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Abstract. We analyze the empirical predictions of ambiguity aversion in intertemporal het-
erogenous agents economies. We examine equilibria for two tractable wealth–homothetic

settings of ambiguity aversion in continuous time. Each setting is motivated by a different
robust control optimization problem. We show that ambiguity aversion affects optimal
portfolios in a way that is similar to an increase in risk aversion. A distinct property of our
second setting of ambiguity aversion is that this increase is state dependent, highly pronounced

at moderate portfolio exposures and reduces equity-market participation. In general equi-
librium, ambiguity aversion raises the equity premium and lowers interest rates. A distinct
feature of our second setting of ambiguity aversion is that the equity premium part due to

ambiguity aversion dominates when volatility is low.
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1. Introduction

This paper studies the empirical predictions of aversion to ambiguity in
continuous-time economies with a stochastic investment opportunity set and
heterogenous investors. Ambiguity refers to situations where investors do not
rely on a single probability law to describe the distribution of the relevant
random variables. Ambiguity aversion means that investors dislike ambiguity
about the probability law of asset returns.

Distinguishing between ambiguity aversion and risk aversion is both eco-
nomically and behaviorally important, because investors behavior under
ambiguity aversion or under standard risk aversion is inherently different, as
the Ellsberg (1961) paradox illustrates. Therefore, theoretical settings of
ambiguity aversion should provide distinct empirical predictions with respect
to settings without ambiguity. We study and compare in general equilibrium
such empirical predictions for two intertemporal settings of ambiguity aver-
sion in heterogenous agents economies. The general equilibrium analysis al-
lows us to study the distinct effects of ambiguity aversion on the functional
form of key equilibrium quantities like equity premia and interest rates. The
heterogeneity structure allows us to incorporate trading and to highlight the
specific implications of ambiguity aversion for equilibrium portfolio holdings.

Ambiguity aversion has been axiomatized first in an atemporal context.
Gilboa (1987) proposed an axiomatic setting of ambiguity aversion where
preferences can be represented by means of expected utilities with non
additive probabilities. Gilboa and Schmeidler (1989) suggested a related
axiomatic framework where preferences can be represented by Max-Min
expected utility over a set of multiple (prior) distributions. Applications of
these axiomatic settings to simple models already highlighted a few specific
empirical predictions of ambiguity aversion. For instance, Dow and Werlang
(1992) showed how ambiguity aversion can naturally generate limited equity
market participation effects in investor’s optimal portfolio behavior, even in
the absence of transaction costs or other market frictions.

More recently, some authors have attempted to incorporate ambiguity
aversion also in an intertemporal context. These approaches have been lar-
gely motivated or inspired by the Gilboa and Schmeidler (1989) static Max-
Min expected utility setting of ambiguity aversion.1 Epstein and Wang
(1994) studied some asset pricing implications of Max-Min expected utility in
a discrete-time infinite horizon setting. They did not, however, provide an
axiomatic foundation for their model. A discrete-time axiomatic

1 More general settings of preferences under ambiguity were proposed recently in Ghirardato

et al. (2002) and Klibanoff et al. (2003), in an atemporal context. These settings permit a clearer

distinction between the subjective perception of ambiguity (or, more generally, beliefs) and attitude

towards ambiguity (tastes) than under Max-Min expected utility preferences. To our knowledge, no

extension of these settings to an intertemporal context has been studied so far.
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intertemporal setting of ambiguity aversion has been provided in Epstein and
Schneider (2003), showing that a dynamically consistent conditional version
of Gilboa and Schmeidler (1989) preferences can be represented by means of
a recursive Max-Min expected utility criterion over a set of multiple (prior)
distributions. Because the prevailing intertemporal utility is also recursive,
they refer to it as Recursive Multiple Priors Utility (RMPU). In Chen and
Epstein (2002), the RMPU setting of intertemporal ambiguity aversion was
extended to continuous time. A second setting of intertemporal ambiguity
aversion based on an alternative form of Max-Min expected utility prefer-
ences has been proposed by Hansen, Sargent and Tallarini (1999, in discrete
time) and Anderson, Hansen and Sargent (AHS, 2003, in continuous time).
Such a setting is based on an application of robust control theory to eco-
nomic problems.

This paper studies the empirical predictions of an aversion to ambiguity
for two recent tractable settings of ambiguity aversion in continuous time.
Both settings are motivated by a robust control optimization. One of them
also admits an interpretation as Recursive Multiple Priors Utility. Since
investors behavior under ambiguity aversion is inherently different, one
would expect that intertemporal settings of ambiguity aversion should pro-
vide distinct empirical predictions with respect to settings without ambiguity.
We analyze two tractable continuous time settings of ambiguity aversion to
understand which setting delivers distinct empirical predictions of ambiguity
aversion. We first highlight the conceptual distinction between RMPU set-
tings of ambiguity aversion and settings derived from a robust control
approach. In a second step, we introduce in more detail the two specific
settings of ambiguity aversion studied in the paper.

Apart from the axiomatic foundation available for RMPU, the conceptual
distinction between the RMPU settings and other settings of ambiguity
aversion is essentially one about the structure and the motivation of the set of
multiple prior distributions with which expected utility is evaluated. In
addition to the standard regularity conditions for set of priors in the atem-
poral context, RMPU yields a representation of preferences where the rele-
vant set of priors satisfies a property called rectangularity. Rectangularity is
implied by a dynamic consistency axiom imposed on conditional preferences
with respect to the conditioning flow of information generated by asset pri-
ces. Rectangularity is the key feature that allows to update every prior in
RMPU by means of Bayes rule and implies the strong recursive structure of
the RMPU representation of preferences. RMPU does not provide addi-
tional dynamic restrictions on the set of multiple priors that supports its
representation of preferences. Robust control theory has the goal of deliv-
ering dynamic optimal policies that are robust with respect to a slight but
otherwise arbitrary misspecification of the relevant state variable dynamics.
In other words, the utility performance of a robust control policy should not
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be too sensitive under a slight but otherwise arbitrary misspecification.2 In
AHS and related robust control settings the relevant prior distributions
against which robustness is called for are described by a whole neighborhood
of possible misspecifications around some fixed state dynamics. Moreover,
since in the real world small misspecifications are typically hardly detectable,
they should be contained in the neighborhood of multiple priors of the robust
control approach. In contrast to RMPU, rectangularity – and hence the
possibility of applying Bayes rule prior by prior – is not per se a crucial
property of a set of multiple priors defining a robust control model. However,
when in a robust control optimization the relevant set of multiple priors is
rectangular, then the preferences implied by the robust control approach also
admit a recursive representation as RMPU.

This paper studies analytically the distinct asset pricing predictions of two
wealth-homothetic Max-Min settings of ambiguity aversion implied by two
robust control problems related to AHS’s approach. The first Max-Min set-
ting has been proposed in Maenhout (2001) who considered a wealth-homo-
thetic version of AHS’s robust control problem in order to obtain a higher
analytical tractability of the arising robust Hamilton Jacobi Bellman equa-
tions. The secondMax-Min setting considered in this paper has been suggested
originally in AHS (1998) and delivers a rectangular set of priors. Therefore, it
can be interpreted as a continuous time version of Epstein and Schneider
(2003) RMPU. Moreover, it implies a smooth and wealth-homothetic struc-
ture of the relevant robust control problems, which enhances its analytical
tractability relatively to competing continuous time versions of RMPU. Chen
and Epstein (2002) proposed a continuous time version of RMPU that defines
some non-smooth constraints on the relevant set of multiple priors. Therefore,
such setting delivers a less tractable set of optimality conditions.

The class of economies analyzed in this paper includes a quite broad
choice of portfolio selection and asset pricing models that were recently
applied to study ambiguity aversion in intertemporal asset pricing. Some
examples of applications include portfolio selection (Maenhout, 2001; Lei,
2001 and Trojani and Vanini 2002a, among others), option pricing with rare

2 The naive argument that small misspecifications should not significantly affect the quantitative

implications of an optimal behavior under some particular state dynamics is generically wrong.

Unfortunately, such vague statement assumes implicitly some form of ‘‘smoothness’’ of the per-

formance of an optimal strategy with respect to small (local) misspecifications of the assumed state

dynamics. Such smoothness cannot be granted without taking explicitly into account model mis-

specification in the definition and the construction of the relevant optimal policies. The importance

of this point has been early recognized for instance by Huber (1981) in his influential introduction to

the theory of robust statistics and has been further developed for example in econometrics to

motivate several robust procedures for time series models. See Krishnakumar and Ronchetti (1997),

Sakata and White (1999), Ronchetti and Trojani (2001), Mancini et al. (2003), Gagliardini et al.

(2004a,b) and Ortelli and Trojani (2004) for some recent work in the field.
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events (Liu et al., 2002), models with heterogenous aversions to ambiguity
(Uppal and Wang, 2003), models with time varying ambiguity (Sbuelz and
Trojani, 2002) and yield curve models (Gagliardini et al., 2002). Thus,
studying equilibria in our context provides insightful characterizations of the
asset pricing predictions of ambiguity aversion for a quite large class of
applied models. Non-homothetic robust control settings of ambiguity aver-
sion motivated for instance by a H1 or a risk sensitive control approach (see
also Tornell (2000) and again AHS (2003)) do not deliver the sufficient
tractability to study analytically ambiguity aversion in such generality.

The only explicit characterization of equilibrium for continuous time het-
erogenous economies under ambiguity aversion we are aware of is Epstein and
Miao (2003). Their paper adopts a geometric Brownian motion dynamics for
the exogenous endowment process in an exchange economy where log utility
investors differ only in their subjective degrees of ambiguity aversion. In this
paper we study the empirical predictions of ambiguity aversion under a sto-
chastic investment opportunity set, in complete and incomplete markets, and
in the presence of heterogeneities also in risk aversions. Therefore, we provide
a broader analysis of the empirical predictions of ambiguity aversion in gen-
eral heterogeneous economies. Obtaining closed form solutions in the presence
of a stochastic investment opportunity set is difficult and so we rely on per-
turbation theory to describe our equilibria. This approach allows us to study
analytically the asset pricing predictions of ambiguity aversion and in par-
ticular to investigate the specific functional forms implied for some key equi-
librium variables like equity premia and interest rates.3 To this end, we
perturb the equilibria of a benchmark economy with homogeneous log utility
investors with respect to the risk aversion and the ambiguity aversion
parameters in our economies. This perturbation approach extends the
asymptotic analysis in Kogan and Uppal (2000) from models based on stan-
dard expected utility to models including ambiguity aversion. The homothetic
structure of the two settings of ambiguity aversion studied in this paper is
crucial in order to develop such a perturbative analysis.

We show that for the two robust control settings studied in the paper
ambiguity aversion alters optimal portfolio exposures in a way that is similar
to an increase in risk aversion. Under the RMPU setting such increase is state
dependent and highly pronounced at moderate portfolio exposures, causing
quite prudent equity market participations over a nontrivial set of states of the

3 There are basically no alternatives to perturbation methods in order to solve complicated non

linear equations, as in our settings, analytically. This is particularly true for the heterogenous agents

equilibria we have to consider. A non-analytic in principle competing approach could use numerical

procedures. Although such approach is very powerful for many problems, in our setting it is not

easily applicable because of the complexity of the arising non linear equations. Moreover, by means

of numerical methods alone we would get little insight into the structure and the distinct functional

forms of equilibria under the different settings of ambiguity aversion studied in the paper.
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economy. In general equilibrium, ambiguity aversion induces higher equilib-
rium equity premia and lower interest rates. Under the RMPU setting the
equity premium due to ambiguity dominates when the exogenous random
factors in the economy have low volatilities. Thus, the RMPU setting accounts
for some distinct asset pricing predictions of ambiguity aversion – like limited
equitymarket participation and ambiguity equity premia that dominate equity
premia for small equity volatilities — which are unavailable under the other
robust control setting of ambiguity aversion studied in the paper.

