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I. An Equilibrium Theory of
Value for Market Forecasts

f. Introduction

The evaluation of the performance of investment
managers is a much-studied problem in finance.
The extensive study of this problem could be
Jjustified solely on the basis of the manifest func-
tion of these evaluations, which is to aid in the
efficient allocation of investment funds among
managers. However, an equally important latent
function of these evalvations is to provide a
method of testing the Efficient Markets Hypoth-
esis.! If market participants are rational, a
necessary condition for superior performance is
superior forecasting skills on the part of the per-
former. Hence, these evaluations can help re-
solve whether or not the existence of different
information among market participants plays an
empirically significant role in the formation of
equilibrium security prices.

One of the principal applications of modern
capital market theory has been to provide a
structural specification within which to measure
investment performance and thereby to identify

* Tthank F. Black and J. Cox for many helpful discussions
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1. Because those who believe that they have superior fore-
casting skifls are reluctant to make public the techniques they
use, the evaluation of investment performance is essential for
“unbiased’” testing on the Efficient Market Hypothesis.
Fama (1970) provides an excellent discussion of both the
Efficient Markets theory and the various attempts to test it.
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An equilibrium the-
ory for the value of
market-timing skills is
derived for the case
where there are only
two possible predic-
tions: cither stocks are
predicted to outperform
bonds or bonds are pre-
dicted to outperform
stocks. It is shown that
the pattern of returns
from successful market
timing has an isomor-
phic correspondence to
the pattern of returns
from foliowing certain
option investment strat-
egies. This correspon-
dence is used to derive
a unique equilibri-

um price strucrure of
management fees which
are independent of in-
vestors’ preferences,
endowments, or prior
probability assessments
for stock returns,
Sufficient statistics for
evaluating market-
timing skills are de-
rived, and it ts shown
that the number of cor-
rect forecasts is not a
useful statistic for this
purpose.
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superior performers if they exist. In this strocture, i is usually ase
sumed® that Torecasting skills can be partitioned into two distinet com-
ponents: 1) forecasts of o ice movements of selected individual stocky
(ie.. Tmicroforecasting ) and (3 Forecasts of price movements of the
general stock market as o whole (ie., macroforecasting ). Usually
assoviated  with security  analysis, microforecasting involves the
wentticaton of individual stocks which are sader or overvalued rela
tive 1o eguities generally. In the context of the well-known Capital
Asser Pricing Model specification,® o microforecaster attempts (o iden
ufy individual stecks whose expected relurns be signilicantly above or
below the Security Market Line. In his strictest form. the micro-
forecaster would only forecast the nonsvstematic or non-market
explained”” component of the return on individual stocks. Forexample,
suppose that the random varisble return per dollar on securnity j be-
tween time foand o0 102 {0 van be described by

Ly = Ry » B4, - Ryl + e0n a

where /7,001 15 the return per dollar on the market, £(2)1s the return per
dotar oo the riskless asset, and e} has the p ‘a;wziv that iis expecta
tion vonditional on knowing the outcome for 2. o egqual 1o ity
unconditional expectation. that is. ,¥~,§@;s;,§%w{a§: Ele st Then a
stricy microforecast about security f would be o forecast only about the
siatistical propertics of &7}

Macroforecasting., or “market timing.”” altempts o identify wher
eqguities in general are under or overvalued refative to the fixed-income
securities. A macroforecaster or Tmarket Hmer tries o forecast
when stocks will outperform bonds—that 15, 2,40 > Bib—and when
bonds will outperform stocks——that 5, &40 0 K. Since a mac-
roforecaster onfy forecasts the stazistical properties of Z {0 or 740 -
{0y, his forecasts cun only be used w0 pm?%at* differential performance
among individual <tocks arising from the systematie, ot U market-
explamed,” components of thedr returns, {8 /’é, Py RO Regy OF
course, both micro- and macroforecasting can be emploved to forecast
both components of the returns on ndividua! wiocks,

Maost of the theoretival wnd em pz rienl research has fucused on the
performance of portfolio managers who sre assumed © be mi
croforccasters (o, individual stock pickersy® Mowever, there are
notable excephions, Using both micre- and magrotorecasting, Fama

20 mer Fawme 1970

0 The Capitad Assel Pricing Model” refers 1o the eyuilibrivm colationships amsong
security prices which obtain when Investors choose thelr portlobios according 1o @
mean-varianes oriferion funciion and have homogencous boliefs. Sev Sharpe (1964,
Lantner (19650 and Mossin (196631 for the original derivations. Por o comprehensive
roviow of the modell see Jenmen {19726)

4. See Trownor and Black (1973 Trevnor (1965, Sharpe (19665, and lenson (1968,
19693, fensen (JY725) provides o summuary of the empivical sindies
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(1972) and Jensen (19724} examine in detail the theoretical structure of
portfolio performance patterns for managers. Jensen also points out the
difficulties in identifying empirically the individual contributions of
each to overall performunce. Grant (1977) derives the effects of
market-timing activities on the performance measures employed in the
empirical studies which assume microforecasting skills only. Treynor
and Mazuy (1966) look for evidence of macroforecasting skills by
analyzing return data on mutual funds. Sharpe (1973) simulates the
patterns of returns on a portfolio managed by a hypothetically suc-
cessful market timer. All these studies have in common the fact that
they assume a Capital Asset Pricing Model framework.?

A fundamental difference between the model presented here and these
earlier models is that I assume that the market timer's forecasts take a
very simple form, namely, the market timer forecasts either that stocks
will earn a higher return than bonds or that bonds will earn a higher
return than stocks. By comparison with the Jensen (19724) formula-
tion, my model may appear to be less sophisticated because the market
timer in the mode! developed here does not forecast how much better
the superior investment will perform. However, when this simple fore-
cast information is combined with a prior distribution for returns on the
market, a posterior distribution is derived which does permit probabil-
ity statements about how much better the superior investment will
perform. By formulating the problem in this way, | am able to study
market timing without assuming a Capital Asset Pricing Model
framework, and therefore, for the most part, my conclusions will be
robust with respect to assumptions about the distribution of returns.

My study of market timing is broken into two parts. In the first part,
which is presented here, 1 develop the basic model and analyze the
theoretical structure of the pattern of returns from market timing. From
this analysis, 1 derive an equilibrium theory of value for market-timing
forecasting skills. In the second part, to be presented in a subsequent
paper, Tuse the structure derived here to develop both parametric and
nonparametric statistical procedures to test for superior forecasting
skills. These tests of investment performance will distinguish market
timing from individual stock selection skills.

The principal findings of the first part can be summarized as follows:
The pattern of returns from successful market timing will be shown to
have an isomorphic correspondence to the pattern of returns from
following certain option investment strategies where the (*'implicit’™)
prices paid for options are less than their **fair”’ or market values. That
is, the return patterns from successful market timing will be virtually
indistinguishable from the return patterns of these option strategies if

3. Specifically, they assume that stock returns are normally distributed and that
relative 10 the " public™” information set, securities are priced so as to satisfy the Security
Market Line.
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the managers of the latter can wdeniify and purchase Tundervalued”
options,

Using this isomorphic correspondence . we can determine the value
of market-timing kilis, In moking this determination. | begin
analyzing how nvestors would use the muarket tmers forecast o
madify thelr probability beliefs abour ~tock returns and, from thy
analysis, derive both necessury and suffvient condiions for such fore-

casts o have a posinive valug. 1t s shown that the probabidity of »
correct forecust by the market timer 19 neither o necossary nor o
sufficient statistic for determinmg whether ov not bis forecasly have
posilive value, Rather, it is the probabibity of a correct forecust, condr
tonal upon the return on the moarket, which serves a8 such o sufficient
statistiv.

Under the assumption that the aggregate size of {ransacions based
on the market timer’s forecast s small encugh 1o have a neghgible
effect on market prices, a waéqzie cguilibrum price sirusture of man-
agement feex is dernved. The derived management foes depend only on
the comditional probabilities of a correct forecast and the market prices
of options, und therefore . they are mdependent of investors” prefer
gaces, endowments, or prios probability assessments for stock return
Provious rosearch into the determination of munagement {ees along
these Jines can be found i Goldman. Sosin, and Gatteo (1978 aad
Goldman. Sesin, and Shepp (1978), However, unlike these curher
arealyvees, T oderive the egutlibrivm management fees for imperfect
market-timing forevasts and obian my resulis with no specific as
surmptions about cither the distribution of returns on the market or the
way m which option poces are detormingd,

The paper proceeds as follows In Section [ { develop the madel
and derive the equitibrium management fee for the special caxe where
the é{szz“mzzi"ma set avatlable 1o all investors {other than the forecusier)
is the same and the market tmer s a porfect Torecaster. A%ihmsm these
assumptions are empivically vorealistie, the analysis ol this case
provides o useful “henchmark’™ for iterprotimg the results derived in
the general case. Indeed, the comparative stalics propositiony proved
in this section will apply to the general case. In Section HL the modelis
developed for Ezf: generz] case where mvestors may have differem
information sets, and therefore heterogencous beliefs ahont the disui-
bution of veturns on the market, and the marke! timer iy an imperfect
forecaster. In Section IV the equilibrium strueture of management
fees for market tming s dortved for this general case

. Homogeneons Beliefs and Perfect Forecusting

In this section. | develop the model for the case whore there are many
investors with homogeneous probability beliefy and o single investor
who 1s o perfect market timer.
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Ateach pointintimes,t =04, 1,2, . . ., let $(¢) denote the common
(**public’’) information set which is available to all investors. Based
upon (). investors form a probability assessment for Z (), the return
per dollar on the market between ¢ and ¢ + 1. Because the public
information available to all investors is the same, it is reasonable to
assume that the probability density function derived by each investor is
the same and let f(Z./) denote this common density function. It is
further assumed that this agreed-upon density function satisfies
Rational Expectations in the sense that relative to information set ¢(¢},
the (ex post) path of market returns is consistent with the (ex ante)
probability beliefs for that path as expressed by f. There is a default-
free bond whose return per dollar between r and ¢ + | is known with
certainty as of date ¢, and we denote the return per dollar on this
security by R(r).

In addition to the public information set (s}, one investor has
information which he uses to make a market-timing forecast. The
nature of this information, when fully exploited, is such that this
investor can forecast when stocks will outperform bonds, Z,(t) > R(t),
and when bonds will perform at least as well as stocks, Z,{#) = R(1). In
this section, it is assumed that his forecast is always correct. Although
this forecast is clearly valuable, its direct sale to other investors is
difficult because its dissemination cannot be controlled. Hence, to
exploit his information edge, it is assumed that the forecaster forms an
investment company or mutual fund which he manages in return for
fees. The investment policy of the fund is to invest in the market and
bonds according to his forecast. As is the case for “‘real world”
investment companies, investors in this fund do not know in advance
either the manager’s forecast or the positions he has taken. Of course,
ex post, they will know both, and whether or not the forecast was
accurate, by simply observing the asset returns. It is further assumed
that the total assets invested in the fund are small enough so that
purchases and sales by the fund have a negligible effect on market
prices.

