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Abstract. We present an approximation method for pricing and hedging American options written
on a dividend-paying asset. This method is based on Kim (1990) equations. We demonstrate that a
simple approximation of the Kim integral equations by quadrature formulas leads to an efficient and
accurate numerical procedure. This approximation is accompanied by the Newton–Raphson iteration
procedure in order to compute the optimal exercise boundary at each time point. The proposed
sequence of approximations converges monotonically, convergence is fast and accuracy is high, even
for long maturity options. We compare numerically our results with other competing approaches by
different authors.

Key words: American options, early exercise boundary, hedging parameters, integral equations,
numerical procedures, optimal exercise.

JEL classification codes: G12, G13, C63.

1. Introduction

The difficulty in pricing of American options stems from the possibility of early
exercise. So far a closed form formula for pricing of American options has not
been found. For this reason many efforts have been concentrated on numerical
approximation methods. Numerical methods such as the finite difference method
of Brennan and Schwartz (1977) and the binomial tree model of Cox et al. (1979)
are among the earliest numerical methods and are still widely used. The binomial
tree method is quite accurate if the number of time steps is large enough. In prac-
tice it is supposed that the “true” value of American options can be computed
by binomial tree method with N = 10000 time steps. However, this method is
very time consuming and so finance mathematicians have been looking for some
faster methods. The most recent papers like Carr and Faguet (1994), Broadie and
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Detemple (1996), Huang et al. (1996), Ju (1998), Bunch and Johnson (2000) and
Sullivan (2000), provide different types of methods and a good overview of the
literature (see also Kwok, 1998).

In this paper we derive a numerical approximation method for Kim (1990)
equations using quadrature formulas and the Newton–Raphson iteration procedure.
On the one hand Kim (1990) and Ju (1998) pointed out that solving the integral
equations of Kim should be “a simple task that involves straightforward numerical
integration”. On the other hand, Kim (1990) and Huang et al. (1996), Broadie and
Detemple (1996), were not very optimistic “since the numerical method requires
solving . . . many integral equations . . . and it does not necessarily help us to
improve computational efficiency . . .” In our paper we shall show that a simple
numerical method provides an excellent approximation for solutions to Kim equa-
tions. Although the idea of our approximation seems to be natural we did not find
any references to this type of approximation.

The remainder of this article is organized as follows. In Section 2 we describe
the Kim equations. In Section 3 we show that the early exercise boundary B(t) can
be computed from an integral equation using the trapezoidal rule and the Newton–
Raphson iteration. Once the boundary B(t) is obtained we deduce the value of
American put option using the Simpson’s rule. In a similar manner the valuation
of American call option can be considered. In Section 4 we shall consider some
hedging parameters of American options. The most essential part of our paper
is Section 5, where we will compare our numerical results with other methods
like the binomial models, the analytical method of Geske and Johnson (1984), the
quadratic method of Barone-Adesi and Whaley (1987), the lower and upper bound
approximations of Broadie and Detemple (1996), the recursive method of Huang
et al. (1996) and the multipiece exponential functions method of Ju (1998). The
results of this comparison will be demonstrated in Tables I–IV (see Appendix) and
in Figures 2–9.

It turns out that our sequence of approximations converges monotonically, con-
vergence is fast and accuracy is high, even for long maturity options. In addition,
the computer experiments suggest that our procedure improves upon standard
approaches in the field.

