {1 =R(t-3) Br:r‘ﬁl-1*8|
E(8,)=0. E(3,8,)=0,,
|
Rosenberg-Type Cooley-Prescott
Model Model
Linear Linear Random By=B,+8, Byi*By-1+3
Systematic Variation Variation with E(8,=0 E@®y-0 {%.w
with Temporally Temporally E(88))*Qey=0g E(3¢3))= o,';:r:r[:.':e
Uncorrelated Errors Uncorrelated Errors Dgy is diogonal with
By=Bo * Az *3 |_|(Simple Random sloments o2l
E(8y)=0 Mariaticn) = | I=—————
E{SSS}F{B' a1 By=B,* 8 By Bo+pByy +3 Kalman-Type
l's=' E[BTJ=O E(Si] =0 MOde|
E(5.8)- 0, s #1 Bi(5.5)= 0,5#1 ﬁ:r‘ﬁ'q.s
Linear Deterministic (3:8)-{ 3 521 il {9'5” = i
- HEER E(84)=0
Systematic Variation L
ﬁT:BO-FAI' E(Sgaf}‘{n';=1
Constant Parameter Model
»Gi = ﬁn

Fi6. 1.—Overview of time-varying parameter models

0, E(3:d;) = g, and E(p.,d5) = Oforall rand s, By = p X 1 vector of
constants, A = p X k matrix of coefficients, and I'; = p X p matrix of
coefficients. A flow chart summarizing selected variable-parameter
models and the relationships among them is presented in figure 1.

Systematic parameter variation. Systematic variation occurs when
model coefficients, B,, are functionally related to one or more environ-
mental, competitive, and/or decision variables. In addition to these
variables, the specification of B, may contain a constant and/or a distur-
bance term. In terms of equation (2), systematic variation occurs when

B: = f(Bo, z¢> O¢), = DT (4)
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or, under the assumption of a linear relationship,
B =Bo +AZ, +8 t=1,...,T (5)

If the disturbance term, §,, is present, it may be correlated or uncor-
related temporally and/or contemporaneously. If the disturbance term
is not present (or alternately if it has zero variance), the model is
termed deterministic systematic.? Various systematic variation models
with differing levels of complexity in the error structure are illustrated
in the left panel of figure 1.

There are as many variants of the systematic variation process as
there are specifications of B,. And, although models incorporating sys-
tematic parameter variation may utilize any functional form, a linear
model is often assumed. Marketing applications have employed time-
varying specifications where 8, follows either a polynomial or an expo-
nential curve as a function of time or is a function of the levels of
specified decision variables.

Stochastic parameter variation. Stochastic variation arises when
model coefficients are a realization of some stochastic process. Two
major types of stochastic parameter variation are random and sequen-
tial. The distinction between the two is that sequential models hy-
pothesize specific stochastic processes that coefficients follow over
time, whereas random models hypothesize deviations from a mean
vector resulting from strictly random variations. Unfortunately this
distinction is not as sharp as it may seem.

1. Sequential variation models. Sequential variation models are char-
acterized by a stochastic parameter process, usually an autoregressive
or moving average process of a low order, which results in a random
drift in coefficients over time. In terms of equation (2), sequential
variation occurs when

B: = f(Bos Br=1s++- s Br—ind), t=1,...,T. (6)

As with other types of variation, a linear model is often used to repre-
sent sequential variation processes. Numerous linear sequential varia-
tion models are possible by simply placing restrictions on the co-
efficients and/or the covariance structure of the disturbance term. A
number of these models are illustrated in the right panel of figure 1.
The two sequential variation models proposed to date are auto-
regressive linear models, consider only the time domain, and assume

2. By the inclusion of the error term it may appear that parameter variation is both
systematic and stochastic. In fact, Rosenberg (1973 a) indicates that stochastic parameter
variation arises when the variation includes a component that is the realization of some
stochastic process, in addition to whatever component is related to observable variables.
Belsley (1973) considers a model of the exact same form to be systematic and nonsto-
chastic. For purposes of this paper we will refer to parameter variation that is directly
related, at least in part, to the variation in observable variables as systematic variation,
even though a stochastic element may be present.
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B,=TBi_1+5, t=1,...,T, (7)

where I' is a p X p matrix of coefficients. One was developed by
Kalman (1960) and is often called a **Kalman filter.”” Cooper (1973) and
Sarris (1973), among others, consider the Kalman filter model and
assume a simple error structure where the disturbance vector, J,, is
uncorrelated over time. The other was proposed by Cooley and Pres-
cott (1973) and considers the coefficient vector to consist of a perma-
nent time-varying component and an error term. The model assumes

