
European Finance Review 4: 51-67,2000. ci
© 2000 Kluwer Academic Publishers. Printed in the Netherlands.

Decreasing Yield Curves in a Model with an
Unknown Constant Growth Rate

FRANK RIEDEL*
Institute for Economic Theory, Humboldt University, Spandauer Strafie 1, 10178 Berlin, Germany.
E-mail: riedel@wiwi.hu-berlin.de

Abstract. The effect of incomplete information on the term structure of interest rates is examined
in the framework of a pure exchange economy under uncertainty where aggregate output grows at a
constant rate. If the growth rate is known, the term structure is flat. In contrast, the term structure is a
decreasing curve when agents do not know the growth rate. Long term yields are less than the short
rate and the yield of long term bonds is determined by the worst possible realizations of future short
rates.
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1. Introduction

The effect of incomplete information on the term structure of interest rates is ex-
amined in the framework of a Lucas (1978) - type pure exchange economy in
which aggregate consumption is modeled as a geometric Brownian motion whose
drift coefficient (the growth rate) is an unknown constant. Agents use the out-
put data to estimate the growth rate. The following results are obtained. Under
complete information, the short rate is a linear function of the growth rate and
the term stmcture is flat. Under incomplete information, the short rate is also a
linear function of the (now estimated) growth rate. However, the term structure is
decreasing under incomplete information. Moreover, the long rate' is equal to the
lowest possible value the short rate can ex ante assume.

* This paper is a revised version of my 1997 discussion paper (Riedel (1997)). The author is
grateful to Hans FoUmer, Elmar Wolfstetter, participants of the 1998 Meeting of the European
Economic Association in Berlin, and participants of the Graduate School in Applied Microe-
conomics, Humboldt University for helpful discussions and valuable advice. Support from the
Deutsche Forschungsgemeinschaft, GraduiertenkoUeg Angewandte Mikrookonomik, and from SFB
373, Quantifikation und Simulation okonomischer Prozesse, is gratefully acknowledged.

' The 'long rate' is understood here as the asymptotic value of the yield curve as time to maturity
tends to infinity.
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This result may appear quite unexpected. Although consumers know that, long
enough into the future, the growth rate will be practically known, the shape of
the yield curve diverges from the complete information one. In particular, yields
of long term bonds are close to the value they have in the worst case.^ To give
an example. Assume that the lowest possible short rate, a priori, is zero and the
long yield is also zero. After a while, the short rate may be at 5%, the amount of
uncertainty may have decreased in the sense that consumers have more information
and thus a better estimator with a smaller variance of the growth rate, but the
long yield is still equal to its initial value, 0%! Isn't this a violation of rational
expectations? Should we not expect the long yield to approach the value of the
short rate as the short rate converges to its 'true' value and varies less and less?
The aim of the present paper is to show that, contrary to one's naive intuition, this
is not the case.

The intuition for our result is as follows. Bond prices are given by the expected
marginal utility of one unit of the consumption good at maturity. In our framework,
this present value is an exponential function of the growth rate. Under incomplete
information, the bond's value is therefore the expectation of an exponential of the
unknown growth rate, given the available information. Convexity of the exponen-
tial function and Jensen's inequality imply that short term yields must be lower than
the short rate. As far as the long rate is concemed, note that the asymptotic behavior
of an average of exponential functions is determined by the function which decays
at the lowest rate.^ Thus, it is the lowest value the growth rate can assume with
positive probability which determines the asymptotic behavior of bond prices and
the long rate, independent of the shape of the beliefs which become more and more
concentrated around the 'true' value of the short rate. The worst case, so to speak,
determines the long rate. Even though agents leam more and more about the growth
rate, the worst case stays at the same level, and so does, a fortiori, the long rate.

Our result relates to an important theorem of Dybvig et al. (1996) who establish
that the absence of arbitrage implies that the long rate can never fall. Translated to
our model, this means that the long rate must be equal to the lowest possible value
the short rate can assume. For, if the long rate rose above this level, the 'true' value
of the short rate, and hence also the 'true' value of the long yield, could be lower
with positive probability forcing the long yield to fall back to this 'true' level in
the long run. Since the theorem of Dybvig et al. (1996) precludes this, the long
rate must stay forever equal to the essential infimum of the ex-ante distribution
of the growth rate. Stated differently, the long rate could rise only if one could
exclude with absolute certainty some values for the future short rates. Although

^ The worst case occurs if the growth rate assumes the lowest possible value it can ex ante assume.