2. Kim Equations for the Analytic Valuation of American Put Options

Let S = S(t) denote the underlying security price (at time t) and K be the exercise
price of an American put option expiring at time T . We assume also that the secur-
ity price follows a lognormal diffusion process with constant volatility parameter σ ,
and that interest rate r is constant. We consider American put written on securities
that pay continuous proportional dividends at a constant rate of δ. Assume that the
early exercise boundary B(t) for this American put is a well-defined, unique and
continuous function t �→ B(t), where B(t) ≥ 0 and 0 ≤ t ≤ T . Then by Kim



PRICING AND HEDGING AMERICAN OPTIONS 363

(1990), the function t �→ B(t) is non-decreasing on [0, T ]. Moreover (Kim, 1990,
p. 560),

B(T ) = K min(1,
r

δ
). (1)

Under the usual assumptions, i.e., that markets are perfect and trading occurs con-
tinuously (see, e.g., Hull, 2000), the value of American puts, denoted P(S,K, t),
is governed for S ≥ B(t) by the Black-Scholes differential equation

∂P

∂t
+ 1

2
σ 2S2 ∂2P

∂S2
+ (r − δ)S

∂P

∂S
− rP = 0

with terminal and boundary conditions

P(S,K, T ) = max(0,K − S), (2)

lim
S→∞ P(S,K, t) = 0,

lim
S↓B(t)

P (S,K, t) = K − B(t), (3)

lim
S↓B(t)

∂P (S,K, t)

∂S
= −1.

For the value of an American put P0 = P(S,K, 0) Kim (1990) (see also Jacka,
1991 and Carr et al., 1992) obtained the following equation

P0 = p(S,K, T ) +
∫ T

0

[
rKe−rtN(−d2(S, B(t), t))

− δSe−δtN(−d1(S, B(t), t))
]
dt. (4)

Here p(S,K, T ) is the corresponding European put, where by Black and Scholes
(1973)

p(S,K, T ) = Ke−rT N(−d2(S,K, T )) − Se−δT N(−d1(S,K, T )). (5)

Further, let N(·) be the standard cumulative normal distribution function,

N(x) = 1√
2π

∫ x

−∞
e−y2/2dy,

and let us denote

d1(x, y, τ) = log(x/y) + (r − δ + σ 2/2)τ

σ
√

τ
, (6)
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d2(x, y, τ) = log(x/y) + (r − δ − σ 2/2)τ

σ
√

τ
. (7)

Equation (4) states that the American put is equivalent to the corresponding
European put plus an early exercise premium in integral form, which is the value
of the right to exchange the European put for the American one.

Also by Kim (1990), the early exercise boundary B(t) solves the following
integral equation

K − B(t) = p(B(t),K, T − t) +
∫ T

t

[
rKe−r(v−t )N(−d2(B(t), B(v), v − t))

−δB(t)e−δ(v−t )N(−d1(B(t), B(v), v − t))
]
dv. (8)

Let us remark that the right-hand side of equation (8) is obtained from the right-
hand side of equation (4). In equation (8) we integrate on the time interval [t, T ]
and the asset price S in formula (4) is replaced by the free boundary B(t). For
getting the left-hand side of equation (8) from the left-hand side of formula (4) the
boundary condition (3) is used.

3. Approximate Solutions of Kim Equations by Quadrature Formulas

Now we present our method for pricing American options by solving the Kim
equations (4) and (8). This method consists of the following three steps. The first
two steps are needed to find the numerical values of the early exercise boundary
B(t) from equation (8). When the values of B(t) are obtained, the third step, nu-
merical integration of equation (4), yields the value of a given American option.
The idea of using quadrature formulas at this stage is not new (see, e.g., Sullivan,
2000), but apparently nobody tried to solve equation (8) in order to compute the
early exercise boundary B(t) at each time point of the interval [0, T ]. The crucial
step of our method is applying the Newton–Raphson iteration procedure in solving
equation (8).