B: = Br* + Wy

and
B = BA_1 + v, t= 1. .: 5T (8)

where B/ is the permanent component of the coefficient and ., and v,
are error terms. The Cooley-Prescott model is a special case of (7) with
I' = I and a complex error structure. Also, in the Cooley and Prescott
model, 9, is correlated with ,_,. The relationships among these and
other sequential variation models are illustrated in figure 1.

2. Random variation models. Random variation models hypothesize
a time-varying coefficient vector which is a function of a constant term
and a disturbance term. Assuming additivity, the random coefficient
vector (see center panel of fig. 1) is expressed

B = B8 -ty T (9)

which is equivalent to equation (3) with A = 0 and I'; = 0 for all .
Different forms of the random variation model may be obtained by
placing restrictions on the covariance structure of §, in equation (9).
While some type of restriction is necessary if model parameters are to
be estimated, complex disturbance structures permitting coefficients to
be correlated over time are possible. In the simpler, more restrictive
case, coefficient vectors are assumed temporally uncorrelated.
Burnett and Guthrie (1970) and Rosenberg (19735) both consider
random variation models with correlated coefficient vectors. The Bur-
nett-Guthrie model, the more general of the two, is a time-series cross-
section model with coefficient variation occurring only over time. For
this model the covariance of B, and B,, E(8,3/), is determined by the
difference in the time periods of the two vectors. Rosenberg’s model,
also a time-series cross-section model, is a special case of the Burnett-
Guthrie model with the stochastic elements of the coefficient vector
following a first-order autocorrelated process.® More restrictive ran-

3. Rosenberg specifies his model as b, = (1 — p)b + pb,_, + v,, where v, is random
error. It can be shown that an equivalent specification is b, = b + w,, where w, = pw,_,
+ v,. Given Rosenberg’s specification it appears appropriate to classify the model as a
sequential variation model, whereas given the alternate, equivalent specification it ap-
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dom parameter models have been considered by Rao (1965) and Hil-
dreth and Houck (1968). Rao’s model is a time-series, cross-section
model, whereas Hildreth-Houck consider only a single cross-section
with coefficients uncorrelated with each other, E(3,8/) = D, a diagonal
matrix, and no model error term, E(p,p,) = 0, for all s and 1.

The various random variation models discussed above and the inter-
relationships among them are illustrated in the center panel of figure 1.
Examination of figure 1 reveals that the random variation models are
special cases of the systematic variation models when A (of eq. [5])
equals zero and also special cases of the sequential variation models
when all I'; are zero. In addition, the constant parameter model is
nested within (a special case of) all the variable parameter models
illustrated in figure 1.

Marketing Applications of Time-varying Parameter Models

A small number of applications of time-varying parameter models have
appeared in the marketing literature. These applications, all explor-
atory studies involving single-equation models, are summarized in
table 2 and are briefly discussed below.

Systematic Variation Applications

Most time-varying parameter marketing studies assume coefficients
change over time in a systematic fashion.* Beckwith (1972) analyzed
the Lydia Pinkham data (Palda 1964) by modeling coefficients as poly-
nomials in time and using dummy variables allowing discrete shifts for
specified time periods. He found increasing advertising effectiveness
and decreasing influence of lagged sales over the years analyzed. Par-
sons (1975) assumed the sales effects of lagged sales and advertising for
Sapolio, a well-known soap product, followed separate exponential
curves over the product’s life cycle. He concluded that the advertising
elasticity for Sapolio decreased while lagged sales effect increased over
time. In another study using the Sapolio data, Erickson (1977), using a
polynomial in time for the advertising effect and a constant lagged sales
effect, found that advertising's impact on sales did not decrease mono-
tonically over time, as Parsons had found, but rose to a peak late in the
life of the product. Arora (1979) used an exponential model to analyze
how promotional variables affect sales of ethical drugs. He concluded

pears appropriate to classify it as a random variation model. One notes that the distinc-
tion between sequential models and random models with serially correlated disturbances
is not a clear one.

