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Jagpal et al. (1979) showed, using multiplicative
nonhomogeneous (MNH) sales response func-
tions, that current econometric specifications for
measuring marketing mix interactions and/or
carryover effects may be structurally restrictive,
regardless of their predictive usefulness. They
concluded that there is a need for more flexible
specifications of the sales resf>onse function
which provide greater consistency with market-
ing theory and hence allow more effective con-
trol of marketing instruments. This paper pro-
poses tbe transcendental logarithmic (translog)
formulation because it is more general than the
MNH function. First, we develop the rationale
for the translog specification. In the second part
of the paper, we estimate a translog advertising-
sales model using the monthly Lydia Pinkham
data. The translog results are shown to be con-
sistent with marketing theory, to differ signifi-
cantly from previous analyses of the same data,
and to have useful policy implications.

Translog Seles Models

Most empirical studies of the sales response
function use linear (i.e., constant marginal pro-
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This paper proposes
translog sales functions
as a more genera!
method for econometric
estimation of marketing
mix interactions tban
conventional specifica-
tions. A reexamination
of the monthly Lydia
Pinkham advertising-
sales data shows that:
(1) the marginal elas-
ticities and produc-
tivities of current and
lagged advertising de-
pend on the time path of
spending; (2) the hy-
pothesis of̂  diminishing
returns to advertising is
supported after allowing
for a general pattern of
carryover etTects: (3)
transiog models can be
fitted to historical data
to measure the effec-
tiveness of advertising
policy for control pur-
poses when test market
experiments are too ex-
pensive, risky, or time-
consuming.
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ductivity) or log-linear (i.e., constant elasticity) specifications (see
Clarke 119761 and Weiss, Houston, and Windal [1978] for a review).
Recently, Biattberg and Jeuland (1980) have shown, using a micro-
modeling approach, that several aggregate nonlinear distributed lag
advertising-sales model can be deduced depending on the precise be-
havioral assumptions regarding an individual consumer's exposure to
advertising and learning. Clearly, Blatlberg and Jeuland's work is a
significant methodological contribution. However, from a policy view-
point, it is important to note two problems with the class of distrib-
uted lag and mixed auto regressive/transfer function models of the
advertising-sales relationship. First, advertising can have a threshold
effect if buyers are unaware of a brand or unwilling to purchase it untii
they have received several messages (see Krugman [1977] for empirical
evidence). Hence, there may be increasing returns at low levels of
advertising rather than constant or diminishing returns for all levels of
spending as implied by the Blattberg-Jeuland model. Second, exposure
to advertising messages by the firm can lead to word-of-mouth adver-
tising. In particular, there will be increasing returns to advertising if the
proportion of buyers increases at an increasing rate in response to the
initial advertising messages (Stigler 1964). Hence the marginal effec-
tiveness of advertising may depend on the time path of advertising
outlays. More generally, when several marketing mix variables (e.g.,
price and advertising) are included simultaneously in the sales response
function, theory suggests that tbe policy variables will interact both
contemporaneously and over time (see Parsons and Schultz [1976], pp.
156-64, for a discussion).

Clearly, it is desirable to have a well-developed dynamic theory of
marketing incorporating multiple marketing instruments, from which
reduced-form specifications of the sales function can be deduced.
However, in the absence of such an integrated theory and the practical
necessity of estimating sales functions fTom historical data, it is neces-
sary to choose plausible functional forms for econometric estimation of
sales response functions. As a minimum, from a control viewpoint, the
specifications chosen should allow both the marginal elasticities and
productivities of a given policy instrument to depend on the time path
of the marketing mix. Further, the functional forms should not require
constant or diminishing returns. We propose the translog specification
because it provides these features.

The translog functional form, popularized by Griliches and Ringstad
(1971); Sargan (1971); and Christensen, Jorgenson, and Lau (1973), is a
quadratic approximation to any continuous function. Hence it allows
for most types of joint effect. Let 5 denote current sales and A', the
level of the /th marketing policy instrument, current or lagged (/ = 1,
. . . ,n). Then the translog specification of the sales response function
5 = f(Xj, . . . , X,,) is (see Christensen et al. 1973, pp. 28-29, pp.
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33-34):

In 5 = tto + 2 ^ ttj In Ĵ :,- + ^ a , j In X{ In Xj
I i.i

where the a's are parameters. Hence, the marginal sales elasticity with
respect to the /th marketing mix instrument is

a^ In A-j + 2a,-, ln^ , ((J = 1 n)