The paper is organized as follows. Section 2 introduces two general
Max-Min optimization problems that model in two different ways investor’s
intertemporal preferences under ambiguity aversion. In Section 3, analytical
solutions to the relevant partial equilibrium optimal policies are derived. These
results are the necessary building blocks for the subsequent general equilib-
rium analysis. Section 4 develops asymptotic expressions for the relevant
variables in general equilibrium, while Section 5 concludes with some sum-
marizing remarks.

2. The Basic Model

This section introduces the two wealth-homothetic Max-Min robust control
problems studied in the paper. Such Max-Min problems are defined by
means of two different sets of multiple priors that imply different predictions
of ambiguity aversion for optimal choices and asset prices. In both cases, the
relevant set of multiple priors is defined by a whole proximity of slight
misspecifications around a fixed state dynamics. Such fixed state dynamics is
a mathematically convenient rationalization of a ‘‘fuzzy’’ knowledge on asset
returns. We call such state dynamics for brevity the ‘‘reference model’’ of our
investors. This terminology highlights that the reference model is an imper-
fect but realistic description of the true state dynamics for the economy. This
viewpoint considers explicitly the fact that in real life any model is an
imperfect description of the main characteristics of some observed phe-
nomena. Therefore, models are always subject to a (possibly small) misspe-
cification.4 Model misspecification arises when the ‘‘true’’ probability law of
asset prices is different from the one implied by the assumed model. In our
Max-Min robust control problems the relevant set of multiple prior distri-
butions consists of a family of misspecifications of the given reference model
dynamics. Such misspecifications are likely because they are constrained to
be small and hardly statistically detectable. In order to constrain the relevant
misspecifications to be actually small they are required to imply a moderate

4 For instance, the possibility of a misspecification is naturally motivated when a preferred model

emerged from an empirical (formal or informal) specification analysis where alternative realistic

specifications close to it where rejected.
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discrepancy relatively to the distributions under the reference model.
Discrepancy is quantified by an appropriate sound measure of diversity be-
tween distributions. We first introduce in Section 2.1 the reference model for
our investors. In a second step, we outline in Section 2.2 a general class of
misspecifications of the reference model that are used to define the Max-Min
robust control models studied in the paper.

2.1. OPPORTUNITY SET AND RISK AVERSIONS

There are two assets, a locally risk free asset with price Bt at time t and a risky
asset with price Pt at time t whose dynamics are given by

dBt ¼ rtBt dt;

dPt ¼ atPt dtþ rtPt q dZX
t þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
dZP

t

� �
: ð1Þ

The drift and volatility at ¼ a Xtð Þ and rt ¼ r Xtð Þ of the risky asset, as well as
the short rate rt ¼ r Xtð Þ, define a stochastic investment opportunity set
adapted to a state variable Xt with dynamics

dXt ¼ f Xtð Þdtþ n Xtð ÞdZX
t : ð2Þ

Z :¼ ZX
t ;Z

P
t

� �
is a standard two dimensional Brownian motion. The

parameter q is the correlation between the P- and X-dynamics. For brevity,
we also write ft ¼ f Xtð Þ, nt ¼ n Xtð Þ.

We consider agents with time preference rate d and power utility u �ð Þ of
current consumption Ct given by

u Cð Þ ¼ Cc � 1

c
; c < 1:

For c ! 0 the log utility case follows. Agents allocate at each date t fractions
wt and 1� wt of current individual wealth Wt to the risky asset and the
riskless asset, yielding the current wealth dynamics

dWt ¼ wtWt at � rtð Þ þ rtWt � Ct½ � dt

þ wtWtrt q dZX
t þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
dZP

t

� �
: ð3Þ

2.2. TWO SETTINGS OF INTERTEMPORAL AMBIGUITY AVERSION

We start analyzing equilibria under ambiguity aversion and identify in the
sequel model (1) and (2) as the ‘‘reference model’’ of our investors. Let
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m :¼ mtð Þt� 0 be a change of measure density process from the probability law
under the reference model to a second probability law indexed for brevity by
m. Without loss of generality we define

mt ¼ exp

Z t

0

hs dZs �
1

2

Z t

0

hsj j2ds
� �

;

for a suitable process hsð Þ ¼ hXs ; h
P
s

� �0
, where hsj j2¼ h0shs. m identifies an

absolutely continuous probability law that models a potential misspecifica-
tion of the reference model distribution. Under a probability law m, the
Girsanov theorem gives the following for the joint X- and W-dynamics:

dXt ¼ ft þ nth
X
t

� 	
dtþ nt dZ

X
t ; ð4Þ

dWt ¼ wtWt at � rt þ rt qhXt þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
hPt

� �� �
þ rtWt � Ct

h i
dt

þ wtWtrt q dZX
t þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
dZP

t

� �
: ð5Þ

If m varies, a whole spectrum of absolutely continuous misspecifications of the
reference model distribution can be obtained. Any such misspecification m can
be uniquely identified with a corresponding process h. The unique corre-
spondence between m and h allows us to interpret any distributional mis-
specification m as a dynamic misspecification of the reference model dynamics
(1) and (2). Such dynamic misspecification is implied by a corresponding
process h that affects the drift dynamics in (4) and (5). Consequently, we can
also naturally think of a misspecification m as a dynamic drift misspecification
relatively to the drift process implied by the reference model dynamics (1) and
(2).

We now introduce the two robust control settings of ambiguity aversion
studied in the paper. They are defined by two distinct forms of intertemporal
Max-Min expected utility preferences. The crucial distinction between the
two settings arises because of the different sets of multiple prior distributions
used to evaluate expected utilities. In both settings the set of multiple priors
encompasses a whole neighborhood of slight misspecifications around the
reference model probability law. This is achieved by constraining the maxi-
mal discrepancy between any misspecification’s probability laws and the
reference model probability distributions, where discrepancy between prob-
ability laws is quantified by means of an appropriate statistical discrepancy
measure. This, in turn, amounts to constraining appropriately the size of any
process h associated with a misspecification m (see again (4) and (5)). Thus, in
both settings investors consider a set of multiple priors consisting of small
misspecifications of the given reference dynamics. Important differences
between the sets of multiple priors studied in this paper arise because of their
different intertemporal structure. Our goal is to study the distinct empirical
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predictions of ambiguity aversion in intertemporal Max-Min expected utility
contexts based on such different sets of multiple priors.

The first setting of ambiguity aversion which we consider is characterized
by a Max-Min optimization of the form:

ðP1Þ : supC;w infh E
h
R1
0 e�dt Cc

t�1
c þ 1

2w Wt;Xtð Þ htj j2
� �

dt
h i

;

s.t. ð4Þ; ð5Þ

(
ð6Þ

where w Wt;Xtð Þ > 0 is a (possibly state dependent) weighting function.
Different choices of the weighting function w have been considered in the
literature. For instance, a constant weight w Wt;Xtð Þ ¼ # > 0 in (6) yields
AHS’s setting of ambiguity aversion and a robust optimization given by:

supC;w infh E
h
R1
0 e�dt Cc

t�1

c þ 1
2# � htj j2

� �
dt

h i
:

s.t. ð4Þ; ð5Þ

(
ð7Þ

In AHS’s setting agents select optimal policies that maximize expected utility
under a worst case probability law selected from the class of admissible
misspecifications h. The selection of the worst case probability law is con-
strained by the penalization factor

I mð Þ ¼ Eh

Z 1

0

e�dt htj j
2

2

dt

" #
� 0: ð8Þ

Such penalization constrains the size of a misspecification m in the infimization
part of (7). I mð Þ is a measure of model discrepancy between a misspecification
and the reference model probability law.5 Larger misspecifications m of the
reference model distribution, or equivalently larger drift misspecifications
implied by a process h, imply a larger penalization factor (8). Because of such
penalization, the worst case probability law arising from the infimization part
of (7) cannot be arbitrarily selected: misspecifications with larger discrepancy
are heavier penalized than misspecifications with small discrepancy. Fur-

5 In fact, I mð Þ can be shown to be a measure of the relative entropy between a misspecification m
and the reference model probability law; see for instance Hansen et al. (2001), pp. 5–6. Relative

entropy is a measure of distributional discrepancy that is broadly used in information theory and

statistics. In statistical discrimination theory the relative entropy of two probability models can be

related to the probability of a classification error in the statistical selection of one of two models

based on a given amount of data. Therefore, considering misspecifications with moderate relative

entropy can be interpreted as looking only at misspecifications that are statistically hardly detect-

able; see also AHS (2003), Section 5.
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thermore, since I mð Þ is weighted by 1=# in (7) the constraint on the selection of
the worst case probability law is more stringent for low values of #. The
extreme case arises for # ! 0. In this case the penalization of any misspecifi-
cation m such that I mð Þ > 0 becomes arbitrarily large and the only worst case
probability law selection implying a finite penalization is one where I mð Þ ¼ 0.
But (8) implies that this can be the case only for a process h that is identical to 0
for any time t � 0. Therefore, for # ! 0 the solution of (7) reduces to the one
of a standard expected utility problem with no ambiguity aversion. For # > 0,
however, investors select optimal consumption/investment policies according
to the probability law of a worst case misspecification selected by the first
minimization in (7). The larger #, the larger such worst case misspecification
and the set of misspecifications against which robustness has been called for.
All such admissible misspecifications are characterized by a discrepancy
measure I mð Þ in (8) that is lower than the one of the worst case misspecification
selected according to a parameter #. This remark highlights the specific in-
tertemporal structure of the implicit constraints put on the set of multiple
priors in the robust control optimizations (7) and (6).

AHS’s choice of a constant weighting function w in (6) implies con-
sumption and investment policies that are typically non-homogenous func-
tions of current wealth. In this case, (7) is typically an analytically quite
intractable optimization problem.6 To avoid such intrinsic non homogeneity
of AHS’s robust control setting, Maenhout (2001) proposed to apply in (6) a
state dependent weighting function given by

w Wt;Xtð Þ ¼ #

cJ Wt;Xtð Þ þ 1=d
; # > 0: ð9Þ

Hence, in this setting the penalization for the discrepancy of a misspecifica-
tion depends on the indirect utility continuation value J itself. Such choice of
w implies consumption/investment robust optimal policies that are homog-
enous functions of current wealth and robust HJB equations that are ana-
lytically tractable in some economically interesting dynamic settings. This
paper makes use of problem (P1) with the specification (9) as a first setting of
ambiguity aversion and studies its general equilibrium empirical predictions.