4. Numerous studies have used models incorporating systematic seasonal variation,
usually limited to the intercept term. These are not considered here.
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that the advertising elasticity decreased and the lagged sales elasticity
increased over time, while the elasticities of direct mail and retailing
were relatively time invariant. Erickson and Montgomery (1979) con-
sidered two pharmaceutical products, one with declining sales and
another with increasing sales, and modeled the relationship between
market share and three communication variables, sampling and litera-
ture, direct mail, and journal advertising sales, using time polynomials.
They concluded that advertising and sampling effectiveness decreased
while direct mail effectiveness increased for the declining brand and
that the effectiveness of all variables increased for the growing brand
over the time period studied. The estimated variation of all coefficients
in this study was relatively small. Simon (1979) studied three German
product categories: pharmaceuticals, detergents, and household clean-
ers. Using various models with price and lagged sales effects as a
function of time, he concluded that price elasticities decreased to a
minimum at the maturity stage and then increased during the decline
stage of the product life cycle. Parsons and Abeele (1981) estimated the
sales response of a Belgian ethical drug where sales call elasticity was
assumed to vary as a function of the number of samples and handouts
used. They concluded that a positive relationship existed between
sales call elasticity and the use of collateral material.

Sequential and Correlated Random Variation Applications

A number of studies utilize stochastic sequential or correlated random
models in modeling parameter variation over time. Winer (1979) used
the aforementioned Cooley-Prescott (1973) model, a sequential sto-
chastic approach, to analyze the Lydia Pinkham data. He found results
similar to Beckwith’s with regard to advertising and lag sales. An appli-
cation of Rosenberg’s stochastically convergent regression, a cor-
related random stochastic model, is described by Johansson (1978).
The context is that of estimating the demand for gasoline over time and
across individuals, but no empirical results are provided. Erickson
(1981) used a sequential model (Sarris 1973) as an exploratory tech-
nique in examining the ethical pharmaceutical considered earlier by
Erickson and Montgomery (1979). This exploratory analysis led to the
estimation of a discrete shift (dlummy variable) model which indicated
decreased effectiveness of advertising and sampling but no change in
direct mail effectiveness. Pekelman and Tse (1980) modeled market
share as a function of lag market share and advertising share, where the
coefficient on advertising share follows a first-order sequential time-
varying pattern, in an illustration of their adaptive control approach to
the advertising budgeting decision. Liu and Hanssens (1981) used a
Bayesian approach to estimate a Kalman-filter-type model relating
sales and price for an inexpensive branded gift item. This study consid-
ered data from multiple cross-sections but only time-domain parameter
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variation was considered. Two other studies have utilized sequential
time-varying parameter models but did not estimate them with actual
data. Little (1966) was the first published marketing study to incorpo-
rate time-varying coefficients. The context was that of developing a
model firms could use to allocate promotional expenditures optimally
over time. Although the study was largely expository, one of the pro-
motional parameters in the sales response function was hypothesized
to follow the sequential stochastic scheme later postulated by Rosen-
berg (1973b). Erickson (1979) performed a Monte Carlo analysis in the
context of estimating model coefficients over the product life cycle. He
attempted to find which of five procedures—OLS, moving window
OLS, OLS on a time polynomial, ridge regression on the time polyno-
mial, or Sarris’s (1973) sequential stochastic method—best estimated a
four-parameter model with each parameter varying in a systematic but
different time path. The results indicate that performance depends on
sample size, degree of independent variable covariation, and shape of
parameter variation.

Simple Random Variation Applications

Simple random variation models yield only a mean coefficient vector
and do not track the effect of marketing policies over time. These
models are not as valuable to the decision maker as other models which
permit parameter tracking over time. We are unaware of any time-
varying simple random coefficient models in the marketing literature,
but random coefficients models have been applied in a cross-section
time-series context (e.g., Bass and Wittink 1975).