(2)
and its marginal sales productivity

= €,iS/X,) iij = 1, . . . , « ) , (3)

Equations (2) and (3) show that the translog specification, unlike
conventional functional forms, explicitly allows both the marginal
elasticities and productivities of a given marketing instrument to de-
pend on the time path of the entire marketing mix. Further, general
types of marketing mix interaction are allowed because equations (2)
and (3) are highly nonlinear in their arguments. An additional advan-
tage is that the multiplicative nonhomogeneous (MNH) and Cobb-
Douglas (CD) functions are included as special cases. The MNH func-
tion is obtained by setting an = 0 for all / in equation (1) and the CD
function by setting an = ajj = 0 for all i,J. (Because of a printing error,
the MNH functional form is incorrectly stated in Jagpal et al. [1979],
eq. [3].)

An Empirical Application: The Lydia Pinkham Company

We now illustrate the estimation of translog sales models using the
Lydia Pinkham advertising-sales data (see Palda 11963|, pp. 32-33, for
the data). Monthly rather than annual data are used because (1) atten-
tion can be focused on measuring how the marginal productivity (elas-
ticity) of advertising varies with the time path of advertising outlays; (2)
the marketing mix (except for advertising) is known to have been
relatively stable over this period {January 1954-June I960). Hence the
likelihood of serious specification error resulting from omitted mar-
keting variables is minimal; (3) the assumption that advertising is
exogenous may not be valid when annual data is used (see Schmalan-
see 1972, pp. 10-11); and (4) several previous studies (Palda 1963;
Clarke and McCann 1973, 1977; Winer 1979; Jagpal et al. 1979) have
examined the monthly series. Hence model comparisons can be made.
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Let the advertising-sales relationship be 5, = /(A,, A,_i, . . . , A,-,)
where 5, and A, denote current sales and advertising, respectively, and
advertising has a maximum carryover effect of/ periods. From equa-
tion (1), the translog sales specification is:

Ai-i + y i^ii In ^t-i In Af-j

where the ^'s are parameters. Hence the marginal elasticity of current
sales with respect to advertising / periods ago is

« In A,-,
(5)

and its marginal sales productivity is

= e,SMi-j UJ = 0, 1, . . . , / ) . (6)

Note from equations (5) and (6) that both the marginal elasticities and
productivities of current and lagged advertising depend nonlinearly on
the time path of advertising spending. Further, the translog specifica-
tion does not force constant or diminishing returns to advertising.
Hence it is possible to test for a general pattern of current and lagged
advertising effects.

The Empirical Results

Ordinary Least Squates (OLS)

Translog sales functions (see eq. [4]) were estimated for maximum lags
of/ months (I ^ I). As a first step, the models were screened using both
the informal R^ and the formal C^ statistic' (see Mallows 1973). In
general, models with lower C,, are preferred on grounds of parsimony
(see Gaver and Geisel [1974], pp. 59-62, for a good discussion ofthe
model simplification problem). _ _

Denoting^^ for models with an /-month lag by Rf, the results are: /??
= .3324, RI = .4437, Rj = .5475, and Ri = .5373, Similarly, denoting

1. Consider the general linear model y = A*̂  + u where £(u) = 0 and E(u'u) = a^I.
The Cp statistic is an estimate of the expected sum of squared errors (scaled by I/o-̂ )
associated with using a particular estimator to measure the conditional expectation X^ of
V. It is defined by C,. = RSSJ&'^ - N + Ip. where p is the number of explanatory
variables included, RSS,, is the error sum of squares for a particularp variable regression,
N is the sample size, and a^ is the estimate ofthe disturbance variance obtained when all
variables are included.
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the Cp value for models of lag / compared to the four-f>eriod model by
C'j', the results are: Q " = 38.24, C\V = 25.22, C\V = 17.32, and C\V =
19. Based on these results, the two- and three-p>eriod models were
judged to deserve further analysis.

Tests were then conducted on the estimated residuals for the two-
and three-period models to check for model adequacy and specification
error. The cumulative periodogram test (see Box and Jenkins 1976, pp.
294-98) was chosen since a monthly time series was being examined
and seasonality might easily have led to residuals with a periodic
component. The null hypothesis of white noise residuals could not be
rejected for either model at the 5% significance level using the
Kolmogorov-Smimoff test (see fig. 1). The rest of the analysis is
therefore focused on the remaining problem of multicoilinearity in the
data.

