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1. Introduction

To the student, education provides many bene-
fits. In part, education produces human capital.
By attending school and training on the job, the
student acquires marketable skills, thereby sac-
rificing current labor income while augmenting
future labor income. Among economists this
concept is familiar. Beginning with the seminal
work by Mincer (1958) and Becker (1964), mod-
els of the accumulation of human capital have
been extended to the life cycle and, more re-
cently, to uncertainty.' Simultaneously, several
of these models have been tested empirically.?

To economists, education also serves as a
signal. By completing a demanding educational
program, the student signals to prospective em-
ployers that he possesses greater innate pro-
ductivity than other potential employees not
completing similar programs. This potentially
greater productivity the employer then rewards
with more favorable conditions of employment,

* We are grateful to S. Bhattacharya and D. Clay for
helpful comments on previous drafts.

1. Models of the accumulation of human capital over the
life cycle include Ben-Porath (1967), Levhari and Weiss
(1974), Blinder and Weiss (1976), and Heckman (1976), Un-
certainty appears in Weiss (1972), Levhari and Weiss (1974),
and Williams (1978, 1979).

2. For empirical tests of life-cycle models, see Brown
(1976) and the references cited therein. A survey of the liter-
ature appears in Blaug (1976).
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To the student educa-
tion provides options.
In practice, premature
commitment to a
specific occupation or
career can be costly.
Also, at an early age an
individual is often un-
certain about his abili-
ties, personal prefer-
ences, and even general
conditions in the labor
market. Education,
however, provides the
option of postponing
commitment to a
specific career, plus the
further option of
choosing among addi-
tional careers after
graduation. In this
paper a general valua-
tion equation for educa-
tion as an option is de-
rived under uncertainty
and solved in several
interesting special
cases. Throughout,
properties of the so-
lutions are described in
considerable detail.
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in turn giving the student some incentive to complete his schooling. A
concept developed by Arrow (1973) and Spence (1974), work on
signaling is currently in progress.’

In this paper another, related characteristic of education is explored.
In part, education acts like an option. For many individuals premature
commitment to a specific occupation or career can be costly. Both the
time required for training and any direct financial costs are often
considerable. Also, at an early age the student is often uncertain about
his personal preferences, abilities, and even general conditions in the
labor market. In this situation, education appears valuable because it
allows the student the option of delaying commitment to a specific
occupation or career plus the further option of choosing among addi-
tional careers after graduation.

As suggested by the title, this paper focuses on the value of educa-
tion as an option. In Section II of the paper, a valuation equation for
education as an option is derived under plausible conditions. Together
with appropriate boundary conditions, this equation uniquely deter-
mines for the individual the value of education as a function of several
variables. These variables include the student’s current evaluation of
all subsequent employment opportunities and the current time to
graduation. In this problem, the valuation equation is similar to the
corresponding equation from the theory of options in finance. How-
ever. because both education and employment opportunities represent
untraded assets, the derivation differs from the usual hedging argument
in finance.

In Section III the general valuation equation for education is solved
in one especially interesting special case. Properties of the valuation
formula are described and comparative statics are determined. Here,
for example, it is shown that the individual’'s assessment of the per-
sonal benefits to education increases with both increasing personal
evaluations of alternative employment opportunities and increasing
time to graduation. In this solution the individual’s assessment of the
value of education is independent of both the mean returns to alterna-
tive employment opportunities and the riskless rate of interest—except
possibly as these parameters affect the personal assessment of poten-
tial employment opportunities. In addition, the personal evaluation of
education is shown to be increasing with increasing risks to alternative
job opportunities, but decreasing with increasing correlation between
these risks. Thus, to the individual, education appears to be most
valuable as an option when it provides broad training permitting post-
poned entry into a high-risk occupation.

Section IV adopts a different approach. Because education is an
untraded asset, its price or personal value is typically unobservable.

3. See Blaug (1976), Sahota (1978), and the references cited therein.
4. See Black and Scholes (1973), Merton (1973), and the survey by Smith (1976).
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Instead, with education only the time the student leaves school, and
hence the distribution of schooling across individuals, is identifiable.
Accordingly, in this section approximate numerical solutions are com-
puted for the student’s optimal time to leave school in the simple
educational problem of Section III. Not surprisingly, it is shown that
market forces reducing the personal value of education also eventually
induce premature departure from school. For example, increasing the
value of immediate unskilled employment relative to subsequent
skilled employment eventually encourages the student to quit school.
Similarly, decreasing the nonpecuniary benefits to education measured
net of tuition and foregone wages, decreasing the risks to employment,
or, alternatively, increasing the correlation between risks decreases
the personal value of education and again encourages early departure
from school. In this solution, the optimal time to quit school depends
critically on the personal nonpecuniary benefits to education measured
net of tuition and foregone wages. Other things equal, the larger this
difference, the more likely the student is to leave school later rather
than earlier in his educational program. By contrast, for all students the
optimal time to quit school is significantly more sensitive to changes in
personal preferences, perceived risks, and market conditions earlier
rather than later in the educational program.

In Section V the major results from previous sections are briefly
summarized. Empirical implications are described and possibilities for
future work are discussed. Finally, the Appendix contains technical
details of the derivations in Sections II and IV.