Other Reported Applications

Two studies have utilized procedures which cannot be classified by the
typology of table 1, since they do not specify a model for the time path
of the coefficients. Such approaches are probably more useful at an
exploratory stage of analysis. A study by Wildt (1976) utilized moving
window regression (Belsley 1973) to analyze the effect of advertising,
promotion, and several other variables on industry unit sales. He found
that advertising effectiveness did not appreciably vary over time, but
the influence of promotion decreased and lagged sales increased.
Mahajan, Bretschneider, and Bradford (1980) applied both moving
window regression and an adaptive estimation approach (Carbone and
Longini 1977) to obtain time-varying coefficients for advertising and
lagged sales for the Lydia Pinkham data. The moving window analysis
yielded results consistent with both Beckwith (1972) and Winer (1979),
but markedly different from the adaptive approach.

Summary

The major purpose of many marketing applications of time-varying
parameter models was to illustrate an estimation technique, although
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some did attempt to address substantive issues. Independent of their
objective, a number of the applications did consider the same data base
or addressed the same marketing question. Three applications (Beck-
with 1972; Winer 1979; Mahajan et al. 1980) used the Lydia Pinkham
data. All assumed similar linear models with sales a function of adver-
tising expenditures and lagged sales. The results of four of the five
time-varying estimation procedures used—systematic discrete-shift,
polynomial in time, sequential-stochastic, and moving window mod-
els—consistently indicated increasing advertising effectiveness and
decreasing influence of lagged sales over time. The adaptive approach
(Mahajan et al. 1980) gave results inconsistent with the other four
models—an inconsistency unexplained by the authors.

Two applications estimated time-varying models for the Sapolio
data. Parsons (1975) estimated a log-linear model with unit sales a
function of advertising and lagged sales, no intercept term, and the
coefficients varying exponentially with time. Erickson (1977) consid-
ered the same data and a similar model form but specified a constant
intercept and constant lagged sales coefficient and modeled the adver-
tising coefficient as a third-degree polynomial in time. Parsons con-
cluded that advertising elasticity (the coefficient of advertising in the
log-linear model) decreased (exponentially) over time and lagged sales
elasticity increased (exponentially) over time. Erickson concluded that
advertising elasticity followed a second-degree function of time, rising
to a peak and then falling in the latter half of the data period. The
inconsistent results from these two studies could be expected due to
the restrictive nature of the models employed. The Parsons model
forced monotonicity on the elasticities and, because of the form of the
model and the relative magnitude and correlation patterns of the vari-
ables, virtually assured that advertising and lagged sales elasticities
would vary inversely. Erickson’s model forced the lagged sales
coefficient to be constant but allowed freedom of time movement for
the advertising coefficient. But the data characteristics together with
the selected model formulation all but precluded the large variation in
advertising elasticity noted by Parsons. Both models were overly rigid,
especially given the exploratory nature of the investigations, and, in
fact, each model formulation essentially precluded the possibility of
obtaining results consistent with the other study.

Five of the applications included in table 2 consider pharmaceutical
products, but no generalization can be drawn from these studies. This
is understandable because different products, in different stages of
development, were considered and different variables were used in the
model formulations. Also, a number of the marketing studies have
explicitly examined the issue of changing elasticities over the product
life cycle, while others implicitly investigate the same issue by reason
of the extended time duration of the data used. Six studies included in
table 2 estimated time-varying elasticities of advertising and lagged
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sales for lengthy data series. Three of these studies (Arora 1979; Par-
sons 1975; Wildt 1976), using data for different products in different
industries, concluded that the impact of lagged sales increased over the
life cycle and, except for Wildt, that advertising elasticity decreased.
Three other studies (Beckwith 1972; Mahajan et al. 1980; Winer 1979),
each using the same Lydia Pinkham data, reached the opposite con-
clusions.

Although the results to date are far from conclusive, some generali-
zations are probably warranted. First, too little consideration seems to
be given to alternative varying parameter specifications. Models are
often selected on convenience rather than theoretical grounds. Thus, it
would seem that a more systematic approach to modeling and estimat-
ing in a changing market environment is needed. Second, evidence
suggests that market response to policy variables does change over
time. The implication of this is that time-varying models appear to have
legitimate application to estimating market structures.