The degree of multicoilinearity in both models is substantial since
many eigenvalues A, ofthe correlation matrix are very small." In this
case, Xi Mki = 4,817 and 11,066 for the two- and three-period lag
models, respectively, indicating that the OLS estimates have a very
high mean squared error in both cases. As a result, many of the
/-statistics have very small absolute values (see table 1). Furthermore,
many of the computed sales productivities (not reported here) are
unstable and have the wrong sign. It is therefore necessary to "treat"
multicoilinearity. We use the ridge regression method (see App. and
Vinod [1978] for a review of multicoilinearity).

Ridge Results

The ridge regression results can be examined using the ridge trace in
figure 2. Since there are nine regressors in the two-period model, the
ridge parameter m lies in the range 0 ^ m =e 9 (see App., eq. I A3]).
Figure 2 clearly shows that near the OLS solution at m = 0, the
standardized h'^ are so highly negatively correlated that some pairs of
coefficients are estimated to be far apart, even though their pairwise
differences may not be statistically significant. As tn increases the
relative magnitudes and signs of/>" seem to become more stable.

Note that^ for / ^ 2, six eigenvalues are smaller than \/p = 0.111,
suggesting that the variance (= o-7X,) along the last six principal direc-
tions is too large. In addition the m-trace becomes stable near the m =
6 solution, showing that the m = 6 solution is insensitive to small data

2. For the two-period model, the eigenvalues in descending order of magnitude are X,
= 5.5505. >L, = 2.8186, X3 = 0.6512, X, = 0.0118. \5 = 0.0083. \8 = 0.0027, ^7 = 0.0014, Xg
= 0.0009, and Xo = 0.0004. Hence S.t, i/\, = 4,817 3> 9 for orthogonal data. In the
three-period model, the eigenvalues are X, = 6.4771. Xj = 5.0626, X̂  = 1.7429. X4 =
0.6658, X.. - 0.0194, X̂  - 0.0162, X, = 0.0061, X̂  = 0.0043, X» = 0.0024, X,n = 0.0014, X,,
= 0.0008, X,, = 0.0004, X,;, = 0.0004, and XH = 0.0003. Hence Sii , I/X, = 11,066 : » !4 for
orthogonal data.

3. See n. 2.
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FIG. I.—Cumulative periodogram of OLS residuals from the two-period
translog model.

perturbations (see Vinod 1978, p. 123). Further, m = 6 corresponds to
the smallest value of the ridge parameterfor which the weakly specified
quasi-Bayesian prior that the productivities are nonnegative is
satisfied.^ Before choosing the m = 6 solution, we tested for model
stability by omitting the latest I, 2, . . . , 10 observations from the data
set and reestimating the function in each case. The estimated marginal
productivities show remarkable stability near the m = 6 solution.^
Note, however, that on the basis of classical mean squared error
(MSE) there is no guarantee that the MSE of the m = 6 ridge solution is
lower than the MSE at the OLS (m = 0) solution. Numerous simula-
tions reviewed in Vinod (1978). however, show that ridge solutions are
likely to provide lower MSE in most practical situations.

Eurther evidence of the preferability of ridge regression in our con-

4. The label quasi-Bayesian is used since from a strict Bayesian viewpoint it is
necessary to specify numerical values for the regression parameters. Note that even
specific prior numerical knowledge of advertising productivities does not translate into a
unique prior for the translog parameters because of the presence of squared and cross-
product terms.

5. The detailed tables are available from the authors on request.
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TABLE 1 OLS and Ridge
Maximum Lags

Variable

Constant
In A,

in A,-,

In A,_2

In A,_3

(In A,) (In A,,,)

(In A,) (In A,-^)

(In A,) (In A,_M)

(In A,_,)(lnA,-2)

(In A,_|) (In A,-a)

(In A,_.j) (In Aj-a)

(In A,r

(In A,_i)*

(tn A,_j)^

(In A,_3)*

R*
Residual sum

of squares (RSS)
a' (RSSW - p - 1)
Durbin-Watson

statistic

Regression
of Period /

m = 0
(OLS)

11.900
-.4202

(-1.4555)
-.9415

(-3.1586)
-.5334

(-1.7597)

.0234
(.9737)

-.0338
(-1.1008)

.0214
(.6805)

.0456
(1.9946)

.0645
(2.3207)

.0559
(2.0989)

.5105

,4895
.0074

1.66

Re^iults for Translog Sales Functions with
Months

-y

m — 6
(Ridge)

6.8491
-.0055

-.0006

-.0106

.0031

.0001

. • .