^ To illustrate this remark, consider a > b. Then the average j (e~'"^ + e~^'^j behaves asymp-

totically as je~^'^ as T approaches infinity. Thus, only the lower discount factor plays a role in the

long run.
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the agents leam more and more about the unknown growth rate, they never obtain
this absolute certainty.

Incomplete infonnation models of the asset market have also been investig-
ated by Detemple (1986), Detemple (1991), Dothan and Feldman (1986), Feldman
(1989), and Gennotte (1986) in a series of papers. Gennotte (1986) studies the
problem of portfolio choice. He shows that estimation of unknown parameters
and optimal portfolio choice can be separated. This makes it possible to apply
the Bellman methodology to derive conditions for optimal portfolios. Although we
do not use the Bellman approach here, the separation principle holds also true in
our framework of a pure exchange economy. In this context, it is more convenient
to use marginal utility of the representative agent as a state-price deflator in order
to calculate equilibrium asset prices. Dothan and Feldman (1986) and Detemple
(1986) use also techniques from nonlinear filtering theory to derive partial differ-
ential equations for asset prices and investment strategies. Moreover, they extend
the analysis to characterize bond prices and the term structure in equilibrium.

An explicit investigation of the resulting term structure can be found in Feld-
man (1989). He uses a Cox et al. (1985) type production economy in which the
growth rate of the physical asset is unobservable. The growth rate is modeled as
an Omstein-Uhlenbeck-process. With complete information, the resulting short
rate is also an Omstein-Uhlenbeck process like in Vasicek's (1977) model. In
particular, interest rates are already stochastic with complete information. Under
incomplete information, the short rate exhibits still the mean-reverting property of
the Omstein-Uhlenbeck process. The difference is that, due to the filtering error,
the diffusion coefficient of the short rate changes over time. The resulting term
stmcture belongs to the class of Hull-White (1990) models.

In Feldman's model, agents are faced with uncertainty about future values of the
growth rate even under complete information because the growth rate is a stochastic
process. In contrast to Feldman's approach, we do not impose any exogenous
stochastics on the growth rate a priori. Instead, we assume it to be constant - there
is absolute no uncertainty about future values of the short rate under complete
information. Under incomplete information, the estimator of the growth rate is a
stochastic process because agents revise their beliefs as new infonnation becomes
available. We therefore compare the state of complete certainty with the state of
some uncertainty (which disappears in the long mn). Although agents leam the
unknown parameter quickly in our model, the impact on the shape of the yield
curve is not negligible. Finally, Feldman assumes a normal prior belief about the
unobserved state variable whereas we also treat the general case of arbitrary priors.

The paper is organized as follows. The model is set up in Section 2. In Section
3 the estimating procedure used by the Bayesian agents is presented. In Section 4
the equilibrium is derived and the results for the term structure are given. The last
section concludes.
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2. The Economy

Our aim is to understand the effect of incomplete information on interest rates in the
framework of the standard exchange model of financial economics in continuous
time. A single, perishable good is traded in the economy whose aggregate output
evolves according to the stochastic differential equation

where Ŵ  is a one-dimensional Brownian motion defined on a complete probab-
ility space (n , 3^, P). Unlike in the standard model, the growth rate ix is not a
constant parameter, but a square-integrable random variable independent of the
Brownian motion W. Under complete information, agents observe the realization
of the growth rate /x at time 0. Their information at time t is therefore given by the
filtration

Under incomplete information, fx will not be observed by the agents. Their
information is thus given by the filtration

Based on this information, agents estimate the growth rate as

(1)

The economy has a finite horizon f < oo.
The consumption space L'^ resp. L' is the space of nonnegative, square integ-

rable processes that are progressively measurable with respect to .y in the case of
complete information resp. with respect to ^ in the case of incomplete information:

L^ = {C e X}{Q. X [0, r ] , 0{3^), P®dt):C>Q]

V = {C € X}(Si. X [0, f ], 0(gl), P ® ^ 0 : C > 0]

where O(S^) denotes the cr-field of 5^-progressively measurable events. A repres-
entative agent has preferences over consumption streams given by a time-additive
von Neumann-Morgenstem expected utility functional U:

