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This paper focuses on a methodology aimed at analyzing the Carhart multifactor model
(Carhart, 1997) over various time horizons in the French Stock Market. The suggested approach
exploits the decomposition scheme inherent to the wavelet-based Multiresolution Analysis, allowing
one to investigate the time scale relationships between stock returns and risk factors. The empirical
results show that the explanatory power of the wavelet-based four factor model is scale-sensitive.
The market factor is highly significant over the range of time scales and positively effects intermediate
and long-term investment horizons. Besides, the size factor is found to be negative for the portfolios
constructed by small capitalization assets. The size risk also becomes negative for big portfolios at
the largest time scale. The value proxy HML, which is rejected for the unitary (single) scale model
is, howewer, significant over a large array of resolution levels (investment periods). Finally, it is found
that the momentum factor, within the multiscale framework, has a significant impact on the expected
stock returns.

Introduction

Over the last 15 years, criticism addressed to the single-factor Sharpe-Lintner Capital
Asset Pricing Model (CAPM) has led to the development of multifactor asset pricing
models, motivated by Ross’s (1976) Arbitrage Pricing Theory (APT). The basic
methodology has been to consider supplementary risk factors in addition to the systematic
risk, in order to explain the expected excess returns. Fama and French (1993) propose
three factors as surrogates for risk: the market, the size and the value factors. Adding a
fourth factor which is the momentum anomaly, Carhart (1997) introduces an alternative
multifactor pricing model.

Though these models have been the subject of theoretical and empirical investigation
and have shown practical importance, they fail, however, to take into account,
the tendency of investors to hold stocks over different periods of time. The reason is that
classical pricing models are restricted in a single scale perspective.

In this paper, we exploit the time scale localization property of wavelet functions to
develop a multiscale Carhart four-factor model, aimed at analyzing the relationships
between stock returns and risk factors at different investment periods within the French
Stock Market.
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This paper is structured as follows: First, it presents a short overview on the Carhart
four-factor pricing model, followed by the delineation of wavelet techniques in time-series
analysis, an introduction of the multiscale Carhart four-factor model, data description,
empirical results drawn from the implementation of the single-scale and the multiscale

pricing models, before arrising at the conclusion.

Carhart Four-Factor Model

The Carhart multifactor asset pricing model (1997) extends the Fama-French model
by adding a fourth factor which takes into consideration, the momentum anomaly

(Jegadeesh and Titman, 1993).

The resulting model is consistent with a market equilibrium model, with four risk
factors which are: the Fama-French risk factors, i.e., the value-weighted market proxy Mkt
(High minus Low), the size risk SMB (Small Minus Big), and the book-to-market
factor HML in addition of the momentum anomaly proxied by WML which is short for
(Winner Minus Loser). The Carhart four-factor model is as follows:

R, -R;,=a, + B.Mkt, +y,SMB, +6,HML, + . WML, +¢,

It should be noted here that in the equation below, Mkt is the “market premium”:
®,
B, 7, 6 and 0 are the factor sensitivities to the state variables obtained from the multiple
regression of R, - Rﬁ onR - Rﬁ, SMB, HML and WML, respectively.

-R), where R and R, stand respectively for the market return and the free rate.

BE

The Fama-French factors are constructed using six portfolios based on size and BM

ratio. Similarly, the Carhart (momentum) factor exploits six portfolios based on size and

momentum.

In order to build SMB and HML factors, the following methodology is repeated at the
end of June, every year. Firstly, two groups are formed based on size and labeled Small (S)
and Big (B). Here, we use the median market capitalization at the end of June of that year
as the size breakpoint.

Secondly, we use the % ratio for the year t, which corresponds to the Book Equity
(BE) for the fiscal year ending in (t — 1), divided by the Market Equity (ME) for December
of (t — 1) to construct three groups of stocks. These groups, denoted by Low (L), Medium
(M) and High (H), result from dividing the cumulative stocks, with respect to the 30* and

70" percentiles, respectively.

Then, the intersection of the five groups described below, allows us to obtain six
portfolios denoted by SL, SM, SH, BL, BM and BH, for which we calculate the

corresponding returns labeled Ry, Ry, Ry, R, , R, and R .
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Finally, we compute the SMB risk factor as the difference between the monthly average
return on the three small portfolios and the monthly average return on the three big
portfolios:

= 1 1
SMB:RS _RB :E[RSL +RSM +RSH ]_E[RBL +RBM +RBH]

and HML as the difference between the monthly average return on the two portfolios,

within the high group and the monthly average return on the two portfolios with low
BE

—— ratio:

BM

= = 1 1
HML:RH - RL :E[RSH +RBH ]_E[RSL +RBL]

So as to obtain the WML factor, we opt for the following methodology: we use Big (B)
and Small (S) portfolios based on size decomposition and Winner (W), Minus (M) and
Loser (L) portfolios based on the cumulative past stock returns. The last three portfolios
are obtained from the decomposition of the sorted stocks in function of the 12 cumulative
past returns where, the breakpoints are chosen to be the 30® and 70" percentiles.
Thus, the 30% of stocks which have the most important cumulative past returns form the
Winner (W) group, the next 40% represent the Minus group (M) and the remaining
30% constitute the Loser group (L).

The intersection of these five groups allow us to obtain six portfolios, denoted by SW,
SM, SL, BW, BM and BL. For each portfolio, we calculate the corresponding returns, labeled
hereafter R, R, , Ry, R, R, and R

sw Raw respectively.

N Vg BL?
The WML factor is the difference between the monthly average return of the two

winner portfolios and the monthly average return of the two loser portfolios:
= = 1 1
WML =Ry, —R,; :E[RS\X/ +RB\X/]_E[RSL +RBL]

Wavelet Analysis

Wavelets are mathematical functions used to split a given function into different scale
components. Each scale component corresponds to a specific frequency range, which can
then be analyzed at a precise resolution level. A wavelet transform is a time scale
representation of a function by wavelets. The wavelet transform outperforms the
traditional Fourier transform in terms of ‘time-frequency’ localization and is, therefore,
well suited for representing functions that have discontinuities and sharp peaks, as well
as for accurately handling non-stationary time series.

Formally, wavelets Vo b k € Z are dilated (by a factor 2) and/or translated (by a factor k)
versions of a unique function v such that, the family {l//].’k :2j/zl//(2j x—k), ke Z} is an

orthonormal basis in L*(IR). This allows expressing any function { € L*(IR)as:
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X):zzy/'k‘//;k (X)

jeZ keZ

where )/,k—_[f )dX or equivalently,

f(x) zck <Pok zzd;kl//;k (1)

kez j=0 keZ

where ¢, (x)sz/z(p(Zj x—k). The function ¢ is called the 'scaling function’.

The approximation coefficients ij f (X)%k (X)dX,kEZ capture the general form of the

function f at level j = 0.

The detail coefficients dj, —Jf )dx j€Z, depict the local details of f at a
resolution level j.

It should be stressed here that the scaling function is such that:
(0)=v2 " hp(2x—k)
R

where

hk—\/_I —k)dx,keZ

2
Here {h,,keZ} is a low-pass filter satisfying Zhnhn+2i =0 for j # 0 and Zh" =1

The wavelet function y is related to the scaling function ¢ by the following
relationship:

(x)=v2 250 (2x-1)

where g, :(— 1)’<+1 h,_,- The series {g1.keZ} is a high-pass filter verifying the quadrature

mirror relationship: Zhngn+li =0, for all jeZ.

There are various families of wavelet bases. Daubechies (1992) constructed a special
class of wavelet filters {h}., 1=0,.. L-1} ofeven length L, denoted by D(L). These filters
are orthogonal, compactly supported, and have a number of vanishing moments
(see Daubechies (1992) for more details).
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Next, we describe a stationary version of the wavelet transform known as the Maximal
Overlap Discrete Wavelet Transform (MODWT). This Transform will be used in the paper.

Let X be a length N vector, containing a real-valued time series {X, t = 0, ..., N — 1}
and let J be a positive integer. The MODWT of level ] transforms the vector X from the
time domain to the wavelet time scale domain yielding J, + 1 vectors: W, W, ,...,w;
and 5]0, each of length N. Here fuj, j=L,...,J, are vectors composed of the MODWT
wavelet coefficients associated with changes on scale r}:Z"’1 while v, contains the
MODWT scaling coefficients associated with averages on scale 1, =2". With matrix
notation, the MODWT coefficients are obtained via: w, :\)7/]. X,j=1...,], and v, :\7]0 X
where the matrices W, and V, contain the MODWT wavelet and scaling filter coefficients.

Actually, matrices \57/] and \710 are not explicitly constructed and the MODWT

is performed via a pyramidal algorithm.

Renormalizing the wavelet filters {h ) and {g} - as follows: E:hl/z“ 2 and
g =g/2"* and (starting with) setting X, =w,,, the MODWT coefficients are obtained

through the following filtering steps:

L-1 L-1
w. =Y hv v, = E gv =
jot 1 j-1,t—=20 "1 imodN and It & j-1,t—=2 "1 ImodN y t = O) seey N - 1
1=0 1=0

If we write {wj’l::O,...,Nj—l} as w; and {vm :t:O,...,Nj—l} as v;, then,

and v, .

after ] iterations, the pyramidal algorithm yields ,,,,...,w;

It should be stressed that we can get an additive decomposition of a time series

{Xt,t:O,...,N—l}. In fact, we have:

Jo Io
X= WIT wf+\71£”102231+§10
j=1 j=1

The latter equation defines a Multiresolution Analysis (MRA) of X. The j* level
wavelet detail Z}:\Y/]T w; describes changes at a scale rl:ZH, corresponding to
frequency bands [1/ V1YY ],?,O, is referred to as the smooth and is associated with
averages at a scale 1, =2 The smooth represents the trend component of a time series,

while the wavelet details capture deviations from that trend.

It is noteworthy that each wavelet detail Z]. corresponds to a frequency band

[1/ 241/ ] and thus to [21, 2’”] time period, e.g., for monthly data, the level-one wavelet

detail 51 is associated with oscillations of two-four months period.
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For an exhaustive overview of wavelet techniques in time series analysis, we refer to

Percival and Walden (2000) and Gengay et al. (2001).

Multiscale Carhart Four-Factor Model

We discuss a multiscale version of the Carhart multifactor pricing model in order to
investigate the relationship between the risk factors and the portfolio returns,

over different time horizons. It should be noticed here that the proposed model is an

extension of the works of Kim and In (2006, 2007) and is line with In (2004).

The underlying motivation is that financial time series display different dynamics,
each associated with a given time horizon. In order to deal with this multiscaling
phenomenon, we make use of the time scale decomposition of the wavelet MRA. In fact,
a time series can be expressed as the sum of the smooth component and the wavelet
details, each pertaining to a given frequency band and hence, to a given time period
allowing one to analyze the sensibilities of the investment strategies and make a decision

regarding different resolution scales.

The suggested scheme consists then in carrying out a MODWT-based MRA, curtailed
at a resolution level J for the series of excess portfolio returns as well as the four risk
factors. After that, at each resolution scale 4, =2",j=1,...,],, we consider the following

time series regression scheme, hereafter, called the multiscale Carhart four-factor model:

R, ()'j )_ Rﬁ ()'j): a; ()'j )+ B (ﬂ*;‘ )Mktt ()'i )+ Vi ()‘i )SMBt ()‘i )+ 5, ()‘i )HMLt ()‘i)
+0; ()'i )WMLz ()'i )+ Ei ()'i )

where R, (lj) j=L...,], is the excess return over the risk free rate on a buy-and-hold
portfolio i at time t and scale A,=2"" Mkt, (ﬂ,].),SMB[ (ﬂ,].),HML[ (ﬂ,].) and WML, (lj)
are the risk factors of the Carhart pricing model at time ¢ and scale A,=2'"". The intercept
a, (lj) is the measure of the abnormal performance at scale 4. The residual &, (lj),
is a zero mean abnormal portfolio return, unexplained by common risk factors at scale 1.

B, (lj),yi (lj ),5i (lj) and 0, (lj) are the assigned loadings at scale 4 for the market factor,

the size factor, the value factor, and the momentum factor, respectively.

Data Description

The dataset used to test the single-scale and the multiscale Carhart Models are the monthly
returns of equities quoted on the French Stock Market over the period—January 1985 to
October 2006. The total number of equities is 90. The dataset are derived from DataStream
database. Returns of the risk-free asset are estimated from the 13-week (91-day) Treasury Bill

series whereas, the Cac40 is considered as the Market Index.
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th order

J-B is the value of Jarque-Bera test statistics of the return residuals; Q(20) is the Box-Pierce test statistics for the return residuals for upto 20

Note:

serial correlation; ***, ** and * indicate rejection at 1%, 5% and 10% significance level, respectively.

Basic descriptive statistics for
the six portfolios and the
four-factors series are shown in
Table 1. While examining the key
features of the portfolios’ returns,
we observe that all sample means
are negative with values between
-0.0553 (SL) to —0.0508 (BW).
Moreover, the six portfolios share
almost the same degree of volatility
as reflected by the estimates of the
standard deviation. Except for the
portfolio SW/ all kurtosis magnitudes
are greater than three indicating
leptokurtic distributions  while,
negative skewness characterize all the
returns. The normality assumption is
rejected for the return series of three
portfolios, namely SM, BW and BM
whereas, the Jarque-Bera test fails to
reject the null hypothesis of
Gaussianity at conventional statistical
levels for the other portfolios. For the
six portfolios, the Box-Pierce test
statistics upto 20® order reveal the
existence of linear and non-linear
dependencies.

Observing the summary
statistics for the four risk factors
given in columns 8-11 of Table 1,
we see that, in contrast to the other
risk proxies, the Mkt variable
exhibits negative mean and median
values and appears to be more
volatile with larger standard
deviation estimate. Moreover,
while all the series seem to have
leptokurtic  distributions, the
Jarque-Bera test rejects the
normality assumption for three of
them, ie., Mkt, HML and WML

and fails to reject the null
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Table 2: Correlation Between Factors
Mkt SMB HML WML
Mkt 1.0000 0.179932 0.077453 0.065168
(0.004814) (0.2280) (0.3106)
SMB 1.0000 -0.036885 -0.007790
(0.5664) (0.9036)
HML 1.0000 -0.281937
- - (7.733e-06)
WML _ - - 1.0000
Note: p-values for the two-sided Pearson test are given in parentheses.

hypothesis for the size factor SMB. The Box-Pierce test indicates that the 20% order
serial correlations for the excess market returns and the value factors are highly
significant. The Portmanteau test fails to reject the null hypothesis of independence for

SMB and WML series.

Table 2 reports the Pearson’s correlation coefficients between the independent
variables used in this study. One of the most salient features is that HML and WML factors
are negatively correlated with a correlation coefficient value of —0.28, which is significant
at 1% level. Moreover, the correlation coefficient between the size and the market risk
proxies, although small-valued, is highly significant. This coefficient is positively valued,
reflecting a positive association between the two factors.

Single-Scale Carhart Model Estimation Results

The estimation results are obtained from the application of the unit-scale four-factor pricing
Model to the French Stock Market dataset. The estimation results are reported in Table 3.

The primary inference drawn is that the considered risk factors fail to capture
common variation in stock returns. Indeed, the adjusted R square (ﬁz) values are very
weak, varying between 0.1321 for the SM portfolio and 0.2165 for the SW portfolio.
Consequently, we can state that the single-scale Carhart four-factor model is unable
to properly explain the cross-sectional variation of the returns in the French Stock
Market.

We notice that the intercept value a is statistically significant at the conventional
level and keeps the same value —0.04, showing that all portfolios have a negative abnormal
returns when the four pricing factors are set equal to zero.

When considering the market risk, we see that all estimated coefficients ﬁ are
statistically significant at 1% level, exhibiting positive magnitude. It should be stressed
here that the market has almost the same positive effect across the constructed portfolios
with coefficients’ values restricted in the range going from 0.2069 (BM) to 0.2376 (SW).
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Table 3: Single-Scale Carhart Model Estimation Results

Intercept Mke SMB HML WML R?

SW ~0.041880 0.237679 ~0.422321 | -0.060475 | 0.549684 0.2165
(~12.869) (6.168) (-4.457) (-0.679) (3.833)

M ~0.043033 0.229661 ~0.262271 | -0.047444 | 0.345010 0.1321
(-12.221) (5.508) (-2.558) (-0.492) (2.224)

SL ~0.041970 0.231649 ~0.399308 | -0.027105 | -0.531976 0.1729
(~12.580) (5.864) (~4.110) (-0.297) (-3.619)

BW ~0.041473 0.231568 0.264643 0.103665 | 0.688397 0.1895
(-11.085) (5.227) (2.429) (1.012) (4.176)

BM ~0.044548 0.206900 0.239222 0.108272 | 0.325802 0.1409
(-12.817) (5.027) (2.364) (1.138) (2.127)

BL ~0.041382 0.237598 0.241630 0.070296 | -0.229943 0.1394
(~11.168) (5.415) (2.239) (0.693) (~1.408)

Note: ¢-statistics are given in parentheses.

For the size factor represented by the SMB variable, significant positive relationships
can be observed for the Big portfolios (BW, BM and BL), with an average coefficient of
0.248, whereas negative coefficients characterize Small portfolios (SW, SM and SL).

Besides, it is found that the value risk proxied by the explanatory variable HML is not
significant at the conventional statistical level, indicating that the book-to-market ratio
(value risk) has no significant effect on the expected stock returns.

Finally, for the momentum anomaly, all the regression coefficients are significant at
the 10% level, except the BL portfolio. The coefficients’ estimates display negative values
for the losers’ portfolios, i.e., SL and BL and positive values for the other portfolios’ return

series.

Multiscale Risk Factor Estimation Results for the Carhart Model

Given that the intercept values are not statistically significant at conventional statistical
levels, Table 4 reports the estimation results pertaining to the multiscale Carhart pricing

model without a constant term.

For the excess market returns which mimic the systematic risk, the estimated
coefficients /§(/lj) are all statistically significant at 1% level for all portfolios at all
resolution scales. Thus, we can affirm that the market factor plays an important role in
explaining the cross-sectional variation of the six constructed portfolios over the
analyzed wavelet scales.
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N 2 5 3 Yet, it is noteworthy that the market
I 5 = = effect is positive at all resolution levels,
2 = 2 s _ except for the highest frequency scale d,
SHECIEE 528 R § § corresponding to an investment period
E S % |~ & |3 8|S S of 2-4 months. For the latter level, the
B (/l) shows negative magnitudes,
Ss|82|B8a|8 e ith val ing from —0.32348 (BL)
J|EZ2 |2 EglER|E g with values ranging from 0.
§ S = |° Z |3 &2 s to —0.24855 (SL).
| =
" .
" " < - It is noteworthy that the market
§ N% 2l 3|8 e|z X effect is scale sensitive. In fact, in the
v g :I SO I S B ) time scale evolution, the market
- premium is as follows: the /3(/1].)
2] ™ — " N . . .
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effect is rejected for small portfolios—SW, SM and SL at the resolution scale d , i.e., at the
shortest investment period. On the contrary, for the higher scales d,, d,, d4 and d,,
all coefficients’ estimates are statistically significant, indicating that the book-to-market
factor is a key variable that explains the cross-sectional variations of the portfolios’
returns over intermediate and long-term investment horizons. It is to be noted that these
empirical results for the value factor contrast sharply with those yielded by the
single-scale Carhart pricing model where, no significant effect of the book-to-market ratio
is found for the series of study.

Interestingly, while looking at the sign of the gj coefficients, we see that the value
factor has almost a positive effect for all portfolios at all frequency levels except for the
intermediate wavelet scale d, corresponding to a 4-8 month period, for which all
coefficients are negatively valued.

When considering the WML factor, we observe that loadings é(/lj) are significant at
conventional statistical levels for almost all portfolios’ returns with very few exceptions.
This points out that the momentum factor has a strong impact on the expected stock
returns within the French Market. It is to be noted that the momentum effect is negative
for loser stocks SL and BL and positive for all other constructed portfolios. Hence, for SW,
SM, BW and BM stocks with high recent performance continue to earn higher average
returns over the next 3-12 months than stocks with low recent performance while the
opposite holds for loser stocks.

On examining the R? values, we see that the quality fit of the Carhart four-factor
depends strongly on the regression scale and thus on the investment period.

Actually, for the small scales d, and d, depicting the short-term dynamics
(2-4 months and 4-8 months, respectively), the estimated R? are relatively low-valued.
The coefficients of determination lie between 30.21% and 40.55% at resolution level d,
whereas at scale d,, the four risk variables explain between 18.34% and 27.78% of the
portfolios’ returns built on size and momentum strategy. Thus at the high frequency levels,
we can state that the four considered regressors show relatively limited power in
explaining the common variation of the stock returns in the French market.

However, at the medium scale d, covering the period 8-16 months, the R2 values show
a significant increase varying between 55.47% for BM and 72.02% for BL. Thus at this
wavelet decomposition level, the explanatory variables Mkt, SMB, HML and WML
explain the portfolio returns better.

Nevertheless, at scale d, (16-32 month period), the quality fit of the four-factor model
deteriorates as the R2 values decrease compared to those at scale d, for all constructed
portfolios except for the BM series.

Finally, at the largest wavelet scale d, corresponding to the longest investment period,
the goodness of fit of the Carhart multifactor model improves considerably as the adjusted
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coefficients of determination |2, attaining their highest magnitudes with a maximal
value of 79.59% for SW portfolio. Hence in the long-run, the Carhart pricing model
adequately explains the returns of the French stocks.

Figure 1 reports the adjusted coefficients of determination R2 for the six portfolios at

each wavelet scale.

Figure 1: Variations of R? in the Function of Constructed Portfolios
Over Various Time Scales

Adjusted R?

Portfolio

o4 w4 —Ad e d —od

Conclusion

In this paper, the relationship between expected returns and the Carhart four risk
factors have been investigated over different investment horizons (holding periods)
for the French Equity Market. This has been done using a multiscale version of the
Carhart multifactor pricing model based on the MRA induced by the MODWT.
In contrast to the single scale model which is rejected, empirical results drawn from the
implementation of the wavelet-based model show that the four risk factors explain the
cross-section of returns in the French Market quite well for the medium and long-run
investment horizons. Besides, it has been shown that the impact of the market effect,
the size risk, the value factor and the momentum anomaly are scale-sensitive, depending
on the targeted time-period. In consideration of the obtained results, the multiscale
framework offers academics as well as financial practitioners a new insight into
investment strategies and risk management. o
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