.0014

. . .

.0010

.0021

,0011

.2350

.7532
,0111

/ = :

m = 0
(OLS)

13,427
-.3749

(-.8854)
-.7837

(-2.613)
-.8002

(-2.5454)
-.5230

(-1.4640)
.02956

(1.2457)
-.0517

(-1.4767)
.01781

(.5608)
.0593

(1,4757)
-.0593

(-1.8504)
.0359

(1.2714)
.0382

(1.5097)
.0599

(2.1553)
.0510

(1.7906)
.0492

(1.9313)
.6309

.3691

.0061

1.75

3

m = 10
(Ridge)

6.957
.0035

.0070

-.0008

-.0089

.0019

,0009

-,0021

.0010

-.0001

.0002

,0009

,0014

.0007

-.00002

.2471

,7529
.0125

NoTF,.—Figures in parentheses are /-statistics.
estimaies because they are biased.

Note thai (-statistics are nol defined for ridge

text is based on the following analysis. Since the translog function
is an approximation to the true function, and since ridge regression
produces biased estimates, it is useful to know how far ofFone might be
by using a biased technique to estimate the translog approximation.
For this purpose, the following simulation was done. Assume that the
true advertising-sales function is the quartic function

In 5, = 10 + + lnA(_i + 0.1 In A, lnA,_
+ O.KlnA, In
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FIG. 2.—Ridge trace on the m-scale for translog sales function with a
two-period lag structure.

where u is normally distributed with mean zero and variance one. To
construct synthetic sales-advertising data, 29 observations of A,_, and
A, were generated using 30 ordered values of a uniform random vari-
able ranging from 0 to 1.5. For each choice of A, and A,_,, 20 obser-
vations on In S, were generated by adding a randomly drawn value of«
to [10 + In A, + lnA,^, + 0.1 lnA,lnA,_, 4- 0.1 (in A, in A,_,)-]. Thus,
20 sets of advertising-sales data were generated, each with 29 obser-
vations.

To allow for the fact that the investigator does not know the true
form of the model, we specify the translog functional form (see eq. [4]./
= 1) as an approximation to the true function. The coefficients of the
translog specification were estimated for each of the 20 regression
problems by OLS as well as by our ridge regression method. The
eigenvalues of the correlation matrix of regressors were: 4.759925,
0.2070787. 0.0312787, 0.00170H, and 0.0000159. Since three eigen-
values were smaller than \lp - 0.2, we chose m = 3. implying a value
of A = 0.08.

Using equation (5), OLS and ridge marginal sales-advertising elas-
ticities were computed on the basis of the respective coefficient esti-
mates for the 20 regression problems. Two sets of marginal sales-
advertising elasticity ratios were computed: (a) OLS-estimated elas-
ticities to true elasticities; and (b) ridge-estimated elasticities to true
elasticities. The results for each regression were averaged over the
sample observations. In 11 cases, both the OLS and ridge estimates had
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the wrong sign. However, in 38 out of 40 comparisons, the ridge
elasticities were found to be closer in magnitude to the true elasticities
than the OLS estimates. These results show that, although specifica-
tion error cannot be avoided in all cases, by using the translog ap-
proximation and ridge estimation, we are likely to obtain better struc-
tural estimates of advertising-sales elasticities (productivities) than by
using OLS.

Since there are 14 regressors in the three-period model, m lies in the
range 0 ^ m =e 14. The m = 10 solution is indicated, since 10 eigen-
values are smaller than \/p = 0.071 and the m-trace (not reproduced
here) becomes stable for this choice of m. However, the marginal
productivities are economically "meaningless" form = 10 and remain
so even though AH is chosen as high as 13. We conclude that the use of a
three-period model leads to overfitting the data because {a) &^ is lower
for the two-period ridge solution than for the three-period model (see
table 1), (b) the marginal sales productivities of current and lagged
advertising (not reproduced here) are very similar to those for the
two-period ridge solution, and (c ) the lagged marginal sales produc-
tivities for the third month are negative/or all months in the sample
period.