II. The Valuation Equation

Consider an individual currently facing a choice between immediate
employment and additional education. Past training and experience
have qualified this individual for any one of J alternative occupations
or careers, each of which requires further training on the job. Suppose
that currently, at time ¢ = 0, the individual can evaluate all J occupa-
tions or careers in terms of the dollar equivalents x(0),j = 1, ... ,J.
As personal assessments of skill-specific human capital, these dollar
equivalents measure the current values of all future wages, adjusted to
reflect any differences in nonpecuniary conditions of employment.
Because employment opportunities represent untraded assets, the J
evaluations depend in general on both the financial wealth and personal
preferences of the individual.

If at time 0 the individual selects further schooling, then at any time
t prior to graduation at time 7, he has the option of leaving school and
entering the labor market. Once in the market he chooses among the
J available occupations or careers with the current values xft), J =
I, ..., J. Alternatively, if the student completes his schooling, then
upon graduation at time 7, he can choose among an additional K occu-
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pations or careers, each of which requires additional training on the
job. These new jobs, plus the original J jobs, the individual again
evaluates in terms of the dollar equivalents x(7),j = 1,...,J + K.

Clearly, this model is highly simplified. In actual practice, no deci-
sion is irrevocable. At some cost the individual can always switch from
school to work, back to school, and then on to a new career. Also, in
practice, schooling is sequential. When the student completes one
educational program, often he has the option of entering subsequent
programs. Nevertheless, in this simple model all such complications
are ignored. Here commitment to a specific career is extremely costly;
by assumption, the individual's decision to leave school is irrevocable.
Also, schooling is not sequential; upon graduation the student is forced
to seek immediate employment.

Over time economic conditions change. In addition, the individual
gradually accumulates progressively more information about his own
abilities, personal preferences, and alternative employment opportuni-
ties. As a result, the personal evaluations X = (x,, . . . , x,.4)" of all
employment opportunities also evolve through time. When viewed
from the initial time 0, these changes are at least partly stochastic. In
particular, if all adjustments in X occur continuously in time with
independent stochastic increments and plausible restrictions on means
and variances, then X follows a diffusion process:®

I'(X)dX = (¢ — w)dt + YdZ (1)
Here, I1(X) is a diagonal matrix with the nonzero diagonal elements
Xi - - - 5 Xy « hence, I7Y(X)dX is a vector with the nonzero elements
dx,/x,, . .., dx, «/%, x representing, respectively, the instantaneous

rates of return on all potential occupations. Also, ¢ and w are J +
K —dimensional column vectors determining the expected rates of re-
turn on all occupations, while ¥ is a (J + K) X N-dimensional matrix
specifying the corresponding variances and covariances. Finally, dZ is
the infinitesimal increment in an N-dimensional Wiener process.®
These equations can be interpreted as follows. Over each infinites-
imal interval of time dt, the individual adjusts his evaluation of each
future employment opportunity x; at a rate dx;/x; reflecting an expected
effect (¢b; — w;)dr plus a purely random effect 1;dZ. Here, ¢; represents
the individual's current expected rate of return per unit of time on skill
Jj when employed in occupation j. In part, this return includes the
wage w;x; paid per unit of time in occupation j. However, while in
school the student foregoes this wage, thereby reducing his average
rate of return per unit of time on skill j to ¢; — w;. Finally, each

5. The additional restriction is as follows: If Ax; is the increment in x; over the interval
of time Az, then the mean and variance of Ax; are proportional to Ar. For a discussion of
diffusion processes, see, for example, Friedman (1975).

6. The elements of Z are independent normal variates with means 0 and variances 7.
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row i;; of iy determines for the rate of return per unit of time on skill j
both the variance o} = Y,/ and the associated covariances T
with all other skills k& # j.

Although the stochastic specification (1) may seem quite general, in
fact, it imposes several restrictions. For example, if jobs are available
only sporadically, then the assumptions in (1) of continuity and inde-
pendent increments are easily violated. With jobs open only sporadi-
cally, the value of immediate employment jumps when jobs open but
then falls once positions close. In addition, in most educational pro-
grams the student faces a positive probability of failure. If the student
fails, the dollar value x, of each opportunity j =J + 1, ..., J + K
available only after graduation immediately drops to zero. In this case,
the stochastic adjustment in (1) is discontinuous with a negative jump
equaling in amplitude the current evaluationx,,j =J + 1,...,J + K.

At the very least, the individual's assessment of the private benefits
to education v reflects his evaluation of all employment opportunities
X, the current time 7, plus some measure of tuition costs and personal
preferences. Specifically, let v(X, 1) represent for the individual the
gross personal value of education. This assessment differs from, say,
the net personal value v(X, 1) — max{x;: j = 1,...,J} computed net
of the opportunity cost of immediate employment. With this specifica-
tion, the current time 7 also identifies the remaining time 7 — ¢ to com-
pletion of the student’s educational program. In general, the current
value of any educational program depends on both the student's
age and the remaining time to graduation.

Suppose for simplicity that the valuation function v for education is
at least twice continuously differentiable in X plus at least once con-
tinuously differentiable in . Also, denote by y(X, t) the student’s
current tuition net of his concurrent nonpecuniary benefits to educa-
tion, all computed as a fraction of v(X, 7). Thus, vv measures in dollars
the individual's direct financial costs of education minus his concurrent
nonpecuniary benefits from education. In this case, the instantaneous
rate of return to education (dv/v) — ydt is calculated from Ito’s formula as
follows:”

dv 11 o
- 2 2 T T W
J+K
S P L.
+ £ o, (b; — w))x; + 37 yv |dt )
13" o
+= xydZ
v & ax, Wi

= (a — y)dt + NdZ,
7. Again see Friedman (1975, p. 90).
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where, for notational simplicity, all arguments of all functions are
deleted. In (2) the rate of return to education is measured net of all
money wages w;x; foregone as an opportunity cost of continued
schooling. Here this rate of return is uncertain because the future
values of subsequent employment opportunities are also uncertain. In
particular, the rate of return to education exhibits per unit of time the
mean « — 7, the variance A\’, and the covariances Aj;j with the rates of
return to all skillsj =1, ...,J + K.

The above distinction between pecuniary and nonpecuniary benefits
to education is critical. Unlike financial assets, human assets cannot be
traded in the market. Consequently, in this simple model individuals
cannot realize their pecuniary benefits from education prior to gradua-
tion. By contrast, while still in school students face the immediate
financial costs of tuition plus foregone wages. If these financial costs
exceed the concurrent, personal, nonpecuniary benefits from educa-
tion, then as shown in Section IV, the student may choose to leave
school before graduation. In this case, the educational problem deter-
mined by (2) and the conditions specified below has no apparent ana-
lytic solution. Instead, the solution must be approximated numeri-
cally.®

Education is an asset requiring investments of both human and
nonhuman wealth. To value this asset, it is sufficient to assume enough
market completeness so that the rates of return on the J + K skills can
be replicated by J + K portfolios of traded securities. Specifically,
suppose first that there exists some set of N securities continuously
traded in a capital market completely free of taxes, transaction costs,
indivisibilities, and restrictions on short sales. By assumption, these
securities, which for simplicity pay no dividends, have prices P = (p,,

., px)' evolving as Ito diffusion processes:

I-Y(P)dP = pdt + 8dZ. 3)

Here, ["'(P)dP is the vector of instantaneous rates of return on the N
securities, w is an N-dimensional column vector denoting the current
drift in I-'(P)dP, and & is an N x N-dimensional matrix determining
the variance-covariance matrix, 88’ for returns on risky securities.
In our complete capital market, there must exist J + K portfolios of
the N risky securities possessing returns instantaneously perfectly
correlated with the returns on the J + K skills. Representing these J +
K portfolios by the rows of the (/ + K) x N —dimensional matrix £, the

& In this model, tuition measured net of all concurrent nonpecuniary benefits to
education y has the same impact as dividends in option pricing models. To value
analytically a call option not protected against payouts, dividends must be restricted.
See, for example, Merton (1973).
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capital market is complete with respect to all uncertainty affecting the
returns to education (2) if and only if

E-Y(PYP = I"'Y(X)dX + wdt. 4)
Together, (3) and (4) imply that
b =Ep and P = &8. (5)

Without specifying the J + K skills satisfying (2), the matrix  in (1) can
have any value. Consequently, for a complete capital market the ma-
trix 8 must have full rank N. That is, after eliminating all redundant
securities, the remaining securities with linearly independent returns
must equal in number the N independent sources of uncertainty. Fi-
nally, each of the J + K portfolios must have percentage investments in
the N risky securities summing to one: &1 = 1.

Collectively, these assumptions determine the value of education to
the individual. The argument, developed in detail in the Appendix, Part
I, can be sketched as follows. In our complete capital market, there
always exists a portfolio of risky securities possessing returns perfectly
locally correlated with the returns to education (2). Thus, a second
portfolio 7 can be constructed from the first portfolio plus the N risky
securities which, with appropriate weights, is locally riskless. Given no
opportunities in the market for riskless arbitrage, this second portfolio
@ must earn the riskless rate of return r. Together, (2), (4), and the
above restrictions on portfolio 7 produce the individual’s valuation
equation for education.

Under the above assumptions, the personal value of continued edu-
cation v satisfies the partial differential equation:

~

VK

L

.

1 !\l — 62\" e
LE g Ox 0%, WXk
LK o " (6)
+H . v
Y& T e+ =0,

This equation, when combined with appropriate boundary conditions,
uniquely determines the individual's evaluation of education v as a
function of his personal evaluation of all employment opportunities X
plus the current time r. As indicated, this valuation equation holds
under reasonably plausible conditions.?

To determine uniquely the personal value of education to the indi-
vidual, appropriate boundary conditions must be appended to (6).

9. In fact, the above argument can be generalized as in Dothan and Williams (1979).
This would permit the current evaluations of future employment opportunities to be
represented as any measurable function of current security prices.
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These boundary conditions can be specified in part as follows. At any
time ¢ prior to graduation, 0 =t < T, the personal value of education
must exceed or at least equal the personal value of immediate employ-
ment:

v = max {xp =1, v. 808 (N

Were (7) violated, then the student would immediately gain by leaving
school and obtaining employment. By contrast, upon graduation at
time T, the personal value of education necessarily equals the personal
value of immediate employment:

X, T)=max {x;:j=1,...,J+K}. (8)

Clearly, (8) applies only if the individual can neither hold multiple jobs
nor acquire additional education. In addition to (7) and (8), other
boundary conditions may be required to determine v uniquely. Here
the precise conditions depend on the specific processes for X. All
details are deferred to the next section.

III. The Value of Education

The solution to the boundary value problem (6)-(8) determines the
individual's evaluation of the personal benefits to education. Although
specification of the boundary value problem is possible under surpris-
ingly general conditions, its solution is not. As is typical with such
problems, an exact solution is possible only in special cases. In
general, a solution to (6)-(8) must be approximated numerically. Ac-
cordingly, in this section an analytic solution is derived for an interest-
ing special case, and its properties are described in detail. In the next
section the solution to a more general but more difficult educational
problem is approximated numerically for selected values of various
parameters.

As shown in this section, the solution to our special problem has
some interesting properties. For example, the longer the time to gradu-
ation, the more risky the subsequent employment opportunities; and
the less correlated these risks are, the more valuable education is to the
student as an option. In fact, education appears to be most valuable as
an option when it provides broad training permitting postponed entry
into a high-risk occupation. By contrast, neither the expected returns
to future employment opportunities nor the riskless rate of interest
directly affect the personal evaluation of continued education relative
to immediate employment. Instead, any effects of these latter param-
eters are captured by the individual's current evaluation of future
employment opportunities.

To simplify the general problem of the previous section, suppose that
our individual has access to one of only two occupations or careers.
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The first is available at any time (/ = 1), while the second is obtainable
only after graduation (K = 1). Also, for simplicity suppose that the
variances o and o3, the covariance o,,, the fractional wages , and w,,
and even the percentage tuition net of nonpecuniary benefits from
education y are independent of the personal evaluations x, and x, of the
two employment opportunities. Thus, these parameters depend at most
on the current time 7. Finally, assume that, for all future periods, the
fractional nonpecuniary benefits from education always exceed or at
least equal the percentage tuition payments plus foregone wages: [7 (y
+ w)ds = 0, 0 =t = T. This last restrictive assumption is critical.
Without it, the student may choose to leave school before graduation,
thereby rendering inapplicable the analytic solution in this section.
Subsequently, in Section IV this restrictive assumption is dropped, and
the solution to the more complicated problem with optimal stopping is
approximated numerically.'®

For a unique solution to the above problem, additional boundary
conditions are necessary. These conditions stipulate that education is
worthless if employment is never available:

v(0, 0,1) = 0. 9)
Also, relative to each employment opportunity, education has a limited
value: v(x,, x, t)/x; is bounded for all x; > 0,/ = 1, 2.

Given the above assumptions, the problem of this section can be
specified as follows. In (6) transform variables: y = xo/x, and u(y, t) =
v(xy, Xy, 1)/x,. Also, let 6* = o} — 20, + o This yields

—;02)’2 g?: + (@, — wy)y gi‘ =y + wu + -%% =0, (10)
plus the boundary conditions
u(, 1) =0, (11)
u(y, T) = max{y, 1}, (12)
and
u(y, 1) =1, (13)

with u(y, 1) and u(y, 1)/y bounded for all y > 0. Here it is convenient to
regard y as the personal evaluation of skilled relative to unskilled
employment and « as the personal value of continued education rela-
tive to immediate employment.

To specify the solution to (10)-(13), some additional notation is
useful. Accordingly, define

10. These conditions guarantee that the student never leaves school prior to gradua-
tion. Similarly, an explicit solution to the option pricing problem of finance is possible
only when premature exercise of options is never optimal; see Merton (1973).
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i T T
['(r) Ef vds, (1) Ef wds, O%(1) Ef 0*ds (14)

t t t

for j = 1, 2. Using this notation, the solution becomes"
u(y, 1) = e ""MN(d,) + ye""N()), (15)

where N(-) denotes the standardized normal distribution,

N(d) =_1_J.d e—EZmdé:
Vim ¢ -= ’

with

logy + ©, + £,
[§]

dzz“%‘+‘

d 5 logy + Q, — (,
1—T_

e L]
The individual's evaluation of continued education relative to imme-

diate employment u exhibits several interesting properties. In (15) u is

strictly increasing and strictly convex in the personal assessment of the

relative benefits to skilled versus unskilled employment y:

Au 0*u e T-mN'(d,)

— p-I—0 —
3y e 2N(d;) > 0, 3y? Oy = ). {16)

Also, aty = 0 the solution (15) satisfies the dropout constraint (13): « (0,
1) = e T = 1. As indicated in figure 1, these conditions imply that the
value of continued education almost always strictly exceeds the value
of immediate employment. In this case, the student’s option to quit
school early remains more valuable unexercised than exercised. Thus,
under our previous assumption that, prospectively, the percentage
nonpecuniary benefits from education always exceed the fractional
tuition plus foregone wages, I' + €2, < 0, the student always stays in
school until graduation.

The personal value of continued education relative to immediate
employment also depends on the remaining time to graduation. For
small increments in the time to graduation 7 = T — ¢, (15) implies that

%’: = — (y + w)e " MN(d)) — (y + w)e " N(dy)
a7
+ e TNy,

The first two terms on the right-hand side of (17) identify the impact
on the personal value of extra education relative to immediate em-

11. The solution (15) can be calculated by transforming variables and reducing (6) to
the heat equation of classical physics. See, for example, Churchill (1963, chap. 7).
Alternatively, the solution (15) can be calculated from (A1) in the Appendix, part 2. The
latter procedure is developed in Friedman (1975, chap. 6), and discussed heuristically in
Cox and Ross (1976).
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uy.t)

y

Fi1G. 1.—Personal value of continued education relative to immediate em-
ployment « as a function of the personal value of skilled relative to immediate
unskilled employment y.

ployment « of the incremental nonpecuniary benefits net of tuition and
foregone wages available over the slightly longer time horizon. Simi-
larly, the last term measures the effect, again on the relative personal
value of education, of the slightly longer period over which the student
can exercise his option to leave school. If the percentage nonpecuniary
benefits to education are never less than the concurrent, fractional
tuition plus foregone wages, y + @, = 0 and y + w, =< 0, then the last
term is always positive. Thus, for (17) to be positive, it is sufficient, but
not necessary, that ,, w, = — v. In general, however, the sign of (17) is
ambiguous.

Other properties of the student’s evaluation of extra education rela-
tive to immediate employment are even more striking. Nowhere does
the solution (15) depend explicitly on either the expected rates of return
to employment, ¢, and ¢,, or the riskless rate of interest r. In fact, this
irrelevance of both the mean rates of return ¢ and the riskless rate r is
not specific to (15). In (6)—(8) all solutions v are obviously independent
of ¢. Moreover, from the easily verified linear homogeneity of v in X,
all solutions v/x; are independent of r for each skillj = 1,...,J + K. Of
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course, as untraded assets, employment opportunities can have per-
sonal values X depending potentially on all parameters in the educa-
tional problem, including the expected returns to employment ¢ and
the riskless rate r. Nevertheless, these properties do suggest that
models ignoring uncertainty or, more generally, models emphasizing
only the mean returns to education are unlikely to measure accurately
the true value of education to the individual.

By contrast, the individual's assessment of the benefits to education
depends explicitly on the risks to future employment. In (15) the value
of continued education relative to immediate employment u is strictly
increasing in the measure of risk 6%

8u _ e TMN'(d,)

T 70 24 a8

As perceived by the individual, the greater is the risk to employment
02, the more valuable is the option to postpone through additional
schooling commitment to a specific career. Thus, with potential occu-
pations or careers of ever greater risk, the flexibility afforded by
additional schooling becomes even more valuable to the individual.

The significance of these results is best revealed by separating the
measure of risk ©? into its components. Assume temporarily a fixed
correlation p = o,/o,0, between the returns to skill-specific human
capital of types 1 and 2. In this case, increasing proportionately the
variances o? and o2 over some future period increases the measured
risk (14) and hence the value of education (15). In addition, with one
variance, say o2, constant, then increasing the remaining variance
during some future period increases both (14) and (15) if oy, < po,, but
decreases both if o, > po,. Here the impact of increasing risk on the
value of education (15) depends on the balance between risks. Finally,
if the correlation p between rates of return to the two types of human
capital increases again over some future period, then with the vari-
ances o2 and o constant, the total risk (14) and hence the value of
education (15) decrease. These and the subsequent comparative statics
are summarized in table 1.

The implications of these comparative statics are clear. With in-
creasing risks from early commitment to a specific career, education
becomes more valuable. An individual more uncertain about his abili-
ties, personal preferences, and future employment opportunities has a
greater incentive to delay commitment to a specific career. Over time
as the student learns progressively more about his abilities, prefer-
ences, and opportunities, the value of continued schooling diminishes.
In addition, the balance between risks is important. For example,
generalized training such as liberal arts is more valuable to the student,
other things equal, than highly specialized professional or technical
training. In short, at least as an option, education appears most valu-
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TABLE 1 Comparative Statics for the Values of Education
Increment in Impact on u Conditions
v E
T + Wy, Wy = —Y
¢‘lv ‘ibﬂ 0
r 0 e
of and o} + do/do, = o/,
otf, o} . - oy = po,, 03 2 po,
p 2
P _
Wy, Wy -

NoTE.—u = personal value of continued education relative to immediate employment; y =
personal value of skilled relative to unskilled employment; r = remaining time to graduation; ¢, =
mean returns from employment in occupationj = 1, 2; of = variance of returns from occupationj = 1,
2: p = correlation between the returns to occupations 1 and 2; y = tuition net of nonpecuniary benefits
to education as a percentage of the personal value of continued education: w; = wage in occupation,
J =1, 2 as a percentage of skill-specific human capital.

able when it provides broad training permitting postponed entry into a
high-risk occupation.

In this simple model two additional properties are evident. By in-
creasing over some future period the percentage tuition net of non-
pecuniary benefits to education vy, the current value of education (15) is
decreased. Simultaneously, by increasing over the same future period
the fractional wages w, or w, foregone during schooling, the current
value of education (15) is decreased. Although neither property is
surprising, both have interesting implications. For example, if the
perceived nonpecuniary benefits to education net of tuition correlate
positively with the educational attainment and financial wealth of the
student’s parents, then education appears more valuable to students
with educated, affluent parents. Similarly, if highly specialized occu-
pations or careers with highly peaked age-earnings profiles yield
smaller percentages of total life-cycle earnings in current wages, then
students training for such occupations also regard education as more
valuable. At least indirectly, both properties have testable implications
for observable patterns of schooling across individuals.

IV. The Optimal Time to Quit School

Because education is an untraded asset, its private value to individuals,
as computed in the previous section, is generally unobservable.
Nevertheless, the previous results still have interesting empirical im-
plications if only because they help to explain observed characteristics
of existing educational programs. In the United States these charac-
teristics include a seemingly protracted period of higher education
combined with a heavy emphasis on generalized training. Moreover,
these properties are most evident among affluent students planning
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specialized professional careers characterized by highly peaked, highly
variable profiles of labor earnings over the life cycle.

By contrast, the distribution of schooling across individuals is di-
rectly observable, so that predictions about optimal periods to spend in
school are empirically testable. Accordingly, in this section the prob-
lem of the previous section is generalized, introducing for the first time
the possibility of optimal departure from school before graduation. For
this more general, more realistic problem with optimal stopping, so-
lutions are computed characterizing not only the personal value of
continued education relative to immediate employment but also the
optimal time to quit school. However, because this problem is also
more complex, no analytic solution is apparent. Consequently, the
solution in this section is approximated numerically.

Our predictions about the student’s optimal time to quit school
possess some interesting properties. In general, all factors increasing
the personal value of continued education relative to immediate em-
ployment also induce the student to leave school later. For example,
individuals planning professional careers involving either greater spe-
cialization, and hence greater risk, or profiles of labor earnings more
highly peaked over the life cycle choose to stay in school longer.
Similarly, students enrolled in programs which, like liberal arts,
provide broader training and thereby permit entry into more diverse
occupations also prefer to remain in school longer. Moreover, other
things equal, programs charging lower tuition induce students to stay in
school longer.

In this section our former problem is modified as follows. Previously,
optimal departure from school prior to graduation was precluded by
restricting tuition plus foregone wages relative to personal non-
pecuniary benefits from education. Specifically, for all future periods,
fractional tuition plus wages foregone during school were bounded
above by the percentage nonpecuniary benefits from education: , + I’
< 0. Here, this restrictive assumption is dropped, and these parameters
are permitted to assume any values.

This single modification produces the following more complicated
problem of optimal stopping. Consider the space of points (y, 7) repre-
senting, respectively, the current personal value of skilled relative to
unskilled employment y and the current time ¢. In this space find the
function u, representing as before the current personal value of con-
tinued education relative to immediate employment, and the boundary
t = t*(y) with the following properties. For larger values of y lying to
the right of the optimal dropout boundary ¢ = t*(y), the student stays
somewhat longer in school. In this case, « again satisfies (10)-(13). By
contrast, for smaller values of y on the boundary, the student quits
school immediately. In this second case, the personal value of con-
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ployment « as a function of the personal value of skilled relative to immediate
unskilled employment y (r = 4.0).

tinued education currently equals the personal value of immediate
employment in unskilled labor, so that

alyv; =1, (19)

Thus, the optimal dropout boundary ¢ = t*(y) identifies at each time ¢
the maximal current value of skilled relative to unskilled employment y
inducing the student to quit school immediately.

The solution to this problem is approximated numerically using the
procedure described in the Appendix, part 2. For selected values of
various parameters these approximate solutions are sketched in figures
2-4. As shown in figure 2, the personal value of continued education
relative to immediate employment « is nondecreasing in the personal
value of skilled relative to unskilled employment y. Not surprisingly,
only for smaller values of y inducing immediate employment does this
properly differ from the previous results in figure 1. As indicated, when
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(19) is binding, the relative value of extra education u is independent of
the relative value of skilled employment y. Similarly, the comparative
statics in figure 2 differ from the previous results only when the student
quits school before graduation. For smaller values of y, the personal
value of continued schooling relative to immediate employment u is
constrained by (19) and therefore invariant to shifts in all parameters.
Figure 3 illustrates the relationship between the personal value of
continued education relative to immediate employment # and the re-
maining time to graduation 7 = T — t. As indicated, for smaller values
of skilled relative to unskilled employment y inducing immediate de-
parture from school, the relative value of continued education « is
independent of the time to graduation 7. In fact, only with the straight
line (d) is the constraint (19) binding. By contrast, for larger values of
skilled relative to unskilled employment y consistent with continued
schooling, the relative value of extra education u is sensitive to the
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remaining time 7. In particular, with sufficiently small tuition net of
nonpecuniary benefits to education vy, the relative value u increases
with increasing time to graduation =, whereas with larger v the relative
value u decreases with increasing 7. The intuition behind this result is
suggested by (17). With smaller y the value of education as an option
exceeds its incremental cost of tuition plus foregone wages, whereas
with larger y its incremental cost predominates.

The major results of this section appear in figure 4. Here, for specific
values of all relevant parameters, the student’s maximal current value
of skilled relative to unskilled employment y inducing immediate de-
parture from school at the current time ¢ is graphed as the locus of
points {(_v. It = r*(y)}. Because the personal value of continued
education relative to immediate employment « increases with increas-
ing personal value of skilled relative to unskilled employment y, the
region in which the student currently remains in school lies to the right
of the optimal dropout boundary ¢ = r*(y). Moreover, given the con-
tinuous evolution in this model of the relative value y, the region to the
left of this boundary cannot be attained without first passing through
the boundary. Thus, at any time r when the current value of skilled
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relative to unskilled employment y first hits the optimal dropout boun-
dary ¢ = t*(y), the student immediately quits school.

Not surprisingly, the student’s optimal time to quit school responds
to precisely the same parameters as does the personal value of con-
tinued education relative to immediate employment. As indicated in
figure 4, reducing the risks to employment 6 by reducing the variances
of returns to employment, o or o3, or, alternatively, raising the corre-
lation between these returns p induces quicker departure from school.
Similarly, increasing either the fractional wages, @, or w,, or the per-
centage tuition net of nonpecuniary benefits from education y encour-
ages earlier employment. Previously, in figures 2 and 3, the same shifts
in parameters were shown to reduce the personal value of continued
education relative to immediate employment «. By contrast, in figure 4
neither the expected returns from employment, ¢, or ¢,, nor the
riskless rate of interest r directly affect the student’s optimal time to
leave school. Again in figures 2 and 3, these parameters were shown to
have no impact on the personal value of extra education relative to
immediate employment.

Over time, the student becomes less and less sensitive to differences
in perceived risks, personal preferences, and market conditions. In
figure 4, as the time to graduation = diminishes, the maximal value of
skilled relative to unskilled employment y inducing immediate em-
ployment becomes progressively less sensitive to variations in the
perceived risk 62, the fractional wages w, and w,, and the percentage
tuition net of nonpecuniary benefits from education y. Moreover, this
property is most evident within the last year before graduation for
variations in the percentage tuition net of nonpecuniary benefits .

These results have interesting implications for observable patterns of
schooling across individuals, institutions, and occupations. Individu-
als, for example, with educated, affluent parents may regard more
favorably the nonpecuniary benefits to education net of tuition. In this
case, other things equal, these individuals value more highly extra
education and hence remain in school longer. In addition, some
institutions—for example, colleges and universities—prepare students
for professional careers involving greater personal commitment and
hence greater personal risk. Typically, these institutions also provide
broad training, like liberal arts, with diversified opportunities for sub-
sequent employment. By contrast, other institutions attract students
by charging lower tuition. In either case, other things equal, individuals
attending such institutions regard education as more valuable and thus
remain in school longer. Then, too, professions promising over the life
cycle more highly peaked profiles of labor earnings often pay out in
early stages smaller percentages of total earnings as current wages.
Other things equal, individuals again regard training for these occupa-
tions as more valuable and hence remain in school longer.
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V. Conclusion

To the student education provides options. Very often, specialized
training for a specific occupation or career is costly. Also, for many
individuals initial uncertainties about personal preferences, abilities,
and even general conditions in the labor market are considerable. For
such individuals, education—especially formalized schooling—
introduces the options of not only postponing commitment to a specific
career but also choosing among additional careers after graduation. To
the student, this flexibility provided by education is valuable. In part,
its value depends on the individual’s current assessment of subsequent
employment opportunities, the remaining time to graduation, plus
various parameters summarizing occupational risks, foregone wages,
tuition fees, and personal preferences.

In this paper education is evaluated as an option. Under plausible
conditions the argument yields a valuation equation which, subject to
appropriate boundary conditions, uniquely determines the individual’s
current assessment of the personal benefits from continued education.
In some interesting special cases, this equation is then solved. In
particular, under conditions sufficient to guarantee graduation, our
solution is exact; otherwise, the solution is both numerical and ap-
proximate. In the numerical approximation both the personal value of
education and the optimal strategy for leaving school are specified.
Throughout the paper, properties of the solutions and implications for
observable behavior are described in considerable detail.

The major conclusions and empirical implications of this paper can
be summarized as follows:

1. Given more risky alternatives for subsequent employment, stu-
dents generally regard continued education as more valuable and
therefore prefer to stay in school longer. Thus, younger students more
uncertain about their personal preferences, abilities, and opportunities,
other things equal, leave school later. In addition, students anticipating
careers characterized by either greater specialization and hence greater
personal risk or, alternatively, more highly peaked profiles in labor
earnings over the life cycle typically choose to stay in school longer.

2. Educational programs providing broader training with more di-
verse opportunities for subsequent employment are, other things
equal, more valuable to individuals. Consequently, such programs
induce students to stay in school longer. In particular, during some
preparatory period, of, say, undergraduate education, students can
often maintain occupational diversification. This then permits indi-
viduals to learn more about their personal preferences, abilities, and
opportunities before making costly commitments to specific careers.

3. Often, occupations with highly peaked age-earnings profiles ini-
tially pay out lower percentages of total life-cycle earnings in current
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wages. Other things equal, students training for such occupations, like
professional and managerial careers, again regard education as more
valuable and thus remain in school longer. Surprisingly, this reverses
the usual relationship between cause and effect in models of the ac-
cumulation of human capital over the life cycle.

4, Other things equal, educational programs charging lower tuition
are more valuable to individuals, thereby delaying departure from
school. Also, as graduation nears, students become progressively less
likely to leave prematurely programs charging lower tuition relative to
programs with higher tuition. In fact, this latter result is related to a
more general property. As a student’s time to graduation diminishes,
his likelihood of early departure from school becomes less and less
sensitive to all differences in perceived risks, personal preferences, and
economic conditions.

5. Suppose that individuals’ nonpecuniary benefits from education
net of tuition correlate positively with both the past educational at-
tainment and current financial wealth of their parents. In this case,
students with more educated, affluent parents generally leave school
later. Moreover, as graduation approaches, students from more edu-
cated, affluent families become progressively less likely to leave school
before graduation relative to students from all other families.

Because the model in this paper is so simple, many extensions are
possible. In the paper the individual’'s assessment of alternative em-
ployment opportunities is presumed to change at most continuously
through time with independent stochastic increments. However, if
some jobs are available only sporadically or, while in school, failure is
possible, then the assumptions of continuity and independent incre-
ments are easily violated. For example, with jobs available only
sporadically, the value of immediate employment first rises and then
falls as positions open and then close. Similarly, if the student faces a
positive probability of failure and then fails, the current value of any
employment opportunity available only after graduation immediately
drops to zero. In turn, this alters the individual's assessment of the
personal benefits from continued education and thus the optimal time
to quit school.

Other extensions are also possible. For example, in practice school-
ing is sequential. When a student completes one educational program,
often he has the option of either entering a subsequent program or
seeking immediate employment. Once employed, he typically then has
the further option of training on the job. In addition, no decision about
employment is irrevocable. Even if employed full time, the individual
can, at a cost, switch careers, or, alternatively, return to school and
then switch careers. Consequently, education is often in early stages an
option on subsequent options. With such compound options the indi-
vidual's assessment of both the personal benefits to continued educa-
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tion and the optimal time to leave school are again altered. In turn this
has implications for observable patterns of schooling across individu-
als, institutions, and occupations.

In addition, the above results raise interesting questions about ob-
servable patterns of education in general equilibrium. For example,
with different schools facing different costs and a competitive educa-
tional industry, what bundling or packaging of educational services
persists in equilibrium? Again in equilibrium, how easily can students
switch between different educational programs? For what period of
time can students postpone specialization, how long do degree pro-
grams last, and what percentages of students complete different edu-
cational programs? If a student gains admission to several schools
charging different tuitions but offering different employment opportu-
nities, which should he select? How does this decision differ across
individuals and on what characteristics does the decision depend? If,
for example, parents’ financial wealth is important, what then is the
optimal combination of private tuition and public support for higher
education? Clearly, many interesting questions remain unanswered,
leaving much additional work for the future.

Appendix

|

The valuation equation (6) can be derived as follows. Given that & has full rank,
there exists a portfolio v = A&~ comprised of the N risky securities in (3). By
design, this portfolio has a risky rate of return perfectly locally correlated with
the rate of return to education (2). Next, construct a second portfolio denoted
by the N + I-dimensional row vector = with elements representing, re-
spectively, the N risky securities in (3) plus the portfolio v. Because this second
portfolio includes all components of the individual’s human and nonhuman
wealth, its percentage investments must sum to one: 1 = 1. Moreover, with &
invertible, appropriate allocations among the N risky securities render this
portfolio locally riskless:
8\ o
"( A) i

Arbitrage in our frictionless capital market then guarantees that this locally
riskless portfolio earns the instantaneously riskless rate of return r:

‘rr( i )=r.
a+y

This characteristic of a capital market without opportunities for riskless arbi-
trage has been exploited extensively in the financial theory of option prices, as
summarized by Smith (1976).
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Given these results, the valuation equation for education follows almost
immediately. In particular, the above two equations, plus 71 = 1, imply that

p=rl 8)=
W(a-i-‘y—r A %

Because 8 has full rank, there must exist an N-dimensional column vector

satisfying
[ v L Tl
o R A
Deleting « from these equations gives a + y — r = A8 (. — r1). Inserting (2)
and (4) into this last equation then yields the valuation equation (6).

1

The solution to the problem of Section IV can be specified as follows:

g
u(y, 1) = E[max {1, n(T*)} exp [ (y — w)dsly, 1], (A1)
]
where m is the solution to the stochastic differential equation,

dn = (w, — wo)mdt + Ondz, (A2)

with the initial condition n(t) = y. Also, T* is the minimum of T and the first
passage time of 7 to the boundary 1 = r*(y). In (Al) E[-|y, 7] denotes the

conditional expectation given the current values of y and . Without the bound-
ary condition (13), this expectation is easily evaluated. In this case, T = T*, so
that (A1) simplifies to (15). The stochastic representation of solutions to bound-
ary value problems is developed in Friedman (1975, chap. 6), and described
heuristically in Cox and Ross (1976).

In general, however, with condition (13) the expectation (Al) cannot be
calculated explicitly. Thus, a numerical approximation is necessary. One sim-
ple procedure is as follows. First, approximate (A2) by the discrete process:

An = (0, — wa)mAl = 0V AL, (A3)

where At = (T — t)/N and N is a positive integer. In (A3) the Weiner process ¢
is replaced by a symmetric random walk. Without the constraint (13), the
solution (A1) could easily be approximated by discounting to the current time ¢,
using the discount factor [1 + (w, — y)Ar]~¥, the average of the terminal values
max {1, n(7)} calculated from (A3). However, with (13) the procedure is
slightly more complicated. Because both (A1) and the unknown stopping
boundary ¢ = t*(y) must be identified in the solution, it is necessary to proceed
step by step with (A3). At each step of the iterative procedure, the two adjacent
sample values of n calculated from (A3) are averaged and then divided by 1 +
(w, — y)At. If the subsequent discounted average value is below 1, then it is
replaced by 1. This process is continued until the discounted terminal sample
average max {1, n(T*)} expj'r(y — w)ds is identified.

For the values of the parameters indicated in figures 2 and 4, numerical
solutions were generated at intervals of .05 in y and .20 in 7. All graphs were
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drawn by interpolation. The authors will provide details upon request. A
similar algorithm appears in Parkinson (1977).
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