For the numerical approximation we divide the interval of integration [0, T ]
into M subintervals [ti−1, ti] with lengths �t = ti − ti−1 for i = 1, . . . ,M. Denote
Bi = B(ti) for i = 0, . . . ,M. Since tM = T , we get by the boundary condition (1)

BM = K min(1,
r

δ
). (9)

For what follows, let us denote (see the right-hand sides of (4) and (5), respectively)

f (x, y, τ) = rKe−rτN(−d2(x, y, τ)) − δxe−δτN(−d1(x, y, τ)), (10)

p(x, y, τ) = ye−rτN(−d2(x, y, τ)) − xe−δτN(−d1(x, y, τ)). (11)
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Now the Kim’s equations (4) and (8) take the forms

P0 = p(S,K, T ) +
∫ T

0
f (S, B(t), t)dt, (12)

K − B(t) = p(B(t),K, T − t) +
∫ T

t

f (B(t), B(v), v − t)dv, (13)

respectively.
The value BM is known due to (9). Putting t = tM−1 in (13) we have the equation

K − BM−1 = p(BM−1,K,�t) +
∫ tM

tM−1

f (BM−1, B(v), v − t)dv,

from which BM−1 is quite difficult to find. Fortunately, this equation is simpler, if
the trapezoidal rule is used (see, e.g., Press, 1992). Hence,

K − BM−1 = p(BM−1,K,�t)

+�t

2

[
f (BM−1, BM,�t) + f (BM−1, BM−1, 0 · �t)

]
, (14)

which gives us the value BM−1. Similarly, for the values Bi , i = M − 2,M −
3, . . . , 0, the trapezoidal rule gives

K − Bi = p(Bi,K, (M − i)�t)

+�t

2

[
f (Bi, BM, (M − i)�t) + f (Bi, Bi, 0 · �t)

]

+�t

M−1∑
j=i+1

f (Bi, Bj , (j − i)�t). (15)

The value f (x, x, 0) in formulas (14) and (15) is calculated with the aid of the limit
process

f (x, x, 0) = lim
τ→0+

f (x, x, τ) = 1

2
(rK − δx). (16)

Numerical values of Bi , i = M−1, . . . , 0 are found from (15) (or from (14), which
coincides with (15) in the case i = M − 1) using the Newton–Raphson iteration
(see, e.g., Press, 1992). Keeping in mind equation (15) we denote

F(Bi) = Bi − K + p(Bi,K, (M − i)�t) + �t

2

[
f (Bi, BM, (M − i)�t)

+f (Bi, Bi, 0 · �t)
]
+�t

M−1∑
j=i+1

f (Bi, Bj , (j − i)�t). (17)
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Figure 1. Early exercise boundary B(t) (K=100) of different puts
Put 1: T = 0.5, σ = 0.2, r = 0.08, δ = 0.05;
Put 2: T = 0.5, σ = 0.2, r = 0.05, δ = 0.08;
Put 3: T = 0.5, σ = 0.7, r = 0.08, δ = 0.05;
Put 4: T = 5, σ = 0.2, r = 0.05, δ = 0.08.

Now by the Newton–Raphson iteration the values Bi (i = M − 1,M − 2, . . . , 0)
have approximations B

(k)
i of order k, where for k = 0, 1, . . .

B
(k+1)
i = B

(k)
i − F(B

(k)
i )

F ′(B(k)
i )

. (18)

For the first approximation of Bi we use the value B
(0)
i = Bi+1 (i = M −1,M −

2, . . . , 0). For example, B
(0)

M−1 = BM , which is defined by (9). Now we are able
to get BM−1 from the formula (18). When the value BM−1 is obtained we take
B

(0)
M−2 = BM−1 for getting BM−2 by formula (18). Similarly we get all the other

values BM−3, . . . , B0. Convergence of the iteration process (18) is very fast; three
to four iterations give the accuracy of size 10−10.