The second setting of ambiguity aversion we address is based on a robust
control problem with a value function given by:

ðP2Þ : supC;w infh E
h
R1
0 e�dt C

c
t�1
c dt

h i
;

s.t. ð4Þ; ð5Þ and 1
2 h

0h � g:

(
ð10Þ

6 Infinite order asymptotic solutions for AHS’s robust control problem under a constant

investment opportunity set have been obtained by Trojani and Vanini (2001).
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As in problem (P1), the optimization (10) is a Max-Min expected utility
optimization over a constrained set of admissible misspecifications m. Such set
is defined by a constraint on the squared norm of any process h defining an
admissible drift misspecification (4) and (5). The constraint 1

2 h
0h � g in (10)

implies that for any time t � 0 the squared Euclidean norm h0tht of the process
h at that time is bounded by 2g. More specifically, the set of admissible
misspecifications in the constrained optimization (10) can be written as

h : h0tht 2 0; 2g½ � for any t � 0

 �

ð11Þ

and defines a rectangular set of priors, in Chen and Epstein (2002, p. 8)
terminology.7 Consequently, the preferences implied by problem (P2) are a
continuous time version of axiomatic RMPU. The key property of rectan-
gular sets of multiple priors is that they can be constructed by arbitrary
selections from primitive sets of transition densities between t and tþ dt,
t � 0. The set (11) is rectangular because any process h (and hence any
density process m) in (11) corresponds to a selection of transition densities
from t to tþ dt, t � 0, such that h0tht 2 0; 2g½ �.8

For g ! 0, problem (P2) coincides with a standard expected utility max-
imization. For g > 0 agents select optimal policies that maximize expected
utility under a worst case probability law selected from the class (11) of
admissible misspecifications. This is a Max-Min pessimistic optimization that
depicts ambiguity aversion. The larger g, the larger is the set (11) of relevant
misspecifications in problem (P2) and the more ambiguity averse agents
preferences are.

7 It can be shown that such constraint is equivalent to imposing for any t � 0 a bound g on the

statistical discrepancy between all transition probabilities from t to tþ dt under an admissible

misspecification and those under the reference model. More precisely, such constraint limits the

growth rate of the relative entropy of a misspecification over time. Indeed:

Eh

Z 1

tþDt

hsj j
2

2

ds

" #
� Eh

Z 1

t

hsj j
2

2

ds

" #
¼ Eh

Z 1

tþDt
ln msð Þds

� 

� Eh

Z 1

t

ln msð Þds
� 


:

Since the RHS of this equation is the variation in the relative entropy of a misspecification over the

period t, tþ Dt, the claim follows. See also AHS (1998) and Hansen et al. (2001) for more details.
8 The distinction from Chen and Epstein (2002) ‘‘k-ignorance’’ continuous-time version of RMPU

arises by the specific way of defining such rectangular sets of multiple priors. In our context, a

rectangular set of priors defined by a ‘‘k- ignorance’’ metric would be

h : hPt
�� �� � kP; hXt

�� �� � kX for any t � 0

 �

;

for some non-negative constants kX; kP. Such metric constrains in a non-smooth way every com-

ponent of the process h. This is the reason why it implies a less tractable intertemporal optimization

problem under ambiguity aversion than problem (P2).
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The set of multiple prior distributions implicit in the penalized formula-
tion of a robust optimization of the form (6) is not as easily identifiable as the
set (11). To highlight a more direct link with Max-Min expected utility the-
ory, Hansen et al. (2001) showed by means of the Lagrange multiplier the-
orem that under a constant weight function w ¼ # a local relation9 between
the preferences behind the penalized problem (6) and those of a constrained
Max-Min expected utility optimization can be established. In such a con-
strained optimization, the relevant constrained set of multiple (prior) distri-
butions is given as

h : Eh

Z 1

0

e�dt htj j
2

2

dt

" #
� k #ð Þ

( )
; ð12Þ

for some positive constant k #ð Þ depending on #. Such a set of multiple priors
is clearly not rectangular.10 Therefore, the implied constrained Max-Min
expected utility optimization does not admit a RMPU representation, in
contrast to the optimization problem (10).

To further highlight the structural differences between the penalized
problem (6) and (9) and the constrained problem (10), one can apply the
Lagrange multiplier theorem in order to relate locally the preferences of
problem (10) to those of an associated penalized problem (6) with a corre-
sponding stochastic weight function w. In fact, when comparing the worst
case model solutions under the setting (P1) and (P2)—which are given in
Equations (A.4) and (A.8) of the appendix, respectively—it appears that the
weighting function in a penalized form of problem (10) has to be

w Wt;Xtð Þ ¼
ffiffiffiffiffi
2g

p

W2J2Wr2 þ n2J2X þ 2rXPWJXJW
� �1=2 ð13Þ

and depends on the square root of the quadratic variation in the prevailing
continuation utility, as opposed to the level of continuation utility that is
present in (9). The weight function w in (13) will be therefore particularly
high when the quadratic variation in continuation utilities is low. The weight
function (9), instead, will be particularly high when continuation utilities are
low. These are structurally huge differences between the optimization (6), (9)
and problem (10). Moreover, problem (10) admits a simple direct interpre-
tation as axiomatic RMPU, as we have discussed above.

9 Such relation is local in the sense that it says nothing about preferences orderings off the optimal

solution path.
10 A simple proof is given for completeness in the appendix.
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3. Optimal Consumption and Investment Policies

This section studies the optimal consumption-investment policies to problems
(6), (9) and (10). We provide asymptotic solutions that characterize analyti-
cally the optimal behavior arising under such settings of ambiguity aversion.
These results are necessary for the general equilibrium analysis in Section 4.
The basic idea of asymptotic methods is to formulate a general problem, find a
particular relevant case that has a known solution, and use this as a starting
point for computing the solution to nearby problems. Since in our general
equilibrium analysis we will focus for tractability on perturbations of a rep-
resentative agent log utility economy, in this section perturbations are per-
formed around an expected log utility investor’s problem. Perturbations are
with respect to two parameters: the risk aversion-related parameter c and the
ambiguity aversion parameters # or g. Hence, our asymptotic solutions hold
for neighborhoods of a model with log utility of consumption and no ambi-
guity aversion. The homotheticity of the robust control problems (6), (9) and
(10) allows us to extend in a quite natural way the analysis inKogan andUppal
(2000) from economies with no ambiguity to settings of ambiguity aversion.11

3.1. AMBIGUITY AVERSION: PROBLEM (P1)

The homogeneity of the Max-Min problem (6) under the specification (9)
implies a value function J given by

J W;Xð Þ ¼ 1

d

eg Xð ÞW
� �c�1

c
; ð14Þ

for some unknown function g Xð Þ. Since in general the function g cannot be
computed in closed form, the key idea is to approximate it. To this end, we
expand g to first order in c; #ð Þ :12

g ¼ g0 þ cg1 þ #g2 þO2 c; #ð Þ:

By construction, g0 solves (6) for c,# ! 0, i.e. the expected utility problem of
an investor with logarithmic utility of consumption. Writing Jlog X;Wð Þ for
this solution, (14) implies for c,# ! 0:

Jlog X;Wð Þ ¼ 1

d
ln Wð Þ þ g0 Xð Þð Þ: ð15Þ

11 The analysis of non-homothetic robust control settings by means of asymptotic methods is

more difficult; see for instance Trojani and Vanini (2001) and Trojani and Vanini (2002b).
12 Hereafter O2 c; #ð Þ is the Landau symbol that we use to denote terms of second order in c; #ð Þ.
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Hence, g0 is given in closed form for problems were Jlog can be computed
explicitly. It turns out that g0 is all we need to approximate the optimal
policies to problem (6) up to first order in c; #ð Þ. This is the next proposition.

PROPOSITION 1. The first order asymptotics for the optimal policies of
problem (6) under the specification (9) are

c Xð Þ ¼ d 1� c g0 Xð Þ � ln dð Þð Þð Þ þO2 c; #ð Þ; ð16Þ

w Xð Þ ¼ 1

1� c� #ð Þ
a� r

r2
þ c� #ð Þ @g0 Xð Þ

@X

rXP
r2

� �
þO2 c; #ð Þ; ð17Þ

where rXP ¼ qnr and c ¼ C=W is the optimal consumption to wealth
ratio.

We observe from Proposition 1 that optimal consumption is not altered by
ambiguity aversion because the parameter # is absent in the consumption
policy (16). Thus, the impact of ambiguity aversion on optimal consumption
is of higher order in c; #ð Þ. On the contrary, optimal investment in (17) is
affected by ambiguity aversion. The first order consumption policy (16) can
be interpreted as the optimal consumption policy of an expected utility
investor with elasticity of intertemporal substitution 1= 1� cð Þ. The first order
investment policy (17) can be interpreted as the optimal investment policy of
an expected utility investor with relative risk aversion 1� c� #ð Þ. Hence, to
first order ambiguity aversion in problem (6), (9) yields optimal policies that
are observationally equivalent to those of a setting with an increased
‘‘effective’’ risk aversion parameter 1� c� #ð Þ and an elasticity of inter-
temporal substitution 1= 1� cð Þ.

The fact that the functional form of the optimal investment policy (17) is
the same as the one of an expected utility model with a suitable risk
aversion parameter implies an investment behavior that is observationally
equivalent to one without ambiguity. To study the impact of ambiguity
aversion on optimal investment we split the optimal policy (17) in a myopic
and a hedging part:

w ¼ 1

1� c� #ð Þ
a� r

r2|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
Myopic demand

þ c� #

1� c� #ð Þ
@g0
@X

rXP
r2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Hedging demand

þO2 c; #ð Þ: ð18Þ

To be more specific, we write the myopic demand wM #ð Þ and the demand for
intertemporal hedging wH #ð Þ as
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wM #ð Þ ¼ /
r 1� cð Þ �

1� c
1� c� #ð Þ ¼ wM 0ð Þ 1� c

1� c� #ð Þ ð19Þ

and

wH #ð Þ ¼ qwc
r 1� cð Þ

1� c
1� c� #ð Þ

c� #

c

¼ wH 0ð Þ 1� c
1� c� #ð Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

A

c� #

c|fflffl{zfflffl}
B

: ð20Þ

It follows from (19) that ambiguity aversion always reduces myopic
portfolio exposures. Intuitively, this is due to the increased effective risk
aversion parameter 1� c� #ð Þ. The relative portfolio wM #ð Þ=wM 0ð Þ is
precisely the ratio of the effective risk aversion parameters 1� c and
1� c� #ð Þ when # ¼ 0 (no ambiguity) and when # > 0 (ambiguity),
respectively. From (20) the intertemporal hedging relative portfolio
wH #ð Þ=wH 0ð Þ is the product of two terms A and B. The term A derives
again from an increase in effective risk aversion, which tends to decrease
the absolute demand for hedging when # > 0. The term B arises because
under the worst case probability law selected in (6) the relevant X-
dynamics is different from the reference model dynamics (1) and (2).
Hence, optimal intertemporal hedging is modified accordingly, in order to
hedge intertemporal changes in worst case opportunity sets and the
associated marginal utilities.

Finally, we remark that in the present setting of ambiguity aversion the
optimal policies wM #ð Þ and wH #ð Þ are linear functions of / ¼ ða� rÞ=r and
w ¼ nð@g0=@XÞ. The same holds for the optimal policies wM 0ð Þ and wH 0ð Þ in
the absence of ambiguity. Since in the absence of ambiguity aversion optimal
portfolios are well known to reflect risk aversion with respect to second order
in volatility risk, we conclude that the present setting of ambiguity aversion
implies this same type of portfolio behavior.

3.2. AMBIGUITY AVERSION: PROBLEM (P2)

The homogeneity of the Max-Min problem (10) implies again a value func-
tion J of the form

J W;Xð Þ ¼ 1

d

eg Xð ÞW
� �c�1

c
; ð21Þ
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for some unknown function g Xð Þ. We expand g in c;
ffiffiffiffiffi
2g

p
ð Þ to first order:13

g ¼ g0 þ cg1 þ
ffiffiffiffiffi
2g

p
g2 þO2 c;

ffiffiffi
g

p� �
By construction, g0 solves (10) for c,g ! 0. Therefore, the zeroth order solu-
tion to problem (10 ) is again the value function Jlog X;Wð Þ in (15). Although
(6) and (10) are very different optimization problems, it turns out that also in
the present setting the first order optimal policies under ambiguity aversion
can be fully characterized by means of only the zeroth order function g0.