The usual “*frictionless’ market assumptions, including no taxes and
transactions costs, are made throughout the paper. However, for the
analysis in this section only, neither borrowing (to buy securities) nor
selling short is permitted. Because of the perfect forecast assumption,
in the absence of such restrictions the manager would exhibit infinite
demands for securities, which is, of course, inconsistent with the
price-taker assumption. Since this derived behavior is caused by the
crude assumption of perfect forecasting along with the willingness of
others to extend unlimited credit, nothing in terms of insights into the
real world is lost by imposing these restrictions here. Indeed, most
investment company charters prohibit borrowing or selling short, and
all limit to some degree the extent to which either can be carried out.
Hence, given these restrictions, the manager will follow the strategy of
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mvesting all the assets in whichever security dominales the other on
the basis of hs forecast®

| %R)z‘mzzi‘éy represent the forecast at time ¢ by the varinble vy, where
v(r) = il the foreeast is that 200y » BOvand vy ~ 0 %??h“ forecast is
that Z 40y = R, Because 7000 iy 0 mummé speciations densiiy
function relative o imformation set $ird, the prebability aémw%x for the
return on the maerket conditionul on the forecast vy = v, /¥ can be
writien us

AR VAREEO I | vif il Vg, 0 e o i)

. ; . . i
VAW gl Bery oo 20w
where
wfyif
Gl § FE 0
w4

is the probability that the return on the market s fess than the retum on
bonds based upon the public infor *m%m‘z set Gy Of course, ooneces

sary condition for equilibrium s that g {0y > O x%i’hngh the analysis is
not Bayesian. 1 borrow its terminology and refer (o /1700 ax the prior
distribution for the market return and 792 :x} the posterior disti-

bution.
The outside mvestors it the fund do nor kaow what the forecass will
be. Henee. from thelr perspeciive. y{(2) is u random variable with

prob {7} = 0} = g1} The expected value of w73, £ (4w b is equal to
b gli), then ma}zzdé%éomﬁ probability that the retarm on the mgas‘@;cé Wil
cxceed the return on honds. Ei‘x‘;%f}cqzzgzé& the otal vadue of investment
mn securities by E%ac Furd a2l time ¢ and FOy equals the toal fees paid a
the %ww inng of poriod ¢ for managing the Tund between £ and ¢ i
then the total {grossy dollar amount invested in the Fund 31 time ¢, Fir),
satisflos 2 = Ay = Fr

Although the outside investors do not know what the forecust will be,
they do know that the forecust will be correct and that the menager will
invest all the fund’s assets in the markes ‘éwwu fand in bonds i v

8 Therefore. the random variable end-of-period value of the assers.
Vig o b oas vi f%@aﬁ by an outside investor can be written us

Vig o+ 1y = max (AR Al 400
Ry = max 10AE 48— AlnRa {

L

ARG » Ay max 102,00y - Kl

where the distribution function for £,40) is given by Fi7 .00

b Fhe term Cdominates’ s used here i defined in Merton (7% p, 1430,
namely, securlty A ddaninuies sec m%:‘k Bt the return on A& will exceed the retium on 3
for seme posaible states of the world and will be af least us livge o the veturs on B in ol
possible stater of the world, € mesit«h s pever eptimal o invest posHive amounty i«
domiated seourity,
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For expositional convenience,” suppose that one “‘unit™ (or
“*share’’) in the market portfolio is defined such that the current cost of
acquiring one share equals $1. Then, from (3), the end-of-period value
of the fund will be identically equal to the end-of-period value of a
portfolioc which follows the investment strategy of holding $A(f) in
bonds and one-period call options on A(r) shares of the market
portfolio with exercise price per share of R{#).* Such an investment
strategy is a specific example of a class called ““options-bills™ or
‘‘options-paper’’ strategies.?

In the absence of management fees, the investment returns from this
type of perfect market timing are identical to those that would be
earned from the above options-bills strategy (which uses no market-
timing information) if the call options could be purchased at a zero
price. To see this, note that in the absence of management fees. the
initial investment required in the market-timing strategy to generate the
end-of-period dollar return in (3) is J(z) = A(7). To generate the same
end-of-period dollar return using the options-bills strategy requires an
initial investment of $A{r) in bonds pfus the cost of acquiring the call
options on the market portfolio. Since the dollar return (3) can be
achieved using the maket-timing strategy with an initial investment of
only $4(¢), the economic value of this type of perfect market timing
(per dollar of assets held by the fund) is equal to ¢(r), where ¢(¢) is the
market price of a one-period call option on one share of the market
portfolio with an exercise price of R(1).

We can rewrite (3) as

Ve + 1) = A Z {1) + max [0LAGRD — AL ()]
= AN Zy(t) + A () max [0,R() — Zy(r). 4)

Inspection of (4) shows that the dollar return on the assets of the fund is
also identical to the dollar return on a portfolio which follows the
mvesiment strategy of holding A{7) shares (at $1 per share) of the mar-
ket portfolio and a one-period put option on A(1) shares of the market
portfolio with an exercise price per share of R()."" Such an investment

7. Therefore, the end-of-period”” value of one share will be Z 1), At that time, the
stock is “split’” (oT " Teverse” spiit) Z,{1) shares-for-one so that the purchase price of one
share is always $1. Of course, Z,4¢) includes both dividends and capital gains and no
distinction is made between the two throughout the paper.

8 An “American’ call option gives its owner the right to purchase a specified number
of shares at the exercise price on or before the expiration date. If it is not exercised by
that time. it becomes worthless. The call option ia the text is ““European’ and therefore
can only be exercised on the expiration date. Moreover. it is also ““payout protected”™
(see Merton 1973¢, p. 151 and therefore its value is not affected by the composition of
the market's return between dividends and capital gains.

9. For a description and analysis of these strategies, see Merton, Scoles, and Glad-
stein (1978).

10. Ap “"American’ put option gives its owner the right to sell a specified number of
shares at the exercise price on or before the expiration date. As for the call option
discussed in n. 8, the put option in the text is European and payout protected.
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strategy s an example of o “protective pur’” o Uinsured cguity
strategy .

As with the options-bills strategy, 1o achieve the end-of-neriod dollar
return (4} using the protective put strategy (with no market-timing
mformation requires an initlal mvestment of 5409 in the murke
portiofio plus S4/)y () in put options where (1 is the market price of a
one-period putb opbon on one share with an exercise price of R,
Hence, the ecomomic value of this type of perfect market timing {per
dollar of assets held by the fund) is also equal (o g (). However. there is
no meonsistency in using either the call or put isomorphic retutionship
to determine the economic value of the information becavuse ¢ (1) = o (1)
by the well-knows Parity Theorem. ' (Note that the mar hi gmw« of
the options are the equilibrium prices based upon the public informa-
tion &y

As has been discussed elsewhere M the put opiion as an Instroment is
very much analogous to a termy insurance policy where the item insured
15 the value of the underlying stock wnd the maximum coverage (or
Ttace value') of the policy is the exercise price. Through the Jerived
correspondence of the market-timing strategy with the protective put
stritegy, we {h@m tore have that the principal benefit of market timing
15 10 provide insurznce. The mvestor who follows the uninformed

ategy of alwavs holding the market suffers the capital [osses as well
ay enjoving the gains from market movements. However, the sucoess
ol marker timer earas the gaing but s Cinsured ™ against the fosses.

From (31 or 14, the return per dollar on the fund's assets. Y !
Vie = 1WA, can be written o

Ny = max [V A0 Ry
Kiy 4+ omax (0.7 0467~ Fird £5)
Auter s omax [LRG — Aoin

From (3 and 3, the return per dollar 1o the avestors i the fund can
he wriitten as

Vie o WPy o Ay o {t)

PEOFor aodeseriphion and ansivais of thowe wurategies. seo Merton, Schotes, amd
Ciudatein (I pross?

P20 Hborrowing and lending intorest rutes are egual, then for pivout-protected Fure
pean options on the same stock with the same oxercine price and expiration dules, 2}
cir - 8 4 FiRGry where S is the cugrent stock prwe and B s e exercise price. In the
crwe mthe toxh, § = Pand £ = Hirh and vo. pin) = o0) Foru proef and discussion of the
Parity Theorem. seg Merton 19734, p. 157, theorem 12 1973,

Eh A was mssumed for stocks and bomds o the text, T assume that the market nmer’s
sctions have no effect on option prices. Of courst, based upan bis information set fwith
o borrownig 4 selimg short the celf option would b worthless 18wy = 8 and the pud
aption woukl be worthioss i iy =

L Ser Merton ot al (1978 pp. 185.08)
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where m(r) = F(1)A(1) is the management fee expressed as a fraction of
assets held by the fund. If, as is reasonable to assume, investors
behave competitively, then the equilibrium management fee will be
such that the market timer extracts all the economic benefit from his
differential information. As was shown, the economic value of his
forecast per dollar of invested assets is equal to ¢(7). Therefore, the
equilibrium management fee as a fraction of invested assets will satisfy

m(t) = g(1)
= (7). N
Expressed as a percentage of gross investment, the fee is given by
F((y = m@y[l + mit)]
=g@)VIT + g(0)]. (8}

Another way to see that (7) is the correct equilibrium management
fee is as follows: In eguilibrium, the cost to the investor for receiving a
specified pattern of returns should be the same independent of the
manner in which that pattern is created. From the viewpoint of the
investor, the fund is a “*black box”" in the sense that all he can observe
is the pattern of returns generated by the fund. He does not observe the
forecasts or the resulting transactions made by the manager to create
that pattern. So. for example, a manager with no forecasting skills
could guarantee the dollar return V(z + 1) given in (4) by simply
investing $A(7) in the market and $A{r)g(r) in put options on the market
with exercise price per share of R(r). Viewed as a black box, the dollar
returns to this manager's fund would be identical to the dollar returns
from the market timer’s fund. Of course, the cost to the former of
achieving this dollar return would be A(r) + A(Hg() = [1 + g()IAL).
Equating this cost to the cost of the latter, we have that [1 + g(1)]JA@7) =
[1 + m{)A{r) or m(é) = g(r). At this fee. the investor would be just
indifferent between investing in either of the two funds. Since the
investor can always choose to follow this protective put strategy, |
have also shown that the management fee given in (7) is the maximum
fee which the market timer can receive.

If the environment were such that investors in the fund had some
market power, then they could bargain away from the manager some of
the economic value of the forecast, and the management fee would be
less than g (). In this case, the returns earned by investors in the fund
would be identical to those earned by following a protective put strat-
egy using no market timing where the investors can identify and pur-
chase “‘undervalued’’ puts. Specifically, if A is defined such that m(¢) =
Ag {0 < X =< 1), then the returns earned by the investors would be ““as
if” they could purchase puts at 100(1 — A)% less than their “~fair”
value,
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From (7). one could in principle use observed put- and call-option
prives 1o estimate the value of macroforecasting skill, Moreover. this
correspondence permits the direct appliontion of the extensive results
derived i option pricing theory '™ 10 o comparative «<tatios analysisy of
equitibrivm munagement feex. From such an analysis, the following
prepositions can be established.

Proposriion 11 The management fee is a nondecreasing function
of the riskiness (volatllity} of the market porrtolio,

In Merton (1973a. p. 149, theovem 81, it is shown that a call option’s
DrICe 15 0 az;;zdmm sing funcrion of the s*zx% iness of s underlying stock
where &hc definttion of “more risky’ i that of Rothschild and Stighity

(970177 The proof of the proposition fellows divectly from (71 hecause
By ) Ehz;s, the more unoerisn invesiors are about the ouicames
for the {z‘azsﬁ‘km« the more valuable is the market timer’s forocast.

in the analvsis. the forecasts are made st discrete points in time (s

1.2, Letrdenote the actual Eng, th of time between forecasts in
SO fsw ftime unit such as “one day.” So. forexample. if the market
timer's forecast is for a month, then » = 30 {daysh. In his forecast is for
i quarter. then » = 91 (days), The percentage management fee per
Jorecast p@,s“;mi 18 i}

Proposinion 1.2 The management fee (per Torecast period) s o
nondecreasing function of the length of the forecast neriod, that u,
feniiir e 4

From é”f’é. TS é% m;%z;ié fo the value of ¢ mEE oplion with length of tme

antil exprration of = In Meston (19730 p. 140 cq (4B i is shown that
a call option éx a mzdmsw\;% ézziauzoa ui“ iy dength of time un
expiration. Proposttion 107 follows divectlv, Hence, the mansgemens

fee for 1 month for & manager making iwsm\»miz forecasts iy at feast as
large as the management fee for T week for o manager making Loweek
forecasts. However, this does not imply that the services provided by
the manager who makes L-month forecasts are more valuable than the
services provided by the manager who makes j-week forecnuts, In
deed. uy the proof of the following proposition demonstrases, cuite the
opposite is e

Proposrron 1130 W the riskless bond intersst vate is nonstochasic
aver time, then the management fee per fixed unit of tme sé,::” the
maragement fec rated s a nonincreasing function of the length of the
forecast period,

Eh bor p comprehonsive survey article on oplion ;mmm <§aw§§, see Smith (F9Th

6. See Rothsohild and Stglitz (1970 Thelr definition of “more risky ™ refirs to the
Trotal” orisk of o osecurtty and should not he confused wit ?z the Veystemane o
Cportiolio” sk of sowounity, See Merton Gn press for furthey discussion
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Suppose that a market timer will make 7 forecasts during a fixed time
interval 7. Then, the return per dollar of assets invested in his fund for
this period, X,. can be written as

. , -
X, =[] max [Z,d0). R()) = HR(f)jI | max 10().11,
71 =1 rl

where Q(t) = Z,{r)¥R(¢). Consider a second market timer whose fore-
cast interval equals 7 and who therefore makes only one forecast for
this period. Then, the return per dollar of assets invested in his fund for
this period, X,. can be written as X, = max [Z,.R], where Z,, is the
return per dollar on the market over the interval r and R is the return on
a riskless security over the interval 7. Clearly,

Ly = lﬁl Zyd1).

By hypothesis, interest rates are nonstochastic, and therefore. to avoid
arbitrage,

R = || RO).

Hence, X, can be rewritten as

r T " T T
X, = max || | Zun), ]—[R(r)} =] |Rm1 max ]Q(t),l}.
=1 f1 =1 =1
Ifeither Z (1Y = Rinntorr =1,...,TorZ Aty = Rinyforr =1..... T,
then
T i
max | | ]Q(r),l] = [ ] max [Q().11.
K5 . =1
Otherwise,

T
max

[ |Q(r).l} < [ | max 10w, 11.

‘= =

Hence, for all possible outcomes, X, = X,, and for some possible
outcomes, X, > X,. Therefore, all investors would be willing to pay at
least as large a (and generally, larger) management fee (per time inter-
val 7) for the first fund as they would for the second fund.

The most widely used formula for evaluating options was developed
in a seminal paper by Black and Scholes {1973). Under the twin as-
sumptions that trading takes place continuously and that the underlying
stock returns follow a continuous sample path diffusion process with a
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constant varanee rate, they use an arbitrage argument (o deduce «
formuia for a call option given by

f‘{ﬁﬂ?%gﬁ B O R - LI TR ON )

where v, = Hog (878 Aot o VT L R N0 vin the
mmzzsédizw m}rm&ﬁ imx ty furction, 5 is the current stock price. 7 s
the length of time until expiration. & is the excreise price per share, r i3
the instaptzneous rale of interes!, and w‘ 5 the melantanecus variance
per upit time of the raste of return on the ook,

Hothe conditions required for the m%i{ Papplication of the Black-
Scholes formula are satisfied, then from (73 we can use formula (91 o
evaluate Eizc u;ui% riim a*amr;{zg«amcm fm For the purposes of this
panper, Y CE o Ry T and exp [+ = KRG Hence. undes
the wz‘;aéétwm that trading 1;@&55& pluce continuousty in time and that the
rate of return on the market portfolio follows o diffusion process with o
vartanee rate which is constant ever (al least) the forecast mterval, the
egutiibrium management fee can be written s

plrs AR PR TR E3 i, {14}

where ™1 s the constant-over-the-forecastinterval varianes rate ai
the time of the 7th forecast and +. as before, is the leagth of the forecast
mterval.

Proposriion 14 I the conditions for the Black-Scholes option
i"wz'mzma arc satisfied, then the percentage management (per forecast
interval) is: (13 an increasing function of the forecust interval: (2 an
increasing function of the variance rate on the market and (3) indepen-
dent of the fevel of the interest rale (i.e.. the return per dollar on the
riskloss axser)

The proof follows immediately by differentiating mrisd in (10} with
respect 10 cach of these gmzxs;zmzew G oty enp [ g Bl
NRer o O and o) Vroexp ot BN Dy o 0L where
depriafng) s 00 Part oot praposifion Eé 4 1w obvioy “é} A specitl case o
propuasition 112, Indeed. as was shown in Merton (1973, g*:» LRO, app.
2y, pare 2ol proposition 14 s Just o special case of proposition 151
Part 3 of proposition 114 con EM& with the usual oo E;;x:m%im S
result that the prive of socall option is an increasing function of the
imterest rate. ™ The reason for the difference is that the exercise price of
the call option corresponding to the management fee is an increasing
function of the interest rate, whereas in the wsual "2???29?%5”;1{51«" stuti
anulvsis the exercise prive is held fixed. Because the price of o call
option 1 o decrensing Tunction of its exercise price Ei"ia positive re-
lationship hetween the exercise price and the Interest rate brings in an

P70 ni Bl applivs for @opuvout-protected Fuvopean vall option wiled s onaethy

A;\;"mmm; fun fhi, ﬁmgmw,~ of the text
8, See Morton (F973; ) pp, 148048, o ,a% theorem 46 p 187
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offsetting negative effect on value in this case. While I have only shown
that the management fee is independent of the interest rate in the
special case when Black-Scholes applies. T conjecture that this result
will obtain under more general conditions. The basis for this conjecture
is that, unlike the call option, the price of a put option is usually
believed to be a decreasing function of the interest rate. However, as |
have shown, the management fee can also be expressed in terms of a
put option’s price. Since, whether expressed as a put or a call, the
effect of a change in the interest rate on the management fee must be
the same, I am led to the belief that it will be independent of the interest
rate.

Formula (10) can also be used for the management fee to provide a
quantitative example of proposition I1.3. Suppose the variance rate for
the market returns is a constant o2 Then, from {10), the percentage
management fee (per forecast interval) will be the same each period.
Letin, denote the percentage management fee for a fixed time period 7'
where # is the number of forecast periods contained in that fixed time
period. That is, the forecast interval 7 equals 7/n. Because in this case
the management fee per forecast period is the same each period, we
have from (10) that

my =1 + mn]" — 1
= 22d(1/2 o\ TIn) — 1. (n

One can verify by differentiation of (11) that 9m /0 > 0, and, indeed,
in the limit of continuous perfect forecasting (i.e., as n— =), m,, — =.
That is. from (8), the percentage management for a fixed time period
approaches 100% of gross investment." Using (10) and (11), we com-
plete the comparative statics analysis with tables | and 2 where the
magnitudes of the equilibrium management fees are presented for typi-
cal forecast intervals and market volatilities.

To further develop the return characteristics associated with market
timing, I shall return to my earlier analysis and compare the pattern of
returns from the perfect market-timing strategy with the patterns
generated by the “*no-information’ option strategies used to derive the
equilibrium management fee. If the return per dollar from a proteclive
put strategy with no forecasting information is denoted by ¥(1), then

Y(n) = X@yil + g, (12)

where X(z) is the return per dollar from perfect market timing given in
(5). The difference in the expected return because the two strategies
can be written as

ELX@Y - ELY()] = g(OEIY(D]. (13)

19. This limiting management fee of 100% is caused by the Brownian motion aSSUMmMp-
tion used by Black and Scholes, and it may not obtain for other processes.
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For even relatively long time intervals, E|Y(r)] = | and g(¢) << |. For
example, if the forecast interval is 1 year and if the expected annual
rate of return on the protective put strategy is 13%. then E[Y(r)] =
1.15. Using the Black-Scholes formula with a standard deviation for the
market of 209%. the I-year value for g (r) would be .08, If the forecast
interval were 1 month, then the corresponding values for £| Y(r}] and
(1) would be 1.012 and .024, respectively. Hence, from (13), the
differences in the expected rates of return will be quite significant. In
the examples given, the perfect forcasting strategy for an annual
forecast will have an expected rate of return of 24%. which is a 609
increase over the 13% for the protective put strategy. For a monthly
forecast, the monthly expected rate of return will be 2.4%, which is
twice the 1.2% return expected for the protective put.

While the significantly higher expected return from the perfect timing
strategy is probably no surprise, the relative characteristics of the
higher moments of the two return distributions may be. If M ,(Z) de-
notes the nth central moment of the random variable Z, then, from
(12},

ML Y(0)] = M XV + (01", i(14)

Thus, all the higher moments of the perfect timing strategy returns are
larger than the corresponding moments of the protective put strategy.
Hence. while one might have believed that the perfect market-timing
information would result in a significantly smaller standard deviation of
return than the ‘*no-information’” protective put strategy. it does not,
and, in fact. its standard deviation is higher.?” However, to a close
approximation, the standard deviations of the two strategies will be the
same. For example, if the monthly standard deviation of the protective
put strategy were 4%, then the monthly standard deviation of the
perfect timing strategy would be 4.1%. Indeed, to a reasonable ap-
proximation, M,[Y(r)| = M [X(1)] for n > 2. To further illustrate this
point, [ simulated the return experience from the perfect market-timing
and protective put strategies with a 1-month forecast interval for the
period 1927-78. Summary statistics from these simulations are pre-
sented in table 3, where the New York Stock Exchange Index was used
for the market and 30-day Treasury bills were used for the riskless
asset.*!

20. Note that this higher standard deviation is fundamental in the sense that there is no
other strategy that the market timer could pursue which would lower the standard
deviation and not be suboptimal, For example, 1o reduce his standard deviation by
atwuays holding some portion in the riskless security would mean that at those times when
y(¢) = 1 he would be holding positive amounts of a dominated secusity which is never
Opéllwrill'lhe put option premiums used in this simulation were computed using formula (10}
with o (1) estimated for each month by the square root of the average of the squared
logarithmic returns on the market for the 12 previous months. The return data include

dividends. The reader may find it interesting to compare my perfect timing returns with
those reported in Sharpe (1975).
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TABLY 3 Swmmary Stafistics for Monthly Hate of Return Simulations:
Porfect Market Thuing versus Protective Put Seategy.
January 1927-December [978

Marke Prowotive NY S
Por Bonth Fimer Phat® Stocks
Average rate of return 2 S8 R
Average cxeess relumm 2 A hAT
Standard deviation 3. A AR S RGOy
Highoest return %, IR 1 RISt
Lowest returm Kt 706" 3310y
Average compoir! refurn PO I 24 [
Coelficient of showness 4,08 28 42
Average annual compoutst rerarn L IR (A & rds BT
Growth of 31000 (1927783 536200 2‘{%\3{1 S2E N 67827

Those roluras also represent the smdated return oxperience of the murkel thoer's fund after
deducibng the monthly management e, This monthly managenent fee, which fsequal to the bnonth
piut price, averaged 202 for the simuolation period. However, within this period the fee often vaned
significantly from this aversge. The lowest monthly fer was 8.67% and the highest was 7.63% . with an
averall standard deviation of {209 The large vanations i the msd price through tme caused the time
series estimatos of the standand deviation and coeffoient of skewness for the proteclive put sirategy
o difTer from the corresponding estimates for the marketridng siratogy by smore than the single-
period amwounts derived in the Wws

The preceding analysis was mamde under the assumption that bor
rowing e buv securities and selling short are not ollowed. Ofcourse. m
the real world, such margin transactions are permitted, although there
are limits which are set by the Federal Reserve Board under Regulition
T. Although the cguilibriem manugement fve will be alfected by the
margin Hmits, the basic analysic remains unchanged as long as there are
HIER

Let w(o < w s 1) denote the margin requirement set by the Federal
Reserve. Then, nvestors may borrow 1o buy secusifies up (0 g 1imes
the value of the <courities purchased. So, for example, if g = 0.5}
“S004 margin requirement). then for each dollar of securities pur-
chused. the investor can borrow St cents. Eguivalently, for cach doltar
ihe investor provides. he can purchase up o MIp), or 32,00 worth of
seCurities.

The same margin requirement o also establishes the amount of
assurance money that must be posted as colliteral for short sales, For
cach dotlur of securitics sold short, the invesior must put up Spoin
addition to the p ‘w{;{:wi% from the short sale. Hopo= 050, then for cach
dollar seld short, the mvestor must posl "? cents e addition 1o the
dollar received imm gm sule. So. iw each dollar the Investor provides.
he can sell shore St17ad, or $2.00 worth of sg’cm‘éézw

Both institutions angd individual imvestiors are subject to the samo
i s;zm resulations. However, as noted earlier, ézwmizm B companies
are frequently subject to Burther restrictions on borrowing and show
cefling. To take this into uccount in the analysis, let p” denote the
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margin restriction on the fund where g’ = u. Otherwise we maintain
the usual *‘frictionless” market assumptions that the (margin) bor-
rowing rate to both individual investors and the fund are the same and
equal to the lending rate and that the interest earned on assurance
money and proceeds of short sales accrues to the short seller.

ProrposiTion H.5: If the fund is permitted to borrow to buy securities
with a margin requirement u’ but is prohibited from making short sales,
then the equilibrium percentage management fee {per forecast interval)
is given by mit) = c(t)p' = glt)u'.

The proof of proposition I1.3 goes as follows: If the market timer’s
forecast is that Z,{t) > R(#). then, of course, the manager will invest as
much of the fund’s assets in the market as he is permitted to. Hence,
for Z,{t) = R(#), the return per dollar of assets in the fund will be R{(¢) +
[Z:47) — R(t)¥p'. If his forecast is that Z () < R{r), then because he
cannot sell short, he will invest all the fund’s assets in the riskless bond
and the return per dolfar of assets in the fund will be R(¢). Therefore,
from the viewpoint of the outside investors, the random variable return
per dollar of assets in the fund can be written as

X(1) =max [R(),R(tY + [Z,,(t) — RN/ '}

= R(f) + max [0.Z(1) — RGOV, (13
Therefore, if the management fee is mi(r), the return per dollar to the
outside investor's portfolio, Z (), can be written as

Z,(1) = X(Y[1 + m()]
= {R()+ max [0,Z,(1) — ROV w1 +m()]. (16

Consider the option-bills strategy where, for each dollar invested in the
riskiess asset, (1/u") call options on the market with exercise price per
share R(r) are purchased. The return per dollar from this strategy will
be {R(#) + max [0,Z,(t) ~ R(r))/p'}/[1 + c(t)/u']. where, as before, ¢ ()
is the market price of the call option. By inspection of (16), the return
per dollar to the investor in the absence of management fees will be
identical to the return on this options-bills strategy where the investor
pays nothing for the calls. Hence, by the same arguments used to
derive (7), the equilibrium management fee (as a percentage of assets)
will equal ¢(t)/p'. As was shown earlier, ¢(r) = 2(r). Hence, the
management fee can also be expressed as g(f)/u'. Of course, if the
margin requirement is 100%, then u = ¢’ = 1 and the management fee
reduces to ¢(¢) as given in (7).

ProprosiTion 11.6: If the fund is permitted to both borrow to buy
securities and make short sales with a margin requirement u', then the
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equilibrivum percentage management fee {pey forecast intervall s given
by midry = 0@y = ol = 2elnip’ = dutevu

The proof of proposition 116 ollows slong (he lines of the previous
proot. As %wzma if the manager’s Torecastis that 242y > Riz) then the
return per dollar <>§ gasets i the fund will be 80y + 7,00 - RinWe
However, now if his forecast s that 2 0 = B0 the manager will
short sell the market to the maximum permitied and the refurn per
dollar will therefore be Ry + IR — 240V From the viewpoint of
an outside investor, the return per dollar of assels in the Dund b given
by

iy omax ARGy 2 Sy - B M e (K - i

Ry 4 dmax L7000~ Hiany (1
max [0 Ry~ 200,

Hence, f the management fee is metrd the return per dollar to the
outside investor's portfelio can be ariilen as

RS Ry ~ dmas 102,00 ~ Ry

max (LR - L0y vl mided 1y

A straddie iy oa put and v ocall with the sume exorcise prive and cupiro-
ton date. Consider the straddle-bilh" strate gy where, for mgi@ dollar
invested 1 the oskless asset. (udn straddles on the market with
exercise price per shave K0 are purchased. Bimce the markel price of o
straddle equals ey + i), the return per dollar from this sirategy
equals X {23/ + [ (0) + gieile b Hence. by the same argoments tsed
to derive (7 the eguibibrivm munagement fee (ay 2 percontage of
asneisny will mazié botsy 0 v ¥, Woting thet oty = vin) the proof of
propesition 116 1y complete.

In summary, we have shown that the retorns to a portfolio emploving
perfect market riming ave dentical 1o the returns from following certain
oplion-investmen! strategies. From this somorphio velutionship, the
equilibrium management fees (and, hence, the value of such mm
roforscusting skitlsy were determined in terms of the marke! prices for
wptions. OF course, the assumpiion that such pevfect market-timing
furecasts can be made = totally nnrenlistic. Hence, heginning in the
nest section. | shall examme the more mioresting vase where the
market timer’s forecast can be wrong., However, the analvsis of rhiy
section will be helptul in providing insights into the more realistle bus
#eo more complicated analvsis of imperfedt macroforecasiyng

1E. Heterogenwous Beliels and hnperfect Foreoasting

In this section, T shall gepevalize the model of the provious secton b
allowing for the possibility that investors have different mivrmation
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sets and that the market timer's forecast may be wrong. At each point
in time ¢, let ¢;{¢) denote the jth information set, j = 1, 2. . . ., N.
Without loss of generality, we can associate a particular investor with
each information set so that investor j forms his probability assessment
for the return per dollar on the market between s and ¢ + | based upon
¢;(r). Let f{Z,1) denote the probability density function for the return
per dollar on the market based upon ¢(#). It is assumed that for; = 1,
2, ... N, f;satisfies Rational Expectations relative to information set
¢; in the sense that the iex post) path of market returns is consistent
with the (ex ante) density f;. Let ¢;(+) denote the probability, based
upon ¢,{7), that the return on the market between r and ¢ + | will be
less than or equal to the return per dollar on the riskless asset, R(7).
Then

wn

i) = | - fAZadZ. (19)

It is further assumed that. forj = 1.2, .. ., N, 0 << g{r) < 1. and so, for
every information set, the return on the market is uncertain and the
market neither dominates nor is dominated by the riskless asset.

As in Section II, there is a market timer who forecasts when stocks
will outperform bonds. Z,(r) > R(r), and when bonds will perform at
least as well as stocks. Z,4f) < R(r). Unlike in Section II, the market
timer’s forecast may be wrong. Let 8(f) be a random variable such that
0(t) = 1 if the forecast is correct and 8{r) = 0 if the forecast is incorrect.
Of course, to evaluate the forecast, investors must have some informa-
tion about the distribution of #(¢). The information made available to
investors will depend upon the information set of the forecaster and his
concern with protecting that information as well as the information
available to investors from other sources.

For example, one might assume that the forecaster provides the
complete joint probability distribution, pl4(),8(r)], where A(1) is a
random variable such that A(r) = 1if Z,{1) = R(t) and A(r) = Qif Z (1)
= R(t). However, this assumption implies that the forecaster has an
unconditional or prior distribution for A(f), given by p[A(1)] = plA(N,0]
+ plA(r).1], which he may not have. If he does have such a prior, and
priors are homogeneous (as in the previous section). then pLAYLA(N)]
provides redundant information in the sense that the same information
is conveyed by the conditional probabilities {p[6(s) [A(r)l}. To see
this, note that p [A(£).68(1)] = p[8(¢) | A(r)] pIA()] and, by the homo-
geneity assumption, all investors know that p [A(1)] = gty for A{ry =0
and plA(1)] = | — g(r) for A(r) = 1. If, as is assumed in this section,
priors are not homogeneous, then by making public plA(r),6()], the
forecaster reveals his prior distribution p[A(7)]. Therefore, by provid-
ing the joint distribution, the forecaster gives away valuable informa-
tion for free to those investors who believe that the forecaster’s prior
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contuing information not incorporated 1 their own prier. And to thow
investors who believe that the forecaster’s prior d(}m not contaln such
information. p LA LH] provides no more information than the condi-
tonal probabilities {p#e) AGY HMence, even when he has such a
probability assessment, 12 iy 0ot in the forecaster s economic interest to
roveal p A B0

Having ruled out that the forceaster will provide the complete jomi

obabihty distribufion. we are left 1o choose hetween the Two condie
thonal probabitity distributions. {p A0 #taly and S plouy A,
Criven that in W»Eeé s have priors about A through Eizzﬁ L a paturad
cheice would be the fatter, Ip 8t A0l Of course, i investors were
aesumed 1o %a‘(m: a prioe distribution for 400 miaﬁzui, then the natarsd
choice would be the fa*sam"w ”?(s provide [p{A{y | AN and (plow]
wotld, of course. be equivalens o providing p A0 900 and. as will
be umply demonstrated. to ‘gwwsi (piogl alone is not suthiciend
nformation for investors (o evaluate the foreeust

Therefore, it iy wasumed that mvesiors are given the probability
function for ¢ conditivnal on the market return 40« 2, which |
WIHE @y

prob sty = 1 Lin Flo— e for s A ow R0

pdr dor RBup el sl {20

By nothaving p iy orp i) n (20 depend upon . Fam assuming that
all investors, independent of their information »m agree on those con-
mination. In this section,  derive the equilibriom value of such fore
do take o account the possibiliy that the accaracy of the forecnst
may not be independent of the return on the wmarket. Thus, stulements
such us, He iy u better forecaster in up-markets than he v in down
markets, can be piven precise and gquantifutive meaning 1o this modal
Such a forecoster would he characrerized i making foreonsts such that
gy < p A However, in keeping with the hypothesized strocture of
the information avail %‘:ic to the forecuster, p i and potdy ure them
selves assumed (o be indepondent of 7. Therefore, while the probabil
ity of 4 correct forecast may depend upon whether or net the return on
the market eaveeds the returm oo honds | i does not otherwise depend
upon the mognitude of the market’s return.

I, as in the previous analyvsis, w7y = Uif the forecast at tme 2 8 2 i)
s Ry amd oyl e Dt forecuast s that 240y = & then from (20,
the probabilities for '}»{J; conditiona! upon the realized return on the
market can be writien us

prob {viry = B0y R s g {21a

proby Dyt = 1 Ay o K i E RN
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and
prob {1y(i) = 0|Z,w(f) >R} =1 = p.r)
prob {y{r) =1 \Z;‘;{I) > R(D} = pai). (21b)

Therefore, based upon information set ¢;, we have from (1) and (20}
that, from the viewpoint of investor, the unconditional probability of a
correct forecast by the market timer, p/(#), can be written as

pitty = prob {8(1) = 1| d,(1)}
= ¢, (Op (1) + [1 = q,(O)]p.0). Q22

Note from (22) that, in general, the probability of a correct forecast will
depend on the investor’s information set, and only in the special case
when the accuracy of the forecast is independent of the return on the
market-—that is, p (r} = pu(r) = p(1)—is the probability of a correct
forecast, p(1}) = p(t), independent of ;.

From (21a) and (21b), the uncenditional probabilities for the forecast
variable y(f) can be written from the viewpoint of investor j as

prob {y(t) = 0| $(0} = 8,1)

g {pty + [1 — gD — paAr)]

1 — 8,0 (23)
GOl = puD] + [1 = g, (Dp 1)

As in Section 11, I call f{Z, 1) the prior distribution of the return on the
market for investor j. Based upon this prior, we define the posterior
distribution for investor j, f¥(Z, ¢ | y), to be the probability density for
the return on the market conditional upon the forecast y(r) = v. Under
the hypothesized information structure, we have from (23) that /¥ can
be written as

e, _ ')’“ ~ pql1}] (1 — v)p.dt) T
11|y = P+ S |1z 0.

for 0=27 < R(1)

S 7.F ) B Mt et L KPP 24)
T S0 80 ].fj(l, 0,

for R() < Z < =,

il

prob {y(1) = 1| (1)}

il

The distribution that investor j would use if, in addition to &;(7), he had
the market timer's forecast is f¥. Of course, it will be the differences
between f; and /¥ which will account for investorj’s willingness to pay
for the forecast information. The distribution used by the market timer
for his personal investment decisions if the information available to
him, other than his forecast, were information set ¢;{¢) would also be
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represented by fY. Note that for perfectly correct Elaz‘c;mix ~tErat g,
gy pafey e 1 (24) shmply reduces to () in Section I

Because the value of the marke! thner’s forecasts m?% depend upon
how those forecasts modily investors prior distributions. E shall now
analyze in detail the differences between the prior and postorior diserh
butions

While to this point, no vestrictions have been imposed upon the
conditional probabilities 40y and pJ{r3, i seems rensonable 1o require
that they be such that the forecasts are rational. A forecast is said Lo be
rational . given the fhz"@s:;m« a0 investor would modify his prior in the
opposite direction of the forecast Specifically, investos ‘;\ priors are
that bonds will outperform stocks with probability ¢ (73 and that stocks
will sutperform bonds wﬁih gn‘nh;g%@é%;w ooy, After receiving the
market tmer’s forecast vis v, anvesior [Ty revised probabilities for

the two events will be ¢Fun and |~ 7). respectively, where

qeiliee
Giliiyl m E BT R Y

Therefore, the forecasts will be rattonal if. for every investor s, ¥, O3
sgdryand gFo I e gt

Proposerion L A secessary and sulBicient condition for a mar
ket timer’s forecasts w be MEMME i that g {3y = puip = 0

The proof s as follows: From (24, ¢f 0 = m*;s if and ondy it pLia

i

Sdry, andgior o g anifand only s 0 2 840 E*s 3, @ neeessary and

1

sufficient condition for the forecasts Lo be m wm% that p ey & 3410
for every /. E*”a“a}m (23 potay = 80 if and only H1 s’,‘a{,{f\éf‘gh{f‘a S
A - pu) §§azi4 gty 1or all information sets ¢,d2),/ = 1, 2.

A Henee, pyoe S0 ifand only ip ) = pyry e 1 However, the
vondition that p (1) = pJe) = | is independent of / und is therefore o
acensary and sufficient condition for all /s,

An mmmediate corallury io gﬁz“w;’amé%éw TEL D s that 0 o Jorecust i
trrestionl ;;‘ e.onet satlonaly then, given the Torecast, every nvestor
wornhl muodify ?3%% prior in the opposite géég"e:c‘ééam of the forecast. One
should not mfer thar an frratonal forecast has no value. A forecesier
who s always wrong iy as valuable as one whao is alwavs right provided
that this “bing” s known by those ncting on the forecast. Indeed | the
opposite or contrary forecast to an wrational forecast ix ahwavs
rationmaf, 1o see this, note that the conpary forceast s conditional
probabilities of success sausty piry = 1~ p b and g« © - o
54%0” Wo it v pany = Lothen gy = piiyr = 1 Henee, with 1o loss of
generality, 11 is assumed throughout the vest of §E?c wrntlvaly that fore-
casts are rational and therefore thot p (1) 4 poary » |

As mentioned carlicr, for the market tmer's forecast 1o be of value
tr mvestor f, i must provide information which would modily hiv prios
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distribution for the return on the market. Therefore, if f¥ = f. then the
market timer’s forecast will have no value to investor /.

Prorosition 111.2: If the conditional probabilities for a correct fore-
cast given in (20) are such that 7 (#) + p.{1) = 1, then the market timer’s
forecast will have no value to any investor and hence the value of the
forecast information is zero.

The proof of proposition I11.2 is as tollows: If p (f) + p,(r) = 1, then by
substitution in (23}, we have that 3;(t) = p{(r} = | — pulryand that 1 —
341y = 1 — pdr) = p.r). Moreover, this value of §,{¢} is the same for
every investorj (f = 1, ..., N). Substituting for §;(¢) in (24), we have
that (7. 1 \y) = fiZ, ¢y for every value of v and for all j. Thus,
independent of the forecast given, each investor’s posterior distribu-
tion will be equal to his prior distribution. Therefore, forp (1) + pJ(f} =
1, the market timer’s forecast will have no value to any investor and the
value of the forecast information is zero.

ProrosiTion IT1.3: A necessary condition for a rational forecast to
have a positive value is that the conditional probabilities given in (20)
satisfy p (1) + pu(ry > 1.

The proof follows immediately from proposition II1.1 and proposition
[11.2. While it has only been shown that p (1) + p,(#) => 1 is a necessary
condition for a rational forecast to have positive value, it is also a
sufficient condition, as will be shown later in Section IV. Indeed, the
larger is p () + p.(¢), the more valuable is the forecast information.

Proposition IH.2 can also be used to confirm the common-sense
result that if the market timer’s forecasts are random, then the value of
such forecasts is zero.

ProposiTion 111.4: If the forecast vanable is distributed independent
of the return on the market, then the value of the forecast is zero.

By hypothesis, y(1) is distributed independent of Z,(r). Therefore, p (1)
= prob {y(r1) =0 | Z,,(1N = R} = prob {y(t) = 0| Z,, (1) = R(1)} = 1
—ptr). Hence, p,(1r) + p,(r) = 1, and, by proposition H1.2. the forecast
has zero value.

So, if forecasts are formed by simply flipping a (not necessarily fair)
coin where 7 is the probability that the forecast will be ¥(t) = 0and 1 —
7 is the probability that the forecast will be v(¢) = 1. then p,(+) = » and
paty = 1 — m, and therefore such forecasis will have zero value.
Included as a special case of this type of forecast is to alwavs forecast
that Z,(1) = R(n)—thatis, (1) = 0,p () =n = 1, and p,(1) = 0—or 1o
abways forecast that Z,(r) > R(r)—that is, (1} = 1, p{r) = n = 0, and
pAry = 1. Like a stopped clock, such a forecast will sometimes be
correct, but it never has any value,
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i;i?;%v(m eatablished that completely random forecases have zero
value. | shull now go to the other extreme and show that completeh
ga;'w%zumhiaf forecasts also have zero value.

Provosirion HLS: I the forecast varinbio s itself perfectly fore
castable by investor /. then the value of the forecust to investor / is
FETO.

Suppose investor Jouses his informuation set &, to predicr the market
timer's forecist. v Lot v denote this forecast, By hypothosis,
investor s prediction iy alwavs correstothal Bs, vl =yl e angd
therefore. p 2y = prob dylry = 00 20 = Ry = 1 yidniundp i) =
prob dviey = T Ay = Ry = yoti Henee it 2 ot s Land, by
proposition L2 the value of the Torecast is zevo,

Like propostuon L4, proposition LS & o commonsense resull, I
invesior 7 can alwavs predict the market rimer™s forecast, then all the
information used by the market timer must be couained in o, Since w1l

the mlormation g G relevant to the return on the market s captured by
I mvcxia\.aj; should neither revise his prior in response 10 the muarket
tmer s forcoast nor pay for the foregust
T 200, Fassumed that podf) and p oo were the same {or all imvesiors
Hence, the hypothesized conditions of proposiion HES will not be
consistent with (20 unless all Investors con ma“fcuikf ;‘”mm;:m vl
These conditions woukd be consistent with o more general model where
the conditional probabilitiey p ey and o001 are {iifs‘eg;:: ni for differem
mmvestors, Since the effect of such o gonar dé;miamz o all the resulis
obtained v discussed at the end of thes seetion, [ shall sav no more here
cxcept o point out one important case where the conditions of propo
sitten HLS and (200 wre consistont, As i Section T et dis) denote the
set of information available o all mvestors (el the “pablic informa-
Lo set L

Provosirion 1L 1 the marker timers forecasts ure bused sofely
upan public iwmformation, then the value of the forecast is were.

By ibs definttion.

ity = {ﬂ\} (fif,,;
ard therefore, diried,. By hypothesis, the zmsm timer s forecasts are
hased ~olely on information contained in &1 }?EMW ealh mvestor/
van use s, whic?& s contained in @, to p;‘mi%ci correctly the market
timer's forecost w2 Therelore, by proposition HLS, the value of the
forecast o cach | z;wx!m“ i 7ovo.
The conclusions of proposttions 14, IS and HLe that investors
witl not pay foo random forecasts o for forecasts based upon informa-
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tion they already have are hardly counterintuitive. Indeed, because any
sensible model should produce these results, proof of these propo-
sitions serves as a check on the validity of the model presented here.
However, the model does produce other results which may not be so
intuitive. For example, the following three propositions point out the
“pitfalls” in relying on the probability of a correct forecast as even a
qualitative measure of the value of a forecast.

ProrosiTion I11.7: The unconditional probability of a correct fore-
cast, p(f), being greater than .5 is neither a necessary nor a sufficient
condition for the forecast to have a positive value.

To prove that it is not necessary, it is merely necessary to show that it
is possible for p (1) + po(t) > 1 and for p’(r) = 0.5. Suppose thatg;(1) =
0.7.p (1) =04, and p, (1) = 0.7;p, (1} + p,{¢) = .1 > T and, from (22},
piry = 0.49 = 0.5. To prove that it is not sufficient, it can be shown that
it is possible for p (1) + p.(t) = 1 and for p/(r) > 0.5. Suppose that g;(t)
= (.7 and a ““stopped clock’ forecast where p (f) = 1 and p,(r} = 0.
Then, p (1) + p.1) = 1 and, from (22}, pi(t} = gq,(r) = 0.7 > 0.5.
Let pi(7) denote the unconditional probability of a correct forecast by
market timer 1 from the viewpoint of investor j and let p{{r} be the
corresponding probability of a correct forecast by market timer II.

ProposITION ITL8: pi{r) > p/f(1) is neither a necessary nor a sufficient
condition for the forecast by market timer I to be more valuable than
the forecast by market timer 11.

To prove that it is not necessary, I show thal it is possible for pi(t)
< pie); PO + pi) > 1 and pie) + pE(H) = 1. As in the proof of
proposition 1117, suppose that ¢ {f) = .7; pl(z) = 0.4; pl(t) = 0.7, pI(1)
= 1 piry = 0. Then, pi{r}y = 0.49 < pi(r) = 0.7, but pi(t) + plr) = 1.1
> pit)y + pl(r) = 1. To prove that it is not sufficient, one need only
interchange I with II in the proof that it is not necessary.

Suppose that investorj makes his own forecast based upon his prior
probability assessment for the return on the market f;. If v,(¢) denotes
investor j's forecast variable. then his forecast will be y{#) = 0 when
gAr) = 1 =~ g;(ry and y{1) = 1 when ¢,(5) < 1 — ¢;{r}. From the
viewpoint of that investor, the unconditional probability of his own
forecast being correct is equal to max [g{1). T — gi(1)].

Prorosirion HI9: p/(r) = max [¢;(r}, 1 — ¢ {r}} 15 a necessary but
not a sufficient condition for the market timer's forecast to have zero
value.

Necessity can be proven by showing that pi(¢} > max [g;(t), 1 — g«r)l
implies that p (1) + po(r) = 1. From (22}, p (t)g{0) + pA) {1 = g} >
max [g;(r}, I — g;(¢)]. Therefore, [p (1) + p{t)) max g 1). 1 — g;(r)] >
max [g;{1), 1 — g;(1)]. Hence, p (r} + p4{r) > 1. To prove thatitis not a




%8 Jouraad of Business

sufficient oo miégk‘a n, we spnply show that i1 is possible for pA < muas
fdra, b gy and for g).{:‘a ool 2ol As i the provious proofs,
SHpPDOse EEMug,{?} CT . pary =04 and pan) = 07, Then, p i) = 049

mar Lo, b -y, m‘ s L7 and g0 2 pan N B

hus, even £ the paa}mfwms ol woorrect forecast by the market fimer
is less than the probability of a correct Torecust by investor [ using only
his prior, one caunoi conclude that the valie of the market fmers
forecust (o ipvestor j 5 zem

Ax propositions HET, TTLE, and HLY amply demonsirate, the (e
quency with which the marke! timer's forecasts are correct is in geners]
aovery poor statistic for evaluvating the forecasis, and rthis iy the case
even when investors’ beliefs are homogeneous. Using propositons
ML 2 and T3, one might summarize by suving, 16 is nol so much bow
often the market timer is correct, bul wher he is correct that deler
mines the value of his forecasts. " However, there is one spevial case

%am the probability of o correct forecast is & sufficlent statistic for
value,

Proposiiios L0 I the probability of o correct forecast is inde

peadent of the return o the Maaé@;z” ther /i)~ (.5 18 4 necessary and
sufficient vondition for the forecuast 1o have zero value

By hypothesis, we have from (200 that p () = p oo = p(ry. Substiluling
mto {223, we have that p7ts) ;wim md&?ma dent of 7, Theretors, /)
0.5 bmplies that g {0y poas) Zf*)w} [ Heneooo by proposition 1117
the forecast has zery value. Und er the hypothesized condition. 294
G5 mplies that 2p = p 0 gz{"" Pand therelore that the forecass
i oirrational by proposition T Hoewever, as discnssed earlier. such o
forecnst has positive w%zs@ Ewmwm the contrary forecast wizégéx i
ratronal will safisty 20y + pldy 1 Under the hypothesized conc E -
ton, prir) e 0.5 implies that 2 ﬂ;;,m ;zjz;f Pooudiy e andy ?mwu é
the forecast has positive value.

Although the probability of o correct forecast is not o relinble indi
cator of the value of o forecast, 11 can be wvsed o determ e the
conditions under which investor f will asree”™ with *é& &&zm e
Ferecast. Investor/ s said “to agree with the market timer's m;"m;m“
i having received the market timer's forecast. investor /s own forecast
based upon his posterior probability assessment is the same as the
market timer's forecas:

From (24). conditional on vy = o we have that

Coyil >4 H i v ) c
Gy D LA OALE Ly o, 115

o= San HALY S

Iyt iy denotes investor j7s forecast variable hased upon s posterior,
then, conditional on w71 = v, bis forecast sl be such that yhyr - 0

F

when o f vy = 08 amd v = Fwhengri v = 008 Thus, investor
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will agree with the market timer's forecast if y}(r) = y where any
indeterminacy is resolved by defining vf{f) = ¥ in the singular case
g*(t:y) = 0.5. Therefore, for investorj to always agree with the market
timer’s forecast, ¢ *(r; ¥) must satisfy g (1: 0 = 0.5 and g7 (71 1) = 0.5,

ProposiTioN HI11: A necessary and sufficient condition for inves-
tor j to agree with the market timer’s forecast, y. is that p/(1) = yg’(r) +
(1 = Il = g,Nl

Investorj will agree with the forecast y = 0if and only if ¢F{r: 0) = 0.5.
From (23) and (25}, ¢¥(r: 0) = 0.5 if and only if p ¢ {2y = {1 — ¢,()I[1 —
p.(1)] or, equivalently from (22), if and only if p’(r) = [1 — ¢,()]. This
proves the proposition for y = 0. Investorj will agree with the forecast

= 1if and only if ¢ ¥(r; 1) = 0.5. Again, from (23} and (25), ¢F(r. D) =
0.5ifand only if g (1 — p (£} < {1 — g,(t)]p (1) or, equivalently from
(223, if and only if p’(r) = ¢,(¢#). This proves the proposition for y = 1.

It follows immediately from proposition IIL.11 that investor j will
always agree with the market timer’s forecast if and only if p(7) = max
lg;(), 1 — g(n)]. 1t also follows that investor j will always disagree with
the market timer's forecast only if p/(1) < min [g{r), 1 — g{)]. How-
ever, this possibility is not consistent with the market timer’s forecast
being rational.

ProrosiTion I11.12: If investor j always disagrees with the market
timer's forecast, then the market timer’s is irraticnal and investor J
would always agree with the contrary forecast.

From (22), p/t¢) < min [g,(1). | = g{n)] if and only if p (1) + pot) < 1.
Hence, from proposition 111.1, the market timer's forecast is irrational.
The unconditional probability of the contrary forecast being correct is |
— pir). But p'(1) < min jg (), 1 — g,()] implies that 1 — p/(¢) > max
g6y, 1 — g0} Therefore, by proposition I1I.11, investor j would
always agree with the contrary forecast.

In summary, the behavior of investorj toward rational forecasts is to
always agree with the market timer’s forecast if the unconditional
probability of a correct forecast by the market timer is at least as large
as the probability of a correct forecast by investor j using his prior
distribution. If this condition is not satisfied, then the posterior forecast
of mvestorj, y#(0), will always agree with his own prior forecast, y;{¢).

Because the agreement of investor j's posterior forecast with the
market timer’s forecast depends only upon the conditional probability
of a correct forecast, it is clear from propositions 1.7, IIL.8, and I11.9
that disagreement does not imply that investor j should disregard the
market timer’s forecast. And such disagreement certainly does not
imply that the market timer’s forecast is irrational. Indeed, if one were
to define a ‘‘rational forecast™ as one where every investor’s posterior
forecast agrees with the market timer’s forecast, then virtually the only
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Forecast to satsfy this definition would be one that s alwavs correct,

that s, p 1y = pJr) oMo seo thes, nute am stch o rativnal’
torecast must satisfy bothop 101 - p A0 max {1 = ¢y, and
PV = e mas 4 A0 g (0] Henee with this definition for

o yaliona §€3§‘a}mm1 a«;mmEE& i forecasts Onoluding valuable vnes
would be irratonal”
'i’a further underscore the difference between " ugreement’ amd
ratonality” {as T define it). consider a forecast with p (6 + p.40) 1
and with an uncondil mmé prob ez%siéiég af bemg correct, ;% ryowhich s
less than 0.5 for every investor /. From proposition HET. it i< pussible
fora torecast o %,;am %‘meb these propertios. Because sy = 003 = may
g den b~ q, é""%i ?{}ytmz”w i wa*wé FiL oo mvestor will &E‘«J««a}’& agres with
the market timer's forecast. Yet. from p;wg@mzéwn [EL 1, this forecast iy
rational, und indeed, E“émtasaw gl e pury m\ a positive value,
Propositions L7, TH.S, and 1119 made apparent the pitfalls in using
the vaconditional probability of 2 correct foregast as an indicator of the
forecast’s vislue. This example shows that & 4s not o reliable indicaior
ol when o forecosr ds rational, The contrary Torecust 1o the marke!
thmer’s forevast by an unconditional probabitity of being correct equul
to b piry, and i i%aw cxample all mvestors would agree tha JEE
050 However, this contrary forecast &5 rational Ea\jLiEES%J PR
polrd e Dimplies that 230y o+ s oz b puay o
To conclude thin secton. 1 shall belefly discuss the effect on the
derved resulty of nroducing @ more general model where the condi
vonal probabilities given in (20} are different for different investors, Ax
the reader can verify by substituting py(0) for p 00 and 2400 for pulsh m
the dertvations, there are two basic changes. {8 11 s now ;@maé%s%a: Fo
SOME VesTons to view a forgeast as having vero value, piy) = plan
[owhile other imvestors see i as having gamaéém vithio . pidr + pin
{2y My definition of o “rational forecast”™ foses much of s meaning
because it s now possible for some investors o view a forecast as
ratiomal. ;ﬁ'{é} bopidry e boowhile others view 0 as irrational, oo
230 01 Gtherwise the propusiions as derived remain et
Having established the conditions under which o forevast will Bave o
positive value. 1 shall now proceed (o determine the magnituds of that

positive value

V. Eouilibrivm Management Fees and the Value of Market Timing

in the last seciion. the condiions wore established under which o
market timer’s foreesst would o would not have o positive value. It
wis shown there that the conditional probabilities of w cormrect forecast,
A and poAry o were sulficient statistics fo make that qualitarive deter-
mination. in this section. 1 derive the equilibrium value of such fore
canty and show that gty and oo are also sufficient statistics to make
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this quantitative determination. Along the lines of the analysis in Sec-
tion 11, I derive the equilibrium value by showing a correspondence
between the returns from a portfolio managed by the market timer and
the returns from certain option investment strategies.

As in Section 11, the market timer manages an investment company
or mutual fund which invests in the market and riskless bonds accord-
ing to the following strategy: At date 7, if his forecast is that bonds will
outperform stocks—that is, ¥(r) = 0—then he will allocate 100 7%
of the fund’s assets to the market and 100 {I — 7,(#}1% of the fund’s
assets to bonds. If his forecast is that stocks will out perform
bonds—that is, ¥(r}) = |—then he will allocate 100 1,(#)% to the market
and 100 [1 — m,(1)]% to bonds. It is assumed that the distribution of his
forecasts satisfies (20) and that these conditional probabilities along
with 7,(t) and %.(r) are made known to outside investors. It is further
assumed that the market timer's forecasts are rational, that is, p (1) +
pAty = 1, and that he acts rationally on his forecasts, that is, n{r) >
n{r}). As in the previous section, investors have different information
sets and hence can have heterogeneous probability beliefs about the
return on the market.

As before. 8(r) is a random variable such that 6(r) = 1 if the forecast
is correct and 8¢} = 0if the forecast is wrong. Along the lines of (5) of
Section I, the return per dollar on the assets of the fund, X (1), can be
written as

X(1) = Ipatt) — 80) — HOAWNIIZ,{1) — RN} + R(D
for 0= Z,0)= R
= [ndr) + OOAMNIZ,(1) — R(DT + R(1) (26)
for R(n < Z,{t) < =,

where A(f} = n,(7) — m,(¢) > 0 and the conditional distribution for 8(/)
is given by (20). From (26), the return per doilar to an investor in the
fund, Z,(#), can be written as

2,0 = X + min). 27N

where m1(7) is the management fee expressed as a fraction of assets held
by the fund.

As in Section II, 1 assume for convenience that one share of the
market portfolio has a current price of $1 and, as before, let g(7) denote
the price of a one-(forecast) period put option on one share of the
market porfolio with an exercise price of R(r).

I begin my analysis by constructing a specific options-investment
porifolio whose returns will be compared with those of the market
timer’'s fund. The specific portfolio strategy is as follows: For each
dollar invested in the portfolio, allocate the fractions w,{t) = {n,{#) +
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Because p (fand p 40y do not depend upon, . we have from (31 that o8
investors agree on the conditional expecintion of 600
it follows from (30 and 31 that for nvestor . the conditional
expectation of L will satishy
Flley 2oty = 28 = DMy A0ry - i URe VI 4 ey
exfd

for all 2 Beuvause aley, 5000 s and Riy do sot depersd upon /1
follows that all investors agree on the conditional expectation of [y
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From (32), the unconditional expectation of U/(z) from the viewpoint of
investor j can be written as

EjlU)] = J:: EJUM) | Zy(t) = Z (1) = Z|f(Z 1)dZ
(33)
:f A fAZ .

Because M1, A(N, R(1), and m(r) do not depend on Z, «(r) does not
depend upon Z. and we have from (33) that

E U] = EJJUG)
= ot} (34)

Zift) = Z)

independent of the information set ¢,. Therefore, all investors agree
that the expected value of U/(r), conditional on the return on the
market, 15 equal to its unconditional expected value and that this
commeon value is «f(r).

Because all investors agree on «{f), we can unambiguously define the
random variable e(¢) = U(t) — «ft). From (30) and (34), «(¢) can be
expressed as

e(r) = [p\(6) — OOTAMNZ \[(6) — RIOVIT + m(1)]
for 0= 2Z,{r = R{(1)

= [6(1) = pAOTADZA0) — RWDOV[T + m(1)]
for R(r) < Z,(f) < =.

(Note that for Z ,[r] = R[r], €[t] = 0. Otherwise, €[] < 0 if d|r) = 0 and
e[7] = 0if 0[¢] = 1. Further important properties of €| ] are summarized
in the following proposition.)

(35)

ProrositioN 1V 1 I «(#) is a random variabie given by {35), then for
each investorj,j=1,. .., N (AYE[eD] =0, BYE[eln) | Z) =Z]1 =0
forall Z, (C) Ele(t) | Z(1) = Z] = O for all Z; (D) (1) is uncorrelated
with both Z,(¢) and Z{1).

From (34), E;,(U(f)] = alt), j = 1. ..., N. ety = U{r) — afr), and
therefore, Ele(r)] = 0.7 = 1. . . ., N. From (34). E[U(5)] =
EJU)|Z An) = Ziforall Zandj = 1,....N. Therefore, E{e(t) | Z,1)
=Z1 = E{UW | Z () = Z] — E[U@W] = 0forj = 1, ..., N which
proves (B). From (29). Z.(r) is a function of the random variable Z,,(1)
only. Hence, Eje(r) | Z (1) = Z1 = Ejle(t)] for all Z implies that
Eelt) | ZJ1) = Z] = E jle(r)] for all Z. Hence, A and B implies C,
and D follows immediately from B and C.
In summary, we have that

Z(1) = Z{0) + all) + €t} (36)
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whore all investors agree on the value of wiry and on the properties of
&) given in g%E‘i?pQ;\‘Ems Y1 In the termmology of Rothsohild and
Saghtz (19700 ety 5 noise’ relative o the portfolio returs 2000
Hence, the stochastio component of the roturn on the market timors
fund 15 egual to the stochastic component of 2021 plus noise where, by
inspection of (351 the source of this noise is the error in the murket
timer's forcoast, Indeed L o in Section 11 the murket timer were o
porfect forccaster. then p iy = p,lid = 80 Loand eiy = 0

Inthe case when the market tmer s a perfect forscaster, the equilib.
rivm management fee can be determined immediagtely from 38 with no
further assumptions, Becawse ¢z = U ofy) must equal zero. Gther-
wise, the market timer’s fund will either dominate or be dominated by
the portfolio with return 240, which would violate a necessary condi
tion for equilibrivm. Therefore. from (323, the cquilibrium management
fee must satisfy sy = MO AL Depending upen the leverage posttion
Aty adopted by the Tund, ah formuls corresponds exactly (o the ones
given by (7}, proposition 15, and proposition 116 in Section 1L

Eﬁz‘zikﬂ‘&&kzazsicig« for mmperfoct foreoasting—that b8, e/} @ Oen(36)
alene 15 not sufficient to determine the equilibrium fee. However, we
can derive the equilibrium fee for the case where all the risk associted
with ef23 1n diversifiable or nonsystematio risk. This case is particularly
refevant booause we have assumed throughout the paper that the trades
made by the market gmer for the fund do not affect market prices. For
such information trades to have a neghgible effect on prices, the value
of securities held by the fund would have to be 2 very small fraction of
the total value of all securities outstanding. However, it will be shown
that under this mné%zémz virtually all the risk assocmted with e1y will
b diversifiable, Thus, the equilibrium fee derived under the assamp
tion that alf the risk of «(7) 18 diversifiable will be 2 close approximation
ter the “true” eguilibrivm management fee,

In the well-known Sharpe-Lintner-Mossin Capital Asset Pricing
Maodel, the nondiversifiable or systematic risk of a seourity s measured
by its heta.” Buppose thay there wre o rsky securities m o addition 1o
the riskless scourity and let V() denole the return ;m dollar on
Security / between foand o - 1 ford = 120w Then, the bets of
security { relative (o nformation set o, s given by

By = cov [N LS g ooy, LAk 137

where cov, 1 . 1is the covariance aperator based upon informution se
g -
Di{rh

Proposivion V.20 W In cquilibrium, sevurities are priced so gs o
satisfy the Security Mari«:a Line, 81X~ Ry = nld s i
Ry for all securities 7.7 = 1, Lo and all information sets &,/ = 1.

C N then the equibbrivm management fee s given by )
wmffé p iy b opley - g UYAU
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From (36), cov [ Z,(1), Z,(1)} = cov; [Z1). Z, ()] + cov, [elt), Z,(t)].
From proposition IV.1, all investors agree that cov,{e(t), Z,()] = 0,j =
1,...,N.Hence, 8j{) = Bi(r),j = 1,...,N. Therefore, E [Z,(1)] =
E[Z(,j=1,...,N. But, from(36), this implies that in equilibrium
a(t) = 0. Hence, from (32), the equilibrium management fee must
satisfy m(r) = A(DA{).

As is well known, rather specific assumptions about either investors’
preferences or the probability distributions of returns are required for
the hypothesized conditions of proposition IV.2 to obtain, and for the
same reasons, beta is a rather specialized measure of systematic risk.
However, using a more general measure of systematic risk developed
in Merton (in press), the conclusion of proposition IV.2 can be shown
to obtain under much weaker hypothesized conditions.

Let ¢r(1) denote the set of efficient portfolios relative to information
set &,(¢) where a portfolio with return per dollar Zi(¢) will be a member
of Ji,(¢) if there exists an increasing. strictly concave function V whose
first derivative satisfies E {V'[ZL(OHX () — R()} =0fori=1,...,n.
Thus, ;(#) is the set of all feasible portfolios which might be chosen as
an optimal portfolio by a risk-averse, expected-utility-maximizing in-
vestor who bases his decisions upon information set ¢,{}. For any
security or portfolio & with return Z,(r) and any portfolio contained in
U;(1) with return Z:(r), we define the systematic risk of security &
relative to this efficient portfolio, bi.(s), by

bi(t) = cov; {Y[ZL(O], Z,{1)}, (38)
where
Y IZUny] = {V'IZi)] — EVIEXO Y cov, {VIZNN]. Zi)}.

As is proved in Merton (in press, theorem 1I1.1), a necessary condi-
tion for equilibrium is that

EJNZ ()] = R(t) = bJuREJNZAD] — R(1)} (39)

torj = 1. ..., N. Hence, bi(s) and equation (39) play the same role in
the general expected utility model that beta and the Security Market
Line play in the Capital Asset Pricing model.

ProprosiTiON 1V .3: If for each information set ¢}, = 1.. .., N,
there exists some portfolioc contained in ;(r) whose return Zi(¢)
satisfies the condition E [e(r) |pr(t) = 7] = 0 for all values Z, then the
equilibrium management fee is given by m(r) = A{(f)A(r).

From (36), cov, {Y,[Z)N)], £,(8)} = cov, {Y,[Zit)], Z(1}} + cov,
(Y [ZAD), e} Cov, {Y,[ZHDL e} = EAY [ZA0Ne@} = E Y,
(Z)Efe(t) | Zi(r) = Z]}. But, by hypothesis, Ejle(t) | Zi(t) = Z} = 0.
Hence, cov; {Y [Zi{1)], e()} = 0 and, from (38), 6J(r) = bi(1). There-
fore, from (39). a necessary condition for equilibrium is that £,[Z,(1}] =
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ElZGY fory = 1., .., . & Thus, o necessary condition for equilibrium
iw that od) = 0, from wi’;;& b follows that mery = krdr

Because the pptimal portfolic of Investor 7 i contained i dni). o
follows from propoesition 1V.5 thal the equilibriom management fee will
be given by oidfd = 1A HE iea{f’ VIZM gy = 21 e 0 Tor all ‘;anzszemf‘f
and j o= 1, ... N where # m i the return per dollar on fnvestor /'s
aptimal portfolio. 8 miilwi XMy C X denotes the retarns
per dollar on a set of g’mff% i%f,%& Wﬂk?é span

and A Jetry 1 X My = X0, Yorgy = X = Ofory =1, ..., Y then in
eguilibrivum, mi{r) = rriA00

Prorosirion TV .40 B all mvestors agree that the rz;adw::é portiolio s
an efficient portiolic, then, in equilibrium. i) Ay A

By hvpothesis, the market portdohio s contwmed in ddnyfory = 100,
N Fromproposition IV L E lele) Z = J) = Glor) = 10 Nl
all values of 2. Hence. the hypothesized conditions of proposition 1V.3
are satisficd, and therefore. in equilibrivm, s = A A

In summary, if the «4) component of the risk of the market umer’s
fund is mmg}i gtelv diversifiable. then the management fee will equal
RUYAL), The economic izaimgxu&i on of this fee is very similar to the
one presented i Section 1 for the perfect-Torecasting case, i the risk
of e} can be diversified away,” ?an;z the returns (o the fund will be
essentially the same s the returns from following the options invest-
ment strategy (28 which uses no forecast mformation, However, in the
absence of & management fee. the market timer’s fund achievey this
pattern of returns without having to " payv  for the optians. Therefore.
the value of the marker tmer™ forecast skills will equal the value of the
aptions reguired o follow the oplions ~trsleny with returps given by
28y, To see that this i omdeed the case when sy = M 800, note that,
as in (8) of Beetion 1 the managemwnt fer por dollar of gross invest
ment i the Tund is equal 1o+ minl The value of put options
per doilur of investment b the options Investment strategy. @t/ s
egunl to Ipdry L opuds) Plotar Ayl b = ooyl = A0 Adryi + ondedll
Therefore, form) = Ay A4), the managemewd fee 1s just egual o the
value of the pur options. For the same leverage level My the nomber
of “free’” put options received 15 smaller for the imperfect forecaster
than for the perfect forecastor because |2 00y + ool - 110 1 dn the
Bmiting case of no forecasting skills. 2,000 + p oy = 1 and the number
of Ciree’ put oplions 18 zere as s the equilibrivm management foe

Huving established that seer) = A{rdddry when the risk associued
with «{r) i diversifinble, we now show that this solubion will be u goud
approximation to the exact equilibrivm management fee provided tha
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the value of securities held by the fund is a small fraction of the total
value of all securities outstanding.

By inspection of (35), the sources of randomness in «(#) are the return
on the market and forecast error by the market timer. In the proof of
proposition V.1, it was already shown that £ {e(t) | Z,(1) = Z] = 0 for
all values of Zandj =1, ..., N, Hence, if Xs(r},i=1,...,n,
represents the returns on all available securities (other than the fund
itself), then there is little loss in generality by assuming that forj = 1,
. NLVE[e(n \X,(r) =X, ..., X, (=X, = 0forall values of X,
. ... X ,. This assumption leads to the following important proposition:

ProposiTion 1V.5: Let d¥(r) denote the dollar demand for the mar-
ket timer's fund by investor j in his optimal portfolio at time s. If
Ele|X (=X, ... X()=X,]=0forall values X,... ., X,, then
d*(ry = 0 if and only if m{) = A()A().

The proof is as follows: If mit) = A(r)A(s), then «(r) = 0 and from (36),
Z,(t) = Z 1) + e(r). By hypothesis and proposition 1V.1, we have that
E,[ﬁ([) |Z,(f] = 21 Xl(t) - Xla L) X,,(I) = XHJ = 0 fOl‘ a" Values Obe

X, ..., X, Hence, from Merton (in press, theorem I1.3}, we have that
di(r) = 0. It df(z) = 0, then the return per doliar on investor j’s optimal
portfolio, Z/%{r), will be a linear combination of X (#), . . ., X,{r) and

R(r). Therefore, E [e() \Z"*(r‘) = /] = 0 for all values of Z. But, from
proposition 1V.3, this condition implies that m(r) = A()A{).
Thus, from proposition [V.5, if m(r) = A1) A1), thend¥{7) = 0 forj =

[.....n,and the aggregate demand for the fund's shares,

A

Dty = > d¥n,

Je= |
will equal zero. Therefore, for m(#) = A(r)A(r), all investors will be just
indifferent between having the opportunity to invest in the fand or not.
From Merton (in press, eq. [I11.3]), we have that

Ad¥(Woe(ty >0 at df (=0, j=1,..., N. {40)

From (40). for m(5) > A(OA@), ¥ () < Oforj =1,. .., N, and
therefore mi(r) = A(F#)A(#) is the maximum possible equilibrium man-
agement fee.

Of course, a profit-maximizing market timer would never choose a
management fee exactly equal to A{f)A(r) because at this maximum
fee, D,(r) = 0 and he would receive zero revenues. Suppose, however,
that in equilibrium, the value of securities held by the fund is very
much smaller than aggregate wealth, W(t). Then, D(r) <« W(z). This
case i1s empirically quite relevant because the market value of stocks
and bonds in the United States is in excess of $1 trillion, and therefore,
even for a large (e.g., $1 billion) fund, D,(r)/W() will be quite small.
From (40), if m(#) << M) A(r), then every investor will choose a positive
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investment v the fund, that s, d%) = G F = 1. L& W the number
ol investors, & 18 large and the distribution of wealth among imvestors,
[W (231 s not perverse. then the fractional allocation of each investor's
portfolio to the fund will be posttive but small, O < JHW ) < L In
this case. the limiting management fee associated with meipient de
mand will provide a olose approximation 1o the equilibrium manage-
ment e,

Although prosaic. 4 good veason Tor using AU A(0 a8 an approXima-
ton o the equilibrivm mansgement foe i the observed et that even
the largest of Tunds represents z small fraction of the (oinl valee of
securities outstanding. However, turther theoretical support for this
approximation can be found in the Case where there are many indepen
dent market gmers offering their services 10 mvestors. As with other
mvestments. it will be optimal for risk-averse investors 1o diversify ™
and spread thew holdings among all the market timers” funds, 1 the
number of such Tunds s large, then this optimal behavior will Jead o 2
relatively small aggregate demand ﬁk‘zs‘ any one fund.

Suppose that there are 8 muarket timers and that each provides
nformation and behaves in a fashion azm&%;z o the markes tmer doo
seribed throughout this paper. Let the subscript ¢ apphied 1o otherwis
previousty defined variables denote that variable for murker timer o, ¢
= 4.

Prorosition V.G W for g i Co 0 the forecast vanable for
market timer g, 6,00 s mdeperndent of the foreeast variables of ol
ather market Limers, Ei’%tj“‘e as the number of marke! Himers bocomes
Farge, the equilibrium management fee Tor market tmer g8 fund will

almoest certainly m*axé% pr i1} A UIALE Iy © p s
clrr A

E‘izc method of proo? s similar to the one used %‘w Ross (1976) to derive
his CArbitrage Theory' of asset pricing. Consider the following type of
portholio strategy Invest 81 in the riskless security

omvest 3O in the Tund of mztz”%@‘ i; mier o and go short $ee 40 of the

t

and foryg = 1L

pm“&?‘a}?iﬁ with return per dollar 200 given by Wﬁ% Wo resiret onr

attention o only those sirategics o (o o gy which have the
property that. foreach g wherey — 10000 O, v Band D, has
an upper bound independent of ¢ This restriction u»éla‘si)uﬁ‘sdk tr the
set ol Cwelldiversified” portfolios in the Ross analysis. Lot 2(r g £)

depote the return per dotlar on the pordfolio with strategy . %'mzzééf%%a‘a
P i
20 00 RIS S pan VO v N et U
By hypothesis, the 10,007 are mutually independent. Therefore, 0t
follows fram (3% 1that fory = 1, 0 . Nandg = 10 (F ]
G Lawy, ATy e e U0 e, L e i) e ] s Olor all valies

e litiedrs
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€1v . .. €ps €4i1s - - - €. Therefore, for eacht, every investor agrees
that [§,(1)] form a martingale where

Q“
S(t) = L MEdL).

1

Because the variance of €t) exists and |M,, has an upper bound
independent of (, the variance of p,(r) has a finite upper bound
independent of (). Therefore, by the Law of Large Numbers for Mar-
tingales, every investor agrees that as ¢ — =, Si0)/Q — 0 with
probability one. Hence, as () — =,

Z(t e, Q) — R() +

7]
> uqaf,uﬂfg

with probability one. A necessary condition for equilibrium is that no
security dominate any other security. Therefore, as @ — =, [XY
e A0V — 0 in equilibrium. But the choice for w is virtually arbi-
trary. Hence, satisfaction of this condition will require that as ¢ — =,
for all (but possibly a finite number of) market timers, e} — 0. From
(32), it follows that almost certainly, m (1) — AJ)Ar) as O — =,

For proposition IV.6 not to be vacuous, it is essential that a
significant number of market timers have some forecasting skills.
Otherwise, if only a few have such skills, then p (7)) + pyfs) = 1 for
virtually all market timers, and triviafly, as 0 — =, m(r) = 0 =
A()ALD for all but possibly a finite number of market timers. If the
Efficient Markets Hypothesis held exactly, then m(r) = 0 = A (1) A 1)
for all ¢, and it would be optimal for investors not to invest in any of the
funds. On the other hand, if there is even a very small chance that any
given market timer ¢ has some forecasting skill, then [p (¢} + pod1) —
1] will be positive, albeit small, and it will be optimal for every investor
to put a small fraction of his wealth in each fund.

The fact that @ is “"large”” in the sense of proposition IV.6 does not
mean that all members of the population or even all investors must
engage in market-forecasting activities. That is, ¢ = 1 is consistent
with Q/N < 1. For example, O = 10,000 is quite a large number for the
purpose of applying the asymptotic conclusions of proposition IV.6 as
a good approximation. For the U.S. population 220 million, this would
require that only one person in 22,000 be engaged in market forecast-
ing. There are approximately 17 million investors who hold individual
stocks in the United States. Hence, for  to equal 10,000, only one in
1,700 of these active investors need be a market timer. Therefore,
market forecasting can be a relatively rare occupation, and yet, the
hypothesized conditions of proposition IV.6 could be essentially
satisfied.

Independence of the forecast errors among market timers is essential
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for proposition 1V .6 1o obiain. tndeed, i all funds were managed using
the same information set, then (e 0 would iw it '?WM dependent,

and s will be shown Luter In proposition 1V 7. the number of funds
available will have no effect upon the equils E%m;m e £“‘<i§_§i??fl@§'§6 feos,
However, even f there are familics” of marker timers whare Tore-
casts among members of each Tamly wre not independent. proposition
IV wil] stilt obtain provided there are o large number of independent
families.

Proposition 1V, fa provides gssentially o demand” reasen why the
segilibraum size of the market timer’s fund would be relatively small,
The cost function of the market tmer provides o “supply 7 reuson. 1
boyond seme size margingd costs merease. there will be an optimul size
for the fund. 1 this optimal size s smull relative o the value of ol
seouriies outstanding, then the equilibrivm munagement fee can be
approxamated by A(0 A7), The munifest costs of operating the fund,
such as salapes, mformation gathering and processing, bookheeping.
efo., are not likely w0 produce increasing marginal costs, MHowever,
there are other, Jalent cosis associated with size thar could cause the
szzdggsmi cost function to be increasing. As more employees wre o
guited to handle un increase i the size of the fund, the risk increases
that the proprictary knowledpe used by the marker tmer will be
“eaked' 1o either competitors or the public generully. Such jenks
woidd diminsh or even ehminate the rents that the marke? tmer can

g from this knowledge. Bven 1f such direct leaks could be pye-
vented, for o large «cgéaaug%a size, the transactions made by the Tund will
affect market prices. I 447 is the amount of assets under manage-
ment, then every x%%si%mﬁ requires o trade of 240U m the markal
portfolio and SA (A0 the riskless security, Thus, a5 Ay gets largey,
the murket timer must either reduce his response (per unit of assefs) o
g change m view. AU, or pay o« higher “wpread.” Fither action will
dimminsh the performance of the fund and theretore reduce the man
sgement fee thid investors will be willing to pay for s services. Inoa
businecs whose whoele value comes from proprictary knowledge which
cannoet be protected by patients, B s not unreasonable that these Titent
costs could be significunt enough o induce un oplimal Tund size which
imosmall relative to the value of all securitios,

(M course, o determing the oplimal fund sive ond the associaied
exact eqguilibrinm structure of management fees would reguire an
analysis of the optumal behavior of the market timer. If the objoctive of
the market timer 1s to maximize the wial profits that he receives for his
forecasting skills, then o achieve this objective. e can choose both
e management fee rate, miiy), and the investment or leverage policy of
the Tund, A7) He can also choose (o have more than one fund, with s
different rate and policy for cach fund, In general, the optimal fund sire
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and management fee will depend upon the cost function and the struc-
ture of investors’ demand functions for the fund, which in turn depend
upon their preferences. endowments, and probability assessments for
the returns on all available securities. However, as we now show,
neither the leverage chosen for the fund, A(z), nor the number of funds
made available, K, will affect the total revenues received by the market
timer.

Proposirion IV.7: Let m#(1) = M[t, A{r)| be the optimal manage-
ment fee rate for the ith fund when the leverage policy chosen for that
fund is Af{r). If investors can borrow or sell short without restriction,
then (A} m(ty = M[t, 1A, i = 1, . . .. K: and (B) the total
management fees received by the market timer are invariant to either
the number of funds K or the leverage policy A(¢} chosen provided that
Ay = 0.

From (35) and (36), the return to investing $f in fund 7 can be written as
Y =12 + Taft) + TAOIGY[1 + m#(r}] where Z,{1) is given by
(28) with m{r) = m#r) and A(r) = AN, aff) = (AAL) -
MRV + mED)], and (1) = [p 1) — HOINZ A1) — R for O =
Z.t) =< R(t) and [8(r) — pANIZ.[1) — R()) for Z,4¢) > R(t). Note that
the random variable {(r) does not depend upon either m #{r) or A{t) and
therefore is the same for all the funds, i = 1, . . . , K. Consider the
following alternative investment of $/: invest $/ in the portfolio with
return per dollar Z,{r); invest $/w;;. in fund &: and go short ${w;;, of the
portfolio with return per dollar Z,.(r) where we pick w,, = A, (1)1 +
mEOVLALDIT + m¥F)]}. The return to this alternative investment,
Ya(t), can be written as Y, (1) = [Z1) + Togp{Z.(1) + apry +
ALY + mEO]y — TwyZ (1), Substituting for w;. we can rewrite
this expression as ¥, (1) = Y1) + Heya(t) = at)]. By inspection, if
wyecelt) > ade), then Yi(0) > Y{¢) for every possible outcome, and
every investor would be better off to invest in fund & in the alternative
strategy than to invest in fund i. Therefore, to avoid fund i being
dominated by fund £, w0 (f) = «,;{r). Of course, to avoid fund & being
dominated by fund {, wy (1) < (1), Noting that wy. = 1/w,:, we have
that for neither fund to be dominated by the other, a,a,() = a,().
From the definition of w,,. and «;(t), we have, therefore, that m*(1VALr)
=mFYA (D, fori k= 1,. ... K. It follows immediately that mj(¢) =
M, 11A:(1), which proves A.

Consider a set of optimal management fees {sn#(r}; that support an
equilibrium allocation where an aggregate of $/{r)= 0) is invested in
fundi, i=1,....,K. For w,ory = adt). Yyt = ¥i¢}, and therefore
ali investors would be indifferent between investing $/ in fund ¢/ or
investing $/w;, in fund 4 and using the alternative strategy. Thus, the
same set of optimal management fees that support the equilibrium
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atlocation [/ will also support the alternanive equilibrinm allocation
i where

FMED RSN P N

and £y = O for f X000 UK In the first allocation, the towal
management fee recoved by the market Umer is

AN Thopn gl i

in the alternative allocation, the total management foe received by the
market limer is

e T

;\;w Py repl b & i :\M o d AW TGV R Y

N AL A AT i

£

because o, = S(0HD + A0 3 001 » i) However, from part
AL TG YA 5y = Ty, Henge,

&ff{f}m?'%f}%i b Tier o= j;ﬁﬁ IS LA RN B PR
and the total management fee received Is the same under either alloca-
ton. Sinee the choice of fund | in the alternasive allocation was clearly
arbitrary. o conditions on A7) other than it be positive. were ime
posed, anmd part (1) iy proved.

I essence, part (1 of proposition V.7 states that invesiors will not
pay (the market timer) for financial leverage that they can oreate for
themselves, and 1t s therefore a special version of the well-known
Modighani-Miller theorem (1958),

Hecause the positions faken by the & funds described in proposition
V.7 are bused on the same {(market timer's) information set, their
returns will all be perfectdy dependent, and there &5 no diversification
effect’” on the management feey as was the case in proposition 1V .6
Moreover, if the marke! tmer s forecast is such that o change in the
position of one of his funds v warranted. then this sune forecast
miggers o chunge i the positions of all his funds. %“hcwﬁm if the
effect on market prices of a trapsaction i« solely a function of size, then
the aggregate cost o all his funds from spreads”™ will depend uf;%}‘ on
the size of the tatal transactions ;zm&Ec by them in response (o his
forecust, The stee of these transactions will be

&

$ N AN A
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in the market portfolio and the same amount in the riskless security
where A (t) is the value of assets under management in fund i. In the
proof of part (ii) of proposition [V.7, it was shown that investors would
be indifferent between the allocations [ {r)] and [/{(#)] among the mar-
ket timer’s K funds. We now show that the size of total transactions in
response to the market timer’s forecast will be the same under either
allocation.

If 7{¢) is the gross investment in fund {, then after taking out man-
agement fees, A7) = F(N/[1 + m¥()]. Therefore, the size of the total
transactions under the first allocation is given by

K_‘
l 1O A + mED]L
1

Similarly, the size of total transactions under the second allocation is
given by

"“‘\
D LAWY + mEo]l.
1
Substituting for 77(1). we can rewrite this latler expression as

.
X LOAOAMNN + miOI{LA I + mE@I + mH0]}

kit
= D> LA + mi@)].

Therefore, the size of total transactions under either allocation is the
same. Tt follows that neither the leverage chosen for the fund nor the
number of funds made available will affect the market timer’s transac-
tion costs from spreads. Hence, from this result and proposition 1V.7,
the total profits earned by the market timer will be invariant to either
the number of funds he manages or the leverage policies of the funds.

In contrast to the Jensen model (19724, sec. 4), we have from
proposition IV.7 that, from the investor viewpoint, there is no “‘opti-
mal’” or “‘preferred’ policy [7,(1}, n.(1)]. All that is required here is
that investors know what the policy is and that n.(t) > (). While the
maximum management fee, A{(r)A(#), will only provide a reasonable
approximation to the true equilibrium fee if investment in the fund is a
small fraction of total investment, the proof of proposition IV.7 re-
quired no such assumption. Therefore, the conclusions of this proposi-
tion are valid. independent of the size of the fund. Hence, to analyze
the optimal behavior of a market timer and determine the equilibrium
value of his information, one can assume without loss of generality that
the market timer exploits his information by managing a single fund and
that the leverage policy of the fund is A(f) = 1.
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Folose ths study with w brief example which suggeses that other than
m the (approximately) incipient case stressed here. it will nol be appro-
priate 1o assume that transaciions “m{ﬁ@ by the market timer will have
neghigible effect on market prices. Therefore, 1o properly analyse the
optimal behavior of a market timer and the associated equilibrium

tructure of management fees for the nonincipient case. one must
develop 2 sigaificantly more complex mode]l where the market timer
amd investors in making thelr optimal decisions take into account the
cffect of the fund’s size on the performance of the Tund. Needless w
say. no such attempt will be made here.

For purposes of the eismple, we assume that mvestors age risk.
averse. mean-varience utility maximizers with homogencous probabil
ity assessments. 11 also assumed that the distribution of the market
timer's forecast error s independent of the return on the market, that
5. A = gt pio) 1900 1s assumed that the fund’s transaciions have
re effect on market prices, then from a2 standard mean-variance
portfolio analysis. the equilibriom aggregate demund for the fund will

sty

DAy = adtab s viiZ A0y — Kt var et (il

where 2,407 1 the oguwibibrium aggregate domund for ;aawsﬁ"m Hnvest
ment m the market, 2,0 and o300 are, Eauxg"}%fﬁwffi the sgresd-upon
cxpeoted value a:w% varianee of the return per dollar on the market
portfolic. From (351, we hav ém‘gnaw Ay e piryand Ay e bha

var peti = piol D - pladlof ol v mtesr {42}
Mence, from (32 and 420, (48) can he rowniiton as
P Ay oy = [2p0) - Thedir - sl 2 nd R G Y
Tolrn o plnill Ay - RO {43

I the market timer has no variable costs,”™ then h{: will o i’iu&‘f\x {m
management fee which maximizes his (olal revenues. mir e

selid], This revenue-masimizing management fog f"‘sf}, is miven by
PIET D! RV
Pplin - gy Ry

Henoe, from (443, (433 can be rowriiten as
DAY vy = 202 » aniRiryvidpir P = R (48

By mspecton, the equilibrium demand starts at zero when prsy = 3
and the market timer imv& no forecasting skills and s o sovicily noreus

2101 course. fave peglected fhioughout our anabvnis those oper
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ing function of p(r). To provide a sense of the magnitude of aggregate
demand as a function of p{s), we substitute into (45) the averages for
the other parameters based upon a long past history. From Ibbotson
and Sinquefield (1977, p. 19}, the annual arithmetic excess return on the
market, Z,4¢) — R(r}, had an average of 9.2% with a standard deviation
of 22.6% for the period 1926-76. The average annual return on U.S.
Treasury bills for this same period was 2.4%. Using the historical
standard deviation for the market. we derive from (1Q) an estimate for
the 1-year put price, g{r). equal to 0.09. Using these historical values in
(45), we have for a l-vear forecaster that

DoeyD ) = 3.96 w01 + 0.09 »{OF[1 — 4 ()], (46)

where (1) = p(r) — 0.5. Hence, for a market timer with an annual
forecasting edge of p(r) = 0.51, the equilibrium demand for his fund
would be approximately 49 of all other risky asset holdings. And for
each percentage point increase in his probability of a correct forecast,
the equilibrium demand will increase by fourfold. So, at p(r) = 0.55,
the fund will represent more than 20% of all other risky assets. Of
course, the demand would be even larger if the market timer’s fore-
casting interval were less than 1 year.

Noting that the assumed investment strategy for the fund requires
trades of the order of DAr). it is simply unrealistic to assume that
tranasactions of the size implied by (46) will not affect market prices.
We have, of course, only shown this to be the case in a specific
example. However, there is nothing especially pathological about the
example. Hence, to properly determine the optimal fund size for a
market timer with virtually any forecasting skill at ail, one should
explicitly take into account the trading or ““spread’” costs associated
with the size of the fund.

In summary, it has been shown that, up to an additive noise term, the
pattern of returns from an investment strategy based upon market
timing will be the same as the pattern of returns from a *'partial
protective put’” option investment strategy. If this noise term which is
caused by forecast error is diversifiable, then, independent of inves-
tors’ preferences, endowments, or probability beliefs, the equilibrium
management fee is given by m{r) = AMOA() = 1pr} + paoAr)y — 1}
gt mt) — mr}|. Because the equilibrium management fee is propor-
tional o the price of a put option on the market porifolio, the
comparative statics analysis of the equilibrium management fee pre-
sented in Section 11 for the perfect-forecasting case carries over to the
imperfect-forecasting case presented here. Finally, in the empirically
relevant case where the size of the market timer’s fund represents a
small fraction of the total value of all securities, A(7)A(7) will provide
a close approximation to the exact equilibrium management fee.
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