Figure 1 shows the graphs of some early exercise boundaries B(t) derived from
values {B0, . . . , BM}. Options 1, 2, 3 and 4 all have the same strike price K = 100.
Options 1 and 3 have different volatilities, σ = 0.2 and σ = 0.7, and the same
interest and dividend rate r = 0.08 and δ = 0.05, respectively. The only difference
between options 2 and 4 is the different expiration time T = 0.5 and T = 5. The
interest rate and continuous dividend rate for options 2 and 4 are equal, namely
r = 0.05 and δ = 0.08, respectively. The time interval [0, T ] is re-scaled to the
unit interval [0, 1]. The graphs show that the boundary B(t), and so also the price
of corresponding option, are more sensitive to the volatility than to the expiration
time. Options 1 and 2 differ in interest and dividend rates only. However, it is
also seen how different early exercise boundaries of options 1 and 2 are. Because
the early exercise boundary represents the asset price below which American puts
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are exercised optimally, it is very important for practitioners to know the shape of
that boundary. Therefore, computing the values {B0, . . . , BM} for an American put
gives practitioners hints when it will be exercised optimally.

The derivative F ′ in (18) has by (17), (10) and (11) the following form

F ′(Bi) = 1 + ∂p(x, y, τ)

∂x

∣∣∣∣
(Bi,K,(M−i)�t)

+�t

M−1∑
j=i+1

∂f (x, y, τ)

∂x

∣∣∣∣
(Bi,Bj ,(j−i)�t)

+�t

2

[
∂f (x, y, τ)

∂x

∣∣∣∣
(Bi,BM,(M−i)�t)

+ d

dx

(
f (x, x, 0)

) ∣∣∣∣
(Bi,Bi ,0)

]
.

By (10), (11) and (16) we have

∂f (x, y, τ)

∂x
= e−δτ

[n(d1(x, y, τ))

σ
√

τ
(δ − rK

y
) − δN(−d1(x, y, τ))

]
, (19)

d

dx

(
f (x, x, 0)

)= −δ

2
,

∂p(x, y, τ)

∂x
= −e−δτN(−d1(x, y, τ)). (20)

Here the function n(·) is the standard normal density function

n(x) = 1√
2π

e−x2/2.

Finally, using Simpson’s rule (see, e.g., Press, 1992) for the Kim equation (4) we
get the value of an American put in the following way: assuming M is an even
number we have by (4) and (10)

P0 = p(S,K, T ) + �t

3
[f (S, B0, 0�t) + 4f (S, B1,�t)

+ 2f (S, B2, 2�t) + 4f (S, B3, 3�t) + . . .

+ 2f (S, BM−2, (M − 2)�t)

+ 4f (S, BM−1, (M − 1)�t) + f (S, BM,M�t)]. (21)

The value f (S, B0, 0) in the last formula is not uniquely determined. By (10) we
have (see also (16))

f (S, B0, 0) =



rK − δS, S < B0,
1
2 (rK − δS), S = B0,

0, S > B0.

(22)

Fortunately, there is no need to use formula (21) in case S ≤ B0. Since (see Kim,
1990 and also Figure 1) the optimal early exercise boundary B(t) is defined as the



368 SIIM KALLAST AND ANDI KIVINUKK

asset price below which it is optimal to exercise American put and the function
t �→ B(t) is non-decreasing, so B0 ≤ B(t) for all t ∈ [0, T ], and we may conclude
(see also Bunch and Johnson, 2000, p. 2336) that

P0 = K − S (S ≤ B0). (23)

Finally, in case S > B0 we get from (21) and (22)

P0 = p(S,K, T ) + �t

3
[4f (S, B1,�t) + 2f (S, B2, 2�t)

+ 4f (S, B3, 3�t) + . . . + 2f (S, BM−2, (M − 2)�t)

+ 4f (S, BM−1, (M − 1)�t) + f (S, BM,M�t)]. (24)

The applications of the formula (24) are illustrated in Section 6.