PROPOSITION 2. The asymptotic expansions for the optimal policies of
problem (10) are

c Xð Þ ¼d 1� c g0 Xð Þ � ln dð Þð Þð Þ þO2 c;
ffiffiffi
g

p� �
; ð22Þ

w Xð Þ ¼
a�r
r2 þ c�

ffiffiffiffiffiffiffiffiffi
2g

G0 Xð Þ

q� �
@g0
@X

rXP
r2

1� c�
ffiffiffiffiffiffiffiffiffi
2g

G0 Xð Þ

q� � þO2 c;
ffiffiffi
g

p� �
; ð23Þ

where

G0 Xð Þ ¼ a� r

r

� �2
þ n

@g0
@X

� �2

þ2
a� r

r

� �
qn

@g0
@X

;

rXP ¼ qnr and c ¼ C=W is the optimal consumption to wealth ratio.

Just as for the setting of the last section, first order optimal consumption
(22) is not affected by ambiguity aversion. In fact, the consumption
asymptotics (16) and (22) are identical. Ambiguity aversion influences the
optimal investment policy (23), which can be reinterpreted as the optimal
portfolio strategy of an investor with an effective risk aversion

1� c�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2g=G0

p� �
. In contrast to the previous setting, such effective risk

aversion is state dependent via the function G0 Xð Þ. G0 Xð Þ depends on the

state X only through a positive definite form in / ¼ ða� rÞ=r and

w ¼ nð@g0=@XÞ. The myopic and hedging portfolios wM gð Þ and wH gð Þ under
ambiguity aversion can be now written as

wM gð Þ ¼ wM 0ð Þ 1� c

1� c�
ffiffiffiffi
2g
G0

q� � ð24Þ

13 Hereafter O2 c;
ffiffiffi
g

p� �
is a symbol that we use to denote terms of second order in c;

ffiffiffi
g

p� �
.
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and

wH gð Þ ¼ wH 0ð Þ 1� c

1� c�
ffiffiffiffi
2g
G0

q� � c�
ffiffiffiffi
2g
G0

q
c

: ð25Þ

For any given state level X, the structure of the portfolio components (24)
and (25) is similar to the one in (19) and (20). However, when we consider the
portfolio functional forms (24) and (25) in dependence of the underlying state
X we remark that the relative portfolios wM gð Þ=wM 0ð Þ and wH gð Þ=wH 0ð Þ are
now state dependent functions of G0 Xð Þ. That is, ambiguity aversion now
affects optimal portfolios in a non uniform way over the relevant support of
X. This is a striking difference with the setting of ambiguity aversion dis-
cussed in the last section.

The relative portfolios wM gð Þ=wM 0ð Þ and wH gð Þ=wH 0ð Þ are now non-linear
functions of/ andw. The smallest relative portfolios arise forG0 Xð Þ ! 1, i.e.
for / ! �1 or �w ! 1. In this case wM gð Þ=wM 0ð Þ and wH gð Þ=wH 0ð Þ con-
verge to 1. For G0 Xð Þ ! 0, i.e. for / ! 0 and w ! 0, wM gð Þ=wM 0ð Þ converges
to 0 while wH gð Þ=wH 0ð Þ converges to 1� cð Þ=c. Hence, the largest relative
portfolio corrections now arise precisely when /;w ! 0, i.e. when portfolio
exposures in the absence of ambiguity aversion are small. This is a striking
difference with the last section where such relative portfolios were constant as
functions of the state X. Thus, the current setting of ambiguity aversion
induces some very distinct predictions for optimal portfolio behavior.

An interesting special case of Proposition 2 arises in the perfect correlation
case q ¼ �1. In this case, G0 is a perfect square and

ffiffiffiffiffiffi
G0

p
collapses to an

absolute value expression. This gives the next result.

PROPOSITION 3. Assume a perfect correlation setting such that q ¼ �1
and let

w� Xð Þ ¼ 1

r2 1� cð Þ a� rþ c
@g0
@X

nr�
ffiffiffiffiffi
2g

p
r

� �
:

The asymptotics of the optimal investment policy w Xð Þ are:
(1) If w� Xð Þ > �ðn=rÞð@g0=@XÞ Xð Þ

w Xð Þ ¼ w� Xð Þ þO2 c;
ffiffiffi
g

p� �
: ð26Þ

(2) If wþ Xð Þ < �ðn=rÞð@g0=@XÞ Xð Þ
w Xð Þ ¼ wþ Xð Þ þO2 c;

ffiffiffi
g

p� �
: ð27Þ
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(3) If neither 1 nor 2 are satisfied

w Xð Þ ¼ � n
r
@g0
@X

Xð Þ þO2 c;
ffiffiffi
g

p� �
: ð28Þ

We can reinterpret the optimal investment rules w� Xð Þ and wþ Xð Þ under 1
and 2 as the optimal portfolios of a precautionary investor who modifies
excess returns a� r by a correction factor �

ffiffiffiffiffi
2g

p
r. Such correction factor

penalizes the ambiguity about the underlying reference model for asset prices.
The third type of portfolio profile arises in states of the world where investors
are able to avoid completely the conditional ambiguity about the underlying
reference model dynamics. It arises if and only if w� � �ðn=rÞ@g0=@X and
wþ � �ðn=rÞ@g0=@X. Under the portfolio profiles w� Xð Þ and wþ Xð Þ in 1 and
2 investors are exposed to ambiguity and the selected worst case misspecifi-
cations are non-zero. This is taken into account by correcting excess returns
a� r by the correction factor �

ffiffiffiffiffi
2g

p
r. Such adjustment yields portfolios with

a performance that is less exposed to a misspecification of the reference
model dynamics for excess equity returns. For states where investors are able
to fully avoid ambiguity, the optimal portfolios imply a zero conditional
model discrepancy between the reference model and any misspecification.
The conditional impact of a reference model misspecification on the resulting
continuation utility is then completely absent. This is possible because the
underlying wealth and state dynamics are perfectly correlated. In particular,
we remark that under the portfolio profile 3. in Proposition 3 investors will
typically have a zero myopic exposure to equity. Moreover, as soon as
intertemporal hedging motives are moderate for such states of the economy,
i.e. @g0=@X � 0, equity portfolio exposures will be virtually zero and inves-
tors will avoid investing in the equity market. In general equilibrium, such
features will imply some very prudent equity market participations under the
present setting of ambiguity aversion.

Finally, it is important to remark that also in the above case q ¼ �1 the
portfolio policies implied by problem (P2) and (P1) in Propositions 3 and 1,
respectively, are economically and behaviorally different. First, in Proposi-
tion 3 the optimal portfolio policy has a different functional form for dif-
ferent values of the underlying state variable, while in Proposition 1 one
single functional form holds for the optimal policy over the whole relevant
support of X: Second, even if we focus exclusively one the portfolio profiles 1
and 2 in Proposition 3, differences with the policy under problem (P1) do
generally arise. To see this more explicitly consider for brevity the profile 2 in
Proposition 3:

wþ Xð Þ ¼ 1

r2 1� cð Þ a� rþ c
@g0
@X

nr�
ffiffiffiffiffi
2g

p
r

� �

296 FABIO TROJANI AND PAOLO VANINI



and compare it to the optimal policy for problem (P1) implied byProposition 1:

w Xð Þ ¼ 1

r2 1� cþ #ð Þ a� rþ c� #ð Þ @g0
@X

nr

� �
:

These two optimal policies can be of the same functional form only in the
very specific case that ð@g0=@XÞn is a constant. Such a case arises for instance
when the opportunity set is not stochastic; see also Maenhout (2001), Trojani
and Vanini (2002a) and Uppal and Wang (2003).

3.3. SOME EXPLICIT PARTIAL EQUILIBRIUM COMPUTATIONS

A more explicit discussion of the formulas derived in the last sections can be
developed for models where g0 can be computed explicitly. We illustrate the
above findings for a version of Kim and Omberg’s (1996) model with
dynamics given by

dBt ¼rBt dt; ð29Þ
dPt ¼atPtdtþ rPt dZ

P
t ; ð30Þ

dXt ¼k X� Xt

� �
dtþ n dZX

t ; ð31Þ

where r, r, n, k, X > 0, and at ¼ rþ rXt. In this setting X represents the
reference model market price of risk on equity. The function g0 is a quadratic
polynomial a0 þ a1Xþ ð1=2Þa2X2, with coefficients a0, a1, a2 defined in the
footnote.14 This implies two perfectly correlated processes / ¼ ða� rÞ=r
and w ¼ nð@g0=@XÞ which are both linear functions of X. The function G0 Xð Þ
is a non-negative second order polynomial of X. Therefore, to first order
optimal portfolios under the setting (P1) of ambiguity aversion are a linear
function of X, precisely as in the setting with no ambiguity aversion (# ¼ 0);
see again (17). Optimal portfolios under the setting (P2) of ambiguity aver-
sion are non linear functions of X. Moreover, since G0 ! 0 (G0 ! 1) if and
only if X ! 0 (X ! �1) the largest (smallest) relative portfolio effects under

14 We have:

a0 ¼ ln dð Þ � 1þ r

d
þ n2

2d dþ 2kð Þ þ
kX
� �2

d dþ kð Þ dþ 2kð Þ ;

a1 ¼
kX

dþ kð Þ dþ 2kð Þ > 0;

a2 ¼
1

dþ 2k
> 0:

A proof is given in the appendix for completeness.
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ambiguity aversion arise for moderate (extreme) absolute values of the ref-
erence model equity premium at � r ; see again (23).

Figure 1 illustrates such differences in optimal portfolio behavior for some
choices of the model parameters. The left panel of Figure 1 compares the
portfolio policies in the absence of ambiguity aversion (the black straight
line) with those under the setting (P1) (the dash dotted and dashed straight
lines) of ambiguity aversion. The classical policy in the absence of ambiguity
aversion is an increasing straight line as a function of the reference model
market price of risk X. The policies under the setting (P1) of ambiguity
aversion have the same functional form but their slope is smaller. The larger
#, the smaller the slope. The policies under the setting (P2) of ambiguity
aversion are presented in the right panel of Figure 1. They have a different
functional form and present an S-shaped behavior around the point X ¼ 0.
In this region, portfolio exposures are about zero. For instance, for values of

Figure 1. Optimal portfolio allocation w as a function of the state X for the parameter
choices r ¼ 0:05, d ¼ 0:06, r ¼ 0:15, n ¼ 0:037, k ¼ 0:0423, X ¼ 0:0942, c ¼ 0:25,
q ¼ 0:90. In the left panel we plot the portfolio policies in model (P1) for # ¼ 0; 0:1; 0:2
(straight, dash-dotted and dash lines). The right panel gives the portfolio policies in
model (P2) for g ¼ 0; 0:005; 0:01 (straight, dash-dotted and dash curves).
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X in the interval �0:05; 0:05½ � they are between �0:05. Over such an interval
of X values, the classical portfolio policy and the one under the setting (P1) of
ambiguity aversion already imply substantial portfolio exposures. To
emphasize this last point, Figure 2 plots the differences between the portfolio
policies in the setting (P1) and those in the setting (P2) of ambiguity aversion
for the same parameter choices as in Figure 1.