U(C) = E / e-P'u{,C,
Jo

The felicity function u exhibits constant relative risk aversion S, that is

yl—S 1

u(x) = V ^
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for some S > 0. The case 5 = 1 is allowed for and corresponds to log-utility.
Agents have two investment possibilities. On the one hand, there is the risky

stock yielding the dividend AT. It is traded at some price 5. The stock can be
interpreted as the 'market portfolio' paying off the output of the economy as a
dividend. Moreover, there is a market for lending and borrowing at a short interest
rate r. fi, = expC/J rudu) is called the money market account. The space of ad-
missible asset prices is the space of observable semimartingales. Under complete
information, prices are thus required to be adapted to 3^, whereas they are adapted
to ^ under incomplete information. The respective class of semimartingales is large
enough"* to contain possible equilibrium prices 5 and fi, which are determined
endogenously.

The representative agent initially owns one share of the risky stock. He takes the
asset prices as given and chooses a portfolio-consumption strategy HO, T]), C) that
is progressively measurable with respect to 3^- resp. §, and satisfies the integrability
conditions

•r

' (2)

< oo (3)

nudfiu < oo. (4)

The portfolio strategy (0, rj) in the stock and the money account finances the
consumption stream C, that is, the value of the portfolio V, = 9,S, + r},fi, satisfies

Vo = So (5)

dV,=e,ids, + K,dt) + rj,dfi, - C,dt (6)

for all r < f V, > 0 a.e. il)

A strategy ((0, ri), C) is called admissible if it meets conditions (2) through (7).
If (0^ 9^, c) is an admissible strategy, then c is said to be affordable. Denote by

, fi) the set of all affordable consumption streams if prices are (5, fi).

DEFINITION 2.1. A representative agent equilibrium consists of a pair of 3^ resp.
^-adapted asset prices (5, fi) such that it is rational for the representative agent to
consume aggregate output:

^ The fact that asset prices are semimartingales when agents have smooth utility functional and
the endowment is a diffusion has first been shown by Huang (1987).
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3. Estimating the Growth Rate

At date t, agents estimate the growth rate /x using the observed realizations of the
output (Ks)s<t. The general methodology of Bayesian inference has been extens-
ively described in the previous literature. For our purposes, it suffices to know that
the Brownian motion with drift €, = fxt -\- W, carries the same information as K
does, since e, = log Kt + jt. Therefore, the agents have to estimate the unknown
drift of a Brownian motion with drift /A. The estimator is /i, = £ [/i| ^ , ] , compare
(1). The process

Jo
W, = ff - / P-udu

Jo

is the residual which is not explained by the cumulative estimates. It is called the
innovation process in filtering theory and is a Brownian motion with respect to the
information filtration ^.

THEOREM 3.1. The process

W, =€,- / p,udu
Jo

is a ^-adapted Brownian motion. In terms of W the dynamics of aggregate
consumption are

Proof This is Theorem 7.12, p. 258 in Liptser and Shiryayev (1978).

If the prior belief about the growth rate is a normal distribution, it is particularly
easy to obtain the estimate /2 and the conditional distribution of fj, in closed form.

THEOREM 3.2. If the prior belief is normal, fu, ~ N{ni, 1), the estimate of the
growth rate is

m-\-€,
lit =

l+t
f 1

= m-b T-—dWu. (8)
Jo 1 +M

The conditional distribution of fi given the information ^, is
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Proof This is a corollary to the Main Theorem of Filtering Theory, confer
(Liptser and Shiryayev 1978, Theorem 8.1, also Theorem 12.2.). Since everything
is very simple here, we sketch the proof.

The current value e, of the growth rate is a sufficient statistic^ for estimating the
unknown drift /x which implies Jx, = E[iJ,\e,]. Calculating /I, is then a standard
exercise in Bayesian inference. Note that the conditional density of fx given e, is
by Bayes' mle

Pie, € dx)
(10)

Being the sum of two independent normal random variables, e is normally
distributed. Thus, the total probability in the denominator is

Plugging this value into (10), one obtains the conditional distribution of /x given
€i = X as

and /i, = ^ follows.
Apply Ito's formula (and neglect the drift term because /i is a martingale) to

obtain the dynamics

An altemative way to derive the preceding theorem is to use the differential
equation for the optimal filter derived in Liptser and Shirayev (1978) and used
in the previous literature on incomplete information, compare Feldman (1989, p.
794). For example, in our framework, this would give

dH, = Y,dW,,

^ This fact is a special case of the general separation principle. See Detemple (1991) for a general
version of this principle in a finance context.
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where y is the variance of the conditional distribution of the estimator jx. With the
use of (8), we see that y, = -^^ and jx, = 2̂±St solve these equations.