The estimated marginal sales productivities of advertising at differ-
ent lags for the m = 6 solution in the two-period model are given in
table 2. The major conclusions are: (I) the ridge regression results are
reasonable since the current and lagged marginal productivities are
always nonnegative. Negative carryover effects would imply the un-
likely proposition that past advertising "borrows" sales for nondura-
bles (as distinguished from durables) by reducing future market poten-
tial; (2) the hypothesis that the effects of advertising depend on the time
path of advertising spending is clearly supported; (3) the marginal
elasticities" and productivities of advertising vary considerably over
time; (4) the current marginal productivity of advertising diminishes
with the level of current spending and depends on the pattern of past
advertising outlays. This supports the hypothesis of diminishing re-
turns to advertising, after allowing for a general pattern of carryover
effects.

6. To illustrate, consider the marginal elasticities and productivities for July 1954 and
December 1954 (see table 2). The marginal elasticities are readily obtained from the
marginal productivities using eq. (3). The marginal productivities for July 1954 are MP,,{t)
= 0.2445, MP,U) = 1.034i. and MP.J,I) - 0.0617. However, for December 1954, the
marginal productivities are MP^^U) = 0.2149. MP,U) = 0.0804. and MP^U) = 0.0164.
Similarly, the marginal elasticities for July 1954 are «„(/) = 0.0151, f,U) = 0.0345. and
e-iU) = 0.0046. However, the marginal elasticities for December 1954 are £„(/) = 0.0253.
€,(/) = 0.0518, and €.,{t) = 0.0138. These results show that both the marginal elasticities
and produclivilies (current and lagged) vary considerably over time.
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Marketing Policy Implications

The translog results suggest that historical advertising-sales data can be
analyzed to measure advertising effectiveness for control purposes.
This is a significant advantage given that it may be too expensive,
risky, or time-consuming for a company to use controlled experimen-
tation to measure the effects of advertising.

For the Lydia Pinlcham Company, the intertemporal effects of ad-
vertising coupled with the pronounced variability of sales produc-
tivities over the sample period have potentially useful marketing policy
implications. It is interesting to assess the total yield (5|.) on a marginal
dollar of advertising in month t. where 5{. is defined for the /-period
model by.

^ A • ^^

For the two-period model chosen.

(If WvJ ( t/Of+1 ^-5 (+2

dA, A, (8)
\) + MPzit + 2).

Note that 5f. is computed in table 2 on the assumption that A,+, and A,+2
were at their actual levels. These results show, first, that in general, the
total yield on a marginal dollar of advertising in period t is less than
$1.00. This is not surprising, since the company had an average ad-
vertising-sales ratio of 50% for the period. Second, it shows that the
total yield of a marginal dollar's advertising is typically larger for
months where current advertising was low; and, third, that, assuming
Pinkham's total expenses exclusive of advertising and capital costs
averaged 25% of sales (see Palda 1964, p. 80), the company overadver-
tised in some months where outlays were high and underadvertised in
some months where advertising was almost shut off completely. This
conclusion is not surprising since there is little rationale (except possi-
bly cash flow considerations) for the seasonally changing advertising
policy adopted by the company, given that the product does not have
an inherently cyclical demand (see table 2, col. 1).

Comparison with Previous Studies

It is interesting to compare the translog results with those from previ-
ous studies of the Lydia Pinkham data. Consider first those studies
which used distributed lags. Palda (1964, p. 36) found that advertising
has a maximum carryover effect of 2 months. Clarke and McCann
(1973) using spectral methods also concluded that the effect of adver-
tising on sales is confined to less than 3 months following the advertis-
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ing (p. 138). In addition, both studies found that the marginal produc-
tivities of advertising were the greatest one month after the advertising.
These results are consistent with those from the translog model (see
table 2). Note, however, that because of the time-invariant linear
specifications used in the Palda (1964) and Clarke and McCann (1973)
studies all marginal productivities were forced to be constant. Since
both studies found the cumulative effects of advertising S',. < 1, the
likely implication is that the company should not have advertised at all
regardless of production costs. In contrast, the translog results lead to
the more plausible conclusion that the company overadvertised in
some but not in all months. Finally, consider Winer's (1979) study
which estimates a linear distributed lag model with time-varying
parameters. The results were economically meaningless (p. 572), lead-
ing Winer to conclude that the company probably used incorrect mea-
surement procedures regarding the timing of advertising and sales.