4. Approximate Valuation Formula for American Call Options and for
Hedge Parameters

Although American calls can be evaluated using the parity result of McDonald and
Schroder (1990)

C(S,K, r, δ, σ, T ) = P(K, S, δ, r, σ, T ),

we present here Kim (1990) equations also for American calls and their approxim-
ate solutions in a similar manner as in Section 3. Let us denote by G(t) the early
exercise boundary for an American call option. Then under the assumptions and
notations of Section 2 the value of an American call for S ≤ G(t), denoted by C0,
is as follows:

C0 = c(S,K, T ) +
∫ T

0

[
−rKe−rtN(d2(S,G(t), t))

+δSe−δtN(d1(S,G(t), t))
]
dt. (25)

Here the corresponding European call option is

c(S,K, T ) = Se−δT N(d1(S,K, T )) − Ke−rT N(d2(S,K, T )), (26)

and the early exercise boundary G(t) solves the integral equation

G(t) − K = c(G(t),K, T − t) +
∫ T

t

[
−rKe−r(v−t )N(d2(G(t),G(v), v − t))

+δG(t)e−δ(v−t )N(d1(G(t),G(v), v − t))
]
dv. (27)
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For the early exercise boundary G(t) we denote Gi = G(ti). Thus

GM = G(T ) = K max(1,
r

δ
).

Denote

g(x, y, τ) = −rKe−rτN(d2(x, y, τ)) + δxe−δτN(d1(x, y, τ)), (28)

c(x, y, τ) = −ye−rτN(d2(x, y, τ)) + xe−δτN(d1(x, y, τ)). (29)

From (27) using the trapezoidal rule for GM−1, . . . ,G0 the equation

Gi − K = c(Gi,K, (M − i)�t)

+�t

2

[
g(Gi,GM, (M − i)�t) + g(Gi,Gi, 0 · �t)

]

+�t

M−1∑
j=i+1

g(Gi,Gj , (j − i)�t)

is obtained, where in the case of i = M − 1 the last sum turns out to be zero.
Moreover,

g(x, x, 0) = lim
τ→0+

g(x, x, τ) = 1

2
(δx − rK).

The derivatives needed for the Newton–Raphson iteration are as follows:

∂g(x, y, τ)

∂x
= e−δτ

[n(d1(x, y, τ))

σ
√

τ
(δ − rK

y
) + δN(d1(x, y, τ))

]
,

d

dx
g(x, x, 0) = δ

2
,

∂c(x, y, τ)

∂x
= e−δτN(d1(x, y, τ)).

When the values G0,G1, . . . ,GM are obtained, we have

C(S,K, T ) = S − K,

if S ≥ G0. In the case of S < G0 we have

C(S,K, T ) = c(S,K, T ) + �t

3
[4g(S,G1,�t) + 2g(S,G2, 2�t)

+ 4g(S,G3, 3�t) + . . . + 2g(S,GM−2, (M − 2)�t)

+ 4g(S,GM−1, (M − 1)�t) + g(S,GM,M�t)]. (30)
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Also the valuation formula (24) offers a simple way to calculate the hedge
parameters

delta: � = ∂P

∂S
, gamma: � = ∂2P

∂S2
, vega: ϑ = ∂P

∂σ
.

For example, equation (24) yields

� = ∂P

∂S
= ∂p

∂x

∣∣∣∣
(S,K,T )

+�t

3

[
4
∂f

∂x

∣∣∣∣
(S,B1,�t)

+2
∂f

∂x

∣∣∣∣
(S,B2,2�t)

+ . . . + ∂f

∂x

∣∣∣∣
(S,BM,M�t)

]
, (31)

where the derivatives ∂p/∂x and ∂f/∂x will be calculated by the formulas (19) and
(20), respectively. For gamma the following partial derivatives

∂2f (x, y, τ)

∂x2
= e−δτ n(d1(x, y, τ))

xσ
√

τ

[
δ − d1(x, y, τ)

σ
√

τ
(δ − rK

y
)
]
,

∂2p(x, y, τ)