4. Equilibrium and the Term Structure

4.1. COMPLETE INFORMATION

Under complete information, it is well known how to derive the representative
agent equilibrium. A spot consumption price process is given by the marginal
utility of the representative agent. Set

We use •tjr as a. state-price defiator for the asset prices. The stock price 5 is chosen
such that the discounted value is equal to the discounted expected value of the
future dividend stream:

r, = E j K^fu

The short rate r is determined to make a martingale of the discounted money
account.

or, stated differently.

We obtain the following theorem:

THEOREM 4.1. Under complete information, the representative agent equilibrium
is given by

S, = K,
l-expi-y(f-t))

r, = p + Sfx-

where K = / o - ( l -
Proof. See the appendix. D
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4.2. INCOMPLETE INFORMATION

Under incomplete information, agents revise their beliefs about the unknown para-
meter /i according to the incoming information generated by the observed output
process K. With the aid of the innovation process derived in the preceding sec-
tion, they endogenously identify ao - algebra equivalent economy with complete
information^ which is given by the probability space {Q., 3^, P), the filtration ^,
the Brownian motion W, and the aggregate output K of the economy which in the
derived model evolves according to

dK,
-—!- = ix,dt + dW,.
^»

Agents therefore use the innovation process W and the estimated growth rate /i
instead of the unknown W and /x in the derived model. With this derived complete
information economy at hand, we are able to derive the equilibrium of the market
and the corresponding interest rates along the same lines as for the complete in-
formation case. Again, the spot consumption price process is given by the marginal
utility of the representative agent,

f, = e-P'u'iK,).

Using -ijr as a state-price defiator and the filtration ^ instead of 5^, the candidate for
the equilibrium stock price is

The candidate for the equilibrium short rate is, as in the complete information case,
just replacing the filtration 3^ with %

= -E\—- g, .

We obtain the following theorem:

THEOREM 4.2. Under incomplete information, the equilibrium is given by

5, = E[S,\%]
^,- (1 + )̂3

r, = P + &IX, ^ .

The proof is given in the appendix.

cf. Feldman (1992).
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Let US Study the term structure. As far as the short rate is concemed. Theorem
4.2 seems to be a very natural result: the short rate is constant under com-
plete information whereas it is the best estimate of the former under incomplete
information:

As a conditional expectation, F is a martingale. Being a Bayesian estimate, it con-
verges towards the unobservable value r of the full information world if we let the
horizon f of the economy tend to infinity.

The puzzling effect appears if we look at the term structure. Under full informa-
tion, the interest rate is known for all times at time 0 and therefore the term structure
is flat,

y, =r = p + Sfx ,

where yj denotes the yield to maturity T at time t. A natural conjecture for the
yields yl under incomplete information would be that they are also the expected
value of the yields under complete information. In this case, the term structure
under incomplete information would be flat, as in the complete information case.
However, the yield curve is always decreasing with incomplete information. In
the case of normally distributed prior beliefs, it is even linearly decreasing under
incomplete information as the next theorem shows.

THEOREM 4.3. Under incomplete information and a normally distributed prior
belief about /̂  ~ //(m, 1), the yields to maturity y[ are

— _ . 5^T-t

^ ' "YTT7
Before we give the proof of this theorem, we ask ourselves whether this aston-

ishing result is due to the choice of nonnal prior beliefs. To decide on this, we
consider next the case of a general prior belief whose essential inflmum is finite,
b := ess inffu, > —cx). Let us assume that the prior belief is not trivial, Var(/x) > 0.

Since p,, > ess inf ^ = b, the short rate and all yields are bounded below by

Bond prices are

t] • (11)

In order to study the asymptotic behavior of the yields, we let the horizon t tend

to infinity to obtain the family [B','^^) of bond prices for all times to maturity
V / T > 0

r . ' The announced result is
' Note that the bond prices in the economies with different horizons f] < f2 are consistent in

the sense that for a maturity T < fj the corresponding bond price is the same in both economies
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THEOREM 4.4. Let -cx) < b = ess inf/A and Var(/A) > 0.
Then the yield curve is bounded by the short rate

Jmin < yi < ft

and converges to the lowest possible level, jmin:

lim )'[+'• = >'nun .