Issues relating to the Application of Variable
Parameter Models in Marketing

The application of the variable parameter methodology to marketing
problems is largely unexplored. The position taken in this paper is that
variable parameter models have yet to be proven but offer sufficient
promise to warrant consideration. In this section we first consider the
potential benefits to be derived from using variable parameter models.
This is followed by discussion of the implications of model misspecifi-
cation and the application of variable parameter models to marketing
problems where the form of coefficient variation may be unknown.
These topics have not received sufficient attention in the early stages of
research in this area. At present there is no prescribed procedure avail-
able for selecting an appropriate model when uncertainty exists con-
cerning the type or form of variation, and the effects of model misspec-
ification are largely unknown. Summary comments on the ease and
cost of implementing the computational procedures are provided. Fur-
ther issues relating to variable parameter models are outlined in the
final part of this section, which addresses areas for future research.

Potential Contributions to Marketing Theory and Practice

The concept of temporal change in market response has considerable
intuitive appeal, but marketing theory in this area is virtually nonexis-
tent. An exception is the speculation by Mickwitz (1959), popularized
by Kotler (1971), concerning the changing impact of marketing mix
variables over the product life cycle.

In the absence of accepted theory regarding the nature of changing
market response, it may be argued that it is inappropriate to press
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forward with the development and application of variable parameter
models to marketing problems. We do not subscribe to this view.
Instead, we foresee two possible contributions of this methodology
relative to the accumulation of marketing knowledge. First, the obser-
vation of marketing phenomena is an essential element in the develop-
ment of marketing knowledge, and exploratory research activities em-
ploying variable parameter methods in conjunction with a variety of
different data bases may provide insights which will aid in that devel-
opment. Second, once hypotheses are generated, through either induc-
tive or deductive means, the variable parameter techniques represent a
methodology for testing these hypotheses. For these reasons, we feel
that appropriate methodological and empirical research on variable
parameter techniques can contribute to the development of marketing

theory.
In addition to a contribution to marketing knowledge, there is the

issue of marketing practice. From a managerial perspective, the detec-
tion of a changing market environment, even by means of a misspeci-
fied model, may provide insight which will lead to large payoffs. Given
that currently used constant parameter models are not capable of ade-
quately reflecting the changing environment characteristic of many
market situations, alternative modeling approaches should be consid-
ered. The potential advantages of models which permit coefficients of
response function variables to change over time are many. First, the
decision maker can estimate current values of response function pa-
rameters and is not limited to estimating averages across historical
data. For example, it is important to know the response to advertising
expenditures or the price elasticity for the most recent time period if
decisions are to incorporate up-to-date information. Second, improved
forecasting capabilities can be realized with these models (Winer 1979).
This is important if forecasts are used to plan production runs or deter-
mine quotas. Third, if the decision maker wishes to determine optimal
levels of policy variables, the use of coefficient estimates from more
typical models can yield results which vary considerably from the true
optimal levels, whereas better approximations may be provided by
variable parameter estimates. Fourth, if the model incorporates com-
petitive policy variables, a manager could determine if patterns of com-
petition have changed over time. Finally, if parameters do not change
over time, the variable parameter models will typically indicate a sta-
tionary environment and give results comparable with more commonly
used constant parameter models.

Implications of Model Misspecification

There are certain costs associated with the use of variable parameter
models and the accompanying estimation procedures. Also, there are
costs associated with not employing the appropriate model in the pres-




380 Journal of Business

ence of parameter variation. To a large extent, the overall usefulness of
variable parameter models will be determined by the magnitude of
these costs. In this section we consider these costs in terms of misspec-
ification error. Three types of misspecification error are considered.
The first is the error resulting from the use of constant parameter
models in the presence of parameter variation. If this error is small, the
added effort of using variable parameter models may not be justified.
However, the greater the magnitude of this error, the greater the incen-
tive for using variable parameter models. The second type of error is
that resulting from the use of a variable parameter model if no parame-
ter variation is present. A large error here would indicate that serious
consequences may result from the use of variable parameter models.
The third type of error is that incurred in using an inappropriate vari-
able parameter model in the presence of parameter variation. If this
error is large relative to the error associated with using constant param-
eter models in the presence of parameter variation, it would suggest
that it may be inadvisable, in many instances, to employ variable pa-
rameter models.