Consider now the results from previous auto regressive specifica-
tions. Palda's (1963, p. 37) "best" autoregressive model leads to 5f. =
I.I I.̂  The implication is that, given Palda's assumption that production
costs were 25% of sales, the company overadvertised in all months.
Clarke and McCann's 1977 study (p. 342) based on the nonlinear
least-squares estimation of Houston and Weiss's "current effects"
model (1975, p. 473) leads to S'r = 0.274 and 0.638, depending on the
serial correlation model used." These results also imply that the com-
pany probably overadvertised in ail months. Winer's linear autoregres-
sive model with time-varying parameters, like his distributed lag
model, led to economically meaningless resuits.

Finally, consider the results obtained by Jagpal et al. (1979), who
estimate a multiplicative nonhomogeneous sales function using OLS.
Interestingly, both the OLS MNH and ridge translog models suggest
that the company overadvertised in some but not all months. However,
the MNH model leads to a three-period lag structure for advertising,
whereas the translog specification leads to a 2-month lag. Further,
some lagged marginal elasticities/productivities are negative for the
MNH model (see Jagpal et al. 1979, p. 46) whereas all current and
lagged elasticities/productivities are positive for the ridge translog
model. We believe the ridge translog results to be more realistic than
those from the MNH model for two reasons: (1) the translog specifica-
tion is more general; and (2) advertising is unlikely to have a negative
effect on the sales of a frequently purchased product.

7. Palda's best autoregressive model is .S, = 396 + .39 5,_, + .27 A, + 0.21 A,_, +
0.16 A,-i. This leads to 5' = 'S.t=o dS,+i,/dA, = 1.1 II by recursive substitution.

8. The two equations are S, = constant + 0.439 5,_, + 0.154 A, and 5, = constant +
0.671 5,-1 + 0.218.4,. implying S;. = 0.274 and 0.638, respectively, where S'.. = Xt^,,



Measuring Dynamic Marketing Mix Interactions 413

Concluding Remarks

This paper proposes the translog model as a general method for mea-
suring marketing mix interactions and carryover effects. A reanalysis
of the monthly Lydia Pinkham advertising-sales data shows that {a) the
marginal elasticities and productivities of current and lagged advertis-
ing depend on the time path of advertising and vary considerably over
time; {h) there are diminishing returns to current advertising after
allowing for a general pattern of lagged effects: and (r) the company
overadvertised in some but not all months. From a methodological
viewpoint, the translog results suggest that historical data can be
analyzed to obtain meaningful measures of the effectiveness of mar-
keting policy for control purposes. This is a significant managerial
advantage since it can sometimes be too costly, risky, or time-
consuming for the marketing manager to use controlled experimenta-
tion to measure the effectiveness of marketing policy. Finally, because
of its generality, the translog specification can lead to some practical
difficulties of estimation if the sales function simultaneously includes
several marketing mix variables and several lag periods. In such cases,
it may become necessary to make a tradeoff between the generality of
the translog specification and the parsimony of less general structural
models. One possibility is to fit MNH models to avoid the degrees of
freedom problem, making sure to perform the usual econometric tests
for model adequacy and specification error.

Appendix
A Review of Ridge Regression

This material is based on Vinod (1976). The reader is referred to the original
source or a recent book, Vinod and LJllah (1981), for details.

It is convenient to redefine equation (4) in terms of standardized variables,

y = X^ +« . (Al)

where .V isa(7 x I) vector of standardized values of In S,(r> = 0) where 1 is a
vector of ones. A' is a (7 x p) matrix of standardized regressors, and w is a (T x
1) vector of errors satisfying E(//) = 0 and E{uu') = tr-1.

Hoerl and Kennard (1970/J) suggest the ordinary ridge regression (RR) es-
timator to lower mean squared error:

h* = {X-X ^kiyxy, k>0. (A2)

Note that h* reduces to the OLS estimator h" = (X'X)-'X'y when k = Q.
Furthermore, h* -^ 0, the null vector, as k -»• oo.

The empirical problem in RR is that of choosing an appropriate k. We choose
k in terms of a new scaling on the horizontal axis called a "multicollinearity
allowance" m given by (see Vinod 1976. p. 837):

m — p — k), i = 1. . . . , p , (A3)
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where the X| denote the eigenvalues of A"A*.
It is readily seen that m = 0 corresponds to OLS estimation and that m,

unlike k. is bounded from above (0 ^ m ^ p).
The /H-scale provides several important empirical and theoretical advantages

over the it-scale: lhe ridge trace does not give the spurious appearance of
greater stability at larger /«; m has a clear interpretation as the assigned
deficiency in the rank of X'X; and the m-trace unlike the A-trace is easily
applied to the generalized RR case.
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