∂x2
= e−δτ n(d1(x, y, τ))

xσ
√

τ

have to be found. Using straightforward formulas

d1 − d2 = σ
√

τ ,
n(d2(x, y, τ))

n(d1(x, y, τ))
= x

y
e(r−δ)τ ,

d1 = −σ
∂d2

∂σ
, d2 = −σ

∂d1

∂σ
,

we get, for finding vega, the equations

∂f

∂σ
= στx2 ∂2f

∂x2
, (32)

∂p

∂σ
= στx2 ∂2p

∂x2
. (33)

5. Numerical Applications and Comparisons with Known Results

In this section we present some numerical examples in order to demonstrate the
convergence and accuracy of our approximate solutions of Kim equations.
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Suppose that the “true” value of an American option (put and call) is based on
the binomial tree model with N = 10000 time steps. Let V i be the “true” value
of an American option for a sample i of some fixed parameters (K, T , σ, r, δ).
Using another valuation method of the same option for the same sample i we get
another value, say Vi . If we consider N different samples, then the widely used
error estimation of that valuation method is the root of the mean squared errors
(abbreviated as RMSE)

RMSE =
√√√√ 1

N

N∑
i=1

(Vi − Vi)2.

For clarification purposes, let us introduce the following abbreviations for different
valuation methods of American options.

“TRUE” – the binomial tree model (see, e.g., Hull, 2000) for “true” values, N =
10000 time steps;

B – the binomial tree model of Cox and Rubinstein;

BBS – the binomial tree model, where the binomial formula is replaced by the
Black and Scholes formula at the last time step (Broadie and Detemple, 1996);

BBSR – the binomial tree with Black and Scholes using the Richardson extrapol-
ation (Broadie and Detemple, 1996);

BW – the quadratic method of Barone-Adesi and Whaley (1987) (see also, e.g.,
Hull, 2000);

GJ4 – the analytical method of Geske and Johnson (1984) using four point
Richardson extrapolation;

LUBA – the lower and upper bound approximations of Broadie and Detemple
(1996);

RAN6 – the six-point randomization method of Carr (1998);

HSY6 – the six-point recursive method of Huang et al. (1996);

EXP3 – the multipiece exponential functions method of Ju (1998) using the three-
point Richardson extrapolation;

QFK – the quadrature formulas approximations of Kim (1990) equations, the
method which is implemented in this paper.
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Figure 2. Speed-accuracy trade-off using 20 option values in Tables I–III.

Figure 3. Speed-accuracy trade-off using 1050 option values: S = 85, 90, . . . , 115 (7 values);
K = 100; r = 0.08; δ = 0, 0.04, . . . , 0.16 (5 values); σ = 0.1, 0.2, . . . , 0.6 (6 values) and
T = 1/12, 1/4, 1/2, 1, 3.
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Figure 4. Speed-accuracy trade-off for short maturity options (T < 1.0) using 1050 option
values: S = 85, 90, . . . , 115 (7 values); K = 100; r = 0.08; δ = 0, 0.04, . . . , 0.16 (5 values);
σ = 0.1, 0.2, . . . , 0.6 (6 values) and T = 1/12, 1/6, 1/4, 1/2, 3/4.

QFKR – the quadrature formulas approximations of Kim (1990) equations using
the Richardson extrapolation.

The numbers, associated with an abbreviation will indicate numbers of time-steps
or some other control parameters. For example, B10000 denotes the binomial
tree method with N = 10000 time steps. Tables I, II and III (see Appendix)
contain the results of put option prices derived from the eighteen alternative meth-
ods including the method QFK presented in this paper. For all options we fix
K = 100, T = 3, σ = 0.2 and r = 0.08. All columns consist of twenty options
forming four groups A,B,C,D, where in each group the current asset price S

has values 80, 90, 100, 110 and 120. The groups A,B,C,D are determined by
different dividend rates δ = 0.12, 0.08, 0.04 and 0, respectively. In Table I the
entries of columns (1) and (5-9) are taken from Ju (1998), for other methods the
computer programs are implemented by ourselves. At the top of each column the
abbreviation (see the list of abbreviations) of the pricing method under consider-
ation is shown. At the bottom of each column the root of the mean squared error
RMSE is presented.