The problem of model misspecification relative to variable parameter
models has not been extensively investigated. Two recent studies have
considered this issue. Erickson (1979) employed a Monte Carlo ap-
proach with a deterministic systematic variation (single equation, four
parameter, polynomial in time) model and five estimation procedures:
OLS, moving window regression, a systematic polynomial in time
model estimated with OLS, the same polynomial in time model esti-
mated with ridge regression, and Sarris’s random sequential model. He
evaluated the five procedures on mean absolute and mean squared
differences between estimated and true coefficient values and mean
squared prediction error on a holdout sample but reached no general
conclusions. His results indicate that, for the particular model consid-
ered, relative performance of the estimation procedures varies with the
shape of coefficient time path, sample size, and covariation among
variables. Wildt and Winer (1979) undertook an analytical examination
of four single-equation two-parameter models: an OLS model, a simple
random (Hildreth-Houck) model, a random sequential (modified Ro-
senberg) model, and a systematic variation (linear in time) model. The
study investigated the consequences of misspecifying each of the four
models when using each of the remaining models as the estimation
model. Tentative conclusions based on the Wildt-Winer results are

presented in figure 2 and discussed below.
The first issue considered is the consequence of using a constant

parameter model in the presence of parameter variation. As noted in
the first row of figure 2, constant parameter models are likely to yield
coefficient estimates very near to the average coefficient for the time
period considered. Therefore, the consequences of using a constant
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FiG. 2.—Consequences of misspecification based on Wildt-Winer results
(sequential includes correlated random variation models, such as Rosenberg’s
[1973b]).

parameter model when the underlying coefficients do vary is minimal
when the deviation of the time-varying coefficients from their average
is small. But this may be of little consolation when these deviations are
large, as may be the case when the underlying process is characterized
by systematic or sequential variation. It should be noted that a careful
examination of the OLS residuals will, in many instances, lead to the
rejection of the constant parameter model when coefficients are time
varying.

The second issue of concern is the consequence of using variable
parameter models when no parameter variation is present. This situa-
tion is considered in the first column of figure 2 and represents no
serious problem so long as the constant parameter model is nested
within (a special case of) the variable parameter model used for estima-
tion. (For the case of nested models, standard statistical testing proce-
dures are available.)

The third issue is the consequence of using an inappropriate variable
parameter specification. This situation is considered in the remaining
cells of figure 2. As is noted in the second column of figure 2, if the
underlying variation is simple random the consequences of using an
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inappropriate variable parameter estimation model will likely be mini-
mal. This type of model misspecification may be detected using stan-
dard statistical testing procedures whenever the true random model is
nested within the misspecified variable parameter estimation model. As
noted by the second row of figure 2, when the estimation model is a
simple random variation model the estimated mean coefficients are
likely to be near the sample means of the time-varying coefficients. As
when using a constant parameter estimation model, the consequences
of misspecification in this context will vary considerably given the
degree of variation in the time path of the true coefficients. It is noted
that the careful examination of residuals from the estimated random
variation model may suggest the inappropriateness of the specification.
The potentially most serious misspecification problems relate to cases
involving the systematic and stochastic sequential models. Unfortu-
nately, given the research conducted to date, no general conclusions
concerning the implications of this type of misspecification can be
drawn.

Other types of misspecification not considered in figure 2 are those
relating to misspecification within a class of models, for example, the
use of inappropriate systematic variation models to estimate parame-
ters which are subject to systematic variation. We are not aware of
published research dealing with this type of problem.

In conclusion, the consequences of employing variable parameter
models when no parameter variation is present appear to be minimal,
especially if appropriate testing is performed. In contrast, the conse-
quences of using a constant parameter model is the presence of param-
eter variation can be severe. These results provide support for the use
of variable parameter models. This support would be stronger if mixed
results were not obtained when considering the consequence of in-
appropriate variable parameter specifications in time-varying en-
vironments.