We give now the proof of both Theorem 4.3 and 4.4:
Proof The bond prices are equal to a (conditional) Laplace transform:

which by independence of the increments of W yields

(12)

— If /z is normally distributed, we know from Theorem 3.2, (9) that p, is also nor-
mally distributed conditional on the information contained in %. We therefore
obtain in this case

— In general, we obtain from (12) the yields

^ = p - ^(1 -h <5) - - log

p(,
where Jensen's inequality has been used. The yield curve is bounded by its
initial value.
For the long-run value of the yields, we have to study the yield curve (y,'"*"̂ ) >Q
as the yield to maturity T tends to infinity. Denote by

the conditional Laplace transform of the unknown drift p.
Lemma C.I in the appendix shows that the essential infimum of the condi-
tional distribution of p, is equal to the essential infimum of the distribution
of IX, namely b. The result, y\'^'' -^ jmin follows then from the lemma on
Laplace transforms B.I in the appendix.

because the price of a bond does not depend on the horizon of the economy, cf. the pricing formula
(11).
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The preceding theorem shows that decreasing yield curves are not particular
to the choice of a normal prior distribution. It is generally true in this model that
with complete infonnation the term structure is flat whereas the lack of information
about the growth rate leads to a decreasing yield curve. An unexpected result.

From inspection of the proof, we see that bond prices are essentially determ-
ined by the conditional Laplace transform of the conditional distribution of the
unknown growth rate /x (Equation (12)). Stated differently, in order to price bonds,
agents compute an average of possible discount factors according to the possible
realizations the growth rate may assume. In the long run, that is for long term
bonds, this average is dominated by the lowest values of ix regardless of the
probability that such value is really obtained. To illustrate this, consider the sum
p exp(—riT) -\- (I — p) exp(—r2T) with ri < r2. For whatever probabilities p > 0
this sum behaves in the long run as pexp(—rit), that is as if the (worse) case
ri were true. Only under complete certainty (p = 0) the behavior of the sum is
determined by r2.* Therefore, long term bonds are priced according to the worst
case. This forces the yield curve to be decreasing (at least at the long end) and
explains our result.

Another way to look at the result is to relate it to the important Theorem of
Dybvig et al. (1996). According to this theorem, the long rate can never fall in an
arbitrage free world. Now, in our framework, possible long rates are given by pos-
sible values for the short rate under complete information. Dybvig et al. (1996)'s
Theorem implies that the long rate under incomplete information must be given by
the lowest of all possible values for the short rate. If the long rate under incomplete
infonnation was higher, then it could happen with positive probability that the true
value for the short rate would be somewhat lower. This in tum would force the long
yield to decrease to this level, a contradiction to Dybvig et al. (1996)'s theorem.

Contrary to one's intuition, the fact that agents leam more and more about the
unknown parameter of the model and that the economy, loosely speaking, con-
verges to a complete infonnation one, the long rate does not move to its complete
information level. Rationality of agents and absence of arbitrage require absolute
certainty before the long rate can rise. Although the variance of the estimation
error decreases to zero, it remains always positive such that this absolute certainty
is never reached.

5. Conclusion

A simple model of an incomplete information economy where only one constant
parameter, the growth rate, is unknown is presented in this paper. In such a model,
agents use a linear transformation of the growth rate as a discount factor for bond
pricing. Under complete infonnation, this leads to a flat term structure since all
bonds are priced with the same constant discount factor. Under incomplete inform-
ation, however, agents price bonds by taking an average over all possible prices

^ The formal version of this fact is Theorem B. 1 in the appendix.



UNOBSERVABLE GROWTH RATE 63

bonds may assume according to the possible realizations of the growth rate. Due
to the convexity of bond prices in time to maturity, long term bonds are priced ac-
cording to the worst case scenario. Higher emphasis is put on the 'bad' realizations
of the growth rate than on the 'good' ones.

We relate this result to the important Dybvig et al. (1996) Theorem. According
to this result, the long rate can never fall. We show how this theorem can be used
to shed light on our result from a different perspective.