In Table I we can see that the most accurate analytical methods are LUBA,
EXP3 and QFK70. Numerical methods B800 and BBS800 (800 stands for the
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Figure 5. Speed-accuracy trade-off for long maturity options (T ≥ 1.0) using 1050 option
values: S = 85, 90, . . . , 115 (7 values); K = 100; r = 0.08; δ = 0, 0.04, . . . , 0.16 (5 values);
σ = 0.1, 0.2, . . . , 0.6 (6 values) and T = 1, 1.5, 2, 3, 5.

number of time steps) are a little more accurate than the analytical ones, but at
the same time more time consuming. Our method QFK70 needs, for the accuracy
on the level of numerical methods (columns (2), (3) and (10)), about 70 time-step
iterations, but it is much faster than the numerical methods. The QFK method is
also easier to implement than some analytical methods like LUBA or EXP3. An-
other advantage of our method is, as we can see in Table III, that the convergence
of RMSE is monotone, and for high accuracy we do not need a large number of
time-steps.

Table II contains results concerning the binomial Black-Scholes BBS and QFK
methods using Richardson extrapolation. For example, QFKR80/40 means that the
price is approximated by 2P2 − P1, where P1 and P2 are computed using the QFK
method with M = 40 and M = 80, respectively.

Table III shows the dynamic of accuracy of the method QFK. The put options in
Table III are the same as in Table I, but in the present case each column consists of
prices evaluated by QFK with different time-steps numbers M = 10, 20, . . . , 150.
The accuracy of QFK with M = 10 time steps is comparable to HSY6 in Table I,
but in the case M = 20 time-steps, QFK is about twice as accurate as HSY6 is.
The time-steps number M = 100 gives more accurate results than almost any other
in Table I.
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Figure 6. Speed-accuracy trade-off for at-the-money options (0.9 < S/K < 1.1) using 1050
option values: S = 91, 94, . . . , 109 (7 values); K = 100; r = 0.08; δ = 0, 0.04, . . . , 0.16 (5
values); σ = 0.1, 0.2, . . . , 0.6 (6 values) and T = 1/12, 1/4, 1/2, 1, 3.

Table IV presents the accuracies of different methods for calculating the
hedging ratio � of American puts. Good results are obtained by RAN6, EXP3
and B800. Our method QFK by formula (31) attains the same level of accuracy
using M ≥ 50 step numbers.

In conclusion, it could be stated that in solving analytical equations of Kim
numerically we have obtained fast algorithms with accuracy as high as desired.
In contrast, the analytical methods like EXP3 and LUBA are accurate, but there
is no easy way to obtain higher accuracy. The numerical methods like B800 and
BBS2500 can give high accuracy, but these algorithms are not fast. Our method’s
success is probably due to the good numerical approximation of early exercise
boundary values B0, B1, . . . , BM .

For all numerical algorithms another important factor is the computation speed.
Tables I through IV in Appendix do not give summary information about computa-
tional speed for a wide variety of options. More thorough and systematic results
concerning the speed-accuracy trade-off of various option pricing methods are
given in Figures 2 through 9. Figure 2 illustrates the speed-accuracy trade-off for
options in Tables I–III. Figures 3 through 9 represent average results from 1050 op-
tions determined by parameters 81 ≤ S ≤ 120, K = 100, r = 0.08, 0 ≤ δ ≤ 0.16,
0.05 ≤ σ ≤ 0.6, 1/12 ≤ T ≤ 5, respectively. The measure of accuracy that we
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Figure 7. Speed-accuracy trade-off for in- and out-of-the-money options (S/K ≤ 0.9 or
S/K ≥ 1.1) using 1050 option values: S = 81, 84, 87, 90, 110, 115, 120; K = 100; r = 0.08;
δ = 0, 0.04, . . . , 0.16 (5 values); σ = 0.1, 0.2, . . . , 0.6 (6 values) and T = 1/12, 1/4, 1/2, 1,
3.