Applying Variable Parameter Models in Marketing Contexts

The application of the variable parameter models previously discussed
would seem to require a priori knowledge of the exact type of coeffi-
cient variation present so that the appropriate model could be used.
However, in marketing applications there may be considerable uncer-
tainty concerning the exact form of coefficient variation, and one might
question the appropriateness of these models. The issue here is
whether, in the presence of a suspected changing market environment,
it is better to use a constant coefficient model which does not acknowl-
edge the suspected change or to employ a possibly misspecified vari-
able parameter model. In a large part this is a question which can be
approached empirically. But, at least from an intuitive perspective, the
use of variable parameter models, which attempt to address the prob-
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Fic. 3.—Approach to the estimation of time-varying market structures

lem of time-varying market structure, possesses considerable appeal.
Also. it is noted that the constant parameter model is a special case of
most variable parameter models, and therefore if coefficient variation
is not present it is likely that the variable parameter models will so
indicate.

The approach taken in the estimation of time-varying market struc-
tures will depend on one’s knowledge and expectation concerning the
type or form of variation. A suggested procedure for this estimation
problem is diagrammed in figure 3 and discussed in the remainder of
this section. In some instances the appropriate model may be known a
priori (see the left panel of fig. 3), in which case the estimation and
testing procedures are relatively straightforward. However, in many
contexts varying degrees of uncertainty exist concerning the type and/
or specification of coefficient variation, and estimation and model
selection may be more difficult.

When the form of parameter variation is not specified a priori a
number of options exist, two of which we feel are worthy of discussion.
One option is to specify a number of possible models, estimate each,
and employ model comparison procedures to select the appropriate
model. A second option is to perform exploratory analyses to gather
empirical information that may assist in the specification of possibly
appropriate models. In either case the validation of the selected model
with a holdout sample is strongly suggested.

The first option (see the center panel of fig. 3) is fairly straightfor-
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ward, with the possible exception of difficulties in model selection, and
would be appropriate when the initial choice of model can be effec-
tively narrowed to a few candidate model specifications. To aid in the
model selection problem in this case various tests of variable parame-
ter structures have been proposed. Cooley and Prescott (1976) describe
a procedure for testing whether coefficients are constant where the
alternate hypothesis is sequential variation as described by equation
(8). LaMotte and McWhorter (1978) describe an exact procedure for
testing the null hypothesis of no parameter variation against the alter-
nate hypothesis of sequential variation described by equation (7) and I’
= I. Garbade (1977) also presents a procedure, based on the same
model employed by LaMotte and McWhorter, for examining the stabil-
ity of regression coefficients. Further tests of parameter variation can
be constructed by noting the implications of restricting parameters of
the various models. For instance, when testing for parameter time
variation involves a comparison of functional forms, classical (Ramsey
1974) or Bayesian (Gaver and Geisel 1974; Leamer 1978) model selec-
tion procedures may be used.

In other cases we recommend the second option (see the right panel
of fig. 3), conducting an exploratory analysis. The specific exploratory
analysis employed may differ depending upon the context and the pre-
disposition of the researcher. A common feature of the exploratory
approaches is estimation with a model not hypothesized to be repre-
sentative of the process under investigation and through the examina-
tion of this estimated model hypothesizing a specific model or models
which are subsequently estimated and tested.

One type of exploratory analysis involves the estimation of model
coefficients for various time periods (i.e., estimation of B, t = 1, .. .,
T) of equation (1). The resulting coefficient estimates are then exam-
ined empirically to provide insight into the form and/or variables relat-
ing to the time-varying process. The result of this investigation will be a
hypothesized model which is estimated and then tested (presumably
employing data not utilized in the investigative procedure). The
method the researcher employs to obtain the estimates will depend on
the particular context. One method is to utilize the moving window
regression procedure (Belsley 1973). The moving window method in-
volves the estimation of separate OLS regressions on selected overlap-
ping subsets of observations and results in the determination of a time
path of estimated model coefficients. A second method, which may be
useful when parameter variation is hypothesized to follow a smooth
time path, is to estimate a systematic variation model characterized by
a k-degree polynomial in time. A third method would be to employ one
of the sequential variation models (Cooley and Prescott 1973; Sarris
1973) to yield a time path of estimated coefficients. It is noted that any
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of these three methods involves the use of a misspecified model. Other
options would include the application of ad hoc estimation procedures
such as a feedback modeling approach (Carbone and Longini 1977;
Mahajan et al. 1980).