Certainly, the yield curves we obtain in our simple model are not the ones we
observe in the real world. However, one can leam something about the long yield
from this model. Due to the convexity of bond prices, long yields depend much
more on 'bad' scenarios of the future than on 'good' ones. In a rational economy,
the long rate can never rise above the worst case level because agents would spec-
ulate on lower long yields and make arbitrarily large gains since long term bonds
react very sensitive to decreases in yields. The worst case, so to speak, determines
the long yield.

An interesting avenue of future research may be to find other models which
support this finding.

Appendix A: Proof of the Equilibrium Relations

The derivation of the equilibrium is given for the case of incomplete information
only. Under complete information, the proof runs along the same lines and the
calculations are easier.

Set f, = e-P'K-^. By Ito's formula and (8)

/ / _ S{\+c
df, = -f, lip + Six, —

Set

r, = p-\-Sp,t (13)

and define ^ via

The candidate for the equilibrium stock price is

r . (15)

Introduce the price functional for consumption streams in U:
E fg Duifu du. We prove next the plausible result that the "price" *(D) of every
affordable consumption stream D is less than the initial endowment So-
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LEMMA A.I. For every admissible strategy ((9, /x), D) we have

Proof. This is the standard result that the sum of the deflated value of the
portfolio and deflated cumulative consumption V,\lft 4- /Q Duij/udu is a (local)
martingale.

To see this, introduce the martingales

M, = E

N, = p,f,.
Jo

du

By the definitions (13) and (15) we have

/"
M , •= St'4ft "¥ I Kuil^u du .

Jo
Hence.

dM, = Sidxjr, + f,dSt + d[S, f], + f,K,dt (16)

dN, = P,d\fr, + \J/,dfi,. (17)

Now. using the dynamics of V as defined in (6) we obtain the dynamics of the
deflated value of the portfolio

(18)

e,d[S,

{dS, -t- K,dt)

ed[S, xl

On the other hand. (16) and (17) imply

e,dM, + r]tdN, = e,S,df, -f e,^,d

Comparing terms in (19) and (18) yields

, + r],dN, - D,ir,dt.

Therefore. X, := V,xlr, + f^ Duirudu is a local martingale. Because of the no
ruin condition (7) X is nonnegative. hence a supermartingale. Hence.

= E Du^l/udu < EXf < Xo =
Jo
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A Standard Lagrange argument yields the optimality of the strategy ((1,0), C).
Let ((6, T}), D) be an admissible strategy. Then by the above Lemma A.I

< U{D) {e-^'u(D,) - D,xlr,) dt.
^0

The expression e~'"u(D,) — D,rfr, is maximized over D, when the first order
condition

holds. By definition of l/f,, K, solves the first order condition. Hence, K is optimal
among all affordable consumption streams for the representative agent and (5, 6̂)
a representative agent equilibrium.

Appendix B. A Lemma on Laplace IVansforms

In this part of the appendix, we present a lemma on Laplace transforms which is
mathematically the key to Theorem 4.4. Apart from its economic application, it has
an interest on its own.

LEMMA B.I. Let y be a random variable and b > —cx) its essential infimum.
Then the Laplace transform

exists for all nonnegative X. The asymptotic behaviour of Ly is given by

Um — l o g Ly(X) = b.
X-*oo A

Proof. Without loss of generality let b = 0. Because of y > Oa.e., one has
e~^^ < I a.e. and by monotonicity of the integral

Assume that

limsup — log Lyi)^) = e > 0.
A

Then there exists a sequence (kn) with X̂  ->• oo and

- — log Lyikn) >- for all n ./„ z
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This is equivalent to

Ee~^"^ < e~^"^

or, multiplying both sides with e^"^,

£g-^-.(J'-|) < g-x4 _

Fatou's lemma gives

£:iiminfe-^"(^-5) < iim£e-^"(''-|> = 0

what implies

g-KiY-'j) _^ 0 a.e.

which is only possible if

Y>i a.e.,

a contradiction.

C. The Essential Infimum of the Conditional Distribution of Uie Growth Rate

LEMMA C.I. The essential infimum of the conditional distribution of /i given e,
isb,

e^inf oC (/x|e,) = ess inf fj. = b.

Proof. The result is due to the fact that a Brownian motion can assume all
possible values. Therefore, on the basis of e,, it is impossible to exclude a value
for fx with certainty if this value is initially possible.

By Bayes' rule.

P (e, e dx)

It follows that Pifi<a\€, =x)>Oif and only if P (/A < a) > 0.
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