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Introduction

The existence of insurance, futures markets, and
stock markets indicates the importance of risk
aversion in economics. In spite of this, there are
few studies which attempt to estimate the degree
of an agent’s risk aversion (see Friend and Blume
1975).! Any study which seeks to quantify risk
aversion, regardless of the setting, must neces-
sarily resort to indirect measures. In this article
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1. This gap is especially sigmificant given the continued
controversy regarding the nature of the objective function
when agents must produce in an uncertain environment.
Some (see Sandmo 1971) have assumed that firms maximize
expected utility where utility is a strictly concave function of
profits. The model based on the strict concavity assumption
gives rise to implications that are quite different from those
flowing from expected profit maximization. For example,
fixed costs affect output decisions. One objection to this
model asserts that firms with strictly concave (or strictly
convex) utility functions will not survive when confronted
with risk-neutral competitors. In the long run, the average
profits of the risk-averse firms will be smaller than those of
the risk-neutral firm. Moreover, there will be a tendency for
them to disappear or be acquired by risk neutral entrepre-
neurs (see, e.g., Gould 1976). Furthermore, the demise of the
risk-averse entrepreneur will be beneficial for stockholders
who will want each firm in their diversified portfolio to
maximize expected profits. On the other hand, if there are
perfect markets, then Fisher separation obtains and the firm’s
goal is profit maximization which, empirically, is indistin-
guishable from a linear utility function. (The empirical work
on efficient markets starts with the assumption of perfect
capital markets.) This problem continues to be the subject of
theoretical inquiry (see Radner 1974).
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We construct a model in
which it is rational for
an agent with constant
absolute risk aversion to
select the more risky of
two investments if and
only if his wealth is
small. This paradoxical
behavior is induced by
the presence of dis-
counting and a bank-
ruptcy constraint, and it
bodes ill for the empiri-
cal resolution of the
controversial assump-
tion of risk-averse
agents.
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we point out one of the difficulties that will impinge on the validity of
empirical work on this topic: indirect measures can be highly sensitive
to factors other than risk aversion itself. Just how sensitive the indirect
measure can be is illustrated in a paradoxical example in which bank-
ruptcy plays the role of the other ““factors.”

We consider an individual or firm who seeks to maximize the ex-
pected discounted utility associated with his income stream where at
each point in time he must choose between two risky investments X,
and X,. The agent’s one-period utility function u is strictly concave
(i.e., he is risk averse) and Eu(w + X,) > Eu(w + X,) for all wealth
levels w so that X, is myopically preferred to X,. Our goal is to
construct a simple example wherein the risk-averse agent’s optimal
strategy is not the myopic one; rather the agent’s (dynamic) ordering
over the set {X,, X,} of investment projects is wealth dependent. In
particular, the agent chooses investment 1 whenever his wealth falls
below ¢ and investment 2 whenever his wealth is £ or more, 1 < £ < .
In addition, an example is provided in which E(X ) > E(X,) so that
investment 1 can be thought of as the high risk—high mean return
investment. In this case the agent’s optimal strategy is truly paradoxi-
cal in that he appears to be risk preferent.

In constructing our example, we establish the exact form of the
optimal policy (see theorems 2 and 4) as well as quantitative properties
of the optimal policy (see theorems 1 and 3); moreover, a simple
formula for the optimal return is developed (lemma 1).

The existence of a side constraint (i.e., the possibility of bankruptcy)
and the presence of discounting are the sole causes of the anomalous
behavior. The point is simply this. Valid inferences concerning an
agent’s neutrality or aversion to risk must necessarily emanate from a
highly robust model. Failure to include a constraint such as bankruptcy
might very well produce the maximally incorrect inference.

The Problem

Let X, and X, be two random variables with cumulative distribution
functions F, and F,, u a utility function of the form u() =1 —e ™ with
X > 0 so that « exhibits constant absolute risk aversion (see Pratt 1964),
B the discount factor, 0 < 8 <1, and w, = 1 the agent’s initial wealth.
Each period the agent observes the size w of his current wealth and
selects an investment with distribution F;; his wealth then becomes
w + X; and he receives the payment u(w + X) according to the distri-
bution F;. (Given i, the draw from F; is independent of all past draws.)
This process repeats indefinitely unless his wealth reaches zero, in
which case he is bankrupt (or ruined). Upon becoming bankrupt, the
agent’s wealth remains zero, whereupon he receives payments of u(0)
= 0 in each period.