A second type of exploratory analysis is to compute the OLS (con-
stant parameter) model and examine the resulting residuals. Brown,
Durbin, and Evans (1975) present a technique for testing the consis-
tency of regression relationships over time using OLS results. These
procedures are incorporated into a computer program, TIMVAR. (For
comments relating to limitations of the Brown-Durbin-Evans proce-
dure, see Cox et al. 1975.) Other tests have also been proposed. For
example, Garbade (1977) proposed the use of a procedure to test for
parameter variation on the basis of OLS results, even though the model
on which the test is based is not considered to be the sole alternative
hypothesis. Garbade, in a Monte Carlo study, investigates the power of
the Brown-Durbin-Evans procedure for specified structures and con-
cludes that his test is more powerful than the Brown-Durbin-Evans test
in rejecting the false null hypothesis of stability. Also, these results
indicatetd that neither methodology gave misleading results when the
coefficients were in fact stable.

Cost and Ease of Implementation

For many of the time-varying coefficient models discussed in this pa-
per, computational routines are available or may be developed with
minimal effort and cost. For the systematic variation models, the hy-
pothesized functional expression for parameter variation is substituted
into the basic model and estimated by whatever procedures are appro-
priate. This often results in a nonlinear model which may be estimated
using a number of available computer packages with nonlinear regres-
sion procedures. Both simple and correlated random coefficient mod-
els may be restated as ordinary regression models with complex distur-
bance terms. These models can all be estimated using generalized
least-squares procedures. Typically, this will require the researcher to
develop the appropriate computational routine. Computational proce-
dures for the two sequential parameter models mentioned in this paper
are available. Cooley and Prescott (1973) indicate that the program and
write-up for their model may be obtained from either of the authors,
and a program for the Kalman filter model is available on the TrROLL
system. The moving window regression procedure, which has been
suggested in cases where systematic variation is suspected, is a cum-
bersome procedure but may be implemented with relative ease. The
development of a program to do this is relatively straightforward and
can employ existing regression analysis subroutines. Also, ESP and
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TSP both contain procedures capable of generating moving window
results.

Areas for Future Research

The position that substantial benefits can be derived from the accurate
estimation of time-varying coefficients is easily supported and proba-
bly consistent with the views of most marketers. At this juncture the
two major issues appear to be: (1) Is the presently available variable
parameter methodology capable of delivering these accurate esti-
mates? (2) If it is, what is the most effective implementation strategy,
that is, for any given situation what estimation procedure or method or
what sequence of procedures or methods is best? The investigation of
these two issues represents a logical next step for research in this area.
It is expected that this investigation will use a combination of analytical
and simulation approaches in conjunction with a variety of known
time-varying and constant coefficient processes and will be directed
toward the evaluation of existing estimation methods and testing pro-
cedures. This evaluation should ascertain the ability of the methods
and procedures to identify correctly the underlying model structure
and yield accurate coefficient estimates, and, in the event of incorrect
specifications and/or inaccurate coefficient estimates, the robustness of
the resulting estimates and implied decision strategies. The outcome of
this initial suggested investigation should provide insight concerning
the advisability of further investigation, for example, the development
of additional testing and/or estimation procedures.

Summary

Many marketing situations are characterized by changing market envi-
ronments. In a changing environment, the application of constant pa-
rameter models seems to yield estimates which approximate the ‘‘aver-
age’’ coefficient. However, the use of these average estimates in
decision making may result in seriously nonoptimal decisions because
they do not represent the current situation. A methodology which al-
lows the accurate estimation of time-varying coefficients would appear
to be of considerable value. Recently developed variable parameter
models may represent such a methodology. We have briefly sum-
marized some variable parameter models which have appeared in liter-
ature, described marketing applications of these models, and discussed
a number of issues relevant to the application of this methodology.
Evidence relating to the efficacy of these models is far from conclusive,
but the intuitive appeal of the approach and the limited research evi-
dence available lead us to believe the approach is worthy of considera-
tion and future investigation.
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