have used is the root mean squared error RMSE, where the “true” value is estimated
by the BBS2500. Computation speed is measured in option prices calculated per
second. In measuring the computation speed the exact hardware is inconsequential,
since only relative speed matters. The results are plotted on a log-log scale. In
Figure 2 we present the graphs of RMSE versus computation speed for put options
in Tables I–III. We have computed the prices using the binomial methods B, the
binomial Black-Scholes methods BBS and the QFK methods. The numbers next
to the graphs indicate the important parameters, which control the method. For B
and BBS the control parameter is the number of time-steps (see, e.g., Hull, 2000);
for the method QFK it is M = T /�t (see Section 3). Symbols like 
,�,�, . . .

indicate the results computed by Richardson extrapolation. Figure 2 shows that our
method QFK is very fast, it has high accuracy and its convergence is monotone.

Broadie and Detemple (1996) proved that among methods BW, LUBA, bino-
mial, etc., two very efficient valuation procedures are the BBS and BBSR. In this
paper it was not our purpose to provide computations by all these methods for a
very wide range of samples. Thus, we have compared the QFK with the BBS and
the BBSR. Since we had no “true” values for a wide range of samples we chose the
BBS2500 for the “true” value. In Table II at column (12) we can see that in respect
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Figure 8. Speed-accuracy trade-off for low volatility options (σ < 0.35) using 1050 option
values: S = 85, 90, . . . , 115 (7 values); K = 100; r = 0.08; δ = 0, 0.04, . . . , 0.16 (5 values);
σ = 0.05, 0.1, . . . , 0.3 (6 values) and T = 1/12, 1/4, 1/2, 1, 3.

of the traditional “true” value computed by B10000 the RMSE of the BBS2500 is
0.00025.

Figure 3 presents valuation of 1050 put options. Figures 4 and 5 break the results
down by option maturity, Figures 6 and 7 by S/K (the “moneyness” of the option),
and Figures 8 and 9 by option volatility.

As already known from Broadie and Detemple (1996) the binomial method B
and the binomial method associated with the Black-Scholes formula BBS plot as
nearly straight lines in Figures 2 through 9. The same is true for the QFK with
the time step number until 120. In this range of time steps the accuracy of the
QFK increases very quickly. Next the accuracy of the QFK is slower, although it
is higher than that for the methods BBS or B. As for the Richardson extrapolation,
computations show that the best one is the QFKR70/50. In some cases (Figures 4,
5, 6 and 9) the BBSR800/400 is very good also, but it seems to be unstable for
some specific samples of options (see Figure 7 and 8).

To conclude, we may say that the QFK method seems to dominate the BBS
method, which was known as one of the best so far.
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Figure 9. Speed-accuracy trade-off for high volatility options (σ ≥ 0.35) using 1050 option
values: S = 85, 90, . . . , 115 (7 values); K = 100; r = 0.08; δ = 0, 0.04, . . . , 0.16 (5 values);
σ = 0.35, 0.4, . . . , 0.6 (6 values) and T = 1/12, 1/4, 1/2, 1, 3.

6. Conclusion

We have derived an efficient method for pricing and hedging American options.
For this purpose we have solved integral equations of Kim (1990) numerically. The
main novelty of our approach is the use of the Newton–Raphson iteration procedure
in order to compute the earlier exercise boundary at each time point. Surprisingly
we have found that approximation by quadrature formulas combined with Newton–
Raphson iteration gives a very fast and accurate algorithm for pricing American
options. This algorithm seems to be faster than many numerical and analytical pri-
cing methods known so far. The accuracy and the speed of that algorithm are tested
by many computational experiments using American put options values. Similar
computations can be done for American call options and hedging parameters as
well.
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