The agent seeks to maximize the expected discounted sum of the
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utilities of the payments. If the agent’s bequest is his wealth at the time
of his death, then this is equivalent to maximizing the expected utility
of his bequest—with one proviso: the agent’s lifetime is a geometric
random variable with parameter 1 — g.

In order to secure a model with substantial content, we shall assume:
(1) w, 1s an integer and X, and X, are integer valued, and (2) F(=2)=
Fy(—2) = 0. Assumption 1 assures us that the agent’s wealth level is
integer valued at all times, whereas assumption 2 precludes the possi-
bility that his wealth might become negative, even after bankruptcy
occurs. Together these two assumptions rule out occasions in which
the agent’s wealth level jumps over the boundary (i.e., zero) rather
than landing directly upon it at the time of bankruptcy. If this possibil-
ity were not removed, then the one-period utility function u would
more properly be defined by u*(w) = max [u(w), «(0)], all real w. in
which case u* is not concave,? though of course its restriction to the
interval [0,) is a concave function.

Hakansson (1970) has constructed a finite horizon model with con-
sumption in intermediate periods and constant stochastic returns to
scale (as well as several other complicating factors such as labor
income) in which ‘‘any debt incurred by the individual must at all times
be fully secured’ (p. 477). There he focuses attention upon the possi-
bility that the multiperiod return function—analogous to V(-) given in
our equation (1)—will not be concave even though the (separable)
utility of consumption is concave. Qur model is designed so that an
optimal policy can have positive probability of bankruptcy and our
concern is with the optimal strategy rather than the optimal return
function.

The Analysis

Standard results in dynamic programming (see Blackwell 1965 and
Denardo 1967) permit us to assert that the value V(w) of having initial

wealth equal to w is the unique solution® to [V(0) = 0]:

Viw) = max [1 — e ™y, + BEV(w + X)), w=12 ..., D

i=1,2

where p; = Eé™i. Moreover, the optimal decision, label it 7*(wv). is the

one that attains the maximum in equation (1). Consequently, the policy

7*(w) whenever and however it reaches wealth w. w = ;255 0., 18

optimal. Moreover, the standard policy improvement algorithm can be

applied to verify the optimality of a given policy (see Orkenyi 1976).*

2. This point was made by Professor John P. Gould.

3. If B = 1, this remains true provided that the expected time till ruin is finite. When 8
< 1 there is a uniform bound on the return V, associated with policy m,as 0 < V. < 1/
(1 — B), so V() is bounded.

4. In addition, policy improvement can be utilized when B = 1 if the expected time till
ruin is finite; see the proof of theorem 3.
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Henceforth we assume
oy = g, (2)

so that investment 2 is, myopically, preferable to investment 1.

If exclusive employment of investment 2 were to preclude the possi-
bility of bankruptcy, then its myopic domination of investment 1 would
suffice to ensure its use at all levels of wealth. This fact is demonstrated
in our first theorem (proofs of the theorems and lemmas are to be found
in the Appendix), thereby establishing the crucial role of bankruptcy in
our model. For convenience, we refer to the policy that always selects
investment i as policy I or policy Il wheni = 1 andi = 2, respectively.

THEOREM 1: If Fy)(—1) = 0, then #* = IL

The first step in constructing the example consists of showing that
there is a critical number &, 1 < ¢ < +«, such that

1, if w<¢
2, if w=¢. 3)

wt(w) =

We refer to any policy of the form given in equation (3) as a critical
number policy.

THEOREM 2: The optimal policy #* is a critical number policy.’

The second and final step is the demonstration that both investments
are employed, that is, £ > 1 (1 is used) and £ < = (2 is used). In so doing
we need to develop explicit formulas for V(w), the return associated
with policy i, i = 1, II. We begin by defining, fori =1, 2, 7; to be the
first time the agent loses (a net of) $1.00 when he always selects
investment i, ¢, +) the generating function of 7;, and U(w) the expected
utility associated with policy i when w is the initial wealth and the

one-period utility function is (1) = u(t) — 1 = —e " forz >0 up to and
including the time of bankruptcy and #(0) = 0 after bankruptcy. (For
convenience we shall write V, = U(1), i = 1, 2.) As shown in Karlin

and Taylor (1975, pp. 96-100), ¢; is the smallest nonnegative solution
of

z Pri PR = 1B, (4)

k=—1
with
pri = P(X; = k). (5)

In order to keep the analysis simple and to elucidate the intrinsic nature
of the process, we shall have occasion to assume that

PX;=m)=p;>0 and P(X;=—l)=q,>0, i=12, (6)
where m, > m, = 0. (Because u, > p, this also implies ¢, > qs.)

5. The proof of theorem 2 is particularly noteworthy as the techniques employed
therein have wide applicability.
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LEMMA 1: If X; satisfies equation (6), then the return functions V;
have the following representation (we suppress the subscript i on the
right-hand side of eqq. [8] and [9]):

Vi(_”') — [l — (b'(B)]/(] == B) + (,—M_n'—lﬁl V:‘

(7)
+ di(BViw — 1),
so that
oy = 4 = OB v sw-n 1 — [d(B)e N :
Vi(w) =3 + Ve = 6(B)c" (8)
where
7 =t g —A . = »—Am ] = I.(b(B)(’AJHH—l I .
W =i #/(1 PBe e J )

SettingA =1,8=0.9,m, =2,m, = 1,p, = 0.5, p, = 0.6, we have u,
= 1.4268 > 1.3080 = u,, ¢, (0.9) = 0.50953, ¢, (0.9) = 0.48926, V, =
—0.711314, V, = —0.895855, so that V,.(1) = 4.22600 > V(1) = 4.21148
> 4.19342 = V (1), where 7 is the stationary policy that selects invest-
ment 2 for all wealth levels except w = 1; V(1) is computed, as per
equation (7), as follows:

V(1) =1—eu,; + p,BV.(3)

=1- e + pﬁ{ 1 1_?'2[(36) + eV,
+ 6B) [ l}_—_@é_ﬁ) + e, + (bg(ﬁ)mn”

I — e "5+ P]Bl I _I ?2;;8)”

I — p1Bd(B)°

Because V(1) > Vy(1) > V,(1), we know that #* is neither I nor II:
equivalently, 7* employs both investment 1 and 2 so 1 < ¢ < «, as
desired.® Moreover, investment 1 is the high risk—high mean return
investment, for u; > w, and E(X,) = 0.5 > 0.2 = E(X,), thereby
establishing the existence of the paradoxical behavior as promised.

Finally, the following lemma reveals that the return function V(-) is
concave in this example;” thus, the paradoxical behavior is not induced
by a lack of concavity in the return function.

LEMMA 2: If F,(r + 1) < F(¢) for all ¢, then the return function V(-) is
concave.

+ Vale 2 + v"‘cbz(ﬁ)l’

6. Itis interesting to note that investment 1 is utilized even though [1 — &,(0.9))/[1 — B]
< [1 = &(0.9))[1 — B], i.e., investment | has the shorter discounted length of play.
Evidently, the saving grace of investment 1 rests upon the fact that it has the smaller ruin
probability, i.e., ¢,(1) = 0.579 < 0.592 = ¢, (1).

7. The concavity of V() is easily established by inspection of eq. (8), ddBle*< 1, and
V,< 0.
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The Importance of 8 < 1

It was stated in the Introduction that the sole causes of the anomalous
behavior are the presence of discounting and the possibility of bank-
ruptcy. The essential role of discounting is demonstrated in the fol-
lowing theorem. (Note that we do not assume X; is given by eq. [6].)
THEOREM 3: If 8 = 1 and E(X,) > E(X,), then 7* = I; that is, if there
is no discounting, then it is always optimal to select investment 1.°
Because u, > p., the agent would *‘prefer’” investment 2 on each
given play if there were no ramifications beyond the fact that it has the
larger one-period utility. However, when 8 = 1 this is more than
compensated by the fact that the expected time till ruin is larger for
investment 1.° But the fact that investment 1 prolongs the expected
duration of play (= wEr,) does not imply that it has the greater ex-
pected discounted number of plays (= [1 — ¢«(B)“I/(1 — p)) till ruin.
This ‘‘explains’” why & < = in our example when 3 < 1 and ¢ = « when

B =1

The Option of Not Investing'’

In light of theorem 1, it is natural to inquire whether the behavior
encapsulated by equation (3) persists if the agent is allowed to stop
altogether. To wit, suppose that in addition to the risky investments X,
and X, the riskless investment X, = 0 is also available to the agent each
period. As before, u1, > i, and in addition we assume w, > j,, so both
risky investments myopically dominate ‘‘not investing.”” We now
provide a numerical example in which the optimal policy satisfies
equation (3) with £ > 1 and ¢ < «; that is, the wealth-dependent
(dynamic) ordering of the investment projects persists and the agent
never selects investment 0. Toward this end, we establish a version of
theorem 2 to account for the possibility of using investment 0. It asserts
that there is no reason for selecting investment 0.

THEOREM 4: The optimal policy 7* is a critical number policy, that
is, it satisfies equation (3); in particular, investment 0 is not utilized.

To obtain the desired numerical example, we set A = 1, 8 = 0.4, m,
=1, m, = 2, p, = 0.746, and p, = 0.68. Then 1 > u, = 0.96488 >
0.96188 = ., ¢,(0.4) = 0.10488, ¢,(0.4) = 0.12858, V, = —0.41326, V,
= —0,37412, so that

V(1) = 1.07875 > V(1) = 1.07860 > V(1) = 1.07825, (10)

8. The proof reveals that always selecting investment | is uniquely optimal among the
class of stationary policies if E(X;) < 0.

9. If E(X,;) < 0, then from Wald’s equation and E(X,) > E(X,) we have Er, =
—VE(X,) > —VE(X,); if E(X,) > E(X,) = 0, then E7, = E7, = =.

10. This line of inquiry was suggested by the referee.
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where 7 is the stationary policy that selects investment 2 for all wealth
levels except w = 1. As per equation (7), we have

l = 9 7
Vo) = {1 = ey + pp[= 28 + e 0/ 11 - pusoa
Equation (10) reveals that 7* is neither I nor II, as desired.
Unlike our previous numerical example, investment 1 is the low-
return investment. Whereas the (dynamic) wealth-dependent ordering
of the investments is preserved, the anomaly disappears.!!

Appendix

ProoF OF THEOREM 1: Let < A; > and < B, > be independent sequences of
i.i.d. random variables with distribution F, and F,, respectively, and set §, =
31 B;. Because F,(—1) = 0, it is clear that

o

Y
; 3 =111 — p—Mwt+sSyl] —
K 2Bl ~ e W]

Va(w)

n=1 = B
— o~ hw S‘BH—I Ee—Mn
ded
n=1
| Lo XN |
= —_— Bu Hg _
=5 ; 1 -8
—e —Aw Mo :
1 = Bu,

Let 7 be the nonstationary policy that selects investment 1 in some state w,
say W, and thereafter always selects investment 2. Then for w > 1 we have

I/h_(“‘.-) = S‘_ﬁn_l“ e (,—An?!+,-11+.‘.‘,,_|>]
=1
1 N ey .
- —eM —— < Ve(w),
1 -8 1=Bps

for m, > w, and we < 1 because Fs(—1) = 0.

11. Unfortunately the condition E(X,) < E(X,) is necessary. The reason for this is as
follows. If u, = p, and E(X,) > E(X,), then ¢,(1) — ¢.(1) > (=) [<] 0 whenever e < (=)
[>] 1. This fact is most easily discerned from the observations, first, that m=¢(1) =
= ¢po(1) = m, when u = 1, where p is the common value of the u;; and, second, dm,/dp, =

(1 — #)/2pym, — 1) and dmry/dp, = (1 — 7#D/(Bp.a? — 1), where v = (e* — e M/(e* -

e~2%. Combining these with the fact that p, = (¢* — 1)/(e* — e~ when u = 1 reveals that
dmyldp, | ey < dmy/dp, | .., whence 7, < 7, when u < 1. In particular, when 1 > iy > fs
and E(X,) > E(X,), we necessarily must have ¢,(8) > ¢.(B) for all 8 € [0,1]; hence,
investment 1 has the smaller discounted length of play as well as the smaller return per
play—in short, it has nothing to recommend its use.
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Next, notice that

E D B = e™n) = (1 — pa)l(1 = A1 ~ Ba)

n=1
= () = Vy(0).

Consequently,
Vo) =1 = we >+ BEVy(l + A))

= = }LIF_" o+ B(’_“E Zﬁn—-ln — {,-—.\t.&‘n-i-.dl)]

n=1

B  ER—— Ha
rop T T Y

Thus 11 cannot be improved so the policy-improvement results of Orkenyi

(1976) imply that II is optlmal Q.E.D.

PrOOF OF THEOREM 2: If 7* is not of the form given in equation (3), then
there is an integer # with W = 2 such that 7*(# — 1) = 2 and 7*(W) = 1.

Define the random variable Q(=1) to be the number of times that #* con-
secutively selects investment 1 when starting from the state , and let 7 be the
nonstationary policy which selects investment 2 at time | and investment I at
times 2,3, ..., 0 + 1, and then chooses investment 7*(w) when in state w. Let
< A, > and < B, > be independent sequences of i.i.d. random variables with
distribution F, and F,, respectively. We take A, (B)) to be the outcome the ith
time investment 1 (2) is selected. As defined, Q is a stopping time with respect
to {Ai}

By construction, the state of the system is, with probablllty 1, the same after
time Q + 1 when usmg either 7 or 7r* and starting at w; moreover, 1 — g% exp
[—A(O® + B, + ¥ A))] is the reward earned at time Q + 1 under both policies.
Consequently, the fact that {Q > i} and exp( A3, A;) are measurable with
respect to the o-algebra generated by {A,, . . . , A;} enables us to write, without
concern for whether or not P(Q < =) = 1,

i+1 i
Q-1 -A'Y 4 -A > Aj-ABy

e*%v,(W)—V(ﬁ-)1=EZB‘(e AU A )

[110:;-115’ - (e—“m—e—”r)]

i
- A AJ ]
B lia'«"ﬂ(‘ i= (e—'h.'iﬁ-l = e—.\Bl) IA A T Ai_

0

B:E [liamt’ j=: E(P—J\A{H = e"ABl IAD R Al)

Mu

m

=0
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oo —-A ; Aj
= (= po) zﬁ* E ’:llaz-nf' i }

1={

Q-1 = i
— (!‘Ll =) #_g) [:‘ ?B’ e J=1 ~ 0‘
=
as py — py > 0 and each term in the sum is positive. This contradicts the

optimality of #*. Q.E.D.
PrOOF OF LEMMA 1: Suppressing the subscript i, it is clear that

V=U(l)=—e*u+ BpU(m + 1). (A1)

Now U(k + 1) can be expressed as the sum of two components. The first is
e~V the value of the payments received during the first 7 time periods, that
is, until the agent’s wealth falls by $1.00 for the first time. The second compo-
nent is ¢(B) U(k), where ¢(B) = EB is the expected discounted time until the
agent loses (a net of) $1.00. Thus,

Utk + 1) = e %V + H(BU(K). (A2)
By repeated application of equation (A2) to (Al), we obtain, as per equa-
tion (9),
V= —eu+ Bple™™V + $(BU(m)]
= —e M + VBpe ™ + Bpdp(B)le ™V + $(BU(m — 1))

m

=...=—¢Mu+ VBpe M Z[(f)(ﬁ)(‘h}k
k=0

— [d(B)e*]™+! l]

= ' —am| 1
) | ‘If’ 1 ] y— A
ey Bpe ‘ = $(Be

Writing (1) = 1 + u(r), and employing the argument used to develop
equation (A2) it is clear that

1,:‘_(“,) - “ - (Mﬁ”i(l . ﬁ) oL {.—M:.-'—I!p 4 ff){ﬁ'.”f".-("' - ”1 (AB)
asE 3., B = E{(1 — B7/(1 — B) = [1 — (B))/(1 — B)}. Iterating equation
(A3) yields

i

1',,’:(“.) = w Td)(ﬁ)ﬁ‘—l + e Mu'—lr‘;' Z[E.\d)(ﬁ).].‘.‘—l
€l — k=1 k=1

B
_ 1 —(B) 1 — H(B)¥ 4 o=Mu-DY 1 — [e™(B)]* .
1 -8 1 — &(B) I — e*p(B)

Q.E.D.

PrRoOOF OF LEMMA 2: Let V,, be the n-period analogue of V with V,, = 0. The
proof of theorem 2 establishes that u,(w), the optimal action when n periods
remain and the current wealth is w, satisfies equation (3). As V,(w) = 1 — ¢~
e, V, IS cOncave.
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Assume V, is concave, and define u,, to be p, or u, as m,,(w) = 1 or 2.
Similarly, let the random variable Y, have distribution F, or F, as m,,(w) = 1
or2,w=1,2,....Now fix w. Because m,.,(w) and m,,;(w + 2) are both
suboptimal from state w + 1, we have

Ap(w) = Vopw + 1) = Vyw) = [Vpsa(w + 2) = Viyulw + 1]
= (1 — e™Me ™y — € phipss)
+ BE{[V w + 1+ Y,) — Vyw + Y.l
— [Vaw + 2 + Yiuo) — Vilw + 1 + Y0}

Either pt,, = sz and Y, = Yyup OF py = g > Mo = Pt and Y, has
distribution F, and Y,,,, has distribution F,. In the former case the concavity of
vV, implies that A,,,(w) = 0, whereas p, > u,, the concavity of V,, and the
hypothesis Y, + 1 stochastically larger than Y, yields A,,(w) = 0 in the
latter case. This completes the induction argument.

With 8 < 1, V = lim V,, whereby V inherits the concavity of <V, >. Q.E.D.

n—x

PrOOF OF THEOREM 3: We assume E1, < =, for otherwise V,(w) = +x= and /
is optimal. The first step in verifying the optimality of / is to develop a formula
for the return functions V {-); we proceed as in the proof of lemma 1. To begin,
define A by

A=)a, (Ad)

where
a, = ZP,,He*”‘, i=0 1,2 . (AS)
=0

and observe that P(r < =) = 1 enables us to assert that the analogue of equation
(A2) holds:

Utk + 1) = e ™V + Utk), fork=1. (A6)

Furthermore, the analogue of equation (A1) holds and we can iterate (A6) as
follows:

V=—*u+ ZpkU(k +1)=—e 2w+ Vpy + Zpk[e‘“‘ff + Uk)]
=0

1

w 0o

= ‘-e‘_hp‘, + f/ Zyke-u = p]‘? ofx ZP'HIUUC T l)
=0 =1

= —e " + Va, + p,V + v wrie ¥ + Zplﬁ-lu(k)
=1

@
=1
o

= —e Mu + Va, + Va, + paV + Zpﬂzu(k + 1)
i
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n—1 %
=...=—eM+V zu,- 4 Z;J,K.J,“U{k + 1)
i=0 k=0
=...=—e M+ VAL
so that
V =—eul(l - A). (A7)
Moreover,
(1 —e™MA =1 — pe (A8)

To see this, simply rearrange the sum of nonnegative terms:

':l:,_1 = ¢} x
=0 i=0 k=0
oo ¥ ED_.‘
= Epi s‘(,—i\n _— lp,[l il t,--Nj—i-]J]}(u - l,—)\)
=0 m=0 =0

= ll —p_y—e? (Zp;e‘“ + p_ed — ;}_,c}*ﬂf(l —e™™).
=i 1

Finally, it is also clear that

7 ! = 3 r 1 S {,—M." .
Viw) = wEr + V2 —€ (A9)
] = e

for

Vilw) = Er + Ve~ 2w-0 4 Vi — 1)

Il

= wET + V[e Mo~V 4 o—Nuw-2 4 4 1],

Let 7 be the nonstationary policy that selects investment 2 in some state W,
say w = w, and thereafter always selects investment 1. From equation (A9) and
the definition of = we can conclude that

Vilw) = V(W) = 1 — e M — (1 — poe M)

# Z Viw + k)(p1x — Pas)

k=1

12. Noting that

Sa=DA=-1forn=1,2,...,n,
i=1
we have
:
_L . s
— Utk + 1) = E Y e-Mk+148) — (k) < ¢~ Er, — U(K)
n=1
= .. JEER] — M) — o)
so that

0< - peu Utk + 1) < Er, D Prsdll — e MHDY(] — o)
k=0 k=0

ﬂEnzmm—rN*&

7=t

Justifying the limiting operation implicit here.
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= (ps — F-i)?-m"' EnlE(X, — E(X,))

P 4 T ~ E [1 — e M0 (pyx — Psx)
= ™ =5
= — M _"?1
= (; — po)e ————1 —a - 1} + En[E(X,)) — E(X,)].

By definition we must have V < 0, so equation (A7) reveals that A < 1.
Consequently, coupling p; > s, E(X,) > E(X,), A < 1, (A7), and (A8) yields
V(%) — V(%) > 0, so I is unimprovable. Now V(w) = wEr, <® and EV(w +
s"  B) < EnE[(w + 3., B)*]— 0 as n — = thus policy improvement works
in our countable-state Markov decision process (see theorem 2.5 of Orkenyi
[1976]) and #* = [ is optimal. Q.E.D.

PROOF OF THEOREM 4: Fix w = 1 and observe that if 7 is a nonstationary
policy that selects investment 2 in state w and thereafter always selects invest-
ment 0, and if 7 is any stationary policy that selects investment 0 when in state
w, then (even if w = 1)

Vaw) = 1 — ey, + 1—9—5 sz.:[l = g-hwti]
=
=1 - f—’_mpﬂz = _I_ELB_(I = e—:\w‘u‘g

= (1 — e M)l — B) > (1 — e~ ™)(1 — B)
= Valw),

as p, < o = 1. Thus, any policy which employs investment 0 can be improved
upon. Consequently, the possibility of using investment 0 can be ignored and
the proof of theorem 2 can be utilized. Q.E.D.
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