4. General Equilibrium

We consider heterogenous agents general equilibria. More specifically, we
study economies where there are two agents with utilities of current con-
sumption given by

u Cð Þ ¼ Cc � 1

c
; u Cð1Þ

� �
¼ log Cð1Þ

� �
; c < 1 ð32Þ

Figure 2. Differences in optimal portfolio allocations as a function of the state X for the
parameter choices r ¼ 0:05, d ¼ 0:06, r ¼ 0:15, n ¼ 0:037 , k ¼ 0:0423, X ¼ 0:0942,
c ¼ 0:25, q ¼ 0:90. We plot the difference of the portfolio policies in model (P1) for

# ¼ 0:1; 0:2 and the portfolio policies in model (P2) for g ¼ 0:005; 0:001 (dash-dotted
and dash lines).
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and ambiguity aversion parameters given by

# > 0; #ð1Þ ¼ 0ðg > 0; gð1Þ ¼ 0Þ: ð33Þ

We assume the same time preference rate d for all agents. In the sequel, we
start by an example of a complete production economy and analyze in a
second step an example of an incomplete exchange economy. Such economies
have been studied in Kogan and Uppal (2000) for settings with no ambiguity
aversion. For the production economy we focus on ambiguity aversion in the
setting of problem (P2), because it is the setting that delivers the most
interesting distinct empirical predictions of ambiguity aversion, namely an
endogenous dynamic equity market participation in the absence of transac-
tion costs or other market frictions. Such participation is endogenous
because it depends on the degree of ambiguity aversion and on the prevailing
cross-sectional wealth distribution in the economy. In the production econ-
omy example, we explicitly characterize conditions (see (35)) under which
limited equity market participation arises in equilibrium. For the exchange
economy, we discuss in a unified framework the predictions under the set-
tings (P1) and (P2) by focusing on the distinct equilibrium portfolio behav-
iors arising under ambiguity aversion and the different predictions for the
functional form of equity premia.

4.1. PRODUCTION ECONOMIES

We consider an extended version of the production economy in Dumas
(1989) where a single constant returns to scale technology with dynamics

dSt ¼ aSt � Ct � C
ð1Þ
t

� �
dtþ rSt dZt;

for the aggregate capital stock, with a, r > 0, is assumed. The risky asset is a
stock on the production technology with cumulative return process

dPt ¼ aPt dtþ rPt dZt:

The number of shares in this economy is equal to the aggregate capital stock.
The riskless asset is a money account with price dynamics

dBt ¼ rtBt dt;

where rt is an interest rate that has to be determined in equilibrium. In such a
setting markets are complete since a single Brownian motion affects the
production and stock price dynamics.
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DEFINITION 1. We call a process St; rt;wt;w
ð1Þ
t ; ct; c

ð1Þ
t

� �
an asymptotic

equilibrium under ambiguity aversion if:

– The individual portfolio and consumption rules wt;w
ð1Þ
t ; ct; c

ð1Þ
t are

asymptotically optimal, i.e., they satisfy the consumption rule (22) and
the investment rules in Proposition 3.

– The financial markets clear asymptotically: wtWt þ w
ð1Þ
t W

ð1Þ
t ¼

Wt þW
ð1Þ
t :

In general equilibrium the relevant state variable is the cross-sectional wealth
distributionxt in the economy:Xt ¼ xt :¼ Wt=ðWt þW

ð1Þ
t Þ:Furthermore, the

function g0 in Propositions 1–3 is now endogenous to the economy, i.e. it
depends on c and g. However, it can be expanded in a neighborhood of the
representative agent value function of a homogeneous economywith log utility
investors (c ¼ cð1Þ ¼ g ¼ gð1Þ ¼ 0). Denoting this value function by

Jlog;0 X;Wð Þ ¼ 1

d
log Wð Þ þ g00 Xð Þð Þ;

it turns out that to characterize the desired rules completely we only need to
determine g00 and r as a function of g00. Moreover, by definition g00 is
completely determined by the representative-agent log utility solution and it
is a constant. For this benchmark economy, market clearing implies that
a� r2 is the constant equilibrium interest rate. Using formula (41) in Kogan
and Uppal (2000), g00 is given by

g00 ¼ log dð Þ � 1þ a� r2=2
d

: ð34Þ

To characterize the equilibrium under the setting (P2) of ambiguity aversion,
we need to decompose the state space of xt. Such a decomposition is nec-
essary because of the different portfolio profiles for the complete markets
case in Proposition 3. In general equilibrium only two portfolio profiles can
arise. They correspond to the portfolio policies (26) and (28) in Proposition 3.
Moreover, since the equilibrium function g00 in ( 34) is constant, the equi-
librium portfolio policy (28) coincides to first order with a zero investment
strategy in the risky asset. To characterize the states of the economy where
the two different portfolio profiles arise in equilibrium we define a set A of
possible states of x by

A ¼ xjx > 1� rffiffiffiffiffi
2g

p
� �

: ð35Þ
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On the set A the relevant portfolio profile under ambiguity is the portfolio
policy (26). Hence, on the set A all agents in the model will participate in
the equity market and asset prices will reflect the interaction of all market
participants. On the complement Ac the relevant portfolio profile under
ambiguity is (28). This implies a very moderate exposure to equity. In fact,
to first order such exposure is exactly zero. Hence, on this set asset prices
will reflect primarily the portfolio behavior of the only participant in the
equity market: the log utility investor. As a consequence, one agent in the
economy will leave the equity market as soon as the endogenous state
variable xt enters the set Ac. This implies a dynamic equity market par-
ticipation in the model, which arises endogenously in dependence of the
relevant state xt of the economy. We emphasize the endogeneity of the
condition in the set A. In particular, such condition can be also not
binding, for instance when volatility is very large relative to the amount of
ambiguity (r=

ffiffiffiffiffi
2g

p
� 1). The characterization provided by the set A extends

to a dynamic setting the findings in Dow and Werlang (1992) that ambi-
guity aversion can imply naturally a limited equilibrium equity market
participation even in the absence of transaction costs or other market
frictions. Such distinct empirical prediction is supported by our setting (P2)
of ambiguity aversion. Intuitively, the set A is larger either when risk
(measured by r) is high, or when ambiguity (measured by g ) is low.
Indeed, while risk and standard risk aversion incentivate investors to trade
in order to diversify risk, ambiguity reduces the incentives to trade because
the output of the investment strategy becomes ambiguous.

The characterization of the general equilibrium under ambiguity aversion
is provided by the next proposition.

PROPOSITION 4. In the given production economy we have for the
asymptotic equilibrium under the setting (P2) of ambiguity aversion:

(1) Equilibrium interest rate on A

rt ¼ a� r2 1� c�
ffiffiffiffiffi
2g

p

r

� �
xt

� �
þO2 c;

ffiffiffi
g

p� �
ð36Þ

and on Ac

rt ¼ a� r2

1� xt
þO2 c;

ffiffiffi
g

p� �
: ð37Þ
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(2) Optimal consumption asymptotics.

C
ð1Þ
t ¼dð1� xtÞSt;

Ct ¼ d� c a� r2=2� d
� �� �

xtSt þO2 c;
ffiffiffi
g

p� �
: ð38Þ

(3) Optimal portfolios on A

w
ð1Þ
t ¼1� c�

ffiffiffiffiffi
2g

p

r

� �
xt þO2 c;

ffiffiffi
g

p� �
; ð39Þ

wt ¼1þ c�
ffiffiffiffiffi
2g

p

r

� �
1� xtð Þ þO2 c;

ffiffiffi
g

p� �
ð40Þ

and on Ac

w
ð1Þ
t ¼ 1

1� xt
þO2 c;

ffiffiffi
g

p� �
; wt ¼ O2 c;

ffiffiffi
g

p� �
: ð41Þ

(4) Cross-sectional wealth dynamics on A

dxt ¼cxt 1� xtð Þ a� r2=2� d
� �

dt

þ c�
ffiffiffiffiffi
2g

p

r

� �
xt 1� xtð Þr dZt þO2 c;

ffiffiffi
g

p� �
ð42Þ

and on Ac

dxt ¼cxt 1� xtð Þ a� r2=2� d� 1

c
r2xt

1� xtð Þ2

" #
dt� xtr

2 dZt

þO2 c;
ffiffiffi
g

p� �
: ð43Þ

(5) Capital stock dynamics

dSt ¼ a� dþ c a� r2=2� d
� �

xt

� 	
St dtþ rSt dZt þO2 c;

ffiffiffi
g

p� �
: ð44Þ

The effect of ambiguity aversion on equilibrium consumption and capital stock
dynamics is of higher order since the parameter g does not affect the con-
sumption policies (38). An indirect effect of ambiguity aversion arises, how-
ever, because of the different cross sectional wealth dynamics under ambiguity
aversion. Equilibrium interest rates, optimal portfolios and cross-sectional
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wealth dynamics are influenced on the set A directly by ambiguity aversion,
since the parameter g enters explicitly in (36), (39) and (42).

Compared to an economy without ambiguity (g ! 0 and Ac ! ;), we
see from (36) that lower equilibrium interest rates are obtained on set A.
On this set all agents hold a long position in equity and the contribution
of ambiguity aversion to the lower interest rate is proportional to the
volatility r of the capital stock dynamics. On the set A the impact of
ambiguity aversion on optimal equity holdings is inversely related to the
volatility parameter r. This highlights in a very simplified way the prudent
equilibrium portfolio concern under ambiguity aversion in the setting (P2).
However, remark that in general equilibrium the higher effective risk
aversion 1� ðc�

ffiffiffiffiffi
2g

p
=rÞ because of ambiguity aversion is state indepen-

dent. An example of an equilibrium exchange economy where effective risk
aversions under ambiguity aversion are state dependent to first order is
presented in Section 4.2.

On the set Ac the log utility investor always borrows from the second
agent her entire wealth, which is invested in a leveraged position in the
risky asset. Such pattern arises independently of the coefficient of risk
aversion 1� c and the degree of ambiguity g of the second agent.
Therefore, on the set Ac the log utility investor will always be leveraged in
the risky asset. This implies a no risky asset investment zone, even in the
absence of transaction costs or portfolio constraints, and produces a dy-
namic endogenous equity market participation in equilibrium. The set A
gives precise conditions under which such a situation is compatible with
general equilibrium in the model: ambiguity parameterized by g must be
sufficiently large with respect to first order risk, as measured by volatility
r.

