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I. An Equilibrium Theory of
Value for Market Forecasts

I. Introduction

The evaluation of the performance of investment
managers is a much-studied problem in finance.
The extensive study of this problem could be
justified solely on the basis of the manifest func-
tion of these evaluations, which is to aid in the
efficient allocation of investment funds among
managers. However, an equally important latent
function of these evaluations is to provide a
method of testing the Efficient Markets Hypoth-
esis.' If market participants are rational, a
necessary condition for superior performance is
superior forecasting skills on the part of the per-
former. Hence, these evaluations can help re-
solve whether or not the existence of different
information among market participants plays an
empirically significant role in the formation of
equilibrium security prices.

One of the principal applications of modem
capital market theory has been to provide a
structural specification within which to measure
investment performance and thereby to identify
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1. Because those who believe that they have superior fore-
casting skills are reluctant to make public the techniques they
use, the evaluation of investment performance is essential for
"unbiased" testing on the Efficient Market Hypothesis.
Fama (1970) provides an excellent discussion of both the
Efficient Markets theory and the various attempts to test it.
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An equilibrium the-
ory for the value of
market-timing skills is
derived for the case
where there are only
two possible predic-
tions: either stocks are
predicted to outperform
bonds or bonds are pre-
dicted to outperform
stocks. It is shown that
the pattern of returns
from successful market
timing has an isomor-
phic correspondence to
the pattern of returns
from following certain
option investment strat-
egies. This correspon-
dence is used to derive
a unique equilibri-
um price structure of
management fees which
are independent of in-
vestors' preferences,
endowments, or prior
probability assessments
for stock returns.
Sufficient statistics for
evaluating market-
timing skills are de-
rived, and it is shown
that the number of cor-
rect forecasts is not a
useful statistic for this
purpose.
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(1972) and Jensen (1972̂ 7) examine in detail the theoretical structure of
portfolio performance patterns for managers. Jensen also points out the
difficulties in identifying empirically the individual contributions of
each to overall performance. Grant (1977) derives the effects of
market-timing activities on the performance measures employed in the
empirical studies which assume microforecasting skills only. Treynor
and Mazuy (1966) look for evidence of macroforecasting skills by
analyzing return data on mutual funds. Sharpe (1975) simulates the
patterns of returns on a portfolio managed by a hypothetically suc-
cessful market timer. All these studies have in common the fact that
they assume a Capital Asset Pricing Model framework.'̂

A fundamental difference between the model presented here and these
earlier models is that I assume that the market timer's forecasts take a
very simple form, namely, the market timer forecasts either that stocks
will earn a higher return than bonds or that bonds will earn a higher
return than stocks. By comparison with the Jensen (1972 ;̂) formula-
tion, my model may appear to be less sophisticated because the market
timer in the model developed here does not forecast how much better
the superior investment will perform. However, when this simple fore-
cast information is combined with a pHor distribution for returns on the
market, a posterior distribution is derived which does permit probabil-
ity statements about how much better the superior investment will
perform. By formulating the problem in this way, I am able to study
market timing without assuming a Capital Asset Pricing Model
framework, and therefore, for the most part, my conclusions will be
robust with respect to assumptions about the distribution of returns.

My study of market timing is broken into two parts. Tn the first part,
which is presented here, I develop the basic model and analyze the
theoretical structure of the pattern of returns from market timing. From
this analysis, 1 derive an equilibrium theory of value for market-timing
forecasting skills. In the second part, to be presented in a subsequent
paper, I use the structure derived here to develop both parametric and
nonparametric statistical procedures to test for superior forecasting
skills. These tests of investment performance will distinguish market
timing from individual stock selection skills.

The principal findings of the first part can be summarized as follows:
The pattern of returns from successful market timing will be shown to
have an isomorphic correspondence to the pattern of returns from
following certain option investment strategies where the ("implicit")
prices paid for options are less than their "fair" or market values. That
is, the return patterns from successful market timing will be virtually
indistinguishable from the return patterns of these option strategies if

5. Specifically, they assume that stock returns are normally distributed and that
relative to the "pubiic" information set. securities are priced so as to satisfy the Security
Market Line.



e manisgers of the liutor can Hlennfy aod piircfiasc "iindervafyed

Using thjs isonK>i'ph!c correspondence, v\.e am delerniioe the value
of niarket-lmiing NkilK, In making ihis tkneniiinauoii, I begin b\
analyzing how invcslors woiikl use Ihc markel timer's foretasi io
modify their probability beiief^ aboiii ^iock reiyrns aod, from this
analysis, derive both nece^sa^y and syfiicicni condition'^ tor sueh fi,)re"
casts U) have a posilivc value. Il is shown that ihe probabiiily of a
eorreci forecast by the market Hmei is neiihcr a iiecessarv [usr ,i
suffieienl statisiic for determining whether oi not his fcn'ecasis have
pi'siiivc value. Rather, it is ihc probabiifly of'a correel forecast- coiidi-
Inmal ypoo ibc rciuni on the market, which serves as such a sufficieni
staStsiic.

Umier the assumption thai ihc aggrcg-nc -.l/e of Ininsactions b.sscd
on the market timei'\ forecast is small enough to have :\ negligible
effect ois market priccN, a unique equilibrium priee '^truclure of man-
agement fees is derived. The derived management fees depend only on
(he conditional probabilities of u ei^rreci forecast and ihc markel prices
of opiioob, and thereturc. they are iiiUependenl of invc^ti>rs' preler-
euccs. codowmcni^., or prior probabilUy asschsmeiil^ for slock returns.

revious research into Ihc dcle n of man iil fees
these lines can he found in Cjoldmaii, Sosm. and (iatto (l')78) atiii
Goldiiiao. SiisHL and Shepp (l'-)78). However, unlike ihese earlier
analyses. I deiivc the eciiiilibnuro managenient fees f<̂f imperfect
markel-uming foreea^ts and obtain my resulls with ih) speeiOc ;is
sumptions about eilher the distribution of rctyriis on ihc mru'kct or ihc
way in which option prices ai*c determined.
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At each point in time /, r = 0, 1, 2, . . . , let ^{t) denote the common
("public") information set which is available to all investors. Based
upon <i>{t), investors form a probability assessment forZ,vXO, the return
per dollar on the market between t and ^ + I. Because the public
information available to all investors is the same, it is reasonable to
assume that the probability density function derived by each investor is
the same and let/(Z./) denote this common density function. It is
further assumed that this agreed-upon density function satisfies
Rational Expectations in the sense that relative to information set (/>(?),
the (ex post) path of market returns is consistent with the (ex ante)
probability beliefs for that path as expressed by/. There is a default-
free bond whose return per dollar between / and / + 1 is known with
certainty as of date /. and we denote the return per dollar on this
security by R{t).

In addition to the public information set < (̂/), one investor has
information which he uses to make a market-timing forecast. The
nature of this information, when fully exploited, is such that this
investor can forecast when stocks will outperform bonds, Ẑ XO > RU),
and when bonds will perform at least as well as stocks, Z^^t) ^ /?(/). In
this section, it is assumed that his forecast is always correct. Although
this forecast is clearly valuable, its direct sale to other investors is
difficult because its dissemination cannot be controlled. Hence, to
exploit his infonnation edge, it is assumed that the forecaster forms an
investment company or mutual fund which he manages in return for
fees. The investment policy of the fond is to invest in the market and
bonds according to his forecast. As is the case for "real wodd"
investment companies, investors in this fund do not know in advance
either the manager's forecast or the positions he has taken. Of course,
ex post, they will know both, and whether or not the forecast was
accurate, by simply observing the asset returns. It is further assumed
that the total assets invested in the fund are small enough so that
purchases and sales by the fund have a negligible effect on market
prices.

The usual "frictionless" market assumptions, including no taxes and
transactions costs, are made throughout the paper. However, for the
analysis in this section only, neither borrowing (to buy securities) nor
selling short is permitted. Because of the perfect forecast assumption,
in the absence of such restrictions the manager would exhibit infinite
demands for securities, which is, of course, inconsistent with the
price-taker assumption. Since this derived behavior is caused by the
crude assumption of perfect forecasting along with the willingness of
others to extend unlimited credit, nothing in terms of insights into the
real world is lost by imposing these restrictions here. Indeed, most
investment company charters prohibit borrowing or selling short, and
all limit to some degree the extent to which either can be carried out.
Hence, given these restrictions, the manager will follow the strategy of
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For expositional convenience,^ suppose that one "unit" (or
"share") in the market poitfolio is defined such that the current cost of
acquiring one share equals $1. Then, from (3), the end-of-period value
of the fund will be identically equal to the end-of-period value of a
portfolio which follows the investment strategy of holding $A(l) in
bonds and one-period call options on A{t) shares of the market
portfolio with exercise price per share of R{l).'^ Such an investment
strategy is a specific example of a class called "options-bills" or
"options-paper" strategies.^

In the absence of management fees, the investment returns from this
type of perfect market timing are identical to those that would be
earned from the above options-bills strategy (which uses no market-
timing information) if the call options could be purchased at a zero
price. To see this, note that in the absence of management fees, the
initial investment required in the market-timing strategy to generate the
end-of-period dollar return in (3) is /(/) = -4(/). To generate the same
end-of-period dollar return using the options-bills strategy requires an
initial investment of $A(0 in bonds p/w.v the cost of acquiring the call
options on the market portfolio. Since the dollar return (3) can be
achieved using the maket-timing strategy with an initial investment of
only %A{l}, the economic value of this type of perfect market timing
(per dollar of assets held by the fund) is equal tocU), where tlO is the
market price of a one-period call option on one share of the market
portfolio with an exercise price of R{i).

We can rewrite (3) as

^i) + max

Inspection of (4) shows that the dollar return on the assets of the fund is
also identical to the dollar return on a portfolio which follows the
investment strategy of holding yl(?) shares (at $1 per share) of the mar-
ket portfolio and a one-period put option on A(/) shares of the market
portfolio with an exercise price per share of i?(/).'" Such an investment

7. Therefore, (he ••end-of-period" value of one share will be /,/( '). At thai time, the
stock is "split"" (or "reverse" split)/w(') shares-for-one so that the purchase price of one
share is always $1. Of course. Zj,ii) includes both dividends and capita! gains and no
distinction is made between the two throughout the paper.

8. An "American" call option gives Its owner the right to purchase a specified number
of shares at the exercise price on or before the expiration date. If it is not exercised by
that time, it becomes worthless. The call option in the text is "European" and therefore
can only be exercised on the expiration date. Moreover, it is also "payout protected"
(see Merton I973((, p. 151) and therefore its vaiue is not aftected by the composition of
the market's return between dividends and capital gains.

9. For a description and analysis of these strategies, see Merton, Scoles, and Glad-
stein (1978).

10. An "American"" put option gives its owner the right to se!i a specified number of
shares at the exercise price on or before Ihe expiration date. As for the call option
discussed in n, 8, the put option in the text is European and payout protected.
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where in{t) ^ FU)IA(t) is the management fee expressed as a fraction of
assets held by the fund. If, as is reasonable to assume, investors
behave competitively, then the equilibrium management fee will be
such that the market timer extracts all the economic benefit from his
differential information. As was shown, the economic value of his
forecast per dollar of invested assets is equal to g{t). Therefore, the
equilibrium management fee as a fraction of invested assets will satisfy

m(t) =

= at). (7)

Expressed as a percentage of gross investment, the fee is given by

= gU)/\\ + g{t)\. (8)

Another way to see that (7) is the correct equilibrium management
fee is as follows: In equilibrium, the cost to the investor for receiving a
specified pattern of returns should be the same independent of the
manner in which that pattern is created. From the viewpoint of the
investor, the fund is a ''black box" in the sense that all he can observe
is the pattern of returns generated by the fund. He does not observe the
forecasts or the resulting transactions made by the manager to create
that pattern. So, for example, a manager with no forecasting skills
could guarantee the dollar return V(f + 1) given in (4) by simply
investing $A(t) in the market and $A{l)g{t) in put options on the market
with exercise price per share of R{t). Viewed as a black box, the dollar
returns to this manager's fund would be identical to the dollar returns
from the market timer's fund. Of course, the cost to the former of
achieving this dollar return would be A(r) + A{t)gii) = [I + g{i)]A{t).
Equating this cost to the cost of the latter, we have that [1 + g{t)]A(t) =
11 + m{!)\A(t) or m(t) = g(t). At this fee. the investor would be just
indifferent between investing in either of the two funds. Since the
investor can always choose to follow this protective put strategy, I
have also shown that the management fee given in (7) is the maximum
fee which the market timer can receive.

If the environment were such that investors in the fund had some
market power, then they could bargain away from the manager some of
the economic value of the forecast, and the management fee would be
less than gii). In this case, the returns earned by investors in the fund
would be identical to those earned by following a protective put strat-
egy using no market timing where the investors can identify and pur-
chase "undervalued" puts. Specifically, if A is defined such that m(0 =
kgUKO < X ^ i), then the returns earned by the investors would be "as
if" they could purchase puts at 100(1 - K)% less than their "fair"
value.
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Suppose that a market timer will make T forecasts during a fixed time
interval T. Then, the return per dollar of assets invested in his fund for
this period, A",, can be written as

^Yl max Rit)\ =
r T

[\ RiD [ [ max \Q{f)A],
J

where Q{t) = Z^^l)IR{l). Consider a second market tinier whose fore-
cast interval equals r and who therefore makes only one forecast for
this period. Then, the return per dollar of assets invested in his fund for
this period, X.., can he written as X-, = max [Z^Ji]. where Z.i, is the
return per dollar on the market over the interval r and R is the return on
a riskless security over the interval r. Clearly,

By hypothesis, interest rates are nonstochastic, and therefore, to avoid
arbitrage,

7"

R -\\Rit).

Hence, X2 can be rewritten as
; • r

X., = max Ril) max

If either Z,,{i)^R{t) tort = 1 ,7 or Z,^t) ^ R{t) for t - 1 T,
then

max 11
Otherwise,

max QiOA

.1

J]m-Ax\Q(t),l\.

[] max \Q{t). I

Hence, for all possible outcomes, Xy ^ X.,, and for some possible
outcomes, A", > X.^. Therefore, all investors would be willing to pay at
least as large a (and generally, larger) management fee (per time inter-
val T) for the first fund as they would for the second fund.

The most widely used formula for evaluating options was developed
in a seminal paper by Black and Scholes (1973). Under the twin as-
sumptions that trading takes place continuously and that the underlying
stock returns follow a continuous sample path diffusion process with a
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ôr a c

they use an
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offsetting negative effect on value in this case. While I have only shown
that the management fee is independent of the interest rate in the
special case when Black-Scholes applies. I conjecture that this result
will obtain under more general conditions. The basis for this conjecture
is that, unlike the call option, the price of a put option is usually
believed to be a decreasing function of the interest rate. However, as 1
have shown, the management fee can also be expressed in terms of a
put option's price. Since, whether expressed as a put or a call, the
effect of a change in the interest rate on the management fee must be
the same, I am led to the belief that it will be independent of the interest
rate.

Formula (10) can also be used for the management fee to provide a
quantitative example of proposition II.3. Suppose the variance rate for
the market returns is a constant CT^ Then, from (10), the percentage
management fee (per forecast interval) will be the same each period.
Let m,, denote the percentage management fee for a fixed time period T
where n is the number of forecast periods contained in that fixed time
period. That is. the forecast interval T equals T/n. Because in this case
the management fee per forecast period is the same each period, we
have from (10) that

tn,, - 11 + mit)]" - I

One can verify by differentiation of (11) that dti^Jdn > 0. and, indeed,
in the limit of continuous perfect forecasting (i.e., as «-> ^), m,, -^ x.
That is, from (8), the percentage management for a fixed time period
approaches 100% of gross investment. "• Using (10) and (11), we com-
plete the comparative statics analysis with tables I and 2 where the
magnitudes of the equilibrium management fees are presented for typi-
cal forecast intervals and market volatilities.

To further develop the return characteristics associated with market
timing. I shall return to my earlier analysis and compare the pattern of
returns from the perfect market-timing strategy with the patterns
generated by the "no-information" option strategies used to derive the
equilibrium management fee. If the return per dollar from a protective
put strategy with no forecasting information is denoted by Y(t), then

nn =
where X(i) is the return per dollar from perfect market timing given in
(5). The difference in the expected return because the two strategies
can be written as

E[X(t)\ - E[Y{t)\ = g{t)E\Y{t)\. (13)

19. This limiting management fee of 100% is caused by the Brownian motion assump-
tion used by Black and Scholes, and it may not obtain for other processes.
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For even relatively long time intervals, Ein/)] = 1 and ,<,'(/)<£: I. For
example, if the forecast interval is 1 year and if the expected annual
rate of return on the protective put strategy is 15%. then E\Y{t)] =
1.15. Using the Black-Scholes formula with a standard deviation for the
market of 20%. the ]-year value for^'(/) would be .08. If the forecast
interval were 1 month, then the corresponding values ^ovE[Y{1)\ and
g(t) would be 1.012 and .024, respectively. Hence, from (13), the
differences in the expected rates of return will be quite significant. In
the examples given, the perfect forcasting strategy for an annual
forecast will have an expected rate of return of 24%, which is a 60%
increase over the 15% for the protective put strategy. For a monthly
forecast, the monthly expected rate of return will be 2.4%, which is
twice the 1.2% return expected for the protective put.

While the significantly higher expected return from the perfect timing
strategy is probably no surprise, the relative characteristics of the
higher moments of the two return distributions may be. If A/,,(Z) de-
notes the «th central moment of the random variable Z. then, from
(12),

M,yY{t)\ = M^lXum) + .!,'(01". (14)

Thus, all the higher moments of the perfect timing strategy returns are
larger than the corresponding moments of the protective put strategy.
Hence, while one might have believed that the perfect market-timing
information would result in a significantly smaller standard deviation of
return than the "no-information" protective put strategy, it does not.
and, in fact, its standard deviation is higher.-" However, to a close
appioximation, the standard deviations of the two strategies will be the
same. For example, if the monthly standard deviation of the protective
put strategy were 4%. then the monthly standard deviation of the
perfect timing strategy would be 4.1%. Indeed, to a reasonable ap-
proximation. M,,\y{t)\ •'-= A/,[A'(/)| for// > 2. To further illustrate this
point, I simulated the return experience from the perfect market-timing
and protective put strategies with a 1-month forecast interval for the
period 1927-78. Summary statistics from these simulations are pre-
sented in table 3, where the New York Stock Exchange Index was used
for the market and 30-day Treasury bills were used for the riskless
asset.^'

20. Note that this higher standard deviatioti is fundamental in the sense that there is no
other strategy that the market timer could pursue which would lower the standard
deviation and not be suhoptitnal. For example, to reduce his standard deviation hy
always holding some portion in the riskless security would mean that at those times when
yd) = 1 he would be holding positive amounts of a dominated security which is never
optimal.

21. The put option premiums used in this simulation were computed using fortnula (10)
with (T{/) estimated for each month by the square root of the average of the squared
logarithmic returns on the market for the 12 previous months. The return data include
dividends. The reader may find it interesting to compare my perfect timing returns with
those reported in Sharpe (1975).
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margin restriction on the fund where fx' ^ (x. Otherwise we maintain
the usual ''frictionless" market assumptions that the (margin) bor-
rowing rate to both individual investors and the fund are the same and
equal to the lending rate and that the interest earned on assurance
money and proceeds of short sales accrues to the short seller.

PROPOSITION IL5: If the fund is permitted to borrow to buy securities
with a margin requirement ix' but is prohibited from making short sales,
then the equilibrium percentage management fee (per forecast interval)
is given by m{t) = c{t)l(x' = g{t)lfx'.

The proof of proposition n.5 goes as follows: If the market timer's
forecast is that Ẑ XO >R{t)^ then, of course, the manager will invest as
much of the fund's assets in the market as he is permitted to. Henee,
forZi//) >R{t), thereturnperdollarofassetsin the fund will be ̂ (0 +
[Z^iit) - R(t)y/jL'. If his forecast is that Z^l) ^ R{!), then because he
cannot sell short, he will invest all the fund's assets in the riskless bond
and the return per dollar of assets in the fund will be R{l). Therefore,
from the viewpoint of the outside investors, the random variable return
per dollar of assets in the fund can be written as

= max \Rit),R(t) + [Z,,(r) - Rit)Vfi'\

= R{t) + maxR{t) + max rO,Zv,{/) RiOVfi.

Therefore, if the management fee is m{t), the return per dollar to the
outside investor's portfolio, Zp(r), can be written as

Z,{1) =X{t)/[l + m(t)]

= {RU)-¥ max fO,Z,̂ (/) - /?(/)]//x'}/|l + m(t)]. (16)

Consider the option-bills strategy where, for each dollar invested in the
riskless asset, (l//n') call options on the market with exercise price per
share R(i) are purchased. The return per dollar from this strategy will
be {/̂  (r) + max [O,Z,,(n - /? (0]V}/[ 1 + c(r)//j.'], where, as before, t ( 0
is the market price of the call option. By inspection of (16), the return
per dollar to the investor in the absence of management fees will be
identical to the return on this options-bills strategy where the investor
pays nothing for the calls. Hence, by the same arguments used to
derive (7), the equilibrium management fee (as a percentage of assets)
will equal c{f)lfx'. As was shown earlier, c{t) = g{r). Hence, the
management fee can also be expressed as g(t)/ix'. Of course, if the
margin requirement is 100%, then ^ = ^ ' -: | and the management fee
reduces to cit) as given in (7).

PROPOSITION IL6: If the fund is permitted to both borrow to buy
securities and make short sales with a margin requirement /i ', then the
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short \ell the market lo the maximum

le unes of die prevn'm

0 iHiu soe I e iun« ,

ls iFi the IIIIKI IS L̂ O

u Ihe miK
Mivestor~s

} H (/) ' -, max

tie return oer dolhi

invested iii Ihe riskless asset, (l/'/i K Siradilles on Ilie market with

straddle equals ri/i • ,c(/|^ ihe return per dt>llar from thi.s siratcgy
equalsA'C^r-l I - vitf • uiJ^^fi'i. Heiiec-bv the same arguments used
ti5 derive Oh the equilibrium management let- (as a percentage of

propositKHi 11.6 is complete.
In sunnnai V, we have -Jiown that the returns to a porifoii<i einplo) ing

perfeei market tioiing are kienlieal to the returns from following certain

equilibrhim managcsnen^ fees (and. hener. ihe \alue of •̂ ueh mm-

next seeti<^n. I shall examine she more inleressing ease v̂  here the

section will be helpful in providing in- îgfils ioti) the more rerdisii;: biH
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sets and that the market timer's forecast may be wrong. At each point
in time /, lei <}>j{l) denote theyth information set,y = 1, 2 N.
Without loss of generality, we can associate a particular investor with
each information set so that investor/ forms his probability assessment
for the return per dollar on the market between t and / + I based upon
4>j(i)- Let/XZ,0 denote the probability density function for the return
per dollar on the market based upon (̂ (̂r). It is assumed that for./ = I,
2, . . . . N.fj satisfies Rational Expectations relative to information set
4>j in the sense that the (ex post) path of market returns is consistent
with the (ex ante) density/,. Let t/j(/) denote the probability, based
upon (t>j(i), that the return on the market between r and / + 1 will be
less than or equal to the return per dollar on the riskless asset, R{!).
Then

J 'llU)

fAZ4)dZ. (19)

It is further assumed that, for,/ = 1 . 2 , . . . ,N.O<qj{i) < I, and so, for
every information set, the return on the market is uncertain and the
market neither dominates nor is dominated by the riskiess asset.

As in Section IT, there is a market timer who forecasts when stocks
will outperform bonds. Zi,{/) > R{f), and when bonds will perform at
least as well as stocks, Z,,//) « R{t). Unlike in Section II, the market
timer's forecast may be wrong. Let Oil) be a random variable such that
0(1) = 1 if the forecast is correct and ^(r) = 0 if the forecast is incorrect.
Of course, to evaluate the forecast, investors must have some informa-
tion about the distribution of 0{t). The information made available to
investors will depend upon the information set of the forecaster and his
concern with protecting that information as well as the information
available to investors from other sources.

For example, one might assume that the forecaster provides the
complete joint probability distribution, p[A{t),0(r)\, where 4(r) is a
random variable such thatA{!) = I ifZ,,(/) >Rit) andA{t) = O\fZ^,(t)
S-; /?(/). However, this assumption implies that the forecaster has an
unconditional or prior distribution forA(/), given by/? [>^(/)| =p[A{t),O]
+ f?[Ait).\\. which he may not have. Tf he does have such a prior, and
priors are homogeneous (as in the previous section), then p\A{t).Bit)]
provides redundant information in the sense that the same information
is conveyed by the conditional probabilities {p[e{t)\A(t)\}. To see
this, note thatp[A{t).dit)] = piOil) | AH)] p[A{t}\ and, by the homo-
geneity assumption, all investors know that/?[A(/)] = q{f) for A(0 = 0
and p\A(i)] = I - q(t) for A(t) = I. Tf, as is assumed in this section,
priors are not homogeneous, then by making public p[A{t),OU)\, the
forecaster reveals his prior distribution p[A(r)l. Therefore, by provid-
ing the joint distribution, the forecaster gives away valuable informa-
tion for free to those investors who believe that the forecaster's prior
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and

prob {yCO = 0

prob {y(t) ^ I p,ir). (21b)

Therefore, based upon information set </)j, we have from (19) and (20)
that, from the viewpoint of investor/, the unconditional probability ofa
correct forecast by the market timer, p'(t), can be written as

p'it) = prob {(9(0 = 1 I <kAO}

= <4A0p\{l) + 1 1 - qj{t)\p.i{t). (22)

Note from (22) that, in geueral, the probability of a correct forecast will
depend on the investor's information set, and only in the special case
when the accuracy of the forecast is independent of the return on the
market—that is, p^ii) ^ p^if) = pU)—is the probability ofa correct
forecast, p^iO = p{t), independent of,/.

From (21a) and (21b), the unconditional probabilities for the forecast
variable 7(/) can be written from the viewpoint of investor / as

prob {7(0 = 5,(0

prob {yit) = 1 I 4>j(!)} = 1 (23)

As in Section II, I call/i(Z, /) the prior distribution of the return on the
market for investor,/. Based upon this prior, we define the posterior
distribution for investor^'./f(Z, / | y), to be the probability density for
the return on the market conditional upon the forecast 7(0 = 7. Under
the hypothesized information stmcture, we have from (23) ihatff can
be written as

y) =
(I - y)Piii)

for 0

(1 -

Rit)

1 -
0 (24)

for R{t) < Z <

The distribution that investor,/ would use if, in addition to 4>j{t), he had
the market timer s forecast is/f. Of course, it will be the differences
between/; and/,^ which will account for investory's willingness to pay
for the forecast information. The distribution used by the market timer
for his personal investment decisions if the information available to
him, other than his forecast, were information set ii>j{t) would also be
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distribution for the return on the market. Therefore, if/f =fj. then the
market timer's forecast will have no value to investor/.

PROPOSrt ION 11L2: If the conditional probabilities for a correct fore-
cast given in (20) are such that/?,{/) + p-At) = 1, then the market timer's
forecast will have no value to any investor and hence the value of the
forecast information is zero.

The proof of proposition 111.2 is as foliows: If/>,(/) + p-At) = 1, then by
substitution in (23), we have that <5j(0 = piiO = 1 - P-iU) and that 1 -
8j{t) ^ 1 - p ^{t) ^ / ' .( ')• Moreover, this value of 6,(0 is the same for
every investor^ (y = 1, . . . ,N). Substituting for 5j(/) in (24), we have
t h a t / f (Z. / I 7) = fj{Z. I) for every value of y and for all /. Thus,
independent of the forecast given, each investor's posterior distribu-
tion will be equal to his prior distribution. Therefore, forp ill) + p..(l) =
1, the market timer's forecast will have no value to any investor and the
value of the forecast information is zero.

PROPOSITION nL3: A necessary condition for a rational forecast to
have a positive value is that the conditional probabilities given in (20)
satisfy /?,(/) + p--(t) > L

The proof follows immediately from proposition IILl and proposition
II1.2. While it has only been shown th-dtpi(i) + p-zil) > I is a necessary
condition for a rational forecast to have positive value, it is also a
sufficient condition, as will be shown later in Section IV. Indeed, the
larger is/?,(/) + p / O , the more valuable is the forecast information.

Proposition IIL2 can also be used to confirm the common-sense
result that if the market timer's forecasts are random, then the value of
such forecasts is zero.

PROPOSITION III.4: If the forecast variable is distributed independent
of the return on the market, then the value of the forecast is zero.

By hypothesis, y{l) is distributed independent ofZ, / / ) . Therefore,/3,(/)
^ prob {7(0 = 0 I Z,,{t) ^i R(t)} = prob iyit) = O\Z,,{r) > Ril)} ^ 1
-P2it)- Hence,/J,(0 +/?2(0 = 1, and, by proposition 111.2. the forecast
has zero value.

So, if forecasts are formed by simply flipping a (not necessarily fair)
coin where 77 is the probability that the forecast will be 7(0 ^ 0 and 1 -
7) is the probability that the forecast will be y(0 = I. then p,(/) = 17 and
PiU) = 1 - 7 ) , and therefore such forecasts will have zero value-
Included as a special case of this type of forecast is to always forecast
thatZiX/) « RH)—that is, y(f) = Q,p ^{t) = rj -^ \, an6p.>il) - 0—or to
always forecast thatZv,(O > ^^(0—that is, 7(/) = l,/?,(0 -= T; -- 0, and
P-AO = I- Like a stopped clock, such a forecast will sometimes be
correct, but it never has any value.
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These eondilions woiik! be consislent with n more genera! mode^ where

mvesfors. Sinee Ihe effect of such a generaiizalion ŝ n al! the results
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set of ioibrmation availabk; t« all investors (i .e. . Ihe '"piibJie inforsiui-
lion se t " ) .

upon public inforn!aliv)n. then the value of the forecast is zeio.
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:md theretbre, (hi.rK<lK- By hypothesis, the market t imer 's forecasts are
based solely on information containetl in (hio. Henee. eae!i mvesloi . /
can t^se i,6(/), which is eon la locd in <I>j, lo predict co r rec t ly ihe inai'ket

t i m e r ' s forecast yijL T 'herefore. by propos i t ion I I I .5 , the vaJiie of the

forecast to c:K"fi i isvestor is z e r o .

The e o n c h i s i o n s of p ropos i l ioos 111,4. I l l / ' and IlL^i ttiat invcstc^a-^

v,\l} not pav IcM' ranik>oi forecasts o r for fiH'ceasts hasiai npun inibi 'ma-



On Market Timing and Investment Performance 3S7

tion they already have are hardly counterintuitive. Indeed, because any
sensible model should produce these results, proof of these propo-
sitions serves as a check on the validity of the model presented here.
However, the mode! does produce other results which may not be so
intuitive. For example, the following three propositions point out the
•'pitfalls'" in relying on the probability of a correct forecast as even a
qualitative measure of the value of a forecast.

PROPOSITION III.7: The unconditional probability of a correct fore-
cast, p\t), being greater than .5 is neither a necessary nor a sufficient
condition for the forecast to have a positive value.

To prove that it is not necessary, it is merely necessary to show that it
is possible forpy(l) + Pi(l) > 1 and fo\:p^{t) ^ 0.5. Suppose that^j(r) =
0.7. p,{/) = 0.4. and/?,(/) = 0.7;/?,(/) -^ p.^it) = 1.1 > 1 and, from (22),
p''{t) = 0.49 ^ 0.5. To prove that it is not sufficient, it can be shown that
it is possible forp,(t) +p-.(0 = 1 and forp\t) > 0.5. Suppose that (?,(?)
= 0.7 and a "stopped clock" forecast where p yit) = 1 and p./r) = 0.
Then, /7,(0 + /?,(') = 1 and, from (22), p\t) - ^/r) = 0.7 > 0.5.

Let/?](/) denote the unconditional probability ofa correct forecast by
market timer 1 from the viewpoint of investors and let p{i{l) be the
corresponding probability of a correct forecast by market timer II.

PROPOSITION III.8:/7{{O >pii(/) is neither a necessary nor a sufficient
condition for the forecast by market timer I to be more valuable than
the forecast by market timer II.

To prove that it is not necessary, I show that it is possible for p{{i)
< pMty, p\ii) + plii) > 1; aadpWO + pl\l) = I. As in the proof of
proposition III.7, suppose that £/;(/) = .7;p\(t) = 0.4; p^(/) = 0.1;p\\t)
= l;/j^'(r) = O. Then,/7^(/) = 0.49 </?!'(/) = 0.7, but/7S(0+/^K0^ 1-1
> PWD + p^Jil) = 1. To prove that it is not sufficient, one need only
interchange I with II in the proof that it is not necessary.

Suppose that investor,/ makes his own forecast based upon his prior
probability assessment for the return on the market/^. If y//) denotes
investor/"s forecast variable, then his forecast will be yj{t) = 0 when
qj(t) ^ 1 - qjil) and yj{t) = I when ^,(0 < 1 - qj{t). From the
viewpoint of that investor, the unconditional probability of his own
forecast being correct is equal to max \qj{i), 1 - (jjU)].

PROFOsrriON III.9: pHr) s max U/j(/), 1 - qjU)\ is a necessary but
not a sufficient condition for the market timer's forecast to have zero
value.

Necessity can be proven by showing thAt pHl) > max U/XO. 1 - ĵ(OJ
implies that/?,(0 + P2U) > 1- From (22),/?,(/)(/X/) + p-Ai)U ~
max [qj(t), I - qj(t)]. Therefore, \p ,(/) + p-J^t)] max \qj{l), 1 - ^
max iqjU), 1 - </)(01- Hence,p,(/) + pzU) > 1. To prove that it is not a
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will agree with the market timer's forecast if yf(t) = y where any
indeterminacy is resolved by defining yf{!) - y in the singular case
qf(i;y) ^ 0.5. Therefore, for investor^ to «/Mm\v agree with the market
timer's forecast, </*(?; y) must satisfy f/j^(/; 0) ~^- 0.5 and£/f(r: 1) ss 0.5.

PROPOSITION 111.11: A necessary and sufficient condition for inves-
tor/ to agree with the market timer's forecast, y. is thatp^(/) ^ yq^(i) +

Investory will agree with the forecast y = 0 if and only '\fqf(t: 0) ŝ  0.5.
From (23) and (25), qfU: 0) :s 0.5 if and only '\fp ,q^{t) 5̂  [1 - t/j(/)Jll -
Pi{i)\ or. equivalently from (22), if and only \f p'{t) ^ |1 - c///)]. This
proves the proposition for y -= 0. Investor,/ will agree with the forecast
y - 1 ifandonly ift/f(/; 1 ) ^ 0 . 5 . Again, from (23) and (25), (/f(/; 1 ) ^
0.5 if and only iff/XOll - P\it)\ ^ [1 - <7,,(r)]/'o(0 or, equivalently from
(22). if and only if/V(/) 2̂  q^{l). This proves the proposition for y = 1.

It follows immediately from proposition III. 11 that investor/ will
always agree with the market timer's forecast if and only if/?'(/) ^ max
L(7j(/), 1 - qiit)\- It also follows that investor,/ will always disagree with
the market timer's forecast only if p'{/) < min [qjit). 1 - qjit)\. How-
ever, this possibility is not consistent with the market timer's forecast
being rational.

PROPOSTTION III.12: If investor/ always disagrees with the market
timer's forecast, then the market timer's is irrational and investor /
wouid always agree with the contrary forecast.

From (22),/?^(r) < min \qi{t). I - £/,(/)! if and only if/?!(O + p-lO < 1-
Hence, from proposition UI.l, the market timer's forecast is irrational.
The unconditional probability of the contrary forecast being correct is 1
- pHO- But/7^(/) < min \qj{t). I - q^(t)\ implies that 1 - p'(t) > max
Iqjit), I - (/j(0]. Therefore, by proposition III . l l , investor,/ would
always agree with the contrary forecast.

In summary, the behavior of investor/ toward rational forecasts is to
always agree with the market timer's forecast if the unconditional
probability of a correct forecast by the market timer is at least as large
as the probability of a correct forecast by investor J using his prior
distribution. If this condition is not satisfied, then the posterior forecast
of investor/, yf{!). will always agree with his own prior forecast. yj(O-

Because the agreement of investor / 's posterior forecast with the
market timer's forecast depends only upon the conditional probability
of a correct forecast, it is clear from propositions III.7. III.8, and III.9
that disagreement does not imply that investor^' should disregard the
market timer's forecast. And such disagreement certainly does not
imply that the market timer's forecast is irrational. Indeed, if one were
to define a "rational forecast" as one where every investor's posterior
forecast agrees with the market timer's forecast, then virtually the only
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this quantitative determination. Along the lines of the analysis in Sec-
tion IT, I derive the equilibrium value by showing a correspondence
between the returns from a portfolio managed by the market timer and
the returns from certain option investment strategies.

As in Section 11, the market timer manages an investment company
or mutual fund which invests in the market and riskless bonds accord-
ing to the following strategy: At date /, if his forecast is that bonds will
outperform stocks—that is, y(r) = 0—then he will allocate 100 T7I(/)%

of the fund's assets to the market and 100 [1 - 7)1(1)]% of the fund's
assets to bonds. If his forecast is that stocks will out perform
bonds—that is, y(i) = 1—then he will allocate 100172(0% to the market
and 100 [1 - ri.,(t)\% to bonds. It is assumed that the distribution of his
forecasts satisfies (20) and that these conditional probabilities along
with Tjiit) and ri-/!) are made known to outside investors. It is further
assumed that the market timer's forecasts are rational, that is,p,{l) +
P2U) ^ 1, and that he acts rationally on his forecasts, that is, rj.zit) >
7)i(t). As in the previous section, investors have different information
sets and hence can have heterogeneous probability beliefs about the
return on the market.

As before, ${t) is a random variable such that ${i) = I if the forecast
is correct and ${1} = 0 if the forecast is wrong. Along the lines of (5) of
Section II. the return per dollar on the assets of the fund, X{t), can be
written as

) —

for

4- 6

for

0{T) -

0 ^

R(!)

- 0{i)Mi

ZsAt) ^

')l[Zdt)

< ZJt)

)JL2,vf(0

R{i)

- Rit)]
^ ^ "f

- Rit)] -

+ R(t)

^ Rii)

(26)

where A(/) = rj.,(t) - 7),(/) > 0 and the conditional distribution for 6{i)
is given by (20). From (26), the return per dollar to an investor in the
fund, Zj,{{), can be written as

Z,{t) =A'(O/[1 + m(!)l ill)

where m(/) is the management fee expressed as a fraction of assets held
by the fund.

As in Section II, 1 assume for convenience that one share of the
market portfolio has a current price of $1 and, as before, X^Xgit) denote
the price of a one-(forecast) period put option on one share of the
market porfolio with an exercise price of Rit).

1 begin my analysis by constructing a specific options-investment
portfolio whose returns will be compared with those of the market
timer's fund. The specific portfolio strategy is as follows: For each
dollar invested in the portfolio, allocate the fractions o)^{t) ^ 1T7I(/) +
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From (32), the unconditional expectation of U{t) from the viewpoint of
investor7 can be written as

,,ii) = Z,,U) = Z\f,{Z,i)dZ

p. (33)
ait)J)iZ,l)dZ.

Because kit). A(r), Rit), and m(0 do not depend on Z, «(r) does not
depend upon Z. and we have from (33) that

E^UU)] =E,[U{l)\Z,,it) - Zl

= ait) (34)

independent of the information set (f),. Therefore, all investors agree
that the expected value of Uit), conditional on the return on the
market, is equal to its unconditional expected value and that this
common value is «(/).

Because all investors agree on a{t), we can unambiguously define the
random variable e(r) ^ Uit) - exit). From (30) and (34). e(0 can be
expressed as

t) - Rit)V\\ + m{t)]

for 0 ^ Z,,^i) ^ R(f)
(35)

p,it)]Mi)[Z,Al) - Rii)]l[] + mil)]

for Ril) < Z,,it) < X.

(Note that forZ,/rl =R{i],e\(] = 0. Otherwise, e|r| <Oif ^[^ = Oand
€\t] >OifO[t] = 1. Furtherimportant properties of eU I are summarized
in the following proposition.)

PROPOSITION IV.I: If e(/) is a random variable given by (35), then for
each investor,/../ = 1 N, (A)£^[e(/)] = 0; (B)£^[e(r) | Z,,{t) =Z]=0
for all Z; (C)£"[e(/) | Z,,(n = Z] = 0 for all Z; (D) e(/) is uncorrelated
with both Z,XO and Z.,.(/).

From (34), E^iUit)] = cxit),J = 1. . . . , N. e(/) ^ U{!) - a(r). and
therefore, E^^leit)] ^ o, 7" - 1 N. F r o m (34), E-,[Uit)] =
E il Uit) \Z^!ir) = Z] for all Z andj ^ I,. . . ,N. T h e r e f o r e , Ej[€(/) | Z ,AO
- Zl = Ej[Uil)\Z,,ii) = ZI - E,[Uit)] = 0 for./ - I, . . . , N which
proves (B). From (29). Z,{t) is a function of the random variable Zy,(i)
only. Hence, Ejieii) \Z_^,it) = Z] = £'jk(/)| for all Z implies that
£^|e(/) I Zsi!) = Z] - Ej\€it)\ for all Z. Hence, A and B implies C.
and D follows immediately from B and C.

In summary, we have that

Z,,it) = Z,(/) + ail) + €i!) (36)
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inspection ot"(35K the source ŝ t" this noise is the errsM in die oiijrkei

peiiect foi'ecaster. t h e u / ' j l i ) ,P>ii} ^^/^ L and eii) - 0

rinm management fee can be delermuied immediak'ly fVooi (36l witfi oo
further assumpti(nis. fk'cause lij) b. ,d7i must equal zero Other-
wise, (he market t imer 's fond will cilher dominate or be doniinated by
fhe portfolio with return ZJj), which would violate a necessary condi
lion for equilibriuoi. Therefore, frooi (32). the equihbrnim Fuaoagenient
fee most salisfy w(/ ) -- , \ ( / ) l ( i ' ) . Depending upon the leveiage position
Ml} adopted by the fuod, this formula corresponds exactly k) the ones
given by (7), proposition 11.5, aod proposiiion II 6 in Seetion IL

iJnforlunalely- for iinperfeci forecasting—-(hai is. <{f) / 0—!36l
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From (36), cov,. [Z,,{i), Z,,(r)] - cov, [Z,(0. Z«(0] + cov, U(/), Z^it)].
From proposition IV. I, all investors agree that coVj[e(r), Z,y(r)l = 0,,/ =
I, . . . ,N. Hence, ^,^(/) = ̂ iit),J = 1, . . . , N. Therefore, £j[Z^(O] =
Ej[Z,i!)]J = 1, . . . , N. But, from (36), this implies that in equilibrium
ait) = 0. Hence, from (32), the equilibrium management fee must
satisfy mit) = X{t)A{t).

As is well known, rather specific assumptions about either investors'
preferences or the probability distributions of returns are required for
the hypothesized conditions of proposition IV.2 to obtain, and for the
same reasons, beta is a rather specialized measure of systematic risk.
However, using a more general measure of systematic risk developed
in Merton (in press), the conclusion of proposition IV.2 can be shown
to obtain under much weaker hypothesized conditions.

Let ipjit) denote the set of efficient portfolios relative to information
set (^,(0 where a portfolio with return per dollar Z{ (0 will be a member
of i//,(0 if there exists an increasing, strictly concave function V whose
firstderivativesatisfies£j{y'[Zi(O][-Y,(/)-/?(/)]} - O f o r / - 1 n.
Thus, (/;;(/) is the set of all feasible portfolios which might be chosen as
an optimal portfolio by a risk-averse, expected-utility-maximizing in-
vestor who bases his decisions upon information set (t)jit). For any
security or portfoho k with return Zy,.(r) and any portfolio contained in
fljjit) with return ZUi), we define the systematic risk of security A:
relative to this efficient portfolio, bUt), by

(38)

where

As is proved in Merton (in press, theorem l l l . l ) , a necessary condi-
tion for equilibrium is that

EAZAt)] - R(t) = b^t){E,[Z^ity] - Rit)} (39)

for,/ = 1, . . . , N. Hence, bUt) and equation (39) play the same role in
the general expected utility model that beta and the Security Market
Line play in the Capital Asset Pricing model.

PROPOSITION IV.3: If for each information set <iij{r)J = 1 N,
there exists some portfolio contained in i/i/r) whose return Z{,(/)
satisfies the condition E,l€(i) \ Zi(t) = ZJ ^ 0 for all values Z, then the
equilibrium management fee is given by m(0 = A(/)A(r).

From (36). cov,. {r,[Z,i(/)], Z,,(/)} = cov,. {Y,[Z^ii)l Z,(r)} + cov,
{V^Zlil)], eit)}. Cov, {YjiZlit)], eit)} = E,{Y,[Z^,it)]eit)} - E,{Y,
{Z)EMt)\Z/-(n = Z]}. But, by hypothesis, EMt)\Z/.it) = Z\ = Q.
Hence, cov, {YjlZ^H)], e(r)} - 0 and, from (38), biit) - biH). There-
fore, from (39), a necessary condition for equilibrium is
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of " f r ee" put opli<nis is /er'o as is [he equilibriuin management fee.

Having established that DHJ) ' A(?}Aif} when the iisk a>isoeiateij
witli id) ih diYcr?>it!a!"ile. we now shi^vs ihai ihi\ solulion wiil be a good
approximalioii lo the exaet eqiulibrkmi manasemeni fee orovided ih;th
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the value of securities held by the fund is a small fraction of the total
value of al! securities outstanding.

By inspection of (35), the sources of randomness in eit) are the return
on the market and forecast error by the market timer. In the proof of
proposition IV.I, it was already shown that E,[e(/) |Zi,(/) = Z] = 0 for
all values of Z and,/ = 1, . . . , N. Hence, if X,(r), / = 1, . . . , / ; ,
represents the returns on all available securities (other than the fund
itself), then there is little loss in generality by assuming that for/ = I,
. . . ,N,EMf)\^^(t) =X,, . . . ,XAl) = ^ J = 0 for all values of A-,,
. . . , X,,. This assumptiou leads to the foliowing important proposition:

PROPOSITION IV.5: Let df(l) denote the dollar demand for the mar-
ket timer's fund by investors in his optimal portfolio at time /. If
E^[e{t)\X,{t)=X,, ^,(r) = A'J = O for all values A", ,A',,,then
dfif) = 0 if and only if m(/) = k{l)M.O.

The proof is as follows: If m(/) = \(r)A(O. then a{i) = 0 and from (36),
ZjXO = Z/l) + e(0- By hypothesis and proposition IV. 1. we have that
Ej[€{i) I ZsC) - Z, X,{t) =X X,,it) - X,,] = 0 for all values of Z,
A'l. . . . ,X,i. Hence, from Merton (in press, theorem II.3), we have that
cl'fit) = 0. Ifdfii) ^ 0, then the return per dollar on investor./'s optimal
portfolio, Z'*(0, will be a linear combination of Jt',(/), . . . , X,,(t) and
R{1). Therefore, £j[e(O |Z'*(r) = Z| = 0 for all values of Z. But, from
proposition IV.3, this eondition implies that ni{t) = X(/)l(/).

Thus, from proposition IV.5, ifm(O ^ X(t)l(t).th&ndfit) = Ofory -=
1 n, and the aggregate demand for the fund's shares.

will equal zero. Therefore, form(t) =- A(/)A(/), all investors will be just
indifferent between having the opportunity to invest in the fund ornot.
From Merton (in press, eq. [111.3]), we have that

ddf{i)/da(l) > 0 at df(t) = 0. ./ - 1 N. (40)

From (40), for m(0 > HOMt), <Jf{l) < 0 for J = 1, . . . , N, and
therefore m(r) = k{t)Ht) is the maximum possible equilibrium man-
agement fee.

Of course, a profit-maximizing market timer would never choose a
management fee exactly equal to A(/)A(r) because at this maximum
fee. Df(i) = 0 and he would receive zero revenues. Suppose, however,
that in equilibrium, the value of securities held by the fund is very
much smaller than aggregate wealth, W((). Then, DJ{T) <^ W(l). This
case is empirically quite relevant because the market value of stocks
and bonds in the United States is in excess of SI trillion, and therefore,
even for a large (e.g., $1 billion) fund, Df(i)/W{i) will be quite small.
From (40), ifm(/) < A(/)A(O, then every investor will choose a positive



usnbermvesiiuenl iii the fund, that is, (-/;• I/) - - 0 , / L - .Ac Ift
v>f investors, ,'V, is large and the disiribntkm of wealth among m

pX^'I'i- i^ tio't perverse, (heo the fractional allocatHin of each investor 's
s^ifolio lo the fund will be positive but small, 0 -' J--ii)'W.(i) <<•: \. In
is case, the limiting management fee a,ssocialed with incipient dc-
aod will provide a close approximation lo the equilibrium manage-

Although prosaic, a good reason for using At/) A(/) as an a
m lo the euuilibriiio^ nianaeeoient fee is the observed fact that c \ e

ri fot this
indepen-
ilh oihei'

securities ootstandmg. However , lurther theorclicai sn
approximation can be found in the case where there are r
dent markei iimers offering their ser\ 'ices \o investors,
investments, it will be opHmal lor risk-averse investors to "divers i fy"
and spread theii' holdiiigs among all the market timers* funds. If Ihe
number of such funds î  large, Ihen this optimal behavioi will lead to A
relatively small aggregate demand for any one funit.

Suppose Ihat there are {} markei inriers and that caeh provides
' >n an<l behaves in a fashiosi similar io the markei limer dc-

roughoiit Ihis paper. Lei the subscript it applied lo othenvisc
/ defined variable^ denote that variable for market t imers/ , o.

marKel tuner </, O,jp'\. v-- MKlepeoden! of the forecast variables cd ail
other market liniers- then as Ihc number of market iimers beco.mc^
large, the equilibrium management lee lor nuirkct timer </"s fund will

pit I A,,4/|.

The method of proisfis similar to the one used b \ Ross {1976) lo derive
his "'Arbitrage 1'hei^ry"" of asset pricing. C'cnisid.cr the following type oi
port ibho strategy: Invest SI in Ihe risklCNS NecuriSy; and for;/ • I. , , ,
(J, invest %p.p.Q in ihe fund of inarket (imcs ;/ aud gcs short S/t,^() of th--,-
portfolic> with return per dollar/ , , , - i / i given by t2HK We restrict onr
altentiou to only those strategies p \p . . . . . . . ipj uh ich tiave tho

an tipper b<Hind independent of (J, 1 his restrietiisn correspiHids lo the
set of "well-ii iver\ifieir ' portfolios in the Ross analysis. Let ::(.": /o (j)
denote the retiirii perdollart>n ihe portfolio with sti"ate£v M. bVom t36K

/ ( / ; ; i . ( 7 ) R{{)

Hy nypoioesis . ine
follows from i3^s thai for/

i ^ . ^ • . i^, :{?} - i , ^, o ,

arc mutually independeni . Therefore.
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€i, . . . , €,,.1, e,,+ ,. . . . , 6(j. Therefore, for each/, every investor agrees
that [5g(/)1 form a martingale where

2

Because the variance of e,,(t) exists and | fi,, \ has an upper bound
independent of Q, the variance of fx,,e{t) has a finite upper bound
independent ofQ. Therefore, by the Law of Large Numbers for Mar-
tingales, every investor agrees that as ^ -^ ^, SQ{t)/Q —> 0 with
probability one. Hence, as Q —* ^,

+ V

with probability one. A necessary condition for equilibrium is that no
security dominate any other security. Therefore, as Q -^ -̂, [Vt
/i,,,a,X01/0 ^ 0 Jn equilibrium. But the choice for î is virtually arbi-
trary. Hence, satisfaction of this condition will require that as ^ ^- ^,
for all (but possibly a finite number of) market timers, a,//) -* 0. From
(32). it follows that almost certainly. ni,,{t) —» KXt)A^(t) as (> —* ̂ .

For proposition IV.6 not to be vacuous, it is essential that a
significant number of market timers have some forecasting skills.
Otherwise, if only a few have such skills, then pi^(j) + P2,,{t) = 1 for
virtually all market timers, and trivially, as <2 —> ^, m^(t) = 0 =
X (̂/)Aq(O for all but possibly a finite number of market timers. If the
Ffficient Markets Hypothesis held exactly, then m,,{t) -= 0 = Xy(/)Ay(O
forallf/. and it would be optimal for investors not to invest in any of the
funds. On the other hand, if there is even a very small chance that any
given market timers has some forecasting skill, then [piq{t) + p-ij.\) -
1] will be positive, albeit small, and it will be optimal for every investor
to put a small fraction of his wealth in each fund.

The fact that Q is "large" in the sense of proposition IV.6 does not
mean that all members of the population or even all investors must
engage in market-forecasting activities. That is, {7 :3> 1 is consistent
with<?/N<§; 1. For example, Q = 10,000 is quite a large number for the
purpose of applying the asymptotic conclusions of proposition IV.6 as
a good approximation. For the U.S. population 220 million, this would
require that only one person in 22,000 be engaged in market forecast-
ing. There are approximately 17 million investors who hold individual
stocks in the United States. Hence, for Q to equal 10.000, only one in
1,700 of these active investors need be a market timer. Therefore,
market forecasting can be a relatively rare occupation, and yet, the
hypothesized conditions of proposition IV.6 could be essentially
satisfied.

Independence of the forecast errors among market timers is essential



the same informatH)n scb then It,^!)] would be pciieetly dependent,

easts among membefs of each lamiiy are not independeuL pnjpusiticM]

rroposil ion !V.f> provides essennaPy a uemand rea.son w1i\ tiie

The cost fiinctiiui of the markei limei" provides n ""supply" rea^c^ri. If
beyond son^e size maigiiial cosis ineiease- ihci'c vvill be an optimal si /e
for the fund. If this i>prioia! size is ->maH lelative tê  the value oT nil
sectirilics outstanding, then ihc equilibrium management fee can be

such as s-daries. informalion gathering and proeessin.g, bi!t>kkceping,

mai'gina! cost fuueiion t.o be mereasing. As more employees dr\: re-

that ihe proprietary knowiedge USCHI by Ihe market timei will h:
'1ca,ked"" to eitliei compeli tois or Ihe public generally, Sueh leak^

earn from this knowledge F.ven if such direct leaks eiHikl be pre-
vented, for a large eninigh size, fhe transactions made by Ihe fund will
affect market prices. If 4(/) rs the amouiif of assets under manage-

portfolio and $4(/)A(f) in Ihc riskless secuiify. fhiis. as.4(/ i gels larger,
the market timer must either icduce his iesp<Msse ^per unit of rsssetsi to
a change in view. A(/K or pay a higher " s p r e a d . " I-Jther action will
diminish the performance of the fund and therefore reduce ihe man-
agement tee that investors wui be wihing lo pay for his services. In ;i
business whose whole value comes from proprietary knowledge whieh
eannof be proteeled by paiieots. it is not unreasonable that these latent
costs could tic signifieam euiuigh lo uitluee an optimal fund s i /e ivhjch
is small relative to ihe vahie of all seeiirilies.

Of course , io determine the optimal fund size and the associated
exact equilibrium structure of managen^ent fees would lequire an
analysis of the optimal behavior of the market timer. If the objective of
Ihe markei (imer is fo maximu/c the foial proiits that he reeeives for his
forecasting skills, then to achieve this tfbjeetive. he can ehoose both
tlie maiusgcmeiit fee rale, mio.. and the invesfmcot or leverage poliev vS
the fund, lii). He cao also choose fo have more Ihao one fond, wath a
different rate and pohcv for eaeh fund, In siciieral, the etptinml fund s i /e
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and tnanagement fee will depend upon the cost function and the struc-
ture of investors' demand functions for the fund, which in turn depend
upon their preferences, endowments, and probability assessments for
the returns on all available securities. However, as we now show,
neither the leverage chosen for the fund, A(/), nor the number of funds
made available, K, will affect the total revenues received by the market
timer.

PROPOSITION IV.7: Let mf{t) = M\t, A,(/)| be the optimal manage-
ment fee rate for the (th fund when the leverage policy chosen for that
fund is A;{/). If investors can borrow or sell short without restriction,
then (A) mf{t) - M[t. 1JA,(/). / = 1 K: and (B) the total
management fees received by the market timer are invariant to either
the numberof funds A:̂  or the leverage policy A^O chosen provided that
\{t) > 0.

From (35) and (36), the return to investing $/ in fund ( can be written as
Y;(t) ^ tZ.ii) + fail) + /A,(/)^(/)/[l + mUtyi where Z,,(/) is given by
(28) with m(l) = tnfit) and A(/) = A,(0. a-it) ^ \\{t)Mt) -
tnnt)mtm + mUm, and ((0 = Vp At) - 0{t)][Z,M) - RU)} for 0 ^
Z,,(t) ^ R{l) and [6{[) - p,(O][Z,,X/) - R(t)] forZiXO > R{l). Note that
the random variable i,(t) does not depend upon cither mf(l) or Ai(/) and
therefore is the same for all the funds, / = I, . . . , ^ . Consider the
following alternative investment of $/: invest $/ in the portfolio with
return per dollar Z,i(/); invest S/w,/, in fund k; and go short $/w,;. of the
portfolio with return per dollar Z,i,([) where we pick w,̂ . = A,(/)[l +

)[i + mfit)]}. The return to this alternative investment,
can be written as K;A-(/) = /Z,,(/) + /a);,,{Z,;,.(/) + ai-it) +

int-(t)\} - loi;^.Z,^-(t). Substituting forw^t- we can rewrite
this expression as >',/,(/) = YiU) + I\oj-,i,a,,(t) - a^{t)\. By inspection, if
ft^uc^kil) > <i'(<0, then Yii;(l) > Yj{l) for every possible outcome, and
every investor would be better oft" to invest in fund k in the alternative
strategy than to invest in fund /. Therefore, to avoid fund / being
dominated by fund k. o)ii;ai;{t) ^- a^it). Of course, to avoid fund k being
dominated by fund /, aĵ -̂ â O ^ M ' ) . Noting that w,7,- = 1/w,,,, we have
that for neither fund to be dominated by the other, (D;^.a^{t) = a,(0-
From the definition of w,,. and«,(/•), we have, therefore, that mfitVA^t)

= fn'^(t)/A^-{i). for/,/. =- I K. It follows immediately that 7nf(/) =-
Mil, lJAi(/), which proves A.

Consider a set of optimal management fees {nif{t)} that support an
equilibrium allocation where an aggregate of $//(r)(^^ 0) is invested in
futid /. / = 1, . . . , K. For a>;,.a,,(/) = «,(/). Yii,(t) = Yi{t). and therefore
all investors would be indifferent between investing $/ In fund / or
investing SIOJU,- in fund k and using the alternative strategy. Thus, the
same set of optimal management fees that support the equilibrium
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and
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and the total iBanascnienl tec received is ihe siuiie iinder eilher alloca-
tion. Since fhe choice of fund I in the alternative allocation was clearly
arbitrary, no Ciinditions oo A,(/K olher than it be positive, were inv
posed, and part (ii) is provcd-

In essence, pan (ii) of proposition IV.7 slates that investors will not
pay (the market timer) tbr lioaneial leverage that they ean ereate for
themselves., and it is therefore a special version of the well-known
Modigliani-Miller theorem i.\95H},

Fieeause Ific pi)S!Hons taken by the K funds described in pioposhion
IV,7 aie based on the same (market timer's) information set. their
returns will all be perfectly dependent., and theie is no "\tives"sitication

on the 05anagemen( fees as was Ihc case m proposijion IV,6.
•e(n-'er, if Ihe markel timer"'^ f<iiecasl is ^uch Ihal a change in ihe

position of one of hiN funds is warranted- then thl^ same foreca^t
triggers a change in Ihc positions of all his fynd>, Fheicfisre. if l!ie
effeet on market prices i>f a transaction i;-. solely a funetioo of size, then
the aggregate cosi to all his funds from "spreads" will depend only on
the size of ihc iota! nansaclioos made by iheni hi rcspi^n^c lo his
foi'ecasi, 'Ilie size (if these iransaetions will he

:n
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in the market portfolio and the same amount in the riskless security
where A;{t) is the value of assets under management in fund /. In the
proof of part (ii) of proposition IV.7, it was shown that investors would
be indifferent between the allocations |/;(01 and [/;(/)] among the mar-
ket timer's K funds. We now show that the size of total transactions in
response to the market timer's forecast will be the same under either
allocation.

If/,(/) is the gross investment in fund /, then after taking out man-
agement fees,yl,(O = /;(/)/Ll + mf(/)]. Therefore, the size of the total
transactions under the first allocation is given by

Similarly, the size of total transactions under the second allocation is
given by

Substituting for /,'(r), we can rewrite this latter expression as

Therefore, the size of total transactions under either alloeation is the
same. It follows that neither the leverage chosen for the fund nor the
number of funds made available will affect the market timer's transac-
tion costs from spreads. Hence, from this result and proposition TV.7,
the total profits earned by the market timer will be invariant to either
the number of funds he manages or the leverage policies of the funds.

In contrast to the Jensen model (1972 /̂, sec. 4), we have from
proposition IV.7 that, from the investor viewpoint, there is no "opti-
mal" or "preferred" policy LT)I(O, V2{O\- All that is required here is
that investors know what the policy is and that 172(0 > rj^it). While the
maximum management fee, \{!)A{T), will only provide a reasonable
approximation to the true equilibrium fee if investment in the fund is a
small fraction of total investment, the proof of proposition IV.7 re-
quired no such assumption. Therefore, the conclusions of this proposi-
tion are valid, independent of the size of the fund. Hence, to analyze
the optimal behavior of a market timer and determine the equilibrium
value of his information, one can assume without loss of generality that
the market timer exploits his information by managing a single fund and
that the leverage policy of the fund is A(/) = 1.
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ing function of p(r). To provide a sense of the magnitude of aggregate
demand as a function of pit), we substitute into (45) the averages for
the other parameters based upon a long past history. From Ibbotson
and Sinquefield (1977, p. 19), the annual arithmetic excess return on the
market, Zv/*/) - R{i), had an average of 9.2% with a standard deviation
of 22.6% for the period 1926-76. The average annual return on U.S.
Treasury bills for this same period was 2.4%. Using the historical
standard deviation for the market, we derive from (10) an estimate for
the 1-year put price, ,i>(t). equal to 0.09. Using these historical values in
(45), we have for a 1-year forecaster that

DfU)/D,i{i) = 3.96 i'{l)[\ + 0.09 p(r)\/\ I - 4 v-{l)l (46)

where r(0 ^ pit) - 0.5. Hence, for a market timer with an annual
forecasting edge of p{l) = 0.51. the equilibrium demand for his fund
would be approximately 4% of all other risky asset holdings. And for
each percentage point increase in his probability of a correct forecast,
the equilibrium demand will increase by fourfold. So, at/?(r) - 0.55,
the fund will represent more than 20%- of all other risky assets. Of
course, the demand would be even larger if the market timer's fore-
casting interval were less than 1 year.

Noting that the assumed investment strategy for the fund requires
trades of the order of Dfit). it is simply unrealistic to assume that
tranasactions of the size implied by (46) will not affect market prices.
We have, of course, only shown this to be the case in a specific
example. However, there is nothing especially pathological about the
example. Hence, to properly determine the optimal fund size for a
market timer with virtually any forecasting skill at ail, one should
explicitly take into account the trading or "spread" costs associated
with the size of the fund.

In summary, it has been shown that, up to an additive noise term, the
pattern of returns from an investment strategy based upon market
timing will be the same as the pattern of returns from a "partial
protective put" option investment strategy. If this noise term which is
caused by forecast error is diversifiable, then, independent of inves-
tors" preferences, endowments, or probability beliefs, the equilibrium
management fee is given by mil) = \{/)A(r) = \P\it) + p-iit) - 1]
i>it)[r).,{l) - ri{t)\. Because the equilibrium management fee is propor-
tional to the price of a put option on the market portfolio, the
comparative statics analysis of the equilibrium management fee pre-
sented in Section II for the perfect-forecasting case carries over to the
imperfect-forecasting case presented here. Finally, in the empirically
relevant case where the size of the market timer's fund represents a
small fraction of the total value of all securities, kit)X{l) will provide
a close approximation to the exact equilibrium management fee.
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