For xt 2 A the basic structure of the effect of ambiguity aversion on the
cross-sectional wealth dynamics (43) implies for c 6¼ 0 a long run distribu-
tion of xt that is degenerated at xt ¼ 0 or xt ¼ 1 on A. The degeneracy of
such distributions arises because we are looking only at a first order
approximation of the relevant dynamics. In Dumas (1989), for a setting
with no ambiguity aversion, stationary cross-sectional wealth distributions
are obtained. On set Ac, the drift and the volatility of the cross-sectional
wealth dynamics (43) are altered in equilibrium. Moreover, for c < 0 the
drift of xt can be always negative, if for instance a� r2=2� d > 0, and the
long run cross sectional wealth distribution will degenerate to 0. However,
if c > 0–that is, the ambiguity averse investor is less risk averse than the log
utility agent - the sign of the drift in the xt’s dynamics can change as xt

approaches the boundary of the set Ac. In such case the long run distri-
bution of xt can be stationary to first order for parameter choices such that
the support of xt is in Ac, and limited equity market participation effects
will persist as t ! 1.
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4.2. EXCHANGE ECONOMIES

We consider a generally incomplete heterogenous exchange economy where
the risky asset is a claim on the aggregate endowment process et with
dynamics given by

det ¼Ytet dtþ re
ffiffiffiffiffi
Yt

p
et dZ

e
t ;

dYt ¼k Y� Yt

� �
dtþ

ffiffiffiffiffi
Yt

p
rY dZY

t ;

where re, k, Y, rY > 0, and Ze
t

� �
, ZY

t

� �
are both standard Brownian mo-

tions in R with covariation E dZe
t dZ

Y
t

� �
¼ deY dt. Ytð Þ is a mean reverting

Bessel process that affects expected endowment returns and endowment
returns volatilities. The cumulative return process of the risky asset is given
by

dPt ¼ atPt dtþ Pt rPet dZ
e
t þ rPYt dZ

Y
t

� �
;

where at; rPet; rPYt are drift and diffusion parameters to be determined in
equilibrium. The locally riskless asset is a short term bond with price
dynamics

dBt ¼ rtBt dt;

where rt is an interest rate that has to be determined in equilibrium. Since
for deYj j 6¼ 1 the Brownian motions in the endowment and state dynamics
are not perfectly correlated, we are in the context of a generically incom-
plete market. Hence, the relevant optimal investment policies for the setting
(P2) of ambiguity aversion are those given in (23). In this case investors will
never be able to avoid ambiguity by means of a suitable portfolio policy.
This is a sharp difference with the complete market setting discussed in
Section 4.1.

DEFINITION 2. We call a process Pt; rt;wt;w
ð1Þ
t ; ct; c

ð1Þ
t

� �
an asymptotic

equilibrium under ambiguity aversion if

– the individual portfolio and consumption rules wt;w
ð1Þ
t ; ct; c

ð1Þ
t are

asymptotically optimal, i.e. they satisfy (16) and (17) (they satisfy (22),
(23));

– the financial and the good markets clear asymptotically: wtWt þ
w
ð1Þ
t W

ð1Þ
t ¼ Wt þW

ð1Þ
t and et ¼ Ct þ C

ð1Þ
t :
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The relevant state variables for investors’ decisions are expected endowment
returns Yt and the cross-sectional wealth distribution xt. Therefore, the
function g Y;xð Þ now depends on two arguments. Nevertheless, the same
basic approximation methodology as in the above production economy
example applies. Specifically, we can work with a function g00 that depends
only on the state variable Xt :¼ Yt, yielding

g0 Y;x; c; #ð Þ þO c; #ð Þ ¼ g0;0 Yð Þ ¼ g0 Y;x; c;
ffiffiffi
g

p� �
þO c;

ffiffiffi
g

p� �
; ð45Þ

where g0;0 is uniquely determined by the representative-agent equilibrium of
an economy populated by log utility agents. The function g0;0 is given in
closed form in the next result.

PROPOSITION 5. Under the given conditions:

g0;0 Yð Þ ¼ aþ bYþ ln dð Þ; ð46Þ

where

a ¼
k 1� 1

2r
2
e

� �
Y

d dþ kð Þ ; b ¼
1� 1

2r
2
e

dþ k
: ð47Þ

In particular, since b > 0 for realistic parameter choices in the model we
have @g0;0=@X > 0. The asymptotics for the general equilibrium under the
settings (P1) and (P2) of ambiguity aversion are provided by the next
proposition.

PROPOSITION 6. Let

G Yð Þ ¼ r2e þ 2deYrerYbþ r2Yb
2

� �
Y;

where a and b are given in (47) and define

1 ¼ # for ðP1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=G Ytð Þ

p
for ðP2Þ

�
; O2 ¼ O2 c; #ð Þ for ðP1Þ

O2 c;
ffiffiffi
g

p� �
for ðP2Þ

�
:

In the given exchange economy the following asymptotic expressions hold
true:

(1) Equilibrium stock prices process
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Pt ¼ p Yt;xtð Þet;

p Y;xð Þ ¼ 1

d
1þ cx aþ bYð Þð Þ þO2;

dPt þ et dt

Pt
¼ dþ Yt 1� cbxt kþ d� deYrerYð Þð Þ½ �dt

þ re
ffiffiffiffiffi
Yt

p
dZe

t þ cbxtrY
ffiffiffiffiffi
Yt

p
dZY

t þO2: ð48Þ

(2) Equilibrium interest rate

rt ¼ dþ 1� cbxt kþ d� deYrerYð Þð ÞYt

� r2e þ 2recbxtrYdeY
� �

Yt

þ c� 1ð Þ r2e þ brerYdeY
� �

Ytxt þO2: ð49Þ

(3) Optimal consumption and optimal portfolios

C
ð1Þ
t ¼ dð1� xtÞSt;

Ct ¼ d 1� c aþ bYtð Þð ÞxtSt þO2;

w
ð1Þ
t ¼ 1� c� 1ð Þ 1þ b

rYdeY
re

� �
xt þO2; ð50Þ

wt ¼ 1þ c� 1ð Þ 1þ b
rYdeY
re

� �
1� xtð Þ þO2: ð51Þ

(4) Cross-sectional wealth dynamics.

dxt ¼ cxt 1� xtð Þb kY
d

þ Yt

� �
dt

þ c� 1ð Þ 1� xtð Þre
ffiffiffiffiffi
Yt

p
1þ b

deYrY
re

� �
dZe

t þO2: ð52Þ

The marginal qualitative impact of ambiguity aversion on equilibrium
portfolio holdings depends on whether

(i) c 1þ b
rYdeY
re

� �
> 0; (ii) c 1þ b

rYdeY
re

� �
< 0:

For instance, in case (i) ambiguity aversion reduces equilibrium leverage
positions in the risky asset. This implies lower equilibrium interest rates (49)
if and only if

1þ b
rYdeY
re

> 0: ð53Þ

307ROBUSTNESS AND AMBIGUITY AVERSION IN GENERAL EQUILIBRIUM



Thus, in the present economy interest rates can be in principle higher or lower
under ambiguity aversion. Condition (53) is the requirement that intertem-
poral hedging motives do not dominate myopic demands in equilibrium
portfolio holdings.15

The optimal portfolio behavior (50) under the setting (P1) (i.e., 1 ¼ #) is
observationally equivalent to the one implied by an increased constant rel-
ative risk aversion 1� c� #ð Þ. Hence, to first order optimal portfolios under
the setting (P1) are state dependent only via cross-sectional wealth xt: they
are independent of the level of endowment expected growth rates and vola-
tilities. The optimal portfolio behavior (50) under the setting (P2) of ambi-
guity aversion (i.e., 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=G Ytð Þ

p
) is similar to the one implied by a state

dependent increased risk aversion 1� c�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=G Ytð Þ

p� �
. To first order, this

makes optimal portfolios dependent also on the level of endowment expected
growth rates and volatilities. In particular, the largest state dependent risk
aversions 1� c� 1ð Þ arise for moderate values of the state variable Yt , i.e.
when endowment expected growth rates and volatilities are low. This high-
lights the very peculiar state dependent portfolio concern under ambiguity
aversion in the setting (P2). An illustration of the equilibrium portfolio policy
(51) is presented in Figure 3.

The panel on the left presents policies for g ¼ 0:001. The one on the right
presents policies for g ¼ 0:02. For any given level of Y optimal portfolios are
linear in x. The slope of such a linear optimal policy increases dramatically as
Y ! 0 and leads to significant short positions in equity for moderate levels of
cross-sectional wealth x when Y ! 0.

The equilibrium effect of such portfolio behaviors on interest rates is
described by (49). In particular, for 1 ¼ # the impact of ambiguity aversion in
the setting (P1) is proportional to the varianceYtr2Y of endowment returns. For
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=G Ytð Þ

p
the effect on interest rates is proportional toYt=

ffiffiffiffiffiffiffiffiffiffiffiffi
G Ytð Þ

p
, i.e. the

volatility of endowment returns. Since to first order the equity dynamics (48) is
unaffected by ambiguity aversion, the impact on the arising equity premium is
completely determined by the effect on equilibrium interest rates. Therefore,
the setting (P1) of ambiguity aversion yields a contribution to equity premia
that is linear in endowment variances, while setting (P2) implies a contribution
that is linear in endowment volatilities. These are observationally distinct
empirical predictions of our two settings of ambiguity aversion.

5. Conclusions

We explored analytically the empirical predictions of ambiguity aversion in
heterogeneous agents economies with intermediate consumption and sto-

15 For typical model parameter values condition (53) can be expected to be satisfied and interest

rates will be lower under ambiguity aversion.
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chastic investment opportunity set using first order perturbation methods. To
this end, we studied two intertemporal wealth-homothetic settings of ambi-
guity aversion motivated by two distinct robust control problems. One set-
ting can be interpreted as a continuous time version of RMPU. Our findings
show that ambiguity aversion affects equilibria by acting more directly on
equilibrium interest rates and portfolio holdings, rather than on equilibrium
asset returns and aggregate consumption. The functional forms of optimal
portfolios under the first robust control setting of ambiguity aversion are
identical to those of a setting with no ambiguity but a higher constant relative
risk aversion. Hence, such a setting of ambiguity aversion implies functional
forms for equilibrium quantities like equity premia that are observationally
equivalent to those of a setting with no ambiguity. In particular, the equity
premium component due to ambiguity aversion is a second order function of

Figure 3. Optimal portfolio allocation (51) under ambiguity aversion as a function of
the state ðx;YÞ for the parameter choices d ¼ 0:02, re ¼ 0:02, rY ¼ 0:01, deY ¼ �0:05,
c ¼ 0:25. The plot in the left panel is for g ¼ 0:001. The one in the right panel is for

g ¼ 0:002.
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volatility, i.e., it is proportional to return variances as in a setting with no
ambiguity. The portfolio behavior under the RMPU setting of ambiguity
aversion is instead similar to the one of a setting with no ambiguity but a
higher and state dependent risk aversion, which is highly pronounced at
moderate portfolio exposures. This feature causes quite prudent levels of
equity market participations over a nontrivial set of states of the economy
and an equity premium due to ambiguity aversion that dominates when the
exogenous random factors in the economy have low volatility. This last effect
arises because the equity premium due to ambiguity aversion in the RMPU
setting is a first order function of volatility, i.e., it is proportional to volatility.
Thus, the RMPU setting of ambiguity aversion can account for some distinct
empirical predictions–like a limited equity market participation and ambi-
guity equity premia that dominate equity premia for small equity volatilities–
which are unavailable under the other robust control setting studied in the
paper. Such distinct empirical predictions of our more tractable setting of
ambiguity aversion are consistent with other less tractable intertemporal
settings of ambiguity aversion like the ‘‘k-ignorance’’ setting proposed in
Chen and Epstein (2002).16

Appendix

Proof of the non-rectangularity of the set (12)
Let

H :¼ h : Eh

Z 1

0

e�dt htj j
2

2

dt

" #
� k #ð Þ

( )
ðA:1Þ

and assume that it is a rectangular set, i.e.,

H ¼ h : ht 2 Ht; t � 0f g; ðA:2Þ

where Htð Þt�0 is a sequence of compact and convex subsets of R2 such that
Ht 	 K , with K a compact subset of R2; cf. Chen and Epstein (2002), Section
2.4. Consider now a simple deterministic misspecification h
 of the form

h
t ¼ dk #ð Þ exp d
2
t

� �
:

Then, h
 cannot belong to (A.2), since it is an unbounded function of t.
However, h
 belongs to (A.1). Indeed,

16 See for instance Chen and Epstein (2002), Section 5.
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Eh

Z 1

0

e�dt h
t
�� ��
2

2

dt

" #
¼
Z 1

0

e�dt h
t
�� ��
2

2

dt ¼ d
2
k #ð Þ

Z 1

0

e�
d
2tdt ¼ k #ð Þ:

Hence, we have found a misspecification h
 that is in (A.1) but not in (A.2).
This shows that H is not a rectangular set.

Proof of Proposition 1

Define

Kt ¼
nt 0

qwtWtrt
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
wtWtrt

� 

;

so that the joint dynamics of Yt ¼ Xt;Wtð Þ0 can be written as

dYt ¼ lt dtþ Kt dZt; ðA:3Þ

where lt ¼ ft;wtWt at � rtð Þ þ rtWt � Ctð Þð Þ0 and Z is a standard Brownian
motion in R2. The minimization with respect to h in (6) gives (see for instance
(AHS) 1998, p. 14)

h
 ¼ � #

cJþ 1
d

K0 @J

@Y

� �
¼ � #

cJþ 1
d

nJX þ qwWrJWffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
wWrJW

� �
ðA:4Þ

and the relevant single agent Hamilton Jacobi Bellman (HJB) equation
reads:17

0 ¼ sup
c;w

cWð Þc�1

c
� dJþ wW a� rð Þ þ rW� cWð Þð ÞJW

�

þ 1

2
w2W2r2 JWW � #

cJþ 1
d

J2W

 !

þfJX þ 1

2
n2 JXX � #

cJþ 1
d

J2X

 !

þwWrXP JXW � #

cJþ 1
d

JWJX

 !)
: ðA:5Þ

17 We use subscripts to denote partial derivatives with respect to the relevant argument.
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Homogeneity of J implies the functional form (14) for some unknown
function g Xð Þ. Setting rXP ¼ qnr it follows for the optimal policies:

c ¼ JWð Þ1=ðc�1Þ

W
¼ ecg

d

� � 1
ðc�1Þ

; ðA:6Þ

w ¼ �
JW

WJWW

1� #
cJþ1

d

J2
W

JWW

a� r

r2
þ JWX

JW

rXP
r2

� #
JX

cJþ 1
d

rXP
r2

 !

¼ 1

1� c� #ð Þ
a� r

r2
þ c� #ð Þ @g

@X

rXP
r2

� �
: ðA:7Þ

Writing g ¼ g0 þ cg1 þ #g2 þO2 c; #ð Þ and expanding (A.6), (A.7) up to first
order in c; #ð Þ proves the proposition.

Proof of Proposition 2

The minimization with respect to h in (10) gives (see for instance AHS 1998,
p. 22).

h
 ¼ �
ffiffiffiffiffi
2g

p

@J
@Y

0
KK0 @J

@Y

� �1
2

K0 @J

@Y

¼ �
ffiffiffiffiffi
2g

p

W2J2Wr2 þ n2J2X þ 2rXPWJXJW
� �1=2 nJX þ qwWrJWffiffiffiffiffiffiffiffiffiffiffiffiffi

1� q2
p

wWrJW

� �
: ðA:8Þ

Hence, the single agent HJB equation is

0 ¼ sup
c;w

cWð Þc�1

c
� dJþ wW a� rð Þ þ rW� cWð Þð ÞJW

�

þ 1

2
w2W2r2JWW þ fJX þ 1

2
n2JXX þ wWrXPJXW

�
ffiffiffiffiffi
2g

p
w2W2r2J2W þ n2J2X þ 2wWrXPJWJX
� 	1

2

o
: ðA:9Þ

Homogeneity of J implies a functional form of the type (21). Hence, the
implied optimal policies are given by

c ¼ JWð Þ
1

ðc�1Þ

W
¼ ecg

d

� � 1
ðc�1Þ

ðA.10Þ
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and

w ¼ ð1� cÞ�1

1�
ffiffiffiffiffiffiffiffi
2g

C wð Þ

q
J2
W

JWW

a� r

r2
þ c

@g

@X

rXP
r2

�
ffiffiffiffiffiffiffiffiffiffiffi
2g

C wð Þ

s
JX

rXP
r2

 !
; ðA:11Þ

where

C wð Þ ¼ W2J2W r2w2 þ n2J2X
W2J2W

þ 2wrXP
JX

WJW

� �
¼ W2J2WG wð Þ:

Using the last expression for C, the optimal policy (A.11) reads more com-
pactly

w ¼ 1

1� c�
ffiffiffiffiffiffiffiffi
2g

G wð Þ

q� � a� r

r2
þ c�

ffiffiffiffiffiffiffiffiffiffiffi
2g

G wð Þ

s !
@g

@X

rXP
r2

 !
: ðA:12Þ

Hence, the optimal investment policy is the solution of an implicit equation
in w. To expand (A.10), (A.12) to first order we first write

w Xð Þ ¼ a� r

r2
þ cw1 Xð Þ þ

ffiffiffiffiffi
2g

p
w2 Xð Þ þO2 c;

ffiffiffi
g

p� �
; ðA:13Þ

g Xð Þ ¼ g0 Xð Þ þ cg1 Xð Þ þ
ffiffiffiffiffi
2g

p
g2 Xð Þ þO2 c;

ffiffiffi
g

p� �
: ðA:14Þ

Expanding (A.10), (A.12) while making use of (A.13) and (A.14) concludes
the proof of the proposition.

Proof of Proposition 3

We discuss the case q ¼ 1 since the case q ¼ �1 can be treated in the
same way. In this case, the relevant HJB equation (A.9) for problem (10)
becomes:

0 ¼ sup
c;w

cWð Þc�1

c
� dJþ wW a� rð Þ þ rW� cWð Þð ÞJW

�

þ 1

2
w2W2r2JWW þ fJX þ 1

2
n2JXX þ wWrXPJXW

�
ffiffiffiffiffi
2g

p
wWrJW þ nJXj j

o
: ðA:15Þ
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Homogeneity of J implies an homogeneous functional form of the type (21).
Hence, the optimal consumption policy is given by

c ¼ ecg

d

� � 1
ðc�1Þ

:

A first order expansion of g then gives the first order consumption policy. To
express the optimal investment policies we distinguish two cases:

ðiÞ wWrJW þ nJX � 0; ðiiÞ wWrJW þ nJX � 0: ðA:16Þ

For case (i), the HJB equation reads

0 ¼ sup
c;w

cWð Þc�1

c
� dJþ wW a� rð Þ þ rW� cWð Þð ÞJW

�

þ 1

2
w2W2r2JWW þ fJX þ 1

2
n2JXX þ wWrXPJXW

�
ffiffiffiffiffi
2g

p
wWrJW þ nJXð Þ þ k wWrJW þ nJXð Þ

o
¼ sup

c;w

cWð Þc�1

c
� dJ

�
þ wW a� r�

ffiffiffiffiffi
2g

p
� k

� �
r

� �
þ rW� cWð Þ

� �
JW

þ 1

2
w2W2r2JWW þ f� n

ffiffiffiffiffi
2g

p
� k

� �� �
JX

þ 1

2
n2JXX þ wWrXPJXW

�
; ðA:17Þ

where k � 0 is a Lagrange multiplier. The optimal investment policy is

w ¼ � 1

r2WJWW
a� r�

ffiffiffiffiffi
2g

p
� k

� �
r

� �
JW þ rXPJXW

h i

¼ 1

r2 1� cð Þ a� r�
ffiffiffiffiffi
2g

p
� k

� �
rþ cnr

@g

@X

� �
; ðA:18Þ

using the functional form (14). Slackness implies:

0 ¼ k wWrJW þ nJXð Þ ¼ k
d

wrþ n
@g

@X

� �
Wc: ðA:19Þ
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From (A.18) the Lagrange multiplier k is given by

kr ¼ r2 1� cð Þw� a� rð Þ þ
ffiffiffiffiffi
2g

p
r� cnr

@g

@X

¼ � 1� cð Þnr @g

@X
� a� rð Þ þ

ffiffiffiffiffi
2g

p
r� cnr

@g

@X

¼ � a� r�
ffiffiffiffiffi
2g

p
rþ nr

@g

@X

� �
� 0;

using (A.19). Hence, the constraint is binding if

a� rþ nr
@g

@X
�

ffiffiffiffiffi
2g

p
r

i.e., if

1

r2 1� cð Þ a� r�
ffiffiffiffiffi
2g

p
rþ cnr

@g

@X

� �
� � n

r
@g

@X
:

In the opposite case k ¼ 0 and the optimal policy is given by (A.18). In
the case of a binding constraint, slackness implies an optimal policy given
by

w ¼ � n
r
@g

@X
:

The optimal policy for the case (ii) follows analogously. To get a first order
expression for the optimal investment policy it is sufficient to note that

ffiffiffiffiffi
2g

p
wWrJW þ nJXj j ¼

ffiffiffiffiffi
2g

p

d
wrþ n

@g

@X

����
����Wc

¼
ffiffiffiffiffi
2g

p

d
wrþ n

@g0
@X

����
����Wc þO2 c;

ffiffiffiffiffi
2g

p� �
: ðA:20Þ

By inserting the approximation (A.20) in the HJB equation (A.15) the
implied optimality conditions can be then obtained to first order in c;

ffiffiffiffiffi
2g

p
,

with the same approach used above to compute the optimal portfolio
policy. Solving such optimality condition for the investment policy gives
the result.
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Proof of the Result in Footnote 10

Using formula (19) in Kogan and Uppal (2000) it follows

g0ðXÞ ¼ lnðdÞ � 1þ E

Z 1

0

e�dt rþ 1

2

at � r

r

� �2� �
dt

����X0 ¼ X

� 


¼ lnðdÞ � 1þ
Z 1

0

e�dt rþ 1

2
E X2

t

��X0 ¼ X
� �� �

dt

� 

:

Since

E X2
t

��X0 ¼ X
� �

¼Var XtjX0 ¼ Xð Þ þ E XtjX0 ¼ Xð Þð Þ2

¼ n2
1� e�2kt

2k
þ e�kt Xþ X ekt � 1

� �� �� 	2
;

a final integration gives

g0ðXÞ ¼ lnðdÞ � 1

þ
Z 1

0

e�dt rþ n2

2
� 1� e�2kt

2k
þ

e�ktX ekt � 1
� �� �2
2

 !
dt

þ XX

Z 1

0

e�dt ekt � 1
� �� �

dtþ X2

2

Z 1

0

e�dte�2kt dt:

By computing these integrals explicitly, the claim of the proposition is
obtained.

NOTATION: In the sequel we adopt the symbol ¼: to denote equality up to
terms of order O2 c; #ð Þ or O2 c;

ffiffiffi
g

p� �
.

Proof of Proposition 4

We have:

g0 X; c; gð Þ þO c;
ffiffiffi
g

p� ��� ��� �
¼ g00 ¼ log dð Þ � 1þ a� r2=2

d
:

Aggregate market clearing implies

1¼: wð1Þ
t þ wt � w

ð1Þ
t

� �
xt:
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Since in the present setting @g00ðXÞ=@X ¼ 0, the complete markets asympt-
otics for optimal investment in Corollary 3 implies

wt¼:
1

r2 1�cð Þ ða� rt �
ffiffiffiffiffi
2g

p
rÞ if a� rt �

ffiffiffiffiffi
2g

p
r � 0

1
r2ð1�cÞ ða� rt þ

ffiffiffiffiffi
2g

p
rÞ if a� rt þ

ffiffiffiffiffi
2g

p
r � 0

0 otherwise.

8<
:

In general equilibrium, the relevant cases are:

Case 1 :
a� rt
r

>
ffiffiffiffiffi
2g

p
; Case 2 : 0 <

a� rt
r

�
ffiffiffiffiffi
2g

p
:

For Case 1 follows

1 ¼: w
ð1Þ
t þ wt � w

ð1Þ
t

� �
xt ¼:

a� rtð Þ 1� c 1� xtð Þð Þ �
ffiffiffiffiffi
2g

p
rxt

1� cð Þr2 ;

implying

a� rt
r

¼: 1� cð Þrþ
ffiffiffiffiffi
2g

p
xt

1� c 1� xtð Þ :

Hence, for Case 1

a� rt
r

>
ffiffiffiffiffi
2g

p
() 1� cð Þrþ

ffiffiffiffiffi
2g

p
xt > 1� cð Þ

ffiffiffiffiffi
2g

p
þ c

ffiffiffiffiffi
2g

p
xt

() xt > 1� rffiffiffiffiffi
2g

p : ðA:21Þ

Solving for rt, we get

rt¼: a� r
1� cð Þrþ

ffiffiffiffiffi
2g

p
xt

1� c 1� xtð Þ ¼: a� r2 1� c�
ffiffiffiffiffi
2g

p

r

� �
xt

� �
: ðA:22Þ

Similarly, for Case 2

1 ¼: w
ð1Þ
t 1� xtð Þ ¼: a� rt

r2
1� xtð Þ;

which implies

rt ¼ a� r2

1� xt
: ðA:23Þ
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This proves 1 of the proposition.
The consumption asymptotics in Proposition 2 (which are valid also for

the complete markets case) implies

c
ð1Þ
t ¼ d; ct ¼: d� cd g0 Xð Þ � log dð Þð Þ ¼: d� c a� r2=2� d

� �
:

ðA:24Þ

Moreover, from (A.22) and (A.23)

w
ð1Þ
t ¼ a� rt

r2
¼: 1� c�

ffiffiffiffiffi
2g

p

r

� �
xt;

in Case 1, and

w
ð1Þ
t ¼ 1

1� xt
;

in Case 2. In the same vain (again by (A.22) and (A.23))

wt¼:
1

r2 1� cð Þ a� rt �
ffiffiffiffiffi
2g

p
r

� �
¼: 1þ c�

ffiffiffiffiffi
2g

p

r

� �
1� xtð Þ;

in Case 1, and wt¼: 0 otherwise. This proves 2 of the proposition. To prove 3,
we consider the Itô’s dynamics of xt

dxt ¼: xt 1� xtð Þ wt � w
ð1Þ
t

� �
a� rtð Þ � xtwt þ ð1� xtÞwð1Þ

t

� �
r2t

h ih
� ct � c

ð1Þ
t

� �i
dtþ xt 1� xtð Þ wt � w

ð1Þ
t

� �
r dZt

and distinguish again the two cases considered above. We have

� ct � c
ð1Þ
t

� �
¼: c a� r2=2� d
� �

and

wt � w
ð1Þ
t

� �
r¼: rc�

ffiffiffiffiffi
2g

p
; Case 1;

wt � w
ð1Þ
t

� �
r¼: � r

1� xt
; Case 2:

Using the financial markets clearing condition we have
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a� rtð Þ � xtwt þ ð1� xtÞwð1Þ
t

� �
r2 ¼: a� rtð Þ � r2;

implying

wt � w
ð1Þ
t

� �
a� rtð Þ � xtwt þ ð1� xtÞwð1Þ

t

� �
r2

h i
¼: 0;

for Case 1. On the other hand, for Case 2 it follows

wt � w
ð1Þ
t

� �
a� rtð Þ � r2

� 	
¼: � 1

1� xt

r2

1� xt
� r2

� �
¼ � r2xt

1� xtð Þ2
:

Putting the results together we proved 3. We remark that this last equation
also implies an asymptotic contribution of order no less than 2 for the
optimal portfolio policies to the drift of the cross sectional wealth dynamics
in Cases 1 and 2.

To prove 4, we get from (A.24)

dSt¼: aSt � Ct þ C
ð1Þ
t

� �� �
dtþ rSt dZt

¼: aSt � d� c a� r2=2� d
� �� �

Wt þ dWð1Þ
t

� �h i
dtþ rSt dZt

¼: a� dþ c a� r2=2� d
� �

xt

� 	
St dtþ rSt dZt:

This proves 4 and the whole proposition.

Proof of Proposition 5

The value function of the representative log-utility agents is

1

d
log W0ð Þ þ g0;0 Y0ð Þ
� �

¼ E0

Z 1

0

e�dt log etð Þdt
� 


: ðA:25Þ

Computing the expectation on the RHS of (A.25) it follows

E0

Z 1

0

e�dt log etð Þdt
� 


¼ log e0ð Þ
Z 1

0

e�dt dt

þ 1� 1

2
r2e

� �Z 1

0

e�dt
Z t

0

E0 Ysð Þds
� �

dt:
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Using the formula

E0 Ysð Þ ¼ Yþ ðY0 � YÞe�ks;

we then have

E0

Z 1

0

e�dt log etð Þdt
� 


¼ 1

d
ln e0ð Þ þ

1� 1
2r

2
e

d dþ kð Þ Y0 þ
kY
d

� �
:

At the same time, W0 is the aggregate wealth of the economy, which is equal
to the price of the stock, d�1e0: Thus, g0;0 Y0ð Þ ¼ aþ bY0 þ ln dð Þ, where

a ¼
k 1� 1

2 r
2
e

� �
d dþ kð Þ Y; b ¼

1� 1
2r

2
e

dþ k
:

Proof of Proposition 6

To prove 1, we note that in our economy Wt þW
ð1Þ
t ¼ Pt and

Wt ¼ xtPt; W
ð1Þ
t ¼ 1� xtð ÞPt:

Using the consumption asymptotics (16), with g0 replaced by g00, aggregate
good markets clearing implies

et
d
¼: 1

d
ct þ c

ð1Þ
t

� �
¼: 1

d
d 1� xtð Þ þ d 1� c g0;0 Xtð Þ � log dð Þ

� �� �
xt

� �
Pt

¼: 1� c g0;0 Xtð Þ � log dð Þ
� �

xt

� �
Pt;

that is:

Pt¼:
et
d

1þ c aþ bYtð Þxtð Þ: ðA:26Þ

Defining pt ¼ p Yt;xtð Þ ¼ 1
d 1þ c aþ bYtð Þxtð Þ, it follows

dPt

Pt
¼: Yt dtþ cbxt dYt þ dYt;

det
et

� 
� �
þ re

ffiffiffiffiffi
Yt

p
dZe

t

¼ Yt þ cbxt k Y� Yt

� �
þ YtdeYrerY

� �� �
dt

þ re
ffiffiffiffiffi
Yt

p
dZe

t þ cbxtrY
ffiffiffiffiffi
Yt

p
dZY

t :

320 FABIO TROJANI AND PAOLO VANINI



The cumulative return then is

dPt þ etdt

Pt
¼: Yt þ cbxt k Y� Yt

� �
þ YtdeYrerY

� �� �
dt

þ d 1� cxt aþ bYtð Þð Þ dt

þ re
ffiffiffiffiffi
Yt

p
dZe

t þ cbxtrY
ffiffiffiffiffi
Yt

p
dZY

t

¼: Yt þ d� cbxtYt kþ d� deYrerYð Þð Þ dt

þ re
ffiffiffiffiffi
Yt

p
dZe

t þ cbxtrY
ffiffiffiffiffi
Yt

p
dZY

t

¼ dþ Yt 1� cbxt kþ d� deYrerYð Þð Þð Þ dt

þ re
ffiffiffiffiffi
Yt

p
dZe

t þ cbxtrY
ffiffiffiffiffi
Yt

p
dZY

t :

This proves 1. To prove 2, we first notice that the ‘‘market price of risk’’ /
under ambiguity aversion is given by

/ Y;xð Þ ¼ /00 Y;xð Þ þ c/01 Y;xð Þ þ
ffiffiffiffiffi
2g

p
/02 Y;xð Þ þO2 c;

ffiffiffi
g

p� �
;

ðA:27Þ

where

/00 Y;xð Þ ¼ re
ffiffiffiffi
Y

p
;

is the market price of risk in a standard homogeneous economy populated by
log-utility agents. Henceffiffiffiffiffiffi

g
G0

r
¼:

ffiffiffiffiffiffiffiffiffiffiffi
g

G Yð Þ

r
;

where

G Yð Þ ¼/2
00 Yð Þ þ 2/00 Yð ÞdeYrY

ffiffiffiffi
Y

p
bþ rY

ffiffiffiffi
Y

p
b

� �2
¼Y r2e þ 2deYrerYbþ r2Yb

2
� �

: ðA:28Þ

Defining

1 ¼ # for ðP1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g=G Ytð Þ

p
for ðP2Þ

�

321ROBUSTNESS AND AMBIGUITY AVERSION IN GENERAL EQUILIBRIUM



financial markets clearing gives

rt¼: at þ et � r2t þ c� 1ð Þ r2t þ
@g0;0 Ytð Þ

@X
rXP

� �
xt

¼: at þ et � r2t þ c� 1ð Þ r2t þ brXP
� �

xt: ðA.29Þ

Using the above cumulative return dynamics this leads to

rt¼
:

dþ 1� cbxt kþ d� deYrerYð Þð ÞYtð Þ � r2e þ 2recbxtrYdeY
� �

Yt

þ c� 1ð Þ r2e þ brerYdeY
� �

Ytxt:

Which proves 2. The first part of 3 is based on the optimum consumption
asymptotics under ambiguity aversion together with (46):

c
ð1Þ
t ¼ d; ct¼: d 1� c g00 Ytð Þ � log dð Þð Þð Þ¼: d 1� c aþ bYtð Þð Þ:

Moreover,

wð1Þ ¼: at þ et � rt
r2t

¼: 1� c� 1ð Þ 1þ b
rYdeY
re

� �
xt;

and

w¼: wð1Þ 1þ c� 1ð Þ þ c� 1ð Þ @g0;0 Ytð Þ
@X

rXP
r2t

¼: 1þ 1þ c� 1ð Þ � c� 1ð Þ 1þ b
rYdeY
re

� �
xt þ c� 1ð Þb rYdeY

re

¼: 1þ c� 1ð Þ 1þ b
rYdeY
re

� �
1� xtð Þ:

This proves 3.
We next consider 4. The equilibrium cross-sectional wealth dynamics

implied by Itô’s lemma for the given exchange economy are of the form

dxt ¼ ðre
ffiffiffiffiffi
Yt

p
dZe

t þ kbxtrY
ffiffiffiffiffi
Yt

p
dZY

t :
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Moreover

w� w
ð1Þ
t

� �
rt¼: c� 1ð Þ 1þ b

rYdeY
re

� �
re

ffiffiffiffiffi
Yt

p

and

� ct � c
ð1Þ
t

� �
¼: dc aþ bYtð Þ:

Finally, using the results in the proof of 2 we have

at þ et � rtð Þ � r2t ¼
: � c� 1ð Þ r2t þ

@g0;0 Ytð Þ
@X

rXP

� �
xt

¼: � c� 1ð Þ r2e þ brerYdeY
� �

Ytxt; ðA:30Þ

yielding

wt � w
ð1Þ
t

� �
at þ et � rtð Þ � xtwt þ ð1� xtÞwð1Þ

t

� �
r2t

h i
¼: 0:

